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1. Introduction. The branch of analytic number theory which relates
the size of certain arithmetic functions to the number of lattice points in
certain domains has a long and very prolific history. Enlightening expositions
can be found in the monographs by F. Fricker [1], E. Krétzel [11], [12], and
M. N. Huxley [7]. The most classical topics of this theory are the Dirichlet
divisor problem and the Gaussian circle problem: they are concerned with
the error terms A(z) and P(x) in the identities

(1) Z d(n) =xzlogz + (2y — 1)x + A(x), Z r(n) = mx + P(z),
1<n<z 1<n<z
where d(n) counts the number of divisors of n € N and r(n) the number
of ways to write n as a sum of two squares. The sharpest upper bounds to
date are due to M. N. Huxley [6], [8], the present “records” reading
Alz) < 213Y/416(10g 1)26957/8320  p(ay  p131/416 (] )18637/8320

where % =0.3149....
Concerning lower bounds, J. L. Hafner [2], [3] in 1981 improved upon
G. H. Hardy’s classical results [5], showing that (1)

A(z) = 24 (x* (log 2)"/* (logy ) #1218 D)/ exp(—c: (logy ) /?)),
P(x)=_ (m1/4(10g :c)l/4(log2 a:)(log 2)/4 exp(—ca(logs x)l/Q)),
with certain ¢1,c2 > 0. Very recently, K. Soundararajan [19] developed an

ingenious new method by which he sharpened these bounds (up to the am-
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(*) For the definitions of the different £2-symbols, cf. E. Kritzel [11, p. 14]. Here and
throughout, log, stands for the j-fold iterated logarithm.
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biguity of the sign) to

Az) = Q4 (log 2) /4 (logy 2)B/HE D) (logy ) ~5/8),
P(z) = 2(z'/4(log ) /4 (logy ) 3V 1) (logy ) ~5/%).

To visualize the refinement in the exponent of the log, z-factor, note that
1(3+2log2) =1.0965..., +log2 =0.1732..., while $(2%/3-1) = 1.1398.... .,
3(21/3 —1)=0.1949....

The objective of the present article is to extend Soundararajan’s ap-
proach to a much more general situation which includes the two classical
problems as special cases. Let K be an arbitrary algebraic number field of
degree k, and denote by o its ring of algebraic integers. For a positive in-
teger m we consider the arithmetic function dg ,,,(n) defined by the relation

(2)

CR(s) =) dim(mn™  (Re(s) > 1),
n=1

where (k is the Dedekind zeta-function of K. In other words, dk ,,(n) counts
the number of m-tuples (ny,...,n,,) of ox-ideals with Ng(n;---n,,) = n.
Here Nk (n) denotes the absolute norm of n. In analogy to (1), we are inter-
ested in the behavior of the error term in the identity

S
3 drm(n :res(ms x—>+AK7ma:
3) X il = xR0 (x)
as x — oo. The investigation of Aq,,, is known as the Piltz divisor problem.
Concerning upper bounds for Ag ,,(x), see A. Ivi¢ [9] (where the rational
case is discussed in detail), W. G. Nowak [16], and also the references in
W. Narkiewicz [15, Ch. 7].

In this article we apply Soundararajan’s method to establish a sharp
lower estimate for Ag ,(z). To describe the result we have to introduce
some notations. For 0 < v < k let P, denote the set of all rational primes
which are unramified in K, and which are divisible by exactly v og-prime
ideals of degree 1. The P, are disjoint and together with the finitely many
ramified primes exhaust the rational primes. Our result depends on the
Dirichlet densities §,, of the sets P,. These densities can be calculated as
follows. Let L be the minimal normal extension of K, G = Gal(L/Q) its
Galois group, and H = Gal(L/K) the subgroup of G corresponding to K
via Galois theory. Then

(4) 5V:’G|_1HTEG:|{O‘EGZT€O‘HO'_1}|:I/|H|H.
The constants ¢, satisfy 25:1 vd, = 1. If K is normal, then P, is empty

for 1 < v < k. Hence 6, = 0 for 1 < v < k and 6§, = 1/k in this case.
Additionally, denote by R the number of 1 < v < k with J, > 0.
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THEOREM 1. Let km > 1. Then for x — oo the error term A, in (3)
satisfies

(5) A n(x) = 2((xlog z) Fom (logy 7)" (logs 2) ),

where

k:m +1 km+1 km —1
2km (Z (vm) + ) 4km R+ 2km

Furthermore, let r1 denote the number of real conjugates of K. If mr; = 3
(mod 8) then (5) remains true if 2 is replaced by 24. If mry = 7 (mod )
then (5) remains true if {2 is replaced by 2_.

This theorem contains (2) as special cases. The Dirichlet divisor problem
corresponds to K = Q and m = 2, and the circle problem corresponds to
K = Q(i) and m = 1. In Section 4 we discuss further special examples.
Theorem 1 should be compared with the classical estimate

Agem(w) = 2u((wlog) o (logy )™ )
due to P. Szegé and A. Walfisz [20], [21], and with Hafner’s [4] refinement

Ag(@) = 2u((wlog ) Fm (logy @)™ exp(—cs(logy 2)'/2)).

Here c¢3 > 0 is a constant (depending on K and m) and

k
km—1
K = (mlogm+(Zéyulogu>m—m+1>+m—1.
v=1

2km

In both of these last {2-statements,
2+ if km > 4 or K is cubic and not totally real,
2_ if m=1and K is quadratic imaginary,
2, ifm=23and K =Q,
orm=1, k=2,3 and K is totally real.

Soundararajan’s method in most cases fails to control the sign of the large
values exhibited. But note that always x > /. For k fixed and m — oo, we
see that x roughly grows like em? with ¢ = %ij:l v26,, while Hafner’s &’
only behaves like %mlog m.

Soundararajan gives a heuristic reason why the exponent of logy x in
(2) may be best possible. His argument carries over to our more general
situation. Arrange the sequence dem(n)n_% in descending order, and
let S(M) denote the sum of the first M largest values. Then an optimal

Omega result is expected to be of the form Ay ,,(n) = 2(z ST S(logx)).

It can be proved that S(M) = M s (log M)#+°(); thus Theorem 1 yields
the expected maximal order of Ag () up to a factor (logy x)°™).
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The proof of Theorem 1 runs along the same lines as in Soundararajan’s
paper [19]. We start with the known asymptotic expansion of a Borel mean
value of Ak ,,. To this we apply Soundararajan’s key lemma (Lemma 1
below) to deduce the Omega result. In order to do this we have to count the
natural numbers n < z which have exactly r, distinct prime divisors in the
set P, for 1 < v < k and no prime divisors which ramify in K. Moreover, we
need a result which is uniform in r =ry +--- +ry < Blogy,x. Here B > 1
is a given constant. What we need is a special case of the following theorem
(it may be viewed as a generalization of the Chebotarev density theorem).
Note that for a prime p, which is unramified in K, the type of the prime
ideal decomposition of pog in K is determined by H = Gal(L/K) and the
Frobenius conjugacy class of p in L/Q (see Section 2).

Let @ be an algebraic number field, K an algebraic extension of ), and
L an algebraic extension of K which is normal over Q. Set G = Gal(L/Q)
and H = Gal(L/K). For every prime ideal p in 0g denote by (p, L/Q) the
Frobenius conjugacy class of p in L/Q (see Section 3).

THEOREM 2. Let G = ngl Ay be a partition of G into d sets A, # ()
which are unions of conjugacy classes of G. Forr, >0, 1 < v <d, denote
by mr/Q(%, 71, . ., 7q) the number of 0g-ideals n with Ng(n) < x, such that n
has no prime divisor which is ramified in L/Q, and r,, distinct prime divisors
p with (p,L/Q) C A, for 1 <v <d. For given B>1 and r = 25:1 Ty, Wwe
have, uniformly in 1 <r < Blogy,x and z > 3,

Tr/Q(T, 71,5+ Ta)
d o ra r
_ v r—1
~ (155 o s (st v + 0 ) )

Here 6, = |A,|/|G| denotes the density of A,, and
H<(T—1)7’1 (r—l)rd>’

réylogax’  réglogy

plx,ry, ... rq) =

where H is the function defined in (24). Furthermore, uniformly for 1 <r <
Blogyz and x > 3,

r
T,r1,...,7q) =14+ 0 , TyT1,...,Tq) < 1.
anrseeor) =140 )l
COROLLARY. Let ¢ > 1, and let a1,...,aq be d integers which are in-
congruent modulo q and relatively prime to q. Denote by w(x,71,...,rq) the

number of integers n < x which have 7, distinct prime divisors p = a,
(modgq) for 1 < v < d, and no other ones. For given B > 1, and r =

25:1 ry, we have, uniformly in 1 <r < Blog, x and x > 3,
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T x "
DY = l ,,qil 1
7'((;1;77’17 ,Td) T‘l! T‘d‘gﬁ(q)r lOgﬂf ( Og? x) ( +O<log2$>>7

r £z r—1
r!...ralo(q)" logx (logy )"

Proof. The Corollary is a special case of Theorem 2. Set ) = Q and
let K be the cyclotomic field Q((,;). Here (, denotes a primitive root of
unity of order ¢. K/Q is normal and |Gal(K/Q)| = ¢(¢g). A prime p is
ramified in K/Q if and only if p|q. For an integer a with (a,q) = 1, let
0. € Gal(K/Q) be uniquely defined by 04((;) = (7. For ptq it is well
known that (p, K/Q) = {o,} if and only if p = a (modq) (cf. G. J. Janusz
[10, p. 104]). This proves the Corollary. =

(T, 1, .., Tq) X

2. Proof of Theorem 1. We start with the asymptotic expansion for
the Borel mean value of the error term A ,,(t). For real parameters 7' > 40
and t € [T/2,T?], and arbitrary ¢ > 0,

(6) B(t) = ﬁ (g) e A m(XuF™2) du

— Cot(km—l)/QS(t) +O(tkm/2—3/4+a)

where
S(t) = Z drc.m(n) 97 exp(—co(nX)Y *™)) cos(2mern *F™t 4 6y)
n<T=0
with

X = (logT)—Q’ h = h(t) = (tX—l/(km))Q’

Ekm —1 3 0w
0= —pm > Po=—Hgmn

Here €9 > 0 is a sufficiently small constant, c¢; are positive constants which
depend only on the field K and on m. This asymptotic expansion goes back
to G. Szeg6é and A. Walfisz [20], [21]. For a more recent treatment in the
context of asymmetric divisor problems, see W. G. Nowak [17, p. 269].

The following lemma is due to K. Soundararajan [19]. It gives a gen-
eral lower bound for trigonometric series. Let (f(n))n>1 be a sequence of
non-negative real numbers and (A,)n,>1 be a non-decreasing sequence of
non-negative real numbers. Suppose that ) -, f(n) < oo and consider the
trigonometric series -

F(t):=>_ f(n)cos(2mAnt + 3),

n>1

where 3 € R.
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LEMMA 1. Let L > 2 and N > 1 be integers. Let M be a set of integers
such that A\m, € [AN/2,3AN /2] for each m € M. For any T > 2 there exists
a point t € [T/2, (6L)MI1T] such that

1 1 4
(7) ’F(t)’2§2f(m)—m ; f(n)—me(n).

meM n>1
An<2AN

If 8 = 0 (mod 27) then the conclusion (7) holds with F(t) in place of |F(t)|.
If 6 = m (mod 27) then the conclusion (7) holds with —F(t) in place of |F(t)|.

To prove Theorem 1 we apply Lemma 1 with
(8) f(n) = dgm(n)n?1 exp(—ca(nX ) (km)

if n <T° and f(n) =0 else, A\, = c;n'/*™) and 8 = fy. For 0 < v < k let
P, be the set of all rational primes which are unramified in K and which
are divisible by exactly v 0x-prime ideals of degree 1. Let I = {1 <v <k:
0, > 0}, where ¢, denotes the Dirichlet density of P, as in the introduction.
Then R = |1].

We choose M to be the set of all n € [27¥™N, (3/2)*™N] such that
n has 7, distinct prime factors from P, for all v € I and no others. Here
r, = [Ay logy N| with some parameters A, > 0 (the optimal choice turns out
to be A, = 0, (vm)2km/(km+1)y,

For n € M the value of dg ,,,(n) is large. Indeed, if p € P, is prime then
the factorization of pox contains exactly v prime ideals p with Ng(p) = p.
Hence dg 1(p) = v. Since for every prime ideal p there are m tuples
(ng,...,ny) with Ng(ng---n,) = p (take one of the n; equal to p, all
others equal to ox) we find dg ,(p) = vm. The same argument proves
dg,m(p®) > vm for e > 1 and p € P,. Hence

(9) dim(n) = [[rm)™ (e M).
vel

Next we use Theorem 2 to estimate the cardinality of M. Let L denote
the minimal normal extension of K. A rational prime p is ramified in K if and
only if p is ramified in L (cf. W. Narkiewicz [15, Cor. 2 to Prop. 4.12]). For
an unramified p let (p, L/Q) be the Frobenius symbol of p in L/Q. This is a
class of conjugate elements of G = Gal(L/Q). Together with H = Gal(L/K)
it determines the type of factorization of p (unramified) in the following way
(cf. G. J. Janusz [10, Prop. 2.8]). Take any ¢ € (p, L/Q). If the set of right
cosets of H in G is partitioned into sets

{Ho\,Hovp,...,Hop/ 71}, .., {Hoj,Hojp,... ,Hajgofj_l}
with 0; € G and f; > 1, then pog = p1---p;. Here p; are prime ideals in

o with initial degree f(p;|Q) = fi, thus N (p;) = p/i. Hence p € P, if and
only if p is unramified in K, and there are exactly v right cosets Ho with
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Hoyp = Ho. In other words
P, = {p unramified in K : [{c € G : p € 0 'Ho}| = v|H|}.

The set on the right hand side is independent of the choice of ¢ € (p, L/Q).
Let

A, ={reG:|{o€G:1€o 'Ho}| = v|H|}.
Then p € P, if and only if (p, L/Q) C A, . The density of 4, is 6, = |A,|/|G|.
This explains (4). If we write ¢; = (1/2)¥™, ¢y = (3/2)*™ for the moment,
Theorem 2 implies (with the choice of the numbers r,, made earlier)
Sy (r—1)m (r—1)rq
= = H .
M T(};II rl,!> < (7"51 logy(caN)' """ rdglogy(caN)

— (1 N))"
X log(CQN) ( OgQ(Cz ))

(r—1)mr (r—1ryq aN re1
B H<r51 logy(c1N)" " rdy logz(clN)> log(c1N) (loga(c1N)) )

For N large, the arguments of H here differ only by o(1) in each compo-
nent, hence the same is true for the two values of H involved. Observe that
they are also < 1. However,

coN r—1 a N r—1 N r—1
— 1 N —— 1 N = —— (1 N .
et oma(ea) ™ = N (logy () = (o2 (o N)
Therefore,

_ 0\ _N e NV (0, logy N)™
M AT<Hr_l,!>logN(lOg2N) - logNH ! '
vel vel

Using n! ~ V27 n"t1/2¢=" we find
(10) M| = N(log N)*(logy N),

where o = =1+ . A\(1 +1ogd, —log),) and 8 = —R/2.
To complete the proof of Theorem 1, let T' > 40 be a real parameter,
and choose L = [(log, T)™] and

N = [clog T(logy T)~*(logs T)~*77].

Here ¢ denotes a positive constant, which we choose sufficiently small to
ensure

(11) (6L)MH+L <.

Moreover, this choice implies nX <« 1 for n < N and t € [%T ; T2]. By
(8)—(10) we find
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> fm) > NPHM|[](vm)™ > N (log Ny 2ver A 50 (1og, )
nem vel
> (log T)? (logy T) (M =)ot 2ver Avloslvm) (1og, 1) (1=0)5—0

The choice \, = d, (vm)2¥™/(km+1) '}, ¢ T maximizes the exponent of logy T'.
This yields

(12) Y f(n) > (logT)"(logy T)"(logs T) ™,
meM
with x and A as in Theorem 1.

It remains to show that the other two terms on the right hand side
of (7) are small. The bound Y, . dkm(n) < xz(logz)™ ! together with
partial summation yields >y -, f(n) < N?(log N)™~1. After division by
L — 1 this is small compared to the right hand side of (12). Similarly, for

€ [3T,77],

4 o0
_ <oy d nf=1 <« 301,
7T2T>\N T; f( Z Km

1<n<T€O

This is again small compared with (12). Using (7) and (11) we conclude that
for arbitrary T > 40, there exists a value t € [%T ; TQ] with

(13) |B(t)| > t*Fm=D/2(1og )0 (log, )" (logs t) .

Now let us assume that (5) is false. Then for every €1 > 0 there is a
constant ¢ such that, for all u > 0,

(14) | Ak (u)| < ¢+ eul Lu),

where

L(u) := (logu)’ (logy u)* (logg u)
for u > 20, and L(u) = £(20) else. By the definition (6) of B(t), this implies
that

oo
€1 —u, h km/2\60 km/2
[B(t)| < c+ Th+1) §) e "t (Xu"™ ) L(Xu™ ) du
for all ¢ > 0. Estimating this integral by Hafner’s Lemma 2.3.6 in [3], we
obtain

|B(t)] < ¢+ c*er (X2 L(XhFm/2) = ¢ 4 eyt km=D/2 £ (¢hm/2),

Together with (13), this yields a positive lower bound for 1. This proves (5).
If By is an integer multiple of 7, Lemma 1 yields (13) with |B(t)| replaced
by B(t) or —B(t). Completing the argument as before, we obtain, for this
case, the more precise information stated in Theorem 1.
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3. Proof of Theorem 2. We use a variant of the method of Selberg—
Delange to prove Theorem 2. For a description of this method see G. Tenen-
baum [22]. Let 0 be the relative discriminant of L/Q. An og-prime ideal p
is ramified in L/@Q if and only if p | 0. For an 0g-ideal n denote by w, (n) the
number of distinct og-prime ideal divisors p of n which are unramified in
L/Q and which satisfy (p,L/Q) C A,. For s € C and z = (z1,...,24) € C¢
consider the Dirichlet series

F(s,z) = Z (
(n,0)=

d
I1 z;vv<">)NQ(n)-s (Re(s) > 1).
1 v=1

The sum runs over all og-ideals n relatively prime to 0. It is absolutely

(n)

convergent in the half-plane Re(s) > 1. Since z,”"" is multiplicative in n we

find

Fis,2) =1 ] <1+W>.

r=1 pto
(p,L/Q)C A

The plan of the proof is as follows. After the analytic continuation of F,
standard methods give the asymptotic behavior of

d
(15) S(x,z) = Z Hz,‘j”’(“).

Ng(n)<z v=1
(n,0)=1

d

Then Theorem 2 follows by a d-fold application of Cauchy’s theorem.

To study the analytic properties of F' we use Artin L-series (see E. de
Shalit [18] for a recent survey of Artin L-series). They are defined as follows.
Let L/Q be a finite normal extension of @) with Galois group G. For a prime
ideal P of o7, lying over the prime ideal p of 0¢), one defines the decomposition

group of P by
Dy ={re€G:7(%) =%}
and the inertia subgroup by
Ipy={r€G:7(x) =2z (modP) for all z € 0.}

The map Dy — Gal(Lg/Qy), induced by the restriction of 7 € Dy to oy,
is surjective with kernel Iy3. Here Ly and (), denote the residue class fields.
The Galois group Gal(Lg/Qy) is cyclic with generator « — zNe(®) | Every
element ooz € Dy which maps to this generator is called a Frobenius element
of P in L/Q. It is only unique modulo Iyz. The ideal p is unramified if and
only if I3 = 1. In this case the Frobenius element is unique. For unramified
p the Frobenius elements o of all P |p are conjugate. This conjugacy class
is called the Frobenius conjugacy class of p in L/@Q and denoted by (p, L/Q).
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Let V be a finite-dimensional C-vector space and o : G — GL(V)
a representation of G with character . Furthermore, denote by Vi =
{x € V:p(o)(xz) =z for all o € I} the vector space of all Ip-fixed points.
Note that Vig = V' if p is unramified in L/Q. The Artin L-series is defined
as

L(s,x) = [] det(Idy - o(op)No(p) )lvy) ™" (Re(s) > 1).
p
The product runs over all prime ideals p in 0¢. It is absolutely and uniformly
convergent in every compact subset of the half-plane Re(s) > 1. Hence
L(s, x) is holomorphic in this domain. Moreover,

(16) log L(s, x) ZZ k:N (Re(s) > 1),

p k>1

where

= ok a)
X(o3) |f£n| a; ¥
Here and in the following, log always denotes that branch of the logarithm
which is real on the positive real axis. If p is unramified, e.g. pt?d, then
)?(af%) = X(a’q%). The Artin L-series can be continued meromorphically to
the entire complex plane. There is a real constant ¢ = ¢(L) > 0 such that,
for all irreducible characters ¥,

(17) L(s,x) #0 forseD:={o+it:o>Y(t)},

where ¢(t) := 1 — ¢/log(|t| + 3). Moreover, L(s, x) is holomorphic in D (up
to a simple pole at s = 1 if y is the trivial character) and, for s € D with
t] > 6 >0,

(18) log L(s, x) < logy(|t] + 3).

This is well known for Hecke L-series: For a proof of (17) see J. C. Lagarias
and A. M. Odlyzko [13, Chapter 8|. Using (5.9) of [13], the bound (18) is
readily verified on classical lines (cf. G. Tenenbaum [22, II, Theorem 16]). If
one knows (17) and (18) for Hecke L-series, both assertions follow for general
Artin L-series, since every Artin L-series can be expressed as a quotient of
products of Hecke L-series (this is a consequence of the Brauer induction
theorem). Note that we do not try to give results which are uniform in the
field L.
For Re(s) > 1, define

Zas)= ] (—=Nop )
pfo
(p,L/Q)CA
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Here A = U]E ;C; is a non-empty disjoint union of conjugacy classes C;
of G. From the representation theory of finite groups we use the followmg
facts. If G splits into h conjugacy classes Cq, . .., Cp, then there are exactly h
irreducible representations, whose characters we denote by x1,...,xn- The
X: are constant on every conjugacy class. They satisfy the orthogonality

relations
_ _ 1 ifi=34
el . (g1 :{ J
G Swtenat™) = {

This implies that the indicator function I4 of A can be written as I4 =
Sy ai(A)xi, where a;(A) = G712, xi(C;)|Cy]. Together with (16)
this gives

Za, ) log L(s, xi)
S Mol P ZZJﬂ3}
i=1

pto plo P E>2
(n,L/Q)CA

On the other hand, for Re(s) > 1,

log ZA(s) = Z No(p)™ + Z Z

pto pfo k>2
(p,L/Q)CA (p,L/Q)CA

If x1 denotes the trivial character, then o1 (A) = |A|/|G| = §(A). Altogether,
we find

log Za(s) = 6(A)log CL(s) + €a(s) + na(s),
where

Zal )log L(s, xi)

and 14 denotes a function Wthh is holomorphic and bounded in every half-
plane Re(s) > 3 + ¢, € > 0. Note that (s — 1)¢z(s) and L(s,x;), i > 1, are
holomorphic and non-zero in D. Thus, for v € C,
(19) Z5(s) == exp(—d(A)vlog(s — 1)

+ 6(A)vlog((s —1)¢L(s)) + v€a(s) + vna(s))
gives the analytic continuation of Z4(s) to D := D\ [¢(0), 1]. From (18) it
follows that log Z4(s) < logy(|t| + 3) for s € D, |t| > §. Hence, there is a
constant ¢(B) such that
(20) Z4(s) < (log )1
uniformly for [v| < B, s € D, |t| > 0.
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For Re(s) > 1 and z = (z1,..., zq) € C? we write
d
(21) F(s,2) = G(s,2) [ [ 2%, (),
v=1
where
d z 1 =
G(s,2) = 1+—“><1_7) |
wa=11 1l (s =1) (0 waor
(p,L/Q)CAY

As a function of s, G is analytic in Re(s) > 1/2, and uniformly bounded in
Re(s) > 1/2+e>1/2, |z, < B,1<v <d (cf. G. Tenenbaum [22, p. 201]
for a more detailed argument). Thus (21) gives the analytic continuation of
F to D.

Let x >4, a =1+ 1/logx and set T" = exp(y/log x) — 3. Using Perron’s
formula and (20) we find, for an arbitrary ¢ > 0,

a+100

_ 1 s+1 ds
[S)S(U,Z)du— TaSiOOF(S,Z)fL' m
a+iT ds
_ F s+1 2p—1+ey
omi aSiT (s, 2)e™ gy TOW )
Here and in the following, all estimates are uniform in |z1| < B, ..., |z4| < B.

The constants implied in the O- and <-notation may depend on B and the
field L.

Next, Cauchy’s theorem is used to replace the path of integration by
a path on the boundary of D. The new integration path is G; U Go U H U
G3 U Gy, where Gy is the line connecting a — i1 with (T) — T, G, is the

curve ¥(t) — it, t running from —7 to 0, G3 = —Ga, G4 = —G; and H
is the Hankel type integration path connecting ¢(0) with 1 — o (on this
part of the path arg(s) = —m), turning around s = 1 at a circle with

radius ¢ := (2logz)~! and connecting 1 — o with (0) (here arg(s) = ).
Using (20) we find that the contribution of the integral over G; and Gy is
O(ZL‘QT_2+€). Similarly, the contribution of the integrals over G, and G3 is
O(z7M)) = O(x? exp(—cy/Tog z)). Hence, by (15),

(22) S S(u,2) du = ®(x, 2) + O(x* exp(—cy/log x)),

0
where 0 < ¢ < 1 and

1 s ds
@(QS,Z) = % S F(S,Z)IE +1 m
H
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Taylor series expansion in (19) yields
Z4(s) = (s — 1) AW A(Q1 4 O(ls - 1]))  (s€H,veC, v| < B)
with B(A) = §(A) ress=1 C1(s) + €a(1) + na(1). It follows that, for s € H,

(8) T F(s,2) = HET(w+1)(s — 1) +0(]s — 1],
where w = zgzl 0,2, and

— 6(14 )ZV
(24) H(z): F(w—|—1 G(1,2) He

Note that H((0,...,0)) = 1. Using (23) we find

0*¢ 1
2 P - — \F s—1
(25) 92 (z,2) = 5 S (s,2)z" tds
< [ Is = 1[7R) 25~ ds| < (log a)Re®)
H
and
0P 1 ds
%(x,z) =5 S F(s,z)z® -
1 —w .S
= H(z)wl (w) 5~ { (s = 1)7"* ds + O(R(x)).
H
Here
1-0
R(z) = | |s — 117 Re@)a2|ds| < | (1 - o) "Ry dg 4 g1 He g2 Re(w)
H (0)
< z(log m)Re(w)_2< S u! R e gy 4 1) < z(log z)Rew) =2,
1/2

By G. Tenenbaum [22, I1.5, Corollary 2.1],

L. S(S - 1)*wx8 ds = LL’(lOgJI)wil(F(w)il + O(xfw(o)ﬂ))

2mi
uniformly for |w| < B’, B’ > 0. Hence

(26) z,2) = wH(z)z(log )" + O(z(log z)Re(®)=2),

2
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Using (22) and (25) we infer, with h := exp(—(c/2)/log x),
z+h
A Y S, z) du = W7 (@(a + he2) = Bz, 2)) + O(ah)

T
1

0P 0*¢ 2
—_ — 1 _— —
8m(x’z)+h§( ) 5 (@ + th,z) dt + O(x*h)
0P 9
Together with (26) this implies

z+h
(27) Kt S S(u, z) du = wH(2)z(logz)*~! + O(x(log x)Re(w)—2).
Furthermore,
z+h

(28) S(z,2) =h~" | S(u,z)du+O(D(x)),
where, with B := (B,...,B) € RY,

z+h
(29) D(x)=h7" | |S(u,2) — S(z,2)| du

z+h

<h' | (S(u,B) - S(z,B))du

x

z+h x
<ht S S(u,B)du —h~* S S(u, B) du.
z xz—h

Here we used the fact that S(u,B) > 0 is non-decreasing in u. Applying
(27) in (28) and (29) three times, we obtain

(30) S(z,2) = wH(z)z(logz)" ' + O(z(log :L‘)Re(w)_Q)
uniformly for |z1| < B, ..., |z4| < B. Remember that w = Zgzl 8,2

Now a d-fold application of Cauchy’s theorem yields

m(x) = mg/Q(w, 15, 7a)

1 d

Cle1)  Clod)

Here C(p,) denotes the positively oriented circle with radius g, :=
max(1,7r,)/X,, X, := d,logy x, and center in the origin. Using (30) we
find
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(z) = T 1
= logz (2mi)
d d
X S e S Z dpzpH(2) H eXv iz, + O(Ry ()

Cle1)  C(oq) n=1 v=1

with
r d 27
R ( —ry max(l,rl,)cosapd )
1([17) < (logx)g VH1 Oy (S) € ¥

The first of the two elementary bounds (cf. Tenenbaum [22, p. 204])

27
S T Cos P ng < m—1/2€x’
(31) o 0 (x >0)
S TP (1 — cos @) dp < z3/%e”

0

and n! ~ v/2x n" 127" yield (recall r = S20_ )

d
i) < o oy " [T (07 max(1, ) 7o 12e)
v=1
x Ly
1 T v
< (log z)? (log, 2) 1/1;[1 7!

To analyze the main term we remark that Taylor series expansion of H at
z = 0 is sufficient to prove an asymptotic expansion of 7(z) with an error
term of order O(r(logy2z)™!). This is too weak to deduce a lower bound
for w(x) if r > logy x. Alternatively, we expand H at a = (a1,...,a4) and
choose a in such a way that the contribution of the linear terms vanishes.
Applying F(1) = F(0) + F'(0) + {3 (1 — ) F"(t) dt to F(t) = H(a+t(z — a))
we find

d oL d
H(z) = H(a) Z 87(61)("% —ax) + Z (2x —ax)(z, —a )H,{,L(z)
k=1 K Kye=1
with
1 o2
Hy,(2)={(1-1) 9797 (a+t(z—a))dt < 1.

The contribution of the linear terms to 7(x) vanishes if we choose a, :=



202 K. Girstmair et al.

(1 —-1/r)r,/X,. Indeed,

d d
1 e —
(27i)d Voo VD dumu(en —an) [ ™2z
Clor)  C(ea) =1 v=1
d
EOXE ACIDERE A A
= = St <2 —an | + 0 — —a
d
_ oy r
— oy (T[T 2) (= 1) 5 =) =o.
v=1
The contribution of the second derivatives of H to 7(x) is
T d
RQ(%‘) = log:c Z I,u,n,u
Mokt =1
where
1
I
ot = (o) d
d
X S . S Ouzp(2e — ar) (2 — a) Hy u(2) H eX”z”z,,_T"_l dz,.
Cle1)  C(ea) v=1

If a, > 0 the integration path C(g,) can be replaced by C(a,). Set b, = a,
if a, > 0 and b, = g, else. Since H,, < 1 it follows that

Tns < ( ﬁ by ) bbb
v=1

2T 27 ‘ ' d
x Vo V= T s | 11— T, 5oy [T X% % depy.
0 0 v=1

Using Cauchy’s inequality and the bounds (31) we find

d d
I,u,,n,b < < H b;”)bub,{bL(Xﬁbn)_l/Q(XLbL)_l/Q H(Xl,bl,)_l/QeX“b”.
r=1 v=1

Note that X,.b, = 1 if a, = 0. It follows that

d d
Ry(x) < i < H b;ru—1/2XV—1/2€Xubu> Z by ( Z b.}’i/zXﬁ_l/2>2
v=1

1
ogr pn=1 k=1
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d
X r—3 ry —7"1,—1/2 X, by,
< oy (l0820) (Hl 577 (X by) e )
d d )
X Zmax(l,rﬁ(Zmax(l,rﬂ)l/2>
p=1 k=1
T d gy
r—3 4 2

Finally, the contribution of the term H(a) to 7(x) is

d
re orv
1 r—t -
10g$(0g2x) <V1;[1TV!>:U’($7Tla 7Td))
where
w(x,ry rq) == H —(r —Dn L — Dra
e réplogyx’ " rdglogyw )’

Altogether, we have proved

n(z) = < ﬁl %) 1;;« (log, )" (,u(a:, 1. ma) + 0(@)) .

v=
Since H(z) =14 0(|z1|)+ -+ O(|zq]) and H(z) > 0 for real z; > 0, ..., z4
>0, we find pu(z,71,...,7q) = 1+ O(r(logy x)~1) and p(x,r1,...,74) < 1.
This completes the proof of Theorem 2. =

4. Some special examples

4.1. For K = QQ and m > 2 arbitrary, Theorem 1 contains Soundarara-
jan’s result on the Piltz divisor problem established already in [19]:

Agm()

= Q((m log x)1/2_1/2m(10g2 m)(1/2+1/2m)(m2m/(m+1)_1)<1Og3 {I;)_3/4+1/4m)’
where (2 can be replaced by 24 if m = 3 (mod8), and by 2_ if m =7
(mod8).

4.2. If K is a normal extension of QQ of degree k > 2, then §,, = 0 for
1<v<kandd,= % (cf. W. Narkiewicz [15, p. 357, Cor. 4]). For arbitrary
m > 1, Theorem 1 applies with

_ ! ~2/temery L 1
K= 2m(l~z:m+1)(l<:m) 5" 3
The last exponent should be compared with Hafner’s (see [4])

,  km—1

1 1
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Note that, for km large, k ~ %k‘m2, while k’ ~ %m log(km). This case clearly
contains that of a quadratic field K: the result then reads

AK,m(x> _ _Q((a: log x)1/2—1/4m(10g2 x)%m(2m+l)(2m)*2/(2’”*1)—1/2—1/4771

> (10g3 :L,)—3/4+1/8m)‘

Since P(r) = 4 Ag(;),1(z), this in turn contains the second line of (2).

4.3. As the simplest example of a field K which is not a normal ex-
tension of the rationals, let us consider a cubic field whose discriminant D
is not a perfect square (if the discriminant is a full square, the field K is
normal). In this case L = K(v/D) is the minimal normal extension. Its Ga-
lois group is isomorphic to S3, the symmetric group of three elements, and
H = Gal(L/K) is a cyclic subgroup of order 2. Using (4) we find &; = 3,
6o =0 and 3 = %. It follows that, for any m > 1,

Agm(z) = 2((xlog x)1/2*1/6m(10g2 x)"(logsg 3:)*1),

with
1 1 1
_ L GBm-1)/@Bm) (3 1)(3Gm=1/Gm+1) Ly _ L _ 1
K=15m (3m + 1)( +1) 5~ tm
For m = 1, this gives k = %<\/§ — 1) ~ 0.2440, while Hafner had only
k' = +log3 ~ 0.1831. Similarly, for m = 2, k = (2574657 — 1) ~ 2.4714,
whereas ' = 3 log 12 + 1—72 ~ 1.6187.

4.4. As a last, more intrinsic example, let us consider K = Q(«), where
a € C is a zero of an (irreducible) polynomial f over Q of degree seven with
Galois group PSL(3,2) (which is a simple group of order 168). In particular,
k = [K : Q] = 7. Infinitely many number fields K of this kind are known
(see B. H. Matzat [14]), two of them being given by f = X7 — 7X + 3 and
f=XT—-7X34+14X? — 7X + 1. There are exactly three non-empty sets
P, belonging to K, namely P;, P3, and P, with corresponding Dirichlet
densities 0; = 7/12, 63 = 1/8, and d7 = 1/168. The set P; consists of those
primes which split completely in K. The members of P53 split into prime
ideals whose degrees are given by the quintuple (1,1,1,2,2). Finally, P;
consists of two different types of primes whose decomposition is described
by (1,2,4) and (1,3, 3). It follows that, for any m > 1,

A () = Q(xlogx)/>~ /14 (log, x)" (logy ) ~7/+1/25m),
with

—2/(Tm+1) dm/(Tm+1) 1 1 1
i = m T/ m D) (7, 4 1) <7 N 3 ) _

48 112 t91) T3 Tam

For m = 1, this gives k = 25 (311/4 + 73/4 — 10) ~ 0.3528, while Hafner had
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only
, 1
K = %(log7+ 9 log 3) ~ 0.2113.

Similarly, for m = 2,
1
b= 1545 613/15 4 70 . 213/15 4 5. 1413/15 _ 60) ~ 2.94196,

whereas Hafner’s k' equals

1
%(13 log 7+ 117 log 3 + 312 log 2 + 180) ~ 1.63719.
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