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1. Introduction. Let

Zj(s) = [[ (s — 0))™@ = exp [_% 5 mile)

ge(c QE(C <8 - Q)w w:O:|

be meromorphic functions expressed as regularized products, where f(s) =
g(s) means that f(s) = e2()g(s) for some Q(s) € C[s]. Then their absolute
tensor product is defined as

Z1(s) @ -+ @ Zp(s) := H ((s— 01 — -+ — gy))™@ummer),
01,---,0r€C
where
1 if Im(o1),...,Im(o,) >0,
m(o1,...,e0r) :=mi(o1)---my(0r)xq (=1)"" if Im(o1),...,Im(o,) <O,
0 otherwise.

The absolute tensor product was originally investigated by Kurokawa [K].
We refer to Manin [M] for an excellent survey.
Suppose that for any j € {1,...,7}, Z;(s) has an Euler product expres-

sion '
Zi(s) = [T H)(N;(n) ™)
pGPj
with HJ(T) € 1+ TC[[T]]. Then we expect that Z;(s) ® --- ® Z.(s) has a
multiple Euler product expression, that is,
Z1(s) @+ @ Zyp(s) 11 Hipy o oy (N1(p1) %, Ne(py) ™)
(p1,-sPr)EPLX X Py

for some H, ., (T1,...,T:) € C[[T1,...,T;]] with constant term 1. We
expect H, ., tohave a degenerate form when N;(p;) = Ni(px) for some

ik (G # k).
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Recall that the Hasse zeta function for a commutative ring A is defined
as
C(s,4) =1 = N(m)) ™,
m
where m runs through all maximal ideals of A and N(m) := #(A/m).
Absolute tensor products of Hasse zeta functions for finite fields were
investigated in [KK1], [A] and [KW]. We have

THEOREM 1.1. Let p1,...,p, be distinct prime numbers. Then for Re(s)
> 0 we have

r oo . \J/
em(piip1, Y., _
C(Sva1)®"'®C(87Fpr)gexp[zz m(pj pTln pT)pjms 7
j=1m=1

where

—1 r+1
cm (P13 P2y, 0r) = — (-1)
11 (1 ( logp1>>
—e(m
k=2 08 Pk
j y .
and V means removing the jth component.

From this result we see that ((s,F,,) ® --- ® ((s,Fp,) has a multiple
Euler product expression when pq,...,p, are distinct prime numbers.

On the other hand, when p; = pj;, for some j, k (j # k) (that is, in the
case where we expect a degeneration of the multiple Euler product), [K]
essentially asserts the following;:

THEOREM 1.2 ([K, Theorem 1]). Let p be a prime number and r be a
positive integer. Then for Re(s) > 0 we have

r

_ 1 _ slogp . s
((s,Fp)® zexp[Zngf“ ”(—2—7”.) Liy(p )],

k=1
where
(r=D@=2)(a—(r=1)
(11) gr(x) — (7« — 1)‘ lf r Z 27
1 if r=1,
gﬁk) denotes the kth derivative of g, and
. OO xn
Lip(z) = » = (sl <)
n=1

The aim of this paper is to investigate the degeneration of multiple Euler
products more generally. We calculate degenerate forms of the multiple Euler
product for ((s,F,)®M @ ((s,F,)®N. The main result is
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THEOREM 1. Let p,q be distinct prime numbers and M, N be positive
integers. Then for Re(s) > 0 we have

C(Sva)@)M ® C(S’Fq)®N

) > logp 0O .27
s 1 . — P hae
exp [Z ogp E QM( o at> N(tylsa logq>

n=1

) > logg O 27
—i—zlogq-;g]v( 5 5>PM(t,zs, —1ng>

t=inlogp

)

t=inlog q:|

where

etz

For the proof we use the method of [KK1], showing a corresponding
expression for the multiple sine function. We now recall the construction of
the multiple sine function from [KK2]. First we define the Barnes multiple
zeta function as

[e.e]
CT(S’ZaQ) = Z (nlwl +”‘+nrwr+z)_s

ni,...,np=0

for w = (w1,...,w,) € (Rsp)". This series converges absolutely for Re(s)
> r. This function admits a meromorphic continuation to all s € C and
is holomorphic at s = 0. The multiple gamma function I(z,w) and the
multiple sine function S,(z,w) are defined as
I, — exp| 2
r(z,w) = exp[&g(s,z,g) 520]7

Sp(z,w) = Ip(z,w) T (|lw| — z,w) Y,

where |w| := w1 + -+ + wy.
To deal with the convergence problem, we introduce some notions of
Diophantine approximation theory. We say a real number a is generic if

lim ||mal/*/™ =1,
m—0o0

log x
logy

where ||z|| :== min{|x —n| : n € Z}. For example, a = is generic for any

z,y € QN Rsq such that a ¢ Q [B, Theorem 3.1].
The corresponding expression for the multiple sine function is as follows:

THEOREM 2. Let M, N be positive integers and wi,ws be positive real
numbers such that wi/we and we/wi are generic. Then for Im(z) > 0 we
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have
-~ 2mi(—
Sp(z,w) = exp[ ZgM< )PN(t Z;w3)
t=2min/wi
2m
ZgN< )PM(t Zyw) },
t=2min/wa
where r:= M + N and w := (wq,...,w1,w,...,w2).

M copies N copies

By the relation between ((s,F,)*M ® ((s,F,)®" and S, (z,w) (see Lem-
ma 4.1 below) Theorem 2 implies Theorem 1 directly. The key to the proof
of Theorem 2 is the following explicit formula, which we call the signatured
Poisson summation formula with weight:

THEOREM 3. Let mi,mgo be positive integers and put m := mq + mo.
Suppose that a function H satisfies the following assumptions:

(T1) There exists A > 0 such that H is holomorphic in the region in-
cluding the strip

S:={teC:|Im(t) < A}.
(T2) There exists 6 > 0 such that
H(t) < ([t| +1)™™°  forteS,

where the implied constant depends only on m, A, 6.

(T3) H(—t) = (=1)"1H(t).

Let wy,wo be positive real numbers such that w1 /we and wy/wy are generic.
Then

mi1—1_mo—1
E Enimay L gy Y H(niwi + nows)
n1,n2>0

. 1 1 (1 (m1 - 1)'(m2 - 1)' ﬁ(m_l)(())

= (-27Ti)m_1 w'{ﬂlw;n2 5 (m — 1)'
mi1—1 mi — 1
+ ) <—1>’“( " ><m2+k—1>!
k=0
1 1 i r
(mi—k-1)( "1
x 2 6’“’m’<(n_1_ ny ymatk " ”—2)m2+k>H | ((’”)

ni
n1,n2>0 w1 w2 (w1 + w2
(n1,m2)#(0,0)
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me ! mo — 1
k 2=
+ -1 m1+k—1)!
> (" ke

1 1 = n
(ma—k-1) (112
<2 6m’n2( ny _ m)ymitk " )m1+k>H 2 <w2>>7

n1,n2>0 ((4)2 w1 (Z_; + Z—i
(n1,n2)#(0,0)
where
1/2 ifn=0, . T
Enine = En1€na, = { / ) H(m) = S H(t)e(—tx) dt.
1 ifn#£0,
— 0o

In view of Theorem 2 and the expressions of multiple sine functions
corresponding to Theorems 1.1 and 1.2 we conjecture expressions of multiple
sine functions for a more general situation.

CONJECTURE 4. Let k € Z>1 and M := (M, ..., My,) € (Z>1)F. Put
r:= M+ -+ M. Suppose that

i r
W= (W, e y Wye ey Whey oy wi) € C
—_— —_——

M copies M, copies

satisfies (i) or (ii), where

(i) w e (Rso)" and wj/w; are generic for any j,l (j #1).
(ii)) 0 < arg(wy) < --- < arg(wg) < 7.

Then in the region arg(wy) < arg(z) < arg(wi) + 7 we have
(1.2)  Sy(z,w)

k 00
LA | 10 N

> exp [2m<—1> S LS (—, 8—>P<t;z;g<]>;M<J>> ]

Y wj ot t=2min/w;

j=1 n=1 J

where W' == (w1, ...,wi) € CF, W'(j) == (w1, .\J/.,wk) € C* ! and

el? /t if k=1,

P(tazv (W2,~--»Wk)§(M2,~--»Mk)) = etz Zf k€Z>2.

tITs (et = 1)

Suppose that Conjecture 4 holds when w satisfies condition (i). Using

the relation between absolute tensor products of ((s,F,) and multiple sine

functions (see Lemma 4.1), we also conjecture a degenerate form of the
multiple Euler product for absolute tensor products of ((s,Fp):

CONJECTURE 5. Let k be a positive integer, M := (My,..., M) €
(Z>1)* and p1,...,px be distinct prime numbers. Put

2 2
ﬂ::< geeay )E(R>O)k
log p1 log px,
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Then for Re(s) > 0 we have
C(5, Fp )®M @ -+ © ((5,Fp, ) ¥k

s exp 1 o, > o, (S22 ) Pl M)

7j=1

t=inlogp; :|

In Section 2 we prove Theorem 3. Then, in Section 3 we prove Theorem 2
by using Theorem 3. In Section 4 we deduce Theorem 1 from Theorem 2.
In Section 5 we see that Conjectures 4 and 5 are reasonable. In the last
Section 6 we prove results needed in Section 2. In Section 6.1 we treat
differentiability and estimates of the Fourier transformation. In Section 6.2
we give estimations for generic numbers.

2. Signatured Poisson summation formula with weight. In this
section we prove Theorem 3. Throughout this section, my, mo, m, H, A, 0,
w1, wo are as in Theorem 3.

First, we outline the proof. Let 0 < o < min{A4/4,w;/2,w>/2} and N be
a positive integer. We put h(t) := H(t/i) and

. 1 mi1—1,mo—1
(2.1)  I(oa,N):= i) | | A+ )y
aDa N(wl) aDa N(U-’Q)

Tt
X COth( ) th( ) dtg dtl,
w1 w2
where

Dy n(w):={teC:|Re(t)| < a, |t| > o, 0 <Im(t) < (N +1/2)w}
and the integrals along 0D, n(w;) are taken counterclockwise. We calculate

I:=1lim lim I(a,N)
al0 N—oo

by two methods. In the first method we use residue calculations and in the
second method we use residue calculations and integral calculations.

Proof of Theorem 3. We calculate I by the first method. By the residue
theorem used repeatedly, we have

wgnlm my—1,may—1
(2.2) I =— Z ny H(njwi + nawo).

ni,n2>1
Here (T2) guarantees the absolute convergence of (2.2).

Next, we calculate I by the second method. We decompose 0D, ny(w) =
U?Zl Cj(a, N,w) with
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Ci(a,N,w) :={a+it:0<t < (N +1/2)w},
Co(a, Nyw) :={o+i(N+1/2)w: —a <o < a},
Cs(a, Nyw) :={—a+it:0<t < (N +1/2)w},
Cy(a, N,w) := {ozew :0<60 <7}
Then
I(a,N) = Ji(a, N) + Jo(cr, N),
where
3 3
Ji(e,N) =Y "> "Iin(e,N),  Jao(a, N) := > Lix(a, N)
J=1k=1 (4,k)€{1,2,3,4}2\{1,2,3}2

and Ljp(a, N) := (2mi) 2 Scj(a’N,wl) Sck(ajvaz) <o+ dtadty in (2.1).
We first consider limg o limy o J2(a, N). We have

4
N) =) Iu(e,N)+ ) Ijs(a, N) = Lu(er, N).
k=1 =1

We compute the limit of each term as N — oo and « | 0. For the first term,
applying the residue theorem, we have
4

. . 1
Jim > T(a, N) = lim (2ri)2 S )
Ca(a,Nw1) 8Dy N (w2)

t
x coth<ﬂ> co th( ) dty diy
w1 w2

1Mo o0
= — (wai) S ( Z ny2  h(t + n2¢u2i)>t71n171 COth(Z—h) dty.
1

272
Cy(a,Nw1) mne=1

h(ty + o)t 121

Putting t1 = ae' and taking the limit as a | 0, we obtain
lim 1 I
i NE%OZ (o

. N 0 o) . i
i(wai) Sdﬂ ( Z ng”_lH(ngwg)) " wi/m ifmp =1
272 0 otherwise
m no=1
mi, ,m2,m
= Wi @p v w2 ‘ Z nTlnl 1 2_1H(n1w1 +n2w2)

no=1

n1=0

Similarly the second term tends to

1m2m

lim lim E Lis(a E nytT In 2_1H(n1w1 + nows)
al0 N—>oo i na=0
ni=
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For the third term, putting t; = e’ and to = ae’? and taking the limit
as « | 0, we obtain
wmlwmzlm
lim lim Iy(a,N)= -2 — p™~ 1m0 + now :

01?01 N1~I>n<>o 44( ) 47‘(‘2 1 2 ( 1 2 2) ni1=ns=0
Therefore we get
(2.3) lim lim Js(a, N)

al0 N—oo

:M Z £ ™2V (nwy 4 ngws)
7I'2 ni,n2'v1 2 1w1 2W2 ).
n1,n2>0
n1=0o0rn2=0
Next we deal with limg o limy_.o Ji(a, N). We have
(2.4) Jim Ji(a, N) = > ILikla),

(4:k)€{1,3}2

where Ijx(a) := (2mi) 2 Scj(a) Sck(a) -+ dtadty in (2.1) and
Ci(a) ={a+it:t >0}, Cs3(a):={-a+it:t>0}.
We compute that

o0 0
Li(a) = 41? [ § 2o+ it + 1)) (@ + it ™ (a + itg) ™!
00
X coth <7r ot Ztl) coth <7r ot Zt?) dto dty
w1 w2
1 o0 o0
= 13 | | o+ it)(a+it)™ (o it — tr) ™
0 t1
X coth <7r ot Ztl) coth <7r w) dt dtq
w1 w2
1 o) t
=1 S (2a + it) S a+it)™ Ha+i(t —t))" !
0

X coth( ot Ztl) coth <7r w) dtq dt

w2

g h(2a + it) K (t; ) dt.
0

e

Similar calculations together with (T3) lead to

0
| h(2a+it)Ki(t; o) dt.

—00

I33(a) = 2
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Hence we obtain

(2.5) Ii(a) + Isz(a) = 3 OSO h(2c + it) K1 (t; o) dt.
Similarly we have )

(2.6) Lis(a) + I (@) = —ﬁ Ogo H)Ks(t: o) dt,
where

Ky(t;a) = S (a+it)™  H—a+i(t —t))™!

)t — (t— ¢
X coth(w ate 1) Coth<7r M) dtq.

w1 w2

We now calculate and estimate (2.5) and (2.6). Since the case of (2.5) is sim-
ilar to that of (2.6), we mainly treat (2.5) and omit the detailed calculations
and estimates for (2.6).

By the binomial theorem we have

e.)
27 | h@Ra+it)Ki(ta)dt
—o0
[ee] t
=i | ha+it) [ (¢ — 1)
—0o0 0
it (T —t
X coth(w ats 1) coth(w w) dty dt
w1 w2
[ the linear combination of ]
[e%¢) t
ab | h(2a+it) [t — 1)
+ —00 0 ,
it (t—t
X coth(w ate 1) coth<7r w) dt1 dt
w1 w2
i (1<lh<m—=20<h <m —1;0<1lp<my—1)

where the coefficients of the linear combination depend only on my, I (j =
1,2;k = 0,1,2). We first calculate the above integrals with respect to ;.
Since

14 e—27‘rz

COth(ﬂ'Z) = m

oo
=2 Z ene ™% for Re(z) > 0,
n=0
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we have
t " (f_+
(2.8)  [ek(t— )2 coth (w ot 1) coth (w w)dtl
5 w1 w2
[e’e] o0 " " t m "
=4 Z Z Enl’n2€72ﬂ-a(ﬁ+“’_§)e <—n—2t> Stlll (t — tl)l262m(£iw_i)tl dtq.
n1=0mn9=0 w2 0

We now calculate SE tlll (t —t1)2eP1 dty for any 3 € C. When 3 = 0, we have

t 1
(2.9) Stlll (t —t1)2 dt; =ttt S tlf(l — )2 dty
0 0
— L tl1+l2+l.
(li 412+ 1)!

In the case 8 # 0, since for any L € Z>o we have

t I L
L _pBt L t
[treftaty = (-1) 5L+1(6Z . _1>

0 =0

which is easily proved by induction with respect to L, we compute that

t
thf (t —t1)2e dty

lo I t
=Y (-1F (;)tlz—’f | tthelt aty
0

lQ l1+l€ l*k+]€l
1\ (L + k)t
_ l Bt K2 1
=0 (eSS () R e

k=0 k’'=0
l2 lo—k
Iy g2
- <k>(l1 +k)! W)
k=0

=: (=)' (I, + II).
To compute Iy, replacing k' by I; + k — k', we have

lo li+k i
I = ll Pt 22: lz: k+k’ (I + k)! thtla—k
(Iy + k= k) pF+1

k=0 k'=

litl2 li4-lo—K' l2
Z o thHa— b (I + k)
_ ll ,Bt j : -1 k([ '2 1
N < = <k‘>(11+k—k")!)'

k=max{k’'—11,0}
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The sum over k is calculated as follows:

& L\ (I + k)
> () a

k=max{k’—11,0}

H(LE, )

k=max{k’'—11,0}

()

k=0 u=1
d*
= /(ull(l _u)b)
duk u=1
0 ifk=0,...,l15 -1,
— K 11115!
—1)k e K =1y + L.

Hence we obtain

litls litlo—K /1.
T2 k 115!
1yt Bt ok 1!ls
I = (=) e Y (-1 B <z2> (I + 1y — K)!
k=l

h h—k
t (12 + k‘)' 115!
_ (_ 1\l Bt _1\k
=(=1)"e Z( 1 Btk Ik (I — k)

e ik
= ' Z < >l2+k) Blath+l

Therefore,

t
(2.10) [t —tr)el" aty
0

M sh—k
=€ Z ( ) (2 + F)! Bla+k+1

l +1 ly ek
1
+(-1 Z (k> (h + k)t Blitk+l

k=0

We go back to the calculation of (2.8). Since wj/wo is generic, for any
ni,ny € Z>o we have njw; — nowy = 0 if and only if (ny,n2) = (0,0).
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Applying (2.9) and (2.10) to (2.8), we get

t . .
t t—1t
(2.11) Stlll (t — t1)"2 coth (7r ot 1> coth (7r w)dtl
2

w w
0 1

Ll i
(L + 12+ 1)!

l (l +k)

l +1 1 2

3 (1) s
e—?ﬂoz(— 22

w1 w2 n
-k, (_™
X ) Emm m )R t e( . t>

n1,m2>0 ( w1 w9

(nl’n2)7£(070)
I\ (I +k)!
l +1 2 1
' Z ( > 27TZ l1+k+1

—27ra(:1+z2)
x ), o« ‘ L gk 12y
e (2 — m)ll“ﬂ“ w2
ni,n2>0 w9 w1

(nl ’nQ)#(Ovo)
= II1, (t) + IIo(t) + II5(t).

Lemma 6.5 guarantees the absolute convergence of the sums in (2.11). We
now calculate and estimate the integrals of (2.7) with respect to ¢; and ¢ as
« | 0. For this purpose we compute Siooo h(2a+it)II1(t) dt. From Lemma 6.1
we obtain

[e.9]

(212)  lim | A2+ it) I (t) dt

al0

1 115! ~
_ H( 1+l2+1) ]
(—2mi)htle+l (1 41y 4+ 1)! (0)

Next, we consider {* h(2« + it)II5(t)dt. It follows from Lemmas 6.3
and 6.6 that for any £k =0,...,[; we have

oo 6—27'(04( 214+ w;) n
. 11—k 1
S h(2a + it) 5 Eniing T @)lz—i-k—&-l th e<_w_1 t> dt

—o0 n1,n2>0 (wl w2
(n1,n2)7#(0,0)
_ n1 ., n2
e 27 (w1+w2 OSO tll_kh(Q _|_ t) nl t dt
e E 5n1,n2 (m _ ﬂ)l2+k+1 « )e o1
ni,m2>0 w1 w9 —0o0

(nl =n2)7é(070)
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1 27"&(%_2—3)
= Y € -k (™M
(—2mi)l—k e (o — mzyltkt] w1
ni,n2>0 w1 w2

(nl 7”2)7£(070)

_ nin2

0) e mGrte)  m

o E e w1

+ ny ﬂ|l2+k+1
ni,m2>0 w1 w2

(n1,m2)7#(0,0)

1 eQm(%_% ni
_ fla—k) (1
(_27m')l1—k n;>0 Eni,n2 (m B m)lz-i-k-l—l H <w1>
(m1.m2)2(0.0) o
+ O(alog(1/a))
as « | 0. Hence as « | 0, we have
o0
(2.13) | h(2a+it)IIo(t) dt
—0o0

- om0 ()t

2 (ﬂ_ﬂ
e w1 w2 A(l —k) ni
1
X E Eni,no (ﬂ _ M)l2+k+l H w1 + 0(1)
n1,m2>0 w1 w9

(n1,m2)#(0,0)

In particular, estimating the first term by Lemmas 6.2 and 6.6, we obtain

(2.14) OSO h(2a +it)III5(t) dt = O(log(1/c)) as a | 0.

—0oQ
Similar calculations and estimates give

(2.15) OSO h(2a + it) II5(t) dt

—0o0

27TZ l1+12+1 Z ( ) l +k)

627704(2—;7%) n
77(l2—k) 2
X E H{: — o(1
87"017”2 (ﬂ _ m)ll"!‘k'i‘l wo + ( )
ni,m2>0 w2 w1

(nl 7"2)#(070)

and
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(2.16) | h(2a +it)IITs(t) dt = O(log(1/a))
as a | 0. Therefore, it follows from (2.11)—-(2.16) that

[e%¢) t

(217) | ha+it) | £t —t1)
—00 0 . .
X coth <7T ot 1t1> coth <7r w) dt1 dt
w1 w2
1 115! (142 +1)
— Hitl
(—2m’)h+l2+1 ((h + 1+ 1)! (0)

2ra(2L -2

e w]  wg ~ n
+ 42 < ) 12 + k) Z Eni,no " n2)12+k+1 H(ll k) <_>

( “i
ny1,n22>0 w1 w2
(n1,n2)#(0,0)

n2

6271 (E_Z_i) (k) N9
+4Z +k) Y enm @_M)ZIMHH n2

n1,n2>0 (wg w1 w2
(n1,m2)#(0,0)
+o(1)
and
00 t
(218) | h(2a+it S (t—t1)"
it (t—t
X coth(w c : ‘ 1> coth(w W) dty dt = O(log(1/a))
1 2

as o | 0. Applying (2.17) to the first term of (2.7), and (2.18) to the second,
gives
(219) | B0+ it)Ky(t o) dt

—0o0

1 m1 — 1) (mo — 1) ~
- (=2m)m—1; <( : (m)—( 1)2! ! HD(0)

mi1—1
+4 ) (—1)’@(””]€ 1>(m2 +k—1)!
k=0
2o 2L — 72

e w1 w2 ~ L n1
x E U R U
2 m @)mﬁk

w
n1,m2>0 ( w1 w9 !
(n1,m2)#(0,0)



Degeneration of multiple Fuler products 7

mao—1
+4k§)( 1)< " )( 1+ E—1)!

6271'01(%7%) n
7 —k—1) 2
X Z € D EE——— H(m2 — o(1 as a | 0.
ni,n2 (@ - m)ml'i'k W + ( ) l
ni,n2>0 w2 w1

(nl 7"2)#(070)

We calculate the integral {™ H(t)Ks(t; o) dt in the same manner as

§° h(2c 4 it) K1 (t; ) dt. Since the calculations do not need more efforts,
we omit the details. The formula corresponding to (2.19) is

(220) | HK(t:0)de
_ 1 (m1 — 1)!(TTl2 — 1)' ’\(m—l)
(—am)mTi < m—nr 470

mi—1
+4kZ:D( 1)< ) )( o+ k—1)

niyno
€f2ﬂa(q+—

X Z Enyneo WH("% k 1)(_>

ni n2 w1
ni,m2>0 (wl + w2

(nl 7n2)7é(070)

mao—1
+4kZ:D( 1)< L )( 1+ k—1)!

e*2ﬂ'0¢(%+%) o
7 —k—1
X Z Eni,no m H(m2 )(w—2>) + 0(1) as « l 0.
n1,15>0 (+2)

(nl 7n2)7é(070)

We go back to (2.4)-(2.6). By (2.19) and (2.20) we have

(2.21) ]\}E)noo Ji(a, N) = % (—277:;"1—1@' (% (ma —(nlq)zﬁll;— 1! Hm= (o)

mi1—1

mi — 1
. g (_1)k( ) )(m2+k—1)!fvl(a;k>

+ 3 (=1)F <m2k_ 1> (m1 + & — )Va( k))
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where
[Vl g k
( ) 2ma( oL —22) —2ma (2422
. Z . < e 1 w2 n e 1 wo )ﬁ(mlk1)<ﬂ>
- ni,mn2 Tk Tk )
n1sma20 (B-2)™ ()™ i
(n1,n2)#(0,0)
IVQ (0N k
( ) 2ma( 22— L) —2ma (22421
. Z . < e 2wl n e 2wl )I/—.\T(kal) <@>
T ni,mn2 mi1+k mi1+k ’
n1ym2 >0 (2-o)™ (Z+2)™ “2
(n1,m2)#(0,0)
As a | 0, we obtain
(2.22)  lim lim Ji(a, N)
al0 N—oo
w2 (=2m)m—1i\ 2 (m—1)!

mi—1
BV i WA
+kzzo( 1)( ) >( o+ k—1)

1 1 (mi—k—1) [ M1
X Z sm,m( s L m2+k>H(m1 <_>
ni,n2>0 (Z_i - Z_;) (Z_i + Z_i) “
(n19n2)7é(0>0)

mao—1
k(M2 N
+kzzo( 1)( L >( L+ k—1)!

1 1 T (ma—k—1) [ T2
X Z sm,m( ik T m1+k>H(m2 <_>>
ni,n2>0 (Z.L;_; - %) (Z_; + %) 2
(n19n2)7é(0>0)

(2.2), (2.3) and (2.22) complete the proof. m

3. Multiple sine functions. In this section we prove Theorem 2.
Throughout this section, M, N, r, w1, we, w are as in Theorem 2.

Proof of Theorem 2. We put

907’(5727Q) = _CT(szvg) + (_1)TCT(S7 |£’ - ng)’

)

Then

0

(3.1) Sr(z,w) = eXp(%sor(s, Z,w)
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We calculate ¢, (s, z,w) for Re(s) > r:

Glszw) = > (- manwr + (arga + -+ dwn +2)7°

N1y, yp >0
o Z n1+M—1 n2+N—1 ( + T )—S
= M—1 N_1 niwi Now9 z
n1,n2>0

= (=1)" Y gu(=m)gn(—n2)(mwi + naws + 2)~°

n1,n2>0

M-1 N-1
= (—1)7" Z Z (_1)ml+m2aM7m1aN,m2C(1m1+17m2+1)(87 z, (Wl,WQ))7

m1=0mo=0
where gps is defined as in (1.1) and

M

gu () =: ammz™,
m=0

—

mi1—1_mo—1

n n
C(lml,mg)(saz) (wl,WQ)) = Z 1 2

(n1w1 + naws + 2)%°

n1,n2>0

Similar calculations together with gas(1) = -+ = gy (M — 1) = 0 give

M—-1 N-1
CT(Sv ’g‘ - ng) = Z Z aM,mla/N,mgC(2m1+17m2+1)(8727 (WI,WQ)),

m1=0mo2=0

where
mi1—1_mo—1
n U

(n1w1 + naws — 2)5°

C(zml,mg)(sa Z, (Wl,u)g)) = Z

ni,n2>1
Hence we obtain
(32) (s, 2,w)
M—-1 N

= (_1)7’ Z Z aM,mlaN,mQ@(ml—i-l,mg—i—l)(S>Za (wlaWZ)),

m1=0mgo=0

[y

where

By ma) (82 (Wi, w2)) i= (=1)™MHM2 (s, 2, (Wi, w2))

+ C(le,mg)('S? 2, (w17w2))-
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We remark that for fixed 0 < Re(z) < wy +ws, ({

mi,ms
a meromorphic continuation to s € C by the usual method:

)(Sa z, (w1,w2)) admits

F(l _ 3) (_1)m1+m2

_ dm1—l 1 dm2_1 1 .
X S e FU dumi—1 (1 — 6w1u> dumz—1 (1 _ 6“-’2U> (_U)S d’LL,
C,

€

C(lml,mg)(sv 2, (w17w2)) = —

r(1—s) (—1)mtm

2 — —
C(ml,mg)(sa 2, (wh w2)) = o winlflwgwfl

dm-t 1 dmz2—1 1 -1
X S o2l dumi—1 <ew1u _ 1> duma—1 (6“’2“ — 1> (_U)S du,
Ce

where 0 < & < min{27/wi, 27 /wo} is a fixed number and C: is the union
of +00 — +¢, e’ (0 < 0 < 27) and +¢ — +oo. Hence (3.2) holds for any
s € C. In particular, we have

0
(33)  5oer(s,zw)

s=0
M-1 N-1 5
= (0" 2. > @ anm, 55 Demi1,ma41) (8,2, (W1, 02))
m1=0mo=0 s=0

We calculate %é(ml,mz)(s, z, (w1,w2))|s=0 for my, mg € Z>1. We have

6m+1 )
5o T1 S(mama) (s, 2, (w1, w2))

= (—1)m+18(8+ 1)---(s+m) Z

ni,n2>0

mi1—1_mo—1
Ty >

(n1wi + nowy + z)stmFL’

where m := mj +mg. The series converges absolutely for Re(s) > —1. Hence

om+2 .
Wc(mlm’m) (87 2, (Wl, u.)g))

s=0
mi—1_mo—1

G I BT

niwi + nowg + z)mHL

n1,m22>0
Similar calculations give

8m+2

: m1—1,ma—1
2
Wc(mhmz)(sﬂ z, (w1, w2))

| E ’ ny
- (nqwi1 + nawg — 2)m+1’
s=0 ni,nz>1
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Therefore
am+2
Feg o1 Llmima) (82, (W1, 02))
SOz s=0
n”:flnl—ln;ng—l n71n1—1n72n2—1
=m! g -+ 2: :
n1,n2>0 (n1wr + ngws + 2)™* n1ma>1 (nwy + nowg — z)™+
mi—l,ma—1 mi—1_ma—1
= m'{ E 5 ( G + ny My )
- : ni,ng
n1,m2>0 (w1 + ngwa + 2)™ 1 (n1wy + nawy — 2)m 1
mi—1,ms—1 mi1—1_mo—1
+ ! E € < o _ N )
ni
2 &0 \(mwr +ngwz +2)™H - (mwn +ngwp — 2)m
mi—1,ma—1 mi1—1_mo—1
+ 1 < ny Mo B ny" ng )
2
2 0 (niw1 +naws + 2)™H (mwy + nawe — 2)™H |
m1—1,ma—1 m1—1, mo—1
A\ (mwr +ngwz + )™+ (niwr +nows — 2)™H /L L

Since the fourth term in braces is equal to 0, we have

8m+1
(34) Wé(mlﬂna)(s’z) ((A)]_,(UQ))

s=0
= —(m —DI(Vi(z) + Va(z) + Va(2)) + C1,

where (' is a constant and

mi—1 _mo—1 mi—1 mo—1
< "y UP) n YD) >
)

(niw1 + nowa + 2)™  (njwy + nows — 2)™

Vi(2)i= ) Enim

n1,n2>0
1 nimipet nMipel
‘/2(2):2525"1 (niw1 + now +z)m+(nw + ngwy — 2)™ ’
30 w1 + naw2 W1 + naws na=0
1 nTl_lngnz_l n’lnl_lng”_l
Vg(z)::525m (niwi + now +z)m+(nw + nowg — z)™
30 W1 + Naw2 W1 + naws n1=0

We transform Vj(z) by using Theorem 3, and V3(z),V3(z) by using the
original Poisson summation formula. First we deal with Vj(z). Assuming

that Im(z) > 0 is fixed, we put
1 1
H(t) = — .
N e
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Then H(t) satisfies conditions (T1)—(T3) of Theorem 3. For x > 0 the
residue theorem gives

H(z) = —2miRes—_, H(t)e(—tx)
_ (—2mi)™
(m—1)!

™ le(zz).

By Lemma 6.1(1) we get
H®(0) = lim H® (2)

z|0
0 if k=0,1,...,m—2,
L (—2m)™ ifk=m—1.

For k=0,...,m —1 and x > 0 we compute that

R k _1\m m—1
H® (z) = % (27ri (( i)l)' aazm—l (e(mz))>

—1)m o™
Hence Theorem 3 gives
i (my—1D(mg—1)! dm!
. = 1 1
(3 5) Vl(Z) w{nlw;ng (m — 1)| + dzm_l(v 1(Z) +V 2(2))7
where
1 e (N | |
VIi(2) = — D k—1)!
1(2’) ( — 1)| wm1w£n2 ;) (27Ti)m2+k—1 ( k )(m2 + )
1 1 n
52 (3o ; ))e(5)
" n ng\ma+k n no \m2+k ’
n1=1 “no=0 (wi _w_;) ’ (w_i_'_w_z) ’ w1
1 1" (CnE fmp—1
Iy(2) = — 2 1)
V) =~ Gy g 2 G (" Yoo
<2 S (S (et ) ()
ni m m :
T \(@em)™T (maemym ) e

We consider the sum over ny in VI;(z). Differentiating the well known for-

mula
2 > 1 1
m( +e(w)—1> 7 cot(mw) ngzoe <w+n+w—n>
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mo + k — 1 times, we obtain

' ' dm2+k71 1
Ti0math—t 2 T (e(w) - 1>

- . 1 1
= (—1)m2tk 1(m2+k—1)!25n2<( + ),

+k _ +k
2w ng o =)

where 6 = 1 if £ = 0 and 6 = 0 if k € Z>;. Putting w = njwa/wy, we
obtain

> 1 1
Z €n2<(m B ﬂ)mg-i-k‘ + ﬂ)mg-‘rk‘)

ni
n2=0 w1 w2 ( w1 + w2

(_1)m2+k—1w;nz+k
(mg +k—1)!

- - dmetk—1 1
X <7TZ(5m2+k—1 + 2mi dwm2t+k—1 <e(w) — 1>

w=niwsz/wi > '
Applying this to VIi(z), we get

R G VA I S e S AT
(38.6) VL) =y ((2m)m2‘1 2 <W1 >
m1—1

my —1 m1—k—1
+2Z 2mm2+k1( k >Z1
o0
dm2+k_1 1 n
XZ m2+k—1< ) e(—z)).
ot dw e(w) —1 wenws fwr \@1

Next we deal with VIa(z). By symmetry, we obtain

3.7 VI = Z2M2
B7) VIa(2) = 7= W ((271'@ mi—1 * Z
el mg — 1
2= mo—k—1
+22 2mm1+k 1( L >Z ’
o (1) | (60)
X el —z) .
nz::l dwmitk=1\ e(w) — 1 wenwy fws  \W2

Next we calculate Va(z). When mg > 2, Va(z) = 0. We consider the case
mg = 1 (that is, m = m + 1). We put

. 1 1
f@)=¢m=t <(tw1 + z)m + (twy — z)m>




84 H. Akatsuka

To apply the original Poisson summation formula, we calculate f(:z:) For
x > 0 the residue formula gives

&((twl + z)m + (tw) — Z)m>6(_t$) dt

= —2miRes;— ./,

e(—tx)

(twn +2)™
mi (=) (2miz\™! [ z
o) @)

2mi (—1)m ot 2
= el—x) ).
wi (m—1)! 9zm—1 wi
Differentiating both sides mq —1 times with respect to x, for x > 0 we obtain
~ 2mi 1 A
fla) = wi (m —1)! 9zm—1 (z N ’))
Since both sides are continuous for z > 0, this equality is valid for x > 0.

We also remark that f(t) and f(x) are even functions. Hence the Poisson
summation formula gives

isn( G )
= "\ (nwr +2)™  (nwy — 2)™
2mi 1 A"l i~ ([ n
W™ (m—1)! dgm1 (z nz:le w ) )

Combining the above calculations in the cases mo > 2 and mg = 1, we have

o (=1)"2
m—1) w™

- (2;5:;27”21 P 12 ( ))

m—1
(38) Va(z) = -2 <(

dzm—l

By symmetry, we obtain

m—1 i _1\ym1
(3.9) Vi(z) = -2 (( =)

dzm=1\(m—1)! wy™?

- (2f771m11 T # IZ ( >>
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It follows from (3.4)—(3.9) that

8m+1
W@(mhmz) (s, 2, (W1,w2))

s=0

dmt ((—=1)m2 Tt wk my — 1
— 9w
o 2 (")

wi™ (2mi)matk—1 k

k=0

0o —

cmo s e ()| ()
— dwme+k—1 e(w)—l w=nws/w; \W1

L ym mil wh my — 1
wy'? (2mi)math-1 k

o dml—i-k—l 1
% zmz—k—l Z
dw™ k=1 \ e(w) — 1
n=1

+027

where Cs is a constant. Hence

82
(310) mé(ml,mg)(‘g’zv ((.Uh(.UQ))

= —2mi (—1m "S- 1
- wmlwmg—l k
oo
dmzth—1 1 n
x Z dwm2+k—1 ( waw 1> zml_k_1€<_ Z>
n—1 w € - w=2min/wi w1
B DL |
o > (M)
wi™ T wy?

o0 dm1+k—1 1
<3 gt (=)
£ dwm -1 e — 1

w=2 ZTL/O.)Z
;1( )7

where Q1(z) is a polynomial of degree at most m — 1. It follows from

. n 8m17k71
M1 k 16 — ) = ﬁ(ewz)
w1 Owmi—k—

and the Leibniz rule that

w=27in/wy
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m1—1 o0 mo+k—1
m1—1 d 2t 1
> (") s ()

e n
ym—k 16(— z>
k=0 n=1 w=2min/wy w1
o0 mi1—1 mo—1
- mi1—1 mo—1 wow __
n=1 Jumt dum> e 1 w=2min/wi

d & ogmi—1 ewz  gma—1 1
T dz Z owm—1 {? Owmz2—1 <e“’2w - 1>}
n=1
Applying this to (3.10), we obtain

0
(311) - mi,m (S,Z, (w17w2))
ds  (mama) S0

S Y caN ¥ SN R
wiwy? Tt Qwmt w o Qumatt \ewew — 1
s e e 1)
Wi — Owm2=1\ w Quwm—1\ evn1w —1

+ Q2(2),

where @2(2) is a polynomial of degree at most m.
Applying (3.11) to (3.3), we have

w=2min/wi

w=2min/wi

w=2min/wy }

0
a@r(sv Z?Q) 0

ay
_ r+1 ,mq
= 27i(— { E m1+1

nlm10

w=2min/wi

w=2min/wa }

+Q3(2),

where Q3(2) is a polynomial of degree at most r. Since

9N<‘%> (aﬂl— 1) - (eu—lnN
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which can be easily proved by induction with respect to N, we obtain
T (—ymetiay,,, o™ 1 B 1
2 o e @ 1) T e

Therefore

vl o 19
=2l { 25 g (2 5 Pt

1 & 1 9
+— gN<— —>PM(w;z;w1)
w2 o 2 OW

Applying this formula to (3.1) completes the proof. m

0
%@T(Sa z7£)

s=0 w=2min/wi

}+Q3(z).

w=2min/ws

4. Degeneration of multiple Euler products. In this section we
prove Theorem 1. First, we show the relation between multiple sine functions
and absolute tensor products of Hasse zeta functions for finite fields.

LEMMA 4.1. Let py,...,pr be prime numbers. Then

(5, Fp) @ - @ C(s,Fy,) = 5, (s, [ 2 2r V)
s5,IFp, s, Fp.) =25, is, e’ logpr .

e (-)

nez

Proof. Since

we get
C(s,Fp) ® -+ @ ((s, Fp,

)
> (( oming 27Tin,,)>(_l)r
- 11 g cmm
log p1 log pr

N1yeeeyNp=
2ming 2min, \ | !
s+ +
log p1 log py-

ni,...,Nr 20

(n1,...,n0)#(0,...,0)

-1
S
P - ,
< 11 ( 27 (e - ))

n,..,ne>1 logp1 log pr

12
CI;A
|
—
~
S
A/~
[
3
<.
—~
S
e
4
3
S
SN—
~__
T
—
~

where P.(u) := (1 —u)exp(u +u?/2+ - +u" /7).
On the other hand, [KK2, Proposition 2.4] says that for w = (wy,...,w,)
€ (R>p)" we have
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z
S = P(-
r(zw) =z 11 r( n1w1+--'+n,~w,,>

Nni,...,nr >0
(nl,.‘.,nr);é(o,...,O)

5 (_1)7'71
X P, .
11 r<n1w1+---+nrwr>

Ny ne>1

Combining these completes the proof. =

Proof of Theorem 1. Applying Theorem 2 with z = is, w; = 27 /logp
and wo = 27/log ¢ to Lemma 4.1, we obtain the desired result. m

5. Conjecture for a more general case. In this section, applying
Theorem 2 and past studies ([K], [KW]) about multiple sine functions we
show that Conjectures 4 and 5 (see Section 1) are reasonable. First, we recall
a property of multiple sine functions:

LeMMA 5.1 ([KK2, Theorem 2.1(e)]). For w € (Rso)" and ¢ > 0,
Sp(cz, aw) = Sy(z,w).

The following proposition is the reason we expect Conjecture 4 to be
true.

PROPOSITION 5.2. (1.2) holds in the following cases:

(1) when My = --- = My =1 and w satisfies condition (ii) of Conjec-
ture 4,

(2) when k=1 and w satisfies condition (i) of Conjecture 4,

(3) when k =2 and w satisfies condition (i) of Conjecture 4.

Proof. (1.2) holds in case (1) by [KW, Theorem 1.4(2)] and in case (3)
by Theorem 2.

Next, we handle case (2). Let w = (w1, ...,w1) € (Rsg)". It follows from
Lemma 5.1, Lemma 4.1 and Theorem 1.2 that for Im(z) > 0 we have

2mz 2m 2m
51) Sp(z,w) =5, , e
(5:1) (z:2) <w1 log 2 <log2 log2)>

= (C(Sy F2)®T)(_1)r ’8227rz/(iw1 log 2)

r

2 exp [(—1)’“ > W g v <§1> Lil(ez’”'z/“”)} :

=1
On the other hand, the right hand side of (1.2) is equal to

2mi(—1)" — 1 ) e
2 oo o (G ) T

t:27rin/w1:|
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Expanding g, and using the Leibniz rule, we have

1 0\e* gﬁj)(O) 1 &7 [et?
69 ol a) L5 ()

Applying (5.3) to (5.2), we conclude that (5.2) equals (5.1). =
From Lemma 4.1 we obtain the following result:

ProprosITION 5.3. If Conjecture 4 is true, then so is Conjecture 5.

6. Appendix

6.1. Fourier transformations. In this section we consider the differentia-
bility and estimates for the Fourier transformation. Throughout this section
suppose that H satisfies (T1) and (T2) of Theorem 3.

LEMMA 6.1.

(1) H is an (m — 1)-times continuously differentiable function in R.
(2) For any k=0,...,m — 1 we have
o0
(6.1) H®)(z) = (—2mi)k | t*H(t)e(—tx) dt.
—0o0
Proof. For any k = 0,...,m — 1 it follows from (T2) that t*H(t) is
absolutely integrable on R. This implies the desired results. =

LEMMA 6.2. H®) (z) = O(e 2™ for k=0,...,m —1 and z > 0.
Proof. Applying Cauchy’s theorem to (6.1), we have

H® () = (—2mi)k OSO (t —iAH(t — iA)e(—(t —iA)z) dt

= (=2mi)fe ™% | (t —iA)FH (t — iA)e(—tx) dt.

—00
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By (T2) the above integral is bounded uniformly for z. This completes the
proof. m

LEMMA 6.3. Let k=0,...,m —1. Then for 0 < a < A/4 and x > 0,

0 4oz
kp (9 . . _ € I’_j(k) —mAzy
—Soot h(2a + it)e(—tz) dt o () + O(ae™™7)

Proof. By Cauchy’s theorem and Lemma 6.1 we have

(6.2) OSO t*h(2a + it)e(—tz) dt = e*™® OSO (t + 2i0)* H(t)e(—tx) dt

—00 —00

H® (z) Lye (2ia)t =
_ Amrax (k_l)
= = 7 H .
o Cami 2 (1) o 1)
Applying Lemma 6.2 to the second term in brackets, we obtain the desired
results. m

6.2. Estimates for generic numbers. Throughout this section let a be a
fixed positive number such that a and a~! are generic.

LEMMA 6.4. Let € > 0 be fixed. Then for ni,ng € Zso,
In1a —ng| ™t < min{ny '™ nytet 2},

Proof. Since a and a~! are generic, by [A, Lemma 2.4] we have

Inia —na| ™t < nytef™,  |ngaTt —ng| Tt < nytetm.

These imply the desired result. =
LEMMA 6.5. Let B >0 and o0 > 1. Then

e—Bnl
ﬁ < OO.
Z nia —n
ninp>0 1t 2
(n1,m2)#(0,0)
Proof.
eanl 1 o0 eanl N oo 1 N eanl
Z na—n”_a"z ng Zn" Z nia — nol%’
nl,nQZO ‘ 1 2‘ TL1:1 1 n2:1 2 n1,n221 ’ 1 2‘
(n1,m2)#(0,0)

Clearly, the first and second terms converge. It follows from Lemma 6.4 that
the third term is
—Bnq Bni/2
e _Bny €
— <K e — < .
Yo e e T

ni,n2>1 ni,n2>1 2
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LEMMA 6.6. Let B1,By >0 and 0 > 1 be fized. Then as a | 0 we have

Z e~ Bimi—aBang < {log(l/a) if o =1,
n1,n2>0 |n1a N n2’0 1 ifo>1.
(n1=n2)7é(070)

Proof. When ¢ > 1, the inequality e~*P2"2 < 1 for any ny € Z>p and
Lemma 6.5 lead to the desired result. We consider the case 0 = 1. We have

e—Blnl—OCBQ’VLQ

Z |n1a — na|

n1,n2>0
(n1,m2)#(0,0)

1 S e—Bl’ﬂl S e—aBgnz —Bini1—aBans
D I D Dl D Dl
ni=1 1 no=1 ni,ne>1 1 2

The first term is bounded uniformly with respect to «. The second term is

(o) —
e aBsong

= —log(1 — e P2%) < log(1/a).
ng
no=1

From Lemma 6.4 the third term is

—Bini1—aBans (Bin1)/2
(& _ _ (&
Yo < Y eBmreBm o log(l/a).
|n1a — gl 9
ni1,m2>1 ni,n2>1
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