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On the 2kth power mean of the character sums
over short intervals

by

ZHEFENG XU and WENPENG ZHANG (Xi’an)

1. Introduction. Let ¢ > 3 be an integer, and x be a Dirichlet character
modulo g. Over the several past decades, many authors have investigated
various arithmetical properties of the character sums

N+H
> x(a).
a=N+1
Pélya [6] and Vinogradov [8] studied the character sums when the modulus
q is equal to a prime p and obtained the inequality

‘ Xx:x(a)‘ < ¢y/p Inp,
a=1

where ¢ is a constant. Actually, one can establish the above inequality with
the constant c=1. If x is a primitive character modulo ¢, A. V. Sokolovskii [7]
proved the existence of x with

o tla/2) e 1
‘nzm X(n)‘>\/1— . 'ﬁ'\/@

where [y] denotes the greatest integer less than or equal to y. For a general
nonprincipal character, D. A. Burgess [2] obtained the mean value estimate
of character sums

k  h )
Z’ZX(n—i—m)‘ < kh,
n=1 m=1

where h is any positive integer. This was conjectured by Norton [5], who
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obtained the weaker upper bound %kh. For higher moments and ¢ = p,
Burgess [3] summed the fourth power mean over all nonprincipal characters

and proved that
P h 1
S x| <opn?

X#xon=1 m=1

For general moduli g, he summed the mean value over all primitive charac-
ters and obtained (see [4])

P h 4
* T0NA272
> Z‘ Zx(nﬂn)‘ < 87" (q)¢*h?,
xmod gn=1 m=1
where Z;mo 4. denotes summation over all primitive characters modulo ¢
and 7(n) is the Dirichlet divisor function.

The present work deals mainly with the 2kth power mean of the character
sums over the interval [1, ¢/4). First we transform the character sums to L-
functions by an elementary method. Then using the mean value theorems of
Dirichlet L-functions, we study the mean value properties of the character
sums over short intervals, and obtain a sharper asymptotic formula for it.
Namely, we shall prove the following:

THEOREM. Let ¢ > 5 be an odd integer. Then we have the asymptotic
formula

Y ‘ Y x(a)

x(—=1)=1 a<q/4

k 2k—2 2k—1 1— k-1
_ J(q)q (E) H(l _ %) H (1 _ 22k—2> + O(gF ),
16 8 D p
plg pi2q

where E;(—l):l denotes summation over all primitive characters modulo q

such that x(—1) = 1, € is any fized positive number, J(q) denotes the number
of primitive characters modulo q and leq denotes the product over all prime

‘2](:

divisors p of q, and C)!, = m!/nl(m —n)\.

Noting that J(q) = ¢*(q)/q if ¢ is a square-full number, we have the
following

COROLLARY 1. Let ¢ > 5 be a square-full number with 21q. Then we
have the asymptotic formula

Z* ‘ Z x(a)‘%

x(—1)=1 a<q/4

k—1 12 2k—2 2k—1 1_ck'71
) (- e

plg pi2q
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Taking £ = 2 in our Theorem and noting that

1(-5) T ) =T )T (- 5) T

plg pf2q P plg p|2¢

(2) 11 »*—1)°

@y pr(p? +1)

¢(2) = 72/6 and ((4) = 7*/90, we immediately get

4¢
5 ¢

COROLLARY 2. Let g > 5 be an odd integer. Then we have the asymptotic
formula

* 2 (»* - 1)° 2+4¢
+0 :
2 ‘ 2. X(a)‘ 256 H iy PO
x(—1)=1 a<gq/4
If ¢ = p is a prime, then J(p) = p — 2. So from Corollary 2, we have

COROLLARY 3. Let p > 5 be a prime. Then we have the asymptotic
formula

_ = 2+¢
‘ > X ‘ 256p +O00™),
x(—1)=1 a<p/4

where ZX(*l)Zl denotes summation over all nonprincipal characters modulo
p such that x(—1) = 1.

2. Some lemmas. To prove the Theorem, we need the following lem-
mas.

LEMMA 1. Let x be a primitive character modulo m with x(—1) = —1.
Then

— Z bx(b) () L(1,X),
where 7(x) = Y ne, x(a)e(a/q) is the Gauss sum, e(y) = €*™, and L(s, )
denotes the Dirichlet L-function corresponding to x.
Proof. This can be easily deduced from Theorems 12.11 and 12.20 of [1].

LEMMA 2. Let ¢ > 5 be an odd integer and x be a primitive Dirichlet
character modulo q such that x(—1) = 1. Then

> xla) = — 5 TOxa) L(1, Xxa),

where x4 s the primitive Dirichlet character modulo 4.
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Proof. First, we suppose ¢ =1 (mod 4). Since x4 is the primitive Dirichlet
character modulo 4, we have y4(1) = x4(—3) = 1 and x4(3) = x4(—1) = —1.
Then the following identity is obvious:

(1) Zax(a)x4(a) = i(éla +1)x(4a+1) — i(éla + 3)x(4a + 3).
a=1 a=0 a=0

Noting that Za o Xx(a) =0, we can write

(2) z_:(4a+ 1)x(4a + 1)
a=0
) ax(a+74) = 4x(4) Y (a+2)x(a+ 1)
= a=0
(g—1)/4 q—1
=4x(4) Y (a+Dx(a+D)+4x(@) > (a+Ax(a+9),
a=0 a=(g-1)/4+1

where 4 -4 = 1 (mod q). We know that (3¢ + 1)/4 is an integer and 4 =
(3¢+1)/4, so

0<a+4<q 1fa<q;1,
_ —1
g<a+4<2¢—1 ifa>-——.
Hence, we have
(g—1)/4 3 3 q—1 3 3
3) 4x(4) Y (a+Dxla+D+4x(4) > (a+Dx(a+9)
a=0 a=(¢—1)/4+1
@4 ) g1 ) )
=4x(4) Y (a+Dxa+DH+4x(4) Y (a+i-gx(a+I-q)
a=0 a=(q—1)/4+1
q—1
+4x(4) > ax(a+19)
a=(g—1)/4+1
q—1
Zax )+ 4x(4 Z x(a+4).
a—(qfl)/4+1
Noting that x(—1) = 1, we can get (see Theorem 12.20 of [1])
q—1
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Now combining (2) and (3), we have

qg—1 q—1
4 D (a+)x(a+1)=4x4)g > xla+9
a=0 a=(g—1)/4+1
(g—1)/4 (g—1)/4
3g+1 qg—1
= —dx(9)g ) x(a+ 7 ) = —dx(4)g x(a - T)
a=0 a=0
(q=1)/4 g—1 (q=1)/4
= —4x(4)q ;) X(T —a> = —4x(4)q azl x(a).
By using the same method, we can also get
q-1 (q—1)/4
(5) > (da+3)x(da+3) =4x(4)g > x(a).
a=0 a=1
From (1), (4) and (5), we have
4q (q—=1)/4
(6) > ax(a)xa(a) = —8x(4)g Y x(a).
a=1 a=1

Since x(a) is a primitive character modulo ¢ and x4 is a primitive character
modulo 4 and (¢,2) = 1, it follows that yx4 is also a primitive character
modulo 4q. Noting that

xxa(=1) = x(=Dxa(=1) = -1,
combining (6) and Lemma 1, we can easily get
(g-1)/4

) > o) =2z,

a=1
For the case of ¢ = 3 (mod 4), by the same argument we can get

(g—3)/4

) > (= - a2, 30,
Combining (7) and (8), we have

la/4] —

> xla) = —w;(:) 7(xx4)L(1,Xx4)-

This proves Lemma 2.
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LEMMA 3 ([9, Lemma 4]). Let g and r be integers with ¢ > 2 and
(r,q) =1, and x be a Dirichlet character modulo q. Then we have the iden-

tities
* — 4

doxtr =) u<d>¢(d)

x mod q d|(q,r—1)
and

= > u(d)o(
d )
dlq

where Z; mod g denotes summation over all primitive characters modulo q,

and J(q) denotes the number of primitive characters modulo q.

LEMMA 4 ([10, Lemma 3]). Let ¢ > 2 be an integer and let T(n) de-
note the kth divisor function (i.e., the number of solutions of the equation

ny -+ Nk = n in positive integers ny,...,ng). Then we have the identity
oo 2 2](:71 k’*l
7;; (n) k— 1 1 —Cg, 5
5 (1 1) (- ),
it n p p
plq pta
(n,g)=1

where ((s) is the Riemann zeta function.

LEMMA 5. Let q > 2 be an odd integer, x be a Dirichlet character modulo
q and x4 be the primitive character modulo 4. Then we have the asymptotic
formula

S L T

x(=1)=1
J 72 2k—1 1\ 21 1_Ck—_1
()0 L0
plg pi2q

where ZX(_I):l denotes summation over all even primitive characters mod-
ulo q.

Proof. For convenience, we put
N<n<ly

where N is a parameter with ¢ < N < q2k+1. Then from Abel’s identity we
have

F(1 ) Z Xxa(n S Xxa(m)m(n) OSO A( yyxm) dy.
1<n<N N

Hence, we can write
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© Y L)

x(=1)=1

_ Z* < Z YX4(”1)TI<:(7%1)+

n
x(—1)=1 N1<n, <N 1

% < Z xXX4(n2) 7k (n2) +OSOA(?J?;XX4) dy>

no
1<na<N

_ Z < Z Xx4(n1)m(n >< Z XX4 ng)rk(n2)>

x(—=1)=1 “Y1<n; <N 1<no<N

N Z ( T xmmmnl)( yXX4 dy)

x(=1)=1 “1<n <N

N Z ( 3 xmmmw)( yXX4d>

x(—=1)=1 “N1<na<N
T Ay, xx
T Z <S yXX4)dy)(S ( 24)dy)
x(=1)=1 N y N Y

= My + My + M3 + M.

Z 3

A(y7 YXZI)
y? ay

Now we shall calculate each term in the expression (9).
(i) From Lemma 3 we have

10) Y xu@= Y xul

x(=1)=1 xxa(—1)=-1
1 *
=3 > (1= xxa(=1)xxala)
Xx4 mod 4q
1 * 1 *
=5 2. wu@-35 D> xul-a)
XXx4 mod 4q X x4 mod 4q
1 4q 1 4q
-3 Z N<g>¢(d) ) Z M<E>¢(d)'
d|(4¢,a—1) d|(4q,a+1)
Hence

e x(zl:)*—l <1<nzl:<N w) (19%%1\, W)
Ly sty (),

1<n1<N 1<no<N d|(4q, 1 m2—1)
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_% Z/ Z/ Tk(ﬂ;f:;(nﬂ Z ﬂ(%)Qs(d)

1<n1<N 1<ny<N d\(4q ﬁ1n2+1)
LS (o Yy mlm(ne)
2 ninsg
dl4q 1<n1 <N 1<ny<N

nz=ni (mod d)

1 4q Tk (n1) 7k (n2)
P! ( Jo 33 me,
d|4q 1<n; <N 1<n;<N
ne=—n1 (mod d)
where Z/ISnSN denotes summation over n from 1 to N such that (n,2q) = 1.

For convenience, we split the sum over m; or ng into four cases: (i)
d<ny,ne <N;(ii)d<ny <Nand1<ny<d-1;(iii) 1 <ny <d—-1
and d <ng < N; (iv) 1 < ni,ny < d— 1. So we have

(o 3 3 mmnd
nin

d|4q d<ni <N d<ns<N 1762

ne=ni (mod d)

Tld‘f'll Tk(T2d+l2)
cYen Y Y YT
dl4q 1<r1<N/d 1<r;<N/d 11=1 l>=1 T1d+l1 (T2d+l2)
l2=l1 (mod d)

7’1d+l1 T2d+ll)]
<o) > > Z
d)4q 1<r <N/d 1<ra<N/d 1= (rid +4)(r2d +4)

< Z% Z Z [(rid + 1)(rod +1)]° < ¢

172
dldq 1<r <N/d 1<ry<N/d

4q ! 1 mR(ny)Tr(ng)
(o 3y mwnin)
ninsg
d|4q d<ni<N 1<n,<d-1
na=n1 (mod d)

<Y o) > Y (rned)T <

d|4q 1<r1<N/d 1<n2<d-1

4q T (1) Tk nz)
GRS DD D
1<n;<d—1 d<ns<N 1702
na=n1 (mod d)

<Y od) Y Yo (mrad)T <

d|4q 1<n1<d—11<r;<N/d

where we have used the estimate 74 (n) < n®.
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For the case 1 < ni,no < d — 1, the solution of the congruence no = ny
(mod d) is ny = ny. Hence,

4q / 1 1p(ny)TE(N2)
Su(few ¥y
d\4q 1<n1<d—1 1<n,<d-—1
na=ni (mod d)

(n2,29)=1
Now from Lemma 4, we immediately get

1 <4q> T (n1) Tk ng)
52 h oY
2 dldq d 1<n <N 1<ny<N nin2
nz=ni (mod d)
J(4q) 1\ 2k1 1_ Ckk_—l
:Tg% ‘@11 1-15 IJ(1-—=22) +0(0).
p|2¢q pf2q
Since (q,2) =1,

J(4g) = gqu(%’)w) - (diju<§)¢<d>) (;Mu(g)w)

So we have

1 T (n1) Tk n2)
0 Ly Y
ning
d|4q 1<n1<N 1<no<N
no=ni (mod d)

o) (VT (4 LYy 1 G
= = = 1—-— 1- —=== €
DT (-k) (- ) o
plg pi2q

where we used the identity ¢(2) = 72/6.
Similarly, we can also get the estimate

1 Tr(n1) Tk ng)
1) X u(Few ¥ ¥
d|dq 1<ni <N 1<n <N 17e2
no=—nq (mod d)

. Z Z Z nl K n2)
2 ning
d|4q 1<n1<N 1<ns<N
no+ni=d
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1 4q T (n1) Tk nz)
EINICILCID D S
d|4q 1<n1<N 1<n,<N
n2+n1 ld l>2

< T ¥ mmmon

d|4q 1<n<d-1
[(N+n1)/d]
Tr(n1) e (Id — ny)
Y e Y Y 2
d|4q 1<n1 <N I=[n, /d]+2 ldny —nj
o(d) 7,(n) 7k (d — n)
< Z d Z n
d|4q 1<n<d-1
Z Z, [(N'i)/d} i(ld _ nl)El
AL
d|4q 1<m <N = [nl/d]+2 tny —ni/d
dsl sls
<+ z z
d|4q 1=11=1

Then from (11)-(13), we have

(14) M, = @ <%2>2k_1 11 (1 — i2>2k_1 11 (1 - %) + O(¢°).

rlg P p2q P
(ii) From Lemma 4 of [10], we have the estimate

37 Al )P < 2 g g),

X#X0

where xo denotes the principal character modulo ¢q. Then from the Cauchy
inequality we can easily get

k
Yo AW < Y Ay 0 <y TR

x(—1)=-1 XFX0

Using this estimate we have

) = Yy Tuelmntn) (A )

x(=1)=-1 *1<m <N N
a1
< Y ot ?( > !A(y,XX4)I) dy
1<n1 <N N xxa(—1)=-1
00 3/9,1-2/2% & 3/2
) q
< N° dy € ———.
]SI Y2 Y N2/2F—e
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(iii) Similar to (ii), we can also get
4/

(16) M3 < W

(iv) By the same argument as in (ii), and noting the absolute convergence
of the integrals, we can write

an T <°S° A(ygm) dy) (;’g A(y,y;(x:;) dy)

x(~1)=—1 N

1 . _
> 1AW, Xxa)l JA(z, xxa)| dy dz

IA
e
[ ]
[\

[\

N N x(—1)=-1
o0 oo /
< (gl 5 X Muxwr)”
Ny N XX47X0
1/2
><( > \A(z,xm)\Q) dy dz
XXa7FX0 ,
v /
< (T X 1Mwr) )
NY XX47X0
e’} 2 2
< (}V%d@ < %.

Now taking N = ¢2* and & < 2/2%, combining (9) and (14)—(17) we obtain
the asymptotic formula

Z ’L(l,YX4)|2k

x(—=1)=1
J 7T2 2k—1 1 2k—1 1— Ck'iil
-(5) Tl-5) (- rom
plg pi2q

This proves Lemma 5.

3. Proof of the Theorem. In this section, we will complete the proof
of the Theorem. Noting that yyx4 is a primitive character modulo 4q if x is
a primitive character modulo ¢, we get |7(xx4)| = 2,/¢. So from Lemma 2
and x(4) # 0, we can write

* 2 k *
(18) SIS @ = T S s

x(—1)=1 a<q/4 x(—1)=1
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From Lemma 5 and (18), we can easily get

Z* ‘ Z X(a)‘zk

x(=1)=1 a<gqg/4

k 2k—2 2k—1 1 — k-1
_ J(q)q <E> H (1 _ %) H (1 _ 22k—2> +O(gF+e).
16 8 P p
plg p2q

This completes the proof of the Theorem.
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