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1. Introduction. The Petersson trace formula relates spectral data
coming from cusp forms to Kloosterman sums and Bessel functions. It was
discovered in 1932 [Pe] long before Selberg’s trace formula and can be re-
garded as the first type of trace formula for automorphic forms. It has proven
to be an indispensable tool for estimating the size of the Fourier coefficients
of modular forms in many situations. See for example [Se], [IK], and Sec-
tion 5 of [Iw].

In this paper we will use the relative trace formula to prove a variant of
the Petersson trace formula. The resulting generalized formula relates Hecke
eigenvalues, Fourier coefficients and Petersson norms of cusp forms (on the
spectral side) to Bessel functions and Kloosterman sums (on the geometric
side). To state this result, let Sx(N,w’) be the space of cusp forms of level N,
weight k > 2, and Nebentypus w’ (see Section 3). For an integer n which
is prime to IV, let F be an orthogonal basis consisting of eigenfunctions for
the Hecke operator T,. Then (see Theorem 3.9)

B(N) "k — 2)! Aa(B)m, (h)ama (7
(47 \/amymg)E1 e THE
= T(my, mg,n)w’' (v/min/ma) ™"
+ 22_17: Z %Sw/(m%mun; ¢)Jx—1 (@)7

c>0
Nle

where a,,(h) is the mth Fourier coefficient of h, Ay(h) is the eigenvalue of
T, relative to h, Jx_1 is a Bessel function, S,/(mga, m1;n;c) is a generalized
Kloosterman sum defined in (12), ¢(N) = [SL2(Z) : I't(N)], the Petersson
norm ||k|| is normalized in (3) below, and T'(a1, a2, as) € {0,1} is nonzero if
and only if a;a;/a is a perfect square for all distinct 4, j, k € {1,2, 3}.
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In the special case n = 1, we recover the classical Petersson trace formula
(see Corollary 3.12 in the last section). The chief difference is that the above
formula includes Hecke eigenvalues, whereas the classical version involves
only the Fourier coefficients. Of course, for GL2(Q) the two concepts are
essentially the same. In the last section, we will briefly explain how the
generalized formula can also be derived from the classical formula.

The modern theory of modular forms uses the viewpoint of representa-
tion theory. In this context, much has been done by the experts to develop
various kinds of trace formulas for studying the spectral data attached to
automorphic forms. Two noteworthy examples are Arthur’s generalization
of the Selberg trace formula to higher rank groups (cf. [Ar| and its refer-
ences), and Jacquet’s relative trace formulas obtained by integrating kernel
functions over different subsets (refer to [Ja] and the bibliography of Lecture
VIIT in [Ge2]). These tools are very well suited for determining the nature
of the functorial connections between the cuspidal representations of two
different groups. However such abstract works can seem far removed from
the realm of classical modular forms. The present proof of the Petersson
trace formula illustrates a method which takes such work into an explicit
form which is useful analytically in the classical sense.

This approach suggests itself for generalization to other groups, where:

e a reproduction of the classical argument (via Poincaré series) would
be much more complicated,

e the relationship between Hecke eigenvalues and Fourier coefficients is
not as transparent as it is for GL2(Q).

We hope to pursue this idea in future work.

2. General setting. Let F' be a number field, with adele ring A. Let
G be a reductive group over F. Let H be an abelian subgroup of G x G.
We assume that H(F)\H(A) is compact. Define a right action of H on G
by g(z,y) = 27 1gy. For g € G, let H, be the stabilizer of g, i.e.
Hy = {(z,y) € H | z™gy = g}.
For 0 € G(F), let [¢] be the H(F)-orbit of ¢ in G(F), i.e.
[6] = {z "oy | (z,y) € H(F)}.
Each element of [§] can be expressed uniquely in the form u~!6v for some
(u,v) € Hs(F)\H(F).
Let f be a continuous function on G(A), and let

(1) Kwy)= Y fla ) (r,y€G(A)

YEG(F)
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be the associated kernel function. We assume that the above sum is uni-
formly absolutely convergent on compact subsets of H(A). In particular,
K (z,y) is a continuous function on the compact set H(F)\H(A). Let x(z,y)
be a character of H(A), invariant under H(F'). Consider the expression

(2) | K@ yx@y) da,y),
H(F)\H(A)
where d(x,y) is an H(A)-invariant measure. A relative trace formula results
from computing this integral using spectral and geometric expressions for
K(z,y).
Using the geometric expression (1), the integral (2) can be rewritten as

)
> ra (@ y) dz,y)

H(F)\H(A) veG(F)

= | 33 rebwxay) dlz,y)

H(F)\H(A) [5] ~eld]

= F > > f@ ™ vy)x(x, y) d(z, y)

H(F)\H(A) [0] (uw)€Hs(F)\H(F)
=> | e ey)x(,y) d(z,y).
(0] Hs(F)\H(A)
The last step follows because x is H(F')-invariant. Let
L=\ [y y)dy)
Hs(F)\H (&)
so that (2) is equal to 5 5. An orbit [0] is relevant if x is trivial on Hs(A).
PROPOSITION 2.1. If [0] is not relevant, then I5 = 0.
Proof. 1f [0] is not relevant, there exists (u,v) € Hs(A) such that x(u,v)

# 1. Because H is abelian and the measure is H(A)-invariant, we have

L=\ fa e ey)x(ur, vy) d(uz, vy)

=x(wv) @YX, y) dx,y) = x(u,0)I5(f).
It follows that I5(f) = 0. =

3. The Petersson trace formula

3.1. Background and notation. In this section we recall various facts and
notation from [KL]. Let A denote the adeles of Q, let G = GL(2), and let Z
be the center of G. We write G for G/Z. Fix a weight k and a level N, and
let w’ be a Dirichlet character with conductor dividing N. For v € IH(N),
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define

Let Sx(N,w’) be the space of cusp forms on Ij(V) satisfying

h(yz) = W' (7)1 (v, 2) h(2)
for all 4y € IH(N). To allow for the possibility of nonzero cusp forms, we
assume

W'(—1) = (=1)k,
We normalize the Petersson inner product by taking
1 dx dy
(3) )= —= 1) IG)P =,
N 2
YN) o y

where H is the complex upper half-plane, and
1
V) = 812(2): ()] = N (14 )
p
__pIN
Using the decomposition A* = Q*(R* x Z*), we associate a Hecke char-
acter w to w':
w:A* — Z* — (Z/NZ)* % C*.
For an idele x, let x denote the idele which agrees with x at the places
p| N, and which is 1 at all other places. Then for any integer d prime to NV,

(4) w(dy) = '(d).
It is also straightforward to check that for z € R,
(5) woo () = sgn()*.

Let L?(w) be the Hilbert space of functions on G(Q)\G(A) with central
character w which are square integrable over G(Q)\G(A). The inner product
depends on a choice of Haar measure, which we normalize so that the mea-
sure of G(Q)\G(A) is 7/3 (see [KL] for details). Let LZ(w) be the subspace
of cuspidal functions. Let R denote the right regular representation of G(A)
on L?(w). Define

Ko(N) = {(“ Z) € GLy(Z) | c € NZ}.
c
Then by strong approximation, G(A) = G(Q)(G(R)* x Ky(N)).

With the Petersson inner product normalized as above, there is an iso-

metric embedding Sk (N, w’) — L3(w) given by

hi=on, er(Y(goo X k) = w(k)j(goo, 1) " h(goo (1)),

for v € G(Q), goo € G(R)T, and k € Ko(N). Here w(k) = w(dy) if k =
(¢a) € Ko(N).
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Fix an integer n > 0, prime to N. In [KL] we defined an operator R(f)
on L?(w) which factors through the orthogonal projection to Sk(N,w) and
acts like the Hecke operator Ty, on Sx(V,w). The function f = foo X fan is
constructed as follows: Let

M(n, N) = {g - (a

b ~ A~ ~
d) € M»(Z) ‘ det(g) € nZ* and ¢ = 0 mod NZ}.
c
Then
fﬁn = fn : G(Aﬁn) —C
is the Hecke operator supported on Z(Ag,)M (n, N) defined by
B
f (zm) - w(z)w(m)’
where w(m) = w(dy) for m = (¢%) € M(n,N), and w(z) = w(le X 2fn)
for z = (*™ .. ) € Z(Agn). The following is easily established (cf. [KL]):

LEMMA 3.1. Suppose g € G(Agy), and det g € nZ*. Then f™(g) # 0 if
and only if g € M(n,N).

Let m denote the weight k discrete series representation of G(R), and
let vg be a lowest weight unit vector in the space of mx. For g € G(R), let
fx(g) = (mk(g)vo, vo) be the matrix coefficient attached to vy. Define

fOO = dkfka
where dy is the formal degree of m.. Explicitly, if g = (‘g g), then
k—1  det(g)/2(20)k

(6) foo(g) = 41 (—b—l-c—f—(a—}—d)i)k
0 otherwise

if det(g) > 0,

(see [KL]).
Let f = foof™. Define an operator R(f) on L?(w) by
R(f)o(x) = | f(9)é(zg)dy.
G(A)
Then as shown in [KL], when k > 2 we have the following commutative
diagram:

nk/Q—IR(f)

L*(w) L*(w)
orthog. proj.
/ Tn /
Sk(N,w) Sk(N,QJ)
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The kernel of the operator R(f) is given by
> @ ).
v€G(Q)

This is the geometric expansion of K (x,y). As shown in [KL], we also have
a spectral expansion

Z R(f)en(x) only)

Klzy) = Tonl?

)

heF

where F is any orthogonal basis for Sx(NV,w’). Suppose F consists of eigen-
vectors for the Hecke operator T;. The existence of such a basis is guaran-
teed by the fact that w’(n)'/2T}, is self-adjoint relative to the Petersson inner
product. In this case, R(f)pp(z) = nl_k/Q)\n(h)gph(:r), S0

(7) K(w y ni— —k/2 Z (y)

3.2. The spectral side. Define a unitary character 6 : A — C* by
Ooo(z) = e 2™z €R, and Op(x) = 2@ e Qp,

where r(z) € Q is the principal part of z, a number with p-power denom-
inator characterized (up to Z,) by = € r(z) + Z,. Then 0 is trivial on Q
and Og, = Hp 0, is trivial precisely on Z. In particular, for any q¢ € Q,
0fin(q) = 00 (q )_ = e,

Let N = {(1 * )} be the unipotent subgroup of G. The Petersson trace
formula will result from applying the technique in Section 2 to the above
kernel function, taking H(A) = N(A) x N(A). We use the usual Lebesgue
measure on R, and normalize Haar measure on A so that meas(Q\A) =
meas(N(Q)\N(A)) = 1. In particular, this implies meas(i) =1.

We need to fix a character on N(Q)\N(A) x N(Q)\/N(A). This amounts
to choosing two characters on Q\A. Recall that every character on Q\A is
of the form

O () = 0(—max)
for some m € Q. This identifies a character on N(Q)\/N(A) in the obvious
way. For two rational numbers m1, mg, we shall compute the integral
(8) X X K(nl, ng) Hml (nl) ng (ng) dm dng.
N(Q)\N(A) N(Q)\N(A)

We begin with the spectral side, where one immediately sees the motivation
for integrating this kernel over H(Q)\H (A). Using the spectral expansion
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of the kernel (7) this equals

“‘/QZH S on(n) B () iy | Pr() Oy (n2) dina.
heF Q)\N(A) N(@Q)\N(A)

These 1ntegrals can be computed using the following proposition.

PROPOSITION 3.2. Let h € Sx(N,uw'), with Fourier expansion h(z)

Y ons0anq", where ¢ = e?™%. Let oy, be the associated function on G(A).
Then for m € Q,

S s%((l j))&(mt) dt = { e a,, ifme Z+,

Q\A 0 otherwise.

Proof. The N =1 case is given in [Gel, p. 46]. For the general case, see
[KL]. m

In light of this, (8) is nonzero only if m1, mg € Z*. Under this assump-
tion, we deduce that (8) equals

(9) nlfk/26727r(m1+m2) Z An(h)aml (h) Amgy (h) '

A

3.3. The geometric side. Here we use the procedure in Section 2 to
compute (8) using the geometric expansion of the kernel. The setting in
Section 2 is slightly different from our present situation, since we are using
a central character and integrating over G. However, the same method goes
through with the obvious minor adjustments.

The geometric side is a sum Z[E] Is5, where

L=1I(f)= | f(n7'6n2) O, (n1) Oy (n2) dny dno
Hs(Q)\H(A)

for H(A) = N(A) x N(A). As shown above, in order for the spectral side
to be nonzero, we must have mq, mo € Z*T. We can also see this directly on
the geometric side. Observe that

(o} )-( )

for any ¢ € Z and g € G(Agy). Thus

Ié(f) = S f <n1_157l2 (1 j)) Om, (nl) Oy (ng) dnq dno.
Hs(Q\H(A)

Replacing no by ng ( 1 Et ), we then have
I5(f) = Ogn(mat) I5(f).
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It follows that Is(f) # 0 only if moZ C Z, i.e. only if mo € Z. Similarly
m1 € Z. We will see below that in fact m, ms must be positive as well.
The orbits [0] are in one-to-one correspondence with the double cosets

N(Q\G(Q)/N(Q).

Let M be the group of invertible diagonal matrices. The Bruhat decompo-
sition is the following disjoint union:

G(Q) = N(Q)M(Q) U N(Q)M(Q) ((1’ ;)N«@).
Thus

arsama={[(; el {[C Dlee)

We need to determine which of these orbits are relevant.
First let 6 = (39). If ((*%). (' %)) € Hs(A), then

606

for some z € Z(Q). A simple calculation shows that z = 1 and ¢; = 7t9, so

wiw={(( 1) Dlees}

Thus ¢ is relevant if and only if
O((m1y —ma)t) =1

for all t € A, or equivalently, if and only if m;y = ma.
On the other hand, if § = (! ) € G(Q), one sees easily that

Hs(A) = {(e,e)}
where e is the identity matrix, so all of these ¢’s are relevant.

3.3.1. Computation of the first type of Is. Here we take mqi,mo € Z,
and § = (7 1) where m1y = ms. Note that if m; = 0 or ms = 0, then they
are both zero since v # 0. Now

(G0 3 ) e

{(vt,)€Q?}\AxA
to — 1
= S f((g v 21 1>>H(m1t1 — matg) dtq dta.
{(vt,)€Q?\A XA

Let t) = vto —t1 and t§, = to. Then because m1y = mg,we have mit; —mato
= —myt}, so
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I — 7 tll 0 / / /
5= S f 0 1 (—maty) dt; dty
0xQ\(AXA)

— meas(Q\A) i f ( (g i) ) O(—mat) dt.

If mqy = mg =0, then

(e

This follows by a direct computation of the archimedean factor of I5 using a
contour integral in the spirit of Proposition 3.4 below. Full details are given
in [KL].

We may therefore assume that mj, ms are both nonzero integers. Then
v = mga/my, and

Is = £f<<m2(/)m1 j))ﬁ(—mlt) dt = §f<(m2 n;llt»@(—mlt) dt

- if«? n;))&(—t) dt.

Here we used the fact that f(zg) = f(g) for z € Z(Q).
We factorize the above integral into (I5)oc(ls5)an. First we compute

(I5)fin ZAS fn<<m2 T;))Hﬁn(—t) dt.

fin

Suppose (m2 ‘ ) € Supp f* = Z(Agn)M (n, N). Then taking determinants

0 mq
we see that mymg € n@}"?Z}“, for all p. Thus ord,(mima/n) is even for all p.
As a result, mims = +ns? for some s € Q*. Here we can take s > 0. Under
this condition, Lemma 3.1 shows that (m2 { ) € Supp f* if and only if

0 my
(mé/s Tiijs) € My(Z), i.e. mi/s,ma/s € Z and t € sZ. Assuming this, we
have
t
(I5)fin = w(loo X Sﬁn)_l S fn<<m2/8 /s >>9ﬁn(—t) dt.
5 0 my/s

Note that in fact w(leo X Sn) = W(8)weo(s)™t = 1 since s > 0 (cf. (5)).
Hence the above equals
Y(N)w((ma/s)n) ™" | Ogn(—1) dt.
sZ
This is nonzero only if sZ C Z, i.e. only if s € Z. This being the case, the
integral is equal to meas(sZ) = |s|aq, = 1/s. In addition, m; /s is relatively
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prime to N since it is a factor of n. Thus by (4), w((m1/s)n) = w'(m1/s),
and

1 _
(Is)en = P(N)w'(mi/s)7".
This proves the following.

PROPOSITION 3.3. Let my,mo € Z, and let § = (g(l)) € G(Q). Then
(I5)fn is nonzero if and only if

(1) my,mg # 0 and v = ma/my,
(2) mima = £s?n for some positive integer s| ged(my, ms).

If these conditions are satisfied, then
1 -
(s)fin = - (N (ma/s)~".
For the infinite part, we have the following (recall k > 2).

PROPOSITION 3.4. Let § = (™™ 9) € G(Q). Then (I5)s is nonzero

if and only if mq1, mo > 0. Under this assumption,

(Is)oo = Hifoo <<m2 t ))900(—15) g = Gm (myma)/2e=2m(mi+ma)

Proof. Because f is supported on G(R)™, the integrand is zero unless
m1 and mgy have the same sign. Now by formula (6) for fo, we have

(5o

e ] G

T o4x P 2 (=t + (ma + ma)i)*
k—1 w2\ T e2mit

S z dt.
I (mam2) <z> _SOO (t — (m1 + m2)i)¥

The integrand has a pole at (m; + ma)i. Use a contour integral around a
semicircle in the upper half-plane. If m;,mg < 0, then there are no poles
inside the contour, so the integral vanishes. If m1, mg > 0, then the residue
theorem gives

k— 1 (mymo)¥/22%  2mi  d<1
(I5)oo = 4 T I gx—1 ¢
m 1 (k - 1) t t:(ml—i-mg)i
_ k—1 (mlmz)k/22k 21 (27Ti)k_1€_27r(m1+m2)
4 i (k —1)!
k—1
_ (47T) (mlmz)k/Qe—Qw(ml—l—mz)‘ -

(k —2)!
Multiplying (I5)gn and (Is)so, we have the following.
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PROPOSITION 3.5. If 6 = (g(l)) € G(Q), then I5(f) is nonzero if and
only if

(1) m1,me € Z* and v = ma/my,

(2) myma = sn for some positive integer s | gcd(my, ma).
Under these conditions,

$(N) (dryfmrmz)< ! /o

(k — 2)! e2m(mitma)y/ (my /s)

Is(f) =

3.3.2. Computation of the second type of Is. If 6 = (? ‘6), then Hs =
{(e,e)}, and

L= | f(n(f g)m) Bons (71) O (12) ds .
N(A)xN(A)

Once again we split the computation into the finite and infinite components.
Let n; = (%), i=1,2. Then

—t — 1t
(10) nyt <O ILL)TLQ = ( 1 A—h 2).
1 0 1 to

PROPOSITION 3.6. Fork > 2,

(1) U)o = || foo<<_t1 M_t1t2)>9m(m1t1—m2t2)dt1 dts

RxR 1 t2

is monzero only if my, mo, —u are all positive. Under these conditions,

e—2m(mitma) (4K /e E !
DI ()2 (4 ).

where Jy is the Bessel J-function.

(Iﬁ)oo =

Proof. When p > 0, det (nfl(l “)ng) = —pu < 0, so fs vanishes. Thus
we can assume p < 0. Using the formula for f.,, we have

ko1 (22»)1{(_Iu)k/262m‘(m2t2—m1t1)

Is)oo = , , ——dty dt
(Z5) Ar _SOO_XOO (ta(t1 +1) —p—i(ts +a))E 72
k—1 ] o 0 627ri(m2t2—m1t1)
= i (20)*(—p)*/? S S - dta diy.

Coo—oo (1 H)E(t2 = (i + )

Note that i + £ is in the upper half-plane. Take the integral over t; along
a semicircular contour. If my < 0, we can take a semicircle in the lower half-
plane, and the integral vanishes. If mo > 0, we can use an upper half-plane
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contour, and by the residue theorem we have

. _1 o0 27ri(m2(i+L,)—m1t1)
k—1,_ w2 sm o (2mimg)kTt e t1ti
o (20 emi) ORI e
_ oo 2mi(mag L= —m1(t1+i
_ (—l)k(47rm2)k 1(_N)k/2 (i tma) S e (m2 5 —ma (t1+4)) i
(k —2)! (t1 +14)*

If m; <0, we can integrate over a contour along the real axis and a semicircle
in the upper half-plane, and the integral vanishes.

For m; > 0, we can evaluate the above integral in terms of a Bessel func-
tion. The Bessel functions J, may be defined using the generating function

[e.9]

A N VA (3]

n=—oo

see [Wa, Chapter 2.1]. Similarly, for any positively oriented simple closed
curve C' about the origin,
1
1 655(7'_1/ 7')
Jn-1(§) = Dy g — dr.

To use this in our situation, solve

= 2mimy

&
-

N

1
3 &t = 2mimq(t1 +1i), — Pl

We can take
€ = dny/—pmims, 7= L (4 4 4).
NSTT
Thus if C' is a clockwise semicircular contour along the real axis and enclosing
—1 in the lower half-plane,
1 2£(T 1/T)
2mi

C
2mi(ma L~ —m1 (t1+1)) .
1 t1+i —
— | ( T >dt1.
C

(¥t + i) \V s

As the radius of C goes to oo, the contribution from the arc goes to 0.
Therefore

e’} 627ri(m2 # —m (tl +Z))

SOO (t1 +19)k

Jx—1(4m/—pmimsa) = —

~.

271

—im1

VT HIMIM2

dt = (—2mi) k_lefl(élm/W),
(o)
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so we now see that

—1)X(dm)s (=) 2
(o = U

. k—1
—1m1
T T 1 (4=

(i) et

Ami)E(— 1/2 mim (k—1)/2 3

- (il (k<_ - 25 emanlmtm) g (4 imirig).
For a modulus ¢ € NZ, the classical Kloosterman sum with character o’

is defined by

mitme)(_9m)

Sw(nmic)= > w’(d)-le(M>,

C
de(Z/cL)*

where dd = 1 mod ¢ and e(z) = ¢?™*. We generalize this to the following
sum for any integer a with ged(a, N) = 1:

(12) Su(mmiaic) = w’(dl)—le<w>.

C
dq ,dz GZ/CZ
dida=a

Here the summands are no longer necessarily invertible in Z/cZ, however
they are invertible modulo N. Note that if ged(a,c¢) = 1, then ds = ady, so
in this special case one has

Swr(n,m;a;c) = Sy (n, ma;c).

PROPOSITION 3.7. Assume p < 0, my,mg € Z, and § = (1 "). Then

Is)sn = || f“((l _fl>5<1 tf))gﬁn<m1t1—m2t2)dt1dt2

Aﬁn XAﬁn

is nonzero only if p = —n/c% for some positive integer ¢ € NZ. Under this
condition,

(I5)an = (—=1)*9(N) S, (ma, m1; s ).
Proof. Suppose

(1 Jl)é <1 t2> B <_t1 H_%) € Z(Afin) M (n, N) = Supp f*.

1 1 1 to
Then arguing as before, we have y = —ns? for some s € QT. Under this
condition,
—t — 1t —t1/s —t1t2)/8
( s 12>eslur>pfﬁn = < s ”)/>6M(n,N>
1 tQ 1/8 tQ/S
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by Lemma 3.1. Let ¢ = 1/s, and let ¢} = ct1,t, = cta. The above condition

translates to
<—t’1 (—n—tity)/c
c th

>6M(n,N),

which means:

(1) c€ NZ,

(2) th,th € Z, ~

(3) t)th = —n mod cZ.
Note that dt] = |c[a,,dt; = 1dt;. Henceforth we will work with ¢}, so we
drop the ’ from the notation. We have

(15)fin

() (2

YA YA

As before, because ¢ > 0, f=((¢ C)_lg) = f(g). Hence the value of f™ in the
integrand is ¥ (N)/w((t2)n), which depends only on the residue class of to
modulo NZ. Now because 65y, is trivial on Z, the value Og, ((mit; — mats)/c)
depends only on the cosets t; + 7 and to + ¢Z. This means that/\ the en-
tire integrand is constant on cosets of ¢Z. Let s; € Z* N (t; + ¢Z). Note
that ged(s2, N) = 1 since s189 = —n mod N, and consequently w((t2)n) =
w((s2)n) = w'(s2). Therefore

(Is)gn = Y(N)c” Z meas(cZ)%w' (s2) e (M)

C
51,52€7Z/c
s182=-n

=y(N) Y w'(32)_1e<w>.

C
51,52€ZL/cL
s1s2=-n

Replacing sy by —sa, this equals

SEDTHE) B W) e )

C
51,52€7Z/cZ
s182=n

= (—1)*¢(N)S.s(m2, mi;n;c). =
For the global integral, we now see the following.
PROPOSITION 3.8. Let § = (") € G(Q). Then I5 is nonzero only if

(1) = —n/c? for some positive c € NZ,
(2) mi,mg € AN
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If these conditions hold, then

—4 N\ k k—1 4 —_—
Is = ¢(N)Sw/ (’I’)’L2, mi;n; C) \/H( 7”) T Jx—1 <7ﬂ- nmme > .

2¢ - (k — 2)le2m(mitma) c

3.4. Final results. Equating the geometric and spectral computations of
the previous sections, we obtain the following upon multiplying both sides
by

(k — 2)le2m(mitma)
(N)v/n (4my/mimz)<
THEOREM 3.9. Let k > 2, and let n,my,my € Z*, with ged(n, N) =

1. Let F be an orthogonal basis for Sx(N,w') consisting of eigenfunctions
for Ty. Then

DN) 0 = 2)! o Aah) i, (0)amy ()
(rymmm )t 22 Al

= T(ml,mz,n)u}'(\/mln/mg)_1
2 1 4 /mmim
+ = Z ESW/(mg,ml;n; C)*ﬁ{l(%)v

,L'k
ceNZ*

where
T(m1,ma,n) = { 1 if mymg = s?n for some integer s| ged(my, ma),
0 otherwise.
We remark that T'(a1, az, a3) = 1 if and only if a;a;/ay, is a perfect square
integer for all distinct 4, j, k € {1,2,3}.
By choosing an appropriate basis F, the Hecke eigenvalues in the above
formula can be replaced by Fourier coefficients, as we now explain.

LEMMA 3.10. There exists an orthogonal basis F consisting of eigen-
functions of Ty, each of which has a1 # 0.

Proof. We will see that in fact F can be taken to consist of Hecke eigen-
forms. We say that two Hecke eigenforms are equivalent if they have the
same Hecke eigenvalues for every Ty, (n, N) = 1. Let R denote the set of
equivalence classes of eigenforms in Sx(N,w’). For r € R let V,. denote the
subspace spanned by the eigenforms in r. Then

Se(N,w') = PV
reR
is an orthogonal direct sum. Thus it suffices to show that each V. has an
orthogonal basis of forms with a; # 0 for each basis element.
As explained in [Ri, Theorem 1.2], there exists a new form f; € V,. It
is well known that any new form has a; # 0 (see for example, [AL, Lemma
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19]). Normalize f; so that ||fi]| = 1, and extend {fi} to an orthonormal
basis {f1,..., fs} for V.. Suppose a;(f2) = 0. Let
= fi+ fo fé:—f1+f2
11+ foll’ If1+ fall”
and f] = f; for ¢ > 3. Then {f{,..., f.} is still an orthonormal basis for
Ve, and a1(f]) = a1(f1)/lfr + foll # 0, ar(f3) = —ar(f)/|fr + foll # 0.

Repeating this process if necessary, we can assume a;(f;) # 0 for all 7. m

COROLLARY 3.11. Suppose F consists of eigenfunctions of 1, with
a1 = 1. Then

BIN) ™ (k= 2)! = an(h) iy (1) (1)
() | 2 Rk

= T(my, ma,n)w’ (v/min/ma) "
2 1 41 /mmims
B P ..o
i c c

c>0
Nlc
Proof. When aj(h) = 1 and h is an eigenfunction of Ty, then A\,(h) =
an(h). =

If we take n = 1 in the main theorem, then T is the identity map, so
any orthogonal basis F will do, and A\;(h) = 1 for all h € F. In this way we
recover the classical Petersson trace formula (cf. [IK, Proposition 14.5]):

COROLLARY 3.12. For any orthogonal basis F for Sx(N,w'),

D(N) 1k —2)! Z am(h)an(h)
(4my/mn)s=t = [|h]]?

2m 1
=d(m,n) + & Z:O - S (n, m; c)Jk_l(
Nle

47r\/m)_

Cc

REMARK. Although our main result involves both Hecke eigenvalues and
Fourier coefficients, Corollary 3.11 shows that the formula can be rewritten
in terms of three Fourier coefficients. As a result, the generalized formula
holds nothing more than the Petersson trace formula. This is due to the fact
that by the multiplicative relations among the Hecke operators ([Sh, Theo-
rem 3.24]), for any eigenform h with a;(h) = 1, we can express a,(h)am, (h)
as a linear combination of other Fourier coefficients, with coefficients inde-
pendent of h.
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