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1. Introduction. Let ¢ and 7 be real numbers. A pair (a,€) of real
numbers is called (¢, 7)-approximable if there exist infinitely many integers
q such that |[ga — &£]| < ¢|q|™7. If @ and & are irrational real numbers such
that £ is not of the form & = ma + n for integers m,n, then a theorem of
Minkowski (cf. e.g. [5, p. 48]) asserts that there exist infinitely many integers
q such that

1
llgor =&l < 7=
4lq|”
where || - || denotes the distance to the nearest integer. Thus, almost all pairs

(o, &) are (1/4,1)-approximable. Here and throughout the present paper,
“almost all” refers to the Lebesgue measure on the ambient space.

Dodson [7] proved that the set of pairs (a,¢) in R? which are (1,7)-
approximable for some 7 > 1 has Lebesgue measure zero and Hausdorff
dimension two. This is the so-called “doubly metric” statement, and we
may as well adopt two further points of view, which are “singly metric”.
The first one consists in considering that & is fixed and in looking at the
set of real numbers a for which («,§) is (1, 7)-approximable. This is the
most classical point of view in inhomogeneous Diophantine approximation,
which has been considered by many authors. For instance, Levesley [13],
extending a classical result of Jarnik [10] and Besicovitch [3] dealing with
the homogeneous case £ = 0, proved that, for any 7 > 1 and any fixed &,
the Hausdorff dimension of the set of « such that the pair (o, &) is (1,7)-
approximable is equal to 2/(1+7). We stress that this value does not depend
on &.

The second point of view has been investigated by Bernik and Dod-
son [2, p. 105]. Their results have been improved upon by Schmeling and
Troubetzkoy [14] and, independently and at the same time (by means of a
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98 Y. Bugeaud and N. Chevallier

different approach), by Bugeaud [4] who showed that, for any 7 > 1 and any
fixed irrational number «, the set

T (o) :={{ eR:||lna—¢&|| <1/n" for infinitely many n € Z>1}

has Hausdorff dimension 1/7. We stress that this value does not depend
on «.

These questions can as well be addressed in a multidimensional setting,
by considering either inhomogeneous approximation of linear forms, or si-
multaneous rational inhomogeneous approximation, or even simultaneous
inhomogeneous approximation of linear forms. In the “doubly metric” case
and in the first “singly metric” case mentioned above, satisfactory answers
have been given by Dodson [7] and Levesley [13], respectively. However, no
multidimensional extension of the statements established in [14] and [4] has
been studied up to now, and it is the purpose of the present work to report
various results on this question.

Let £ > 1 be an integer and let @ = (a1,...,ax) be a k-tuple of real
numbers. For real numbers v > 1 and w > 0, we set

Cc

(maxi<j<k{|ni|})”

Vo(a) == {5 €ER:[mar + -+ +npa — £ <

for some ¢ > 0 and infinitely many (nq,...,nx) € Z’“}

and
— k. £ w
Wal@) i= (€&, &) € R max {Inas — &ll} </l
for some ¢ > 0 and infinitely many n € Z}.

Observe that, for k = 1 and w = v > 1, neither set coincides with 7, («). Ac-
tually, it is much more natural to work with V, ((«)) than with 7, (), since,
for instance, the former set is clearly invariant under rational translations.
In addition, there is no reason for considering only the positive integers.
However, it is easily seen that both sets have the same Hausdorff dimension,
namely 1/v.

First, we recall a result of Cassels, which describes the “almost every-
where” situation. According to [5, p. 92|, a system L;(z) of n linear forms
in m variables is singular if, for every € > 0, the set of inequalities

ILj(@)|| < eX™™", ai] < X,

has a non-zero integer solution z for all X sufficiently large (in terms of ¢).
Otherwise, the system is called regular (see Section 6 below). It follows from
the Borel-Cantelli lemma (see e.g. [5, p. 92]) that the set of singular sys-
tems has Lebesgue measure zero in the mn-dimensional space. The following
result follows from [5, Theorem XIII, p. 93], by taking n =1 or m = 1.
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THEOREM A. Let k > 1 be an integer. For almost all real k-tuples o =
(a1,...,ar), we have

Vi(@) =R and W(a) =R".

In the present work, we are mainly interested in exceptional k-tuples,
that is, k-tuples @ = (a1,...,ax) for which either Vj(a) is considerably
smaller than R, or W /(a) is considerably smaller than R¥. These are nec-
essarily singular tuples, and since singular k-tuples only exist when k£ > 2
([5, p- 94]), k must be greater than or equal to 2. We prove that, for k = 2
or 3, there exist real k-tuples a = (a1,...,ax) with 1,aq,...,qx linearly
independent over the rationals and such that the Hausdorff dimension of
the set Vi («) is equal to 1/k. In view of the results from [14] and [4], the
dimension cannot be smaller. Furthermore, we prove that, for any arbitrar-
ily small positive w, there exist real k-tuples a with 1,aq,...,ax linearly
independent over the rationals and such that the set W,,(«) is small, in the
sense that its Hausdorff dimension is at most equal to 1. This considerably
strengthens and generalizes a result of Khinchin, who proved [11] (see also
[5, Theorem XV]) that, for £ = 2 and w > 0 arbitrary, there exist pairs
(a1, a2) such that the set W,y (aq, az) is not R2.

The present paper is organized as follows. Section 2 is devoted to the
statement of the results, together with some additional remarks. Theorem 1,
concerning inhomogeneous approximation of linear forms, is proved in Sec-
tion 3. Section 4 is devoted to the proof of Theorem 2, on inhomogeneous
simultaneous rational approximation, and Section 5 to the proof of Theo-
rem 3, which shows that, to some extent, Theorem 2 is best possible. Finally,
Theorems 4 and 5, which deal with metric results, are proved in Section 6.

2. Statement of the results. We begin by stating an application of
the Hausdorff-Cantelli lemma, that provides us with upper bounds for the
Hausdorff dimension by an easy covering argument.

PROPOSITION 1. Let k > 2 be an integer and o = (au, ..., ) be a real
k-tuple. Let v and w be positive real numbers. Then

dimV,(a) < min{l,k/v} and dimW,(a) < min{k,1/w}.

Often, the upper bounds given by the Hausdorff—Cantelli lemma coincide
with the exact value of the Hausdorff dimension, thus Proposition 1 (whose
easy proof is postponed to the beginning of Section 6) gives the expected
values for the Hausdorff dimensions of V,(a) and W, («).

We first turn our attention to inhomogeneous approximation of linear
forms.
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THEOREM 1. Let k=2 or 3. Let v > 1 be real. There exist real k-tuples
a = (aq,...,ax) such that 1,aq,...,ax are linearly independent over the
rationals and
dim V,(a) = 1/v.

It follows from the result on the sets 7, («) recalled in the introduction
that, for any real number v > 1 and any irrational number «;, the Hausdorff
dimension of V,(ay) is 1/v. Consequently, the Hausdorff dimension of any
set Vy(aq,...,ar) as in Theorem 1 is at least 1/v.

The assumption that 1, a1, ..., ax are linearly independent over the ra-
tionals (which occurs in the statements of Theorems 1 to 3) ensures that the
result is non-trivial, since e.g. dimV, (o, 2q, ..., ka) = 1/v for any v > 1,
any k > 2, and any irrational real number «, by the results from [14] and [4].

Theorem 1 shows that there exist real k-tuples « for which the upper
bound given by Proposition 1 for the Hausdorff dimension of V, () is con-
siderably larger than the exact value.

We are convinced that Theorem 1 holds for all integers k£ > 2. However,
we only succeeded in establishing it for £ = 2 and £ = 3. Our method of
proof is quite technical and it presumably works as well for k > 4.

REMARK. An interesting question remains. For any real numbers v and
d with v > 1 and 1/v < d < k/v, does there exist a k-tuple « for which
dimV,(a) = d?

We now consider inhomogeneous simultaneous rational approximation,
and we state a slightly sharper result than announced in the introduction.
For any function ¢ : Z>; — Rso and any k-tuple of real numbers a =
(ag,...,a), set

Wo(a) = {(&r... &) € B : max {[lna; — &[1} < o(n])
for infinitely many n € Z}.

With this notation, for any positive real number w, the union of the sets
Wi ex—w (@) taken over the positive real numbers ¢ is simply W,,(a).

THEOREM 2. Let k > 2 be an integer. Let ¢ : Z>1 — R be a function
tending to 0 at infinity. There exist real k-tuples o = (a1, ..., ax) such that
1,a1,...,ax are linearly independent over the rationals and

dim W¢(g) < 1.
Consequently, there exist k-tuples o for which
dimW,(a) <1  for every w > 0.

We point out that, in Theorem 2, the function ¢ can tend to 0 arbitrarily
slowly (in particular, w can be taken arbitrarily close to 0), and that it is
not assumed to be non-increasing.
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The existence of pairs (aq, a2) of real numbers such that Wy (aq, o) is
not R? is due to Khinchin [11]. It follows from the proof of Theorem XV from
[5], combined with metric results of Schmidt on badly approximable pairs
[15], that there exist pairs (o, a2) for which the complement of Wy (a1, a2)
has Hausdorff dimension two (in R?). As far as we are aware, the existence
of pairs (aq, o) such that Wy(aq, az) has Lebesgue measure zero was not
established up to now. Theorem 2 is even stronger.

We emphasize that the constructions given in the proofs of Theorems 1
and 2 are effective, thus, it is possible to give explicit examples of k-tuples
satisfying the conclusions of these theorems. Obviously, such k-tuples are
singular. They illustrate how the behaviour of singular systems can differ
from the behaviour of regular systems. In the light of Theorem A, Theo-
rems 1 and 2 may appear somehow surprising.

It turns out that the upper bound for the dimension obtained in Theo-
rem 2 is sharp.

THEOREM 3. Let k > 2 be an integer. For any real number w > 0 and
any real k-tuple o = (aa,...,q) with 1,a1,...,ax linearly independent
over the rationals, we have

dmWy(a) =1/w  if w>1,
dimW,(a) > 1 if 0 <w<1.

Actually, we prove a slightly sharper result than Theorem 3. The proof
of Theorem 3 follows from the application of the (easy half of) Frostman’s
lemma to a suitable Cantor-type set, constructed inductively and contained
in Wy, (). This can be viewed as a (difficult) extension of the proof of the
main result from [4].

Unlike the case of linear forms, the Hausdorff dimension of W,,(«) does
not depend on the k-tuple «, provided that w is large enough, namely greater
than or equal to 1.

We complement Theorems 1 to 3 by two statements valid for almost all
k-tuples.

THEOREM 4. Let k > 2 be an integer and v > k be a real number. For
almost every real k-tuple « = (o, ..., ), we have

dimV,(a) = k/v.

In view of Theorem 3, Theorem 5 below is interesting only in the range
1/k<w< 1.

THEOREM 5. Let k > 2 be an integer and w > 1/k be a real number.
For almost every real k-tuple « = (a1, . .., ), we have

dim W, (a) = 1/w.
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Theorems 4 and 5 are particular cases of a more general statement on
systems of linear forms (see Theorem 6 in Section 6). They show that the
upper bounds given by Proposition 1 are “almost always” the exact values
of the dimension.

Theorems 1 and 2 state that, for £ > 2, v > 1 and w < 1, the Hausdorff
dimensions of the sets V,(a) and W,,(«) depend on «. This is not the case
for k = 1, as proved in [14] and in [4]. Nor is it the case when we consider
the point of view taken by Levesley [13], who showed that, for any real
number &, any real k-tuple (&1, ...,&), and for any real numbers v > k and
w > 1/k, the Hausdorff dimensions of the sets

1

(maxi<;<p{[nil})"

{(al,...,ak) e RF: ln1aqg + -+ npax — || <

for infinitely many (nq,...,nx) € Z’“}
and

k . - w
{(ar,...,1) €R -gggxk{llnal Glly < 1/In|

for infinitely many n € Z}

are equal to k — 1+ (k+1)/(v+ 1) and (k + 1)/(w + 1), respectively,
independently of the real number £ and of the real k-tuple (&1,...,&).
To complement this result, we mention that, in the “doubly metric” case,
Dodson [7] established that, for real numbers v > k and w > 1/k, the
Hausdorff dimensions of the sets

1

(maxi<i<k{|nil})”

{(al,...,ak,g) €RF  Injag + -+ + o — €| <

for infinitely many (n1,...,ng) € Zk}

and
{(041, .. ,O[k,fl, .. 7616) € Rk : llélza'ng{Hnal - é.lH} < 1/‘”‘1”
for infinitely many n € Z}
areequal to k+ (k+1)/(v+1) and k+ (k+1)/(w + 1).

REMARK. In Theorems 1 and 2, we have given explicit constructions of
real k-tuples with non-typical behaviour. A natural extension of our present
work consists in studying the same questions, but for dependent k-tuples,
that is, for instance, for k-tuples a = (a, a?,...,a"), where a is a transcen-
dental real number. It is known that, for almost all real numbers «, the sets
V(o) and Wy, («) satisfy dim V,(a) = k/v and dim W,,(«) = 1/w, for real
numbers v > k and w > 1/k. Maybe, this statement even holds for all a with
« transcendental. We plan to investigate this problem in a further work.
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NOTATION. Except in Section 5 (that is, for the proof of Theorem 3),
we use the following notation. Let k£ > 2 be an integer. We endow R* with
the supremum norm | - |, and, for any z in R*, we set

|z|| = inf{|z — n| : n € Z*}.

Clearly, || - || induces a distance on the k-dimensional torus T*, which we
also denote by || - ||. If Y is a subset of R¥ and z is a point in R¥, we denote
by d(z,Y) the distance from z to Y, defined by

d(z,Y) = inf{]lz —yll - y € Y}

For the proof of Theorem 3, it appears to be more natural to endow RF
with the Euclidean norm, as specified at the beginning of Section 5.

3. Proof of Theorem 1. Let v > 1 be real. We treat only the case
k = 3, since the case k = 2 is much easier. Presumably, the argument works
as well for any integer £ > 4, but this is technically much more complicated.
We first prove the existence of triples a = (a1, ag, a3) for which the set
1

(maxi<;<z{n;})”

Vi(a) = {§ € R : ||n1ag + ngag + nzag — ¢ <

for infinitely many (n1,n2,n3) € Z2,

has Hausdorff dimension 1/v. At the end of this section, we then briefly
explain which adaptations should be made to get Theorem 1.

Throughout the proof of Theorem 1, we work on the circle [0, 1], and
we denote by {-} the fractional part. In order to simplify the exposition we
need to fix some notation.

NOTATION. Let a and b be real numbers. If {b} > {a}, then [a, b] denotes
the interval [{a}, {b}], otherwise [a, b] denotes the union [{a},1[U [0, {b}].

The proof of Theorem 1 essentially rests on the following elementary
lemma.

LEMMA 1. Let ay,...,a, be positive integers. Set p,/qn, = [0;a1, ..., a,].
Let T and v > 1 be real numbers. Let « = [0;a1,...,Gn, Qni1,...] be real and
set Pny1/qnt1 = [0;a1,...,any1]. Then

1/(20)
n+1 qn
U [ja+T—¢,ja+T+¢] C U [Ja+7—2eja+ T+ 2|
3=0 §=0
and

qi{élzv) dn

U [—ja+T—¢€,—ja+T+¢e] C U [—jo+7T— 2, —ja+ T+ 2]

§=0 §=0

for any real number e > q;i{Q.
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Proof. The basic idea of the proof of Lemma 1 is the following. Let ¢,
denote the denominator of the nth convergent of a real number . Then
the points {a},{2a},...,{gna} are well distributed in the unit interval I:
two consecutive points are at least 1/(3¢,) and at most 3/¢,, distant. If the
(n + 1)th partial quotient a1 of « is large, then for any integer ¢ with
eg qn < q< q,llfl the point {qa} is very close to some point {ja} with
1 < j < gy. This means that, for ¢ not too small, an interval centred at {ga}
of length ¢ is contained in the interval centred at {ja} of length 2¢. We now
turn to the proof.

Recall that, by the theory of continued fractions, we have [|g,al <
1% Euclidean division
of m by ¢, yields non-negative integers b and r with b < q}lér(fv), 0<r < qn,
and m = bq,, + r. Consequently, we get

1/¢nt+1. Let m be an integer with ¢, < m < ¢

1/(2 —1+1/(2 —1/2
I{ma} — {ra}(| < ¢t G llgnall < gt/ < g 117 <e,

by assumption. The lemma follows. m

We construct inductively the sequences of partial quotients of the real
numbers a1, s and ag, in such a way that we know a countable covering of
the set V! (a1, @z, as3). The basic idea consists in building numbers a;, a3,
and a3 so that their sequences of denominators of convergents increase very
rapidly and are far from one another.

For j = 1,2, 3, we denote by a;; = [0;a4 ;,a2,j, . ..] the continued fraction
expansion of «;, and by (pn,j/qn,j)n>1 the sequence of its convergents. In
the course of the proof, we adopt the following convention. For any set of
triples of integers

X = {(jl)j27j3) jl € Ji7 i = 17273}’

we define

X= U lre-malid ™o+ max{in™)
(J1,92,93)€X - -

For brevity, we write j - a = jia1 + jaca + jsag for j = (ji1,J2,j3) and
a = (a1, az,a3).

Assume that a11,...,an.1, G12,...,ap2 and a; 3,...,a,3 have already
been constructed and that we have
2”(”*1)2 20n? 20n?
(In) Gn1 > G135 G2 > Gnd s Gn3 > Qo

It will be implicit that we take an+11, @nt1,2, and a,41,3 large enough in
order that (I,,41) holds.
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By Lemma 1 applied with js and j3 fixed, the union of intervals

1 . - . -
U = U o =557 ot 455"
0<51 <3/ ™, 0<j2<j3/"
qn 1<]3<qn{ﬂ»(fvl>
contains
1 . - . .
v = U Jra—2j5" 7 a+2j5"]
0<d1 <Y, 0<52<43/™
1/(2v)

qzt,1§]3§qn+1,1

and thus as well the union

(1) — _ 3 e
X =l a— max {5} g+ max (i},

taken over the set of triples

=(1 3 1/(2 . .1 . 1/(2
(X7(1 )) 0<j1 < qni(ﬁ?, 0<j2< Jg/n, Ina < J3 < qni(l,vl)-

Furthermore, applying Lemma 1 to V,S” with j; and j3 fixed, we see that
Vél) contains

U [j-a—i3"j-a+iz"]

0<51<q,/ G, 0<ga<q,/

. 1/(2v
qﬁ,lﬁysﬁqng )
and thus as well the union

1) _ _ 3 N
Vi =Jli-a - max (i}, a+ max {5} ]

taken over the set of triples

S0 . 1/(2
¥y 0<ji <ai%, 0<jp <, gy <js </
In the same way, reversing the roles played by jo and js, we find that
Wil = U ra—457" 5 a+ 45"
0<51<da’ " alt 1 <j2<a/\ T
0<s<js’"

contains the union of intervals

(1) = _ 3 1
23 =UJli-a - max (i} g o+ max {5} ]

taken over the set of triples

=>(1 . 1/(2v n . 1/(2v 1/n
(Zr(L)) 0<n Sqn/+(171)7 Iny < J2 Sqnér(1,1)7 0<J3s<7, / )

and the union

(n _ _
TV =l e - max (i} j -+ max (i} ']
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taken over the set of triples

() 0<h <alSY, @i <h <P, 0<js <l

Proceeding as above and letting 2 and 3 play the role of the index 1,
we further define finite unions of intervals U(Q) WT(L Un () and Wy(L?’) taken,
respectively, over the triples defined by

0<jr<js’™, 0<i2<js’"  dba<is<a/SYy,
@y <1 < a3y, 0<jo <ji/", 0<js <ji/",
s <1 < a3y, 0<jo < ji/", 0<js <’

0<ii <i’™ @< <5y, 0<js < jp/",

and of length, respectively, 855, 857", 857 7, and 855
By an application of Lemma 1 as above, they contain, respectively, the
unions of intervals corresponding to the sets of triples:

(X@)  0<j <, 0<h<aty, ala<is<alSY,
(Z(f) Ino <Jj1 < quL{F(in)a 0<j2 < 7111(%“2)7 0<j3< Jl/n7

(XD qra<i<g/®,  0<j<im 0 < js < ¢4/,
(ZP)  o<p <" @a<i<dl®), 0<js<g’®.

They also contain, respectively, the intervals corresponding to the sets
of triples:

Y®) 0<ji <5, 0<i<al3Y. als<is <ol
(isz)) ,<j1 < ql/(2v)7 0< jo < qii(%g)’ 0<js < ql/(2v)7
(V&) qz,g <qh<gl® 0<i<gl®), o<y < g,
(T?) 0<ii <a/3?, als<i<a/GY,  0<i <l

LEMMA 2. The union

. —v - v

U Gra—ji g a+i’]
qs,zgjlgqii(fg)
J127220, j127532>0

18 included in Z7(L2) U Yés) U Y7§2) U TY(LQ). The union

. - w

U Gra—iit g atit]
1/(2v) n+1
9n1,3 SIS0 2
J12J220,j1273>0
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- (3 ) :
is included in Xp’ UT, ) . The union

U Gra—j" g a+iy"]

L 1/(20)
‘IZ,1§]2 Sqn+171

J223120, 52235320
is included in ZS) U TS’) U Y}EQ) U Tﬁl). The union

U jra—gz" g a+iy"]

1/(2v) - +1
‘1n+1,u1 §J2§q2+1,1

Jj223J120, 52235320
1s included in YTSB) U Z7(13). The union

U Jra—js"j-a+tis"]

) . 1/(2
(I:J SJSSQHQ&}?

J323j220, 7325120
18 included in Xy(Ll) U Y7£2) U Ty(Ll) U ngl). The union

U jra—jsja+is"]
/(2v)

1 . 41
9n+1,1 SJ3SQZ+1,1
J827220,j32>75120

1s included in X,(Zz) U Yf).

Proof. We content ourselves with checking the first assertion, since the

proofs of the other five are similar. Observe that the set of triples (j1, j2, J3)

such that g 5 < j1 < q}lér(fg), J1 = J2 > 0, and j; > j3 > 0 is contained in

L . 1/(2 . | . )
ZB U{(j1,gosds) s qln < g1 < @59, 0 <o < guy 51" < s < Gn}
The latter set is contained in
Y3 U {1, jo, J3) : Ino < J1 < qn3 0 <j2 <Ji, ]1/n <Js< i}
hence, in the union
YO UY,D U{(1,jo,d) : qlo < 51 < @3 0 < jo < ju, 1" < js < s}

/

Since j% "> qnyif g > q:fQ, the last set of triples reduces to the set

L n . n2 . . .1/n . n
{(G1,d253) 1 @ n < 1 < qlny 0 < jo < j1, 1™ < s < o)
2un?

Since qn,3 > ¢g;"" , this is included in T, ,(LQ). This completes the proof of the
first assertion of the lemma. m

LEMMA 3. Let E be a Borel subset of RF and {U;};>1 be a countable
family of subsets of RF such that

Ec{{eR:£e€Uj forinfinitely many j > 1}.
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If s is a real number such that
z:(diam(Uj))S < 00,
j>1
then H*(E) =0 and dim E < s.
Proof. This is the Hausdorff-Cantelli lemma (see e.g. [2]). m

LEMMA 4. For j = 1,2,3, the sets limsup U,(Zj) and lim sup W,Sj) have
Hausdorff dimension at most 1/v.

Proof. We only prove that dim lim sup Ul < 1/v. Let s > 1/v be a real
number. For any positive integer ng, the s-measure of the set lim sup U7(ll) is

at most
Z Z 2/n +2

nzno j2q5; 1

This double sum has the same behaviour as

Z ¢, 1qn(l vs)’

n>no
which is convergent since s > 1/v. It then follows from Lemma 3 that
dim lim sup UM < 1/v. m

Now, we complete the proof of the theorem. Let £ be in V) (a1, oz, a3)
with a1, as and agz as above. Possibly after permuting a1, as, and ag, &
belongs to infinitely many intervals

Jra=gi "5 a+i"]
with j1 > jo and j; > j3. In view of Lemma 2, this means that

S U lim sup U,Sj) U U lim sup W,sj).
0<j<3 0<j<3
The desired result follows from Lemma 4.

To go from the case of the sets V) to that of the sets V,, we first have
to slightly increase the size of the intervals; basically, we replace j; “ by
J; “logj;. It is easily seen that Lemma 4 remains true with these slightly
larger intervals. Furthermore, to go from the non-negative integers to all the
rational integers, we simply observe that, as a consequence of the second
part of Lemma 1, the above discussion applies not only to (a1, s, ag), but
to any of the eight triples (faq, +as, *as).

To conclude, it only remains to prove that 1, oy, as and ag are linearly
independent over the rationals. Assume that there exist integers Ay, ..., Ay,
not all zero, such that

Ajaq + Asag + Asaz + A4 = 0.
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For any positive integer n, we have

A1Gn2qn100 + A2Gn1qn,2002 + A3qn1Gn,2003 + @n,1Gn,2 A4 = 0.

Classical results from the theory of continued fractions (see e.g. [16]) imply
that

14100 20n,100 | < 200111
and

| A2Gn,1qn 202] < Qn,lq;iz,ﬁ
here and below, the numerical constants implied in < depend only on
Ay, ... Ay If A3 £ 0, we get

[ A3qn,1qn203] < %,2%}1171 < (|As|qn,1qn,2) 2

for n large enough. Then Legendre’s theorem (see e.g. [16]) implies that
| A3|¢rn.1¢n,2 is the denominator of a convergent to a3. This is a contradiction,
since

Gn-1,3 < |A3|qn,1qn2 < Gn3

for n large enough. Consequently, A3 = 0 and we argue in a similar way
to show that A; = Ay = A4 = 0, contrary to assumption. Thus, we have
established that 1, a1, ao and a3 are linearly independent over the rationals.
This completes the proof of the theorem. m

4. Proof of Theorem 2. For simplicity we only do the proof for k = 3.
This is much more illustrative than the case k = 2, and slightly less technical
than the general case. At the end of this section, we indicate which (slight)
changes are necessary in order to treat the case k > 4.

Replacing ¢ by the function ¢ defined by $(n) = sup;>,, ¢(j) if necessary,
we may assume without any loss of generality that ¢ is non-increasing.

We aim to construct « such that the Hausdorff dimension of

Wila) = {(€1,&,6) € R® : max {|lna; — &} < é(|n])
for infinitely many n € Z>1}

is less than or equal to 1. Indeed, since Wy(a) = Wi, (a) U (-=Wj(a)), this
implies the first statement of the theorem.
Let (f(n))n>0 be an increasing sequence of integers such that f(0) =0

and set
a= (Z 2B 7 g=fnen) §7 5—f(3n+2))_
n=0 n=0 n=0

We construct inductively the sequence (f(n)),>0 so that the corresponding
triple a satisfies dim W) (a) < 1.
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In the following, 6 denotes an element of R and © its projection on the
torus T3. Consider the sequence (6,,),>0 of triples defined by

0y = (27f(0),0,0), 0, = (2*f(0)73*f(1)70)7 0y = (2*f(0)73*f(1)’5*10(2))7

n

n—1 n—1
05, — (Z o~ F(3m). 2303—f(3m+1)7 2205—]”(3m+2)>?

m=0

n n n—1
[ (Z g~ I(Em) 7 g-fmin) §7 5—f(3m+2))’
m=0 m=0 m=0

O3n+2 = (Z 9= fBm) Zn: 3= /Bm+1) Zn: 5—f(3m+2)>‘
m=0 m=0

m=0

The sequence (0,,),>0 converges to a.

For any integer p > 2, the projection O, of 6, is an element of T* of
finite order @, = 2/ (po)3/(P1) 5/ (P2) where p; denotes the largest integer < p
of the form p; = 3m + 4.

Observe that all the exponents f(m) occurring in 7, :== a—0,, are strictly
larger than f(n). Thus, we can choose the sequence (f(n)),>0 such that |, |
decreases arbitrarily rapidly to 0. Further, we check that

70, + 72 = 7,27 7%0) 0,0) 4+ (0,37 7®V) 0) + 2(0,0,577P2)) =. [,

for any integer p > 2. Therefore, the distance of any point z of R3 to I, goes
to zero as p tends to infinity. For every integer ¢ in {0,...,Q,}, we have

d(qbp, qa) < q|np| < Qplnpl-

Thus, the distance of any point z in R3 to Za+Z3 is at most Q,|n,|+d(z, I},).
Consequently, Za + Z3 is everywhere dense in R3. This shows that 1 and
the three coordinates of o are linearly independent over the rationals.

The proof of Theorem 2 rests on the next three lemmas.

LEMMA 5. For any integer p > 2, the projection G, of I, in T? is con-
tained in a set D, which is a union of segments of total length
3F(=25fp=1)  if p=3n,
L, =1 5/®0=22f(r=1)  4f p=3n+1,
2f(P=2)3/(p=1)  if p=3n+2.
Furthermore, all these segments are of length 1.
Proof. We only treat the case p = 3n, since the other two are similar.

We observe that G, is included in the projection of the segments [0,1] x
{(a3=fP=2) p5=fP=} fora=1,...,3/ =2 and b=1,...,5/P"1) u
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LEMMA 6. The sequence (f(n))n>0 may be chosen in such a way that
there exists a sequence (Pp)n>0 of integers satisfying
Qn < Pn < Qn+17
(1) $(Qn) < e tr and G(P,) < e P,

1 1
(2) Q2T <o g(Pay) and P27 TN < S 0(Qu),
for any integer n > 1.

Proof. We proceed by induction. Assume that f(0),..., f(n) and P, ...

.., P,_1 are constructed. Since L, ;1 depends only on f(0),..., f(n), we

can choose an integer P, > Q,, such that ¢(P,) < e Ln+1. Taking f(n + 1)
largea we get (2)7 ¢(Qn+1) < e_Ln+17 and Qn-‘rl > P, =

LEMMA 7. Let (€,,)n>1 be a sequence of positive real numbers which tends
to 0. If (Epn)n>1 is a sequence of sets such that Y-, HE (E,) < oo, then

H*(limsup E,,) = 0,

n—oo
and the Hausdorff dimension of limsup,,_, ., E, is at most s.

Proof. This is an easy consequence of the Hausdorff-Cantelli lemma (see
e.g. [2, p. 68]). Since

H;(limsup E,,) < Z H: (En)
e nie,<s
for any 6 > 0, we get H*(limsup,, ., En) =0. =
For a subset E of T? and a positive real number r, we put
V(E,r) ={x €T :d(z,E) <r}.
Further, for a positive integer ¢, we set E, = {0,0,20,...,¢O}.

Since @, < P, < Qn+1 and ¢ is non-increasing, W(’b(g) is included in
limsup V(Ep,,#(Qn)) U limsup V(Eq,, ., o(FPn)).

n—0o0
To establish that the Hausdorff dimension of W(; () is at most 1, it is suffi-
cient, by Lemma 7, to prove that, for any s > 1, there exist two sequences
(en)n>1 and (e],),>1 which decrease to 0 and are such that the series

> M (V(Ep, 6(Qn) and Y H: (V(Eq,., ¢(Pn)))

converge.
Let ¢ < P, be a positive integer. Euclidean division of ¢ by @Q,, yields
integers | and a such that ¢ = 1Q, + a and 0 < a < Q,,. Therefore,

196 — aOn|| = [[(IQn + a)(On + 1) — aOn|| < [(1Qn + a)in| < Pulnnl.
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Furthermore, by (2), we get P, |n,| < ¢(Qr), thus
Ep, CV({0,0n,....(Qn —1)0n}, $(Qn)).
It follows that
V(Ep,: $(Qn)) CV({0,0y,....(Qn —1)0,},2¢6(Qn)),
thus, by Lemma 5, we get
V(EPM ¢(Qn)) - V(Dm 2¢(Qn))

Let s > 1 be a real number and n be a positive integer. Throughout the
remaining part of the proof, < means that there is an implied absolute
positive constant. Setting €,, = ¢(Q,,), we have

length of D,
M2, (V(Dn, 20(Qn)) € ————"
It then follows from (1) that

HE (V(Ep,,$(Qn))) < Lye~ (= DEn,

This last inequality shows that the series > HZ (V(Ep,,Q;")) converges.
For the other series, set €/, = ¢(P,). For ¢ < Q, 41, we have

ey, K Ln¢<Qn)Sil~

190 — ¢On11ll < Qni1lnnt1l;
and then, by (2),
10 — qOni1|| < ¢(Py).

Therefore, we get

V(EQn-H ) ¢<Pn)) C V({07 871-1-17 EEE) Qn+16n+1}7 2¢<Pn))
- V(Dn+17 2¢(Pn))

and

» length of D, 41

Hg; (V(EQn+1’¢(Pn))) < . 5;8 < Ln+1¢(Pn)s_1'

!/
€n

Finally, by (1), we obtain
Hg;l (V(Eqg,...P,")) < Ln+167(5’1)Ln+17

which shows that the series } -, HZ, (V(Ep,, ¢(Qn))) converges.

Consequently, the Hausdorff dimension of W (a) is at most 1.

Taking for ¢ a function tending to 0 more slowly than any function
x— x~ % with w > 0, we get the second statement of the theorem.

To conclude, we briefly explain how to deal with the general case. For
any integer k > 2, we choose the first k prime numbers p; =2, p> =3,...,px

and we set
o0 o0 o0
k kn+1 kn+k—1
o= (opf " o pt S,
n=0 n=0 n=0
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We define a sequence (6,,),>0 in the same way as above, that is, such that
for any ¢ and j in {0,...,k — 1}, the jth coordinate of O, is

n
doptTY i<,

m=0

n—1 )

STpfEHTY s 41,
m=0

The proof goes exactly as in the case £ = 3. The main point is that in
Lemma 6 the length L, depends only on f(0),...,f(p—1). m

5. Proof of Theorem 3. In this section, we use the following notation.
Let k > 2 be an integer. We endow R¥ with the Euclidean norm | - |2, and,
for any z in R, we set

|z||2 = inf{|z — n|> : n € Z*}.

Clearly, || - ||2 induces a distance on the k-dimensional torus T*, which we
also denote by || - [|2. If Y is a subset of R¥ and z is a point in R*, we denote
by d2(z,Y) the distance from z to Y, defined by

dafz,Y) = inf{llz — ylla: y € Y},

We could as well have worked with the supremum norm, as in the rest
of the paper; however, since geometric arguments are applied in the present
case, it seems to us more natural to use the Euclidean norm.

Furthermore, throughout this section, the constants implied by =, <
and > depend only on the dimension k.

First, we introduce the notions of best approximation in R* and in the
torus T* (see e.g. [12]). These are needed to establish Lemma 9. As in
Section 4, if § is an element of R*, we denote by © its projection on the
torus T*.

DEFINITION 1. Let © be in TF. A positive integer ¢ is a best approzima-
tion of @ if we have [[pO||2 > ||¢O]|2 for every integer p with 0 < p < ¢. Let
0 be in R*. A positive integer ¢ is a best approximation of 6 if it is a best
approximation of 6.

Let 0 be in R*. Arranging the set of best approximations of @ in increasing
order, we get an increasing sequence (¢n)n>0 of positive integers starting
with ¢o = 1. For any positive integer n, let €,, be the vector in R* and P,
be the integer k-tuple such that

gnd = P, +e, and |e,]2 = |gnO|2.

Put ) )
0,=0——¢c,=—P, and 71, =|ex|2 = [|gn0]2-

qn Gn
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Then 6,, is the rational approximation of € corresponding to the best ap-
proximation ¢, and obviously ||g,0,|2 = 0. We consider the lattice

Ay, :=7ZF + 76,
which is included in QF, since 6, has rational coordinates. We denote by
Al n,-- -5 Agn the successive minima of A,,.

LEMMA 8. The subgroup (O,)) of T* generated by ©,, has evactly q,
elements, that is, kO, is non-zero for any k =1,...,q, — 1. Furthermore,
foranyp=0,1,...,q, — 1, we have

1p0 — pOn || < 7.
Moreover, the lattice Ay, has determinant 1/q, and its first minimum Ay
satisfies
2Tn71 2 Alm,z Tn71/2'

Proof. This follows from [6, Lemme 2], since, with the notation of [6], the
first minimum of A,, is equal to d(0, (©,,) \ {0}) and therefore to r((©,,)). m

LEMMA 9. The last minimum of A, tends to 0 as n tends to infinity.
The product q,r,_1 tends to infinity with n.

Proof. For any positive integer ¢, set F, = {0,6,...,q0} + Z*. By Lem-
ma 8, the distance of each point of F,, _; to A, is less than r,, and

max do(x, Ay) < N .
r€RF

Consequently, we have

Aon K maxdo(x, Fy,—1) + 7,

rE€RF
and, since Z0 + ZF is dense in R¥, we get

(3) lim maxdy(x,F,,—1) =0 and lim Az, =0,

n—oo xRk n—oo

thus the last minimum of A,, tends to 0 as n tends to infinity.
By Minkowski’s second theorem on successive minima (see e.g. [5,
p. 156]), we have

det Ay =1/gn =< Mndom A < M AL,

Combined with Lemma 8, this gives
1 1
(4) = < N
qnTn—1 QnALn ’
Since k > 2, it follows from (3) and (4) that ¢,7,—1 tends to infinity with n,
as asserted. m

After these preliminaries, we turn to the proof of Theorem 3. Let w > 1
be a real number and s be any real number in ]0,1/w[. Let a = (a1, ..., o)
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with 1,aq,...,a; linearly independent over the rationals. We shall prove
that W,,(a) contains a Cantor-type set K whose Hausdorff dimension is
greater than s. By the mass distribution principle (see e.g. [9, p. 24]; this is
also called the Frostman lemma), it is sufficient to construct a probability
measure p on K such that

g ABGT)

r—0 rs

=0
for all z in L. We divide our inductive construction into 6 steps.

STEP 1. For any positive integer ¢, set F, = {0,q,...,qa} + Z* and
E, = F,N[0,1]*. Let (gn)n>0 denote the sequence of best approximations
of a and, for any positive integer n, put

Z
An:Zk+_an
dn

where P, is the point of the lattice Z* for which ¢,a — P, is minimal.
For any positive integer n, put

A, ={z € [0,1)%: do(x, E,, 1) < 1/q%}.

Let (nj);j>1 be an increasing sequence of positive integers, which will be
chosen in Step 6, and put
K=)An,

Jjz1
First, we observe that K is a Cantor-type set. Indeed, the sets A,, are made
up of closed balls and, by the definition of best approximation, the distance
between the centres of two balls composing A, is at least r,,_1. Furthermore,
it follows from Lemma 9 that, for n sufficiently large, A,, is a disjoint union
of balls of the same radius.
To simplify the notation, for any integer j > 1, we put

Qj = qny> A = Anj) 05 = Tn;—1,

and
Ki= () An,
1<p<y
STEP 2. Since 1,aq,...,qx are linearly independent over the rationals,

the sequence (ma),,>1 is uniformly distributed in the torus T*. Thus, we
may select n;1 sufficiently large in order that each ball of K; contains a
number

N € [erQ+1Q; " /2,201Q;41Q; ]

of balls of K11, where ¢, denotes the volume of the unit ball of R¥. Dropping
some of these balls if necessary, we can suppose that each of the balls of K
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contains exactly N; = [cijHQj_wk/Q] balls of K. Let £; denote the set
of centres of the balls composing K.

We define inductively a sequence of discrete probability measures (11;),>1
such that, for any j > 1, we have:

(i) the support of u; is equal to &;;
(ii) all the points of £; have the same mass m;.

Since the p; are probability measures, we get
m; 2 wk H—1
M = -2 = m; — QWkQTL.
J+ N; T ep O Jj+1
The sequence (f1;);>1 weakly converges to a probability measure y whose
support is contained in .

STEP 3. Let x be in L. Let j > 1 be an integer. We wish to estimate
w(B(z,r))r—° for r in [%Q;ﬂ, %Q;w]. There is a point P; in Eg, 1 such
that the ball B; = B(P;, Qj_w) of K contains x. Let C; be the set of centres
of balls of K1 included in B;. Since all balls of K;; have the same radius

Qj_fr“l, we have
w(B(z,7)) < pjpr(Blz, r+ Q).
Therefore, in order to estimate u(B(z, 7)), it is sufficient to count the number
of points of C; lying in B(z,r + Q]_—:—Ul)
We begin with an obvious upper bound. By the definition of g1, the
distance between any two points of Eq,, , 1 is at least g;1 and since C; is
contained in Eg, , -1, we get

(5) card B(z,r) N C; < max{l, (r/ng)k}.

When 7/p;j41 is large, this estimate is useless and a sharper upper bound
is required. Since the set Eg,,, 1 is close to the lattice At we begin by
counting the points of A7+ N B(x,r).

STEP 4. Let (e1,...,ex) be a reduced basis of A7T1. By “reduced”, we
mean (see [1]) that the following two properties hold true:

ler]a < -+ < egle,
sin(Z(e;, V3)) > (V3/2)F  fori=1,...,k,

where V; = span(ey,...,€;-1,€i41,...,€e). This last inequality implies that,
for any real numbers ¢4, ...,t;, we have

k
(6) ‘Ztiei )
i=1

Let y = Zle a;e; be in A1 N B(0,r). Assume first that there exists i
with 1 < < k — 1 such that r is in [(v/3/2)* |e;], , (V3/2)¥ |€it1]y [ Then,

> (V3/2)  max{|t;| - el 15 =1,...,k}.
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by (6), we have
r
laj| € —=———, j=1,...,4,
T (VB2)Rele
and, since the a;’s are integers,

a; =0, j=i+1,... k.

Therefore, we get
i

(7) card VTN B(0,r) <« —————.
\61\2 T ’61"2

Assume now that 7 > (v/3/2)% |ex|,. Then we get the upper bound

rk rk

|61‘2 e leklg < det AjJrl

(8) card A7 N B(0,r) <« =r*Qj41,

by Lemma 8. Furthermore, we observe that, for any = in R*, we have
card A7 N B(z,7) < card A7 0 B(0, 2r).

STEP 5. Thanks to (5), (7) and (8), we are now able to bound

pu(B(x,r))r=° from above. We distinguish three cases.

Assume first that r is in [162;‘1, le1]2]. From the “obvious” estimate (5),

2
we get

w(B(x,r)) < pi+1(B(x,r + Q1))

TS TS

< mjqp1 max{l, (2r/|e; |2)k}r_s

K myr™t <mya QY <mpQitQy
Assume now that r > |e1|2 and that r is in
[(V3/2)"|esl2/6, (V3/2)"|eira]2/6]
for some i = 1,...,k — 1. Then we infer from (7) that

() wu(B(z,r)) - pi+1 (B, + Q1))

r’nS - /’nS
mjt1 card AT N Bz, r + Qj_fl + |e1]2)
/’nS
mji1 rt _ omyga T eigalz - lekls

<< g
s lelz - eil2 re le1lz - - - lex2
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Since |e]z - |ex]2 > det AT =1/Q;41, from (9) we get
u(B(z,r))

p < mjp1r' T Qj1leit1 |2+ |exla

wk
<L my ﬁ leivily *Qjraleirile - lexl2
J

< myQHeals
< ij;”k - (last minimum of A7F1)*=s,

Indeed, for each i, |e;|2 is greater than or equal to the ith minimum and,
since the basis is reduced, the product of the norms of the vectors of the
basis is of the same order as the determinant of A’T! and, thus, as the
product of the minima. It follows that, for each i, |e;|2 is of the same order
as the ¢th minimum.

Finally, if 7 is in [(v/3/2)*|ex]2/6, Q; "], we deduce from (8) that

wu(B(z,r)) < pi+1(B(z,r+ Q1))

/)nS
_ mjt1 card AT N B(z,r + Qi1+ le1]2)

;r-S

/’nS
mj+1 E
< j—s r*Qi1 < my ——rFT5Q 0
r Qj+1
NHwk —w\k—s ) wk sw—1
< m; Q7 (Q; )" < my1 Qi Q5.

STEP 6. To conclude, it is sufficient to define inductively the sequence
(n;);>1 such that:

e the uniform distribution condition stated in Step 2 holds;
° (ij}“kQ}”jfl)j tends to zero as j — oo;
. (ij]“-Jk - (last minimum of A771)*=%); tends to zero as j — oo.
This is possible since ws — 1 < 0 and thanks to Lemma 9. Then the results
obtained in Step 5 show that, for any x in K, we have
B
L (B, r)

r—0 rs

=0.

If we take s arbitrarily close to 1/w, this proves that the Hausdorff dimension
of Wy (a) is at least 1/w. Theorem 3 now follows from Proposition 1. m

6. Proof of Proposition 1 and Theorems 4 and 5. Theorems 4 and
5 are particular cases of a more general result on systems of linear forms.
For v > 0 and A in M, ,,(R), set

Uy(A) ={£ e R": [[Az — £]| < 1/|z|* for infinitely many z in Z™},



Inhomogeneous Diophantine approximation 119

where |z| denotes the maximum of the absolute values of the entries of the
integer m-tuple z, and Az is the (usual) product of the matrix A by the
column vector x.

This section is devoted to the proof of the following assertion.

THEOREM 6. Let n,m be positive integers and u > m/n be a real num-
ber. Then for almost all A in M,, ,»,(R), we have

dimU,(A) = m/u.

Theorems 4 and 5 follow straightforwardly from Theorem 6. Actually,
we prove a slightly stronger result, since (in contrast to V,(a) and W,,(a))
no positive constant ¢ is involved in the definition of U, (A).

Let A be in M,, ,,(R). The Hausdorff-Cantelli lemma easily yields the
upper bound dim,, (A) < m/u. Indeed, for any positive integer n, we set

E,= |J {€eR™: Az - ¢ <1/n*}N[0,1]"

|z|=n
IEZ7'L

and g, =n~". Let s > m/u be real. Observe that
H:"(En) < nm—l 5;91 < nm—l—us’

where the constant implied in < only depends on n and m. Since U, (A) N
[0,1]™ = limsup,,_,., Fy and m —1 —us < —1, we infer from Lemma 7 that

HE U (A) N [0,1]™) = 0.

Consequently, the Hausdorff dimension of ¢, (A) is at most m/u. The same
argument shows that, for any positive real ¢, the Hausdorff dimension of the
set

{£eR" : ||Az — || < ¢/|z|* for infinitely many z in Z™}

is at most m/u. This proves Proposition 1.

However, the reverse inequality is slightly more difficult to obtain. Our
proof uses on the one hand a classical result of Cassels [5], asserting that
almost all matrices A in M,, ,,,(R) share a certain approximation property.
On the other hand, we use the notion of ubiquitous systems, introduced by
Dodson, Rynne and Vickers [8] to get the expected lower bound for the
dimension of U, (A).

First, we recall some results about Diophantine approximation.

DEFINITION 2. A matrix A in M, ,(R) is regular if there exists § > 0
and infinitely many positive integers X such that

inf{[[Az] 1z € Z", & 0, 2] < X} > oX~/m,

It follows from the Borel-Cantelli lemma that almost all matrices are
regular (see e.g. [5, p. 92]).
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We further need a transference theorem between homogeneous and in-
homogeneous approximation.

THEOREM B. Let A be in M, ,,(R). Suppose that for every non-zero x
in Z™ with |z| < Xo we have ||Az|| > c. Then, for all £ in R", there exists
x in Z™ such that

1
[Az =€l < 5 (Xg™e™ +1)e and |z| < 5 (Xg ™™™ + 1) Xo.

DO | —

Proof. This is [5, Theorem VI, p. 82]. m

We shall deduce from Theorem B that the lower bound dim i, (A) > m/u
holds for every regular matrix A.

We first recall some facts about ubiquitous systems. Let {2 be a bounded
open subset of R", (Sy)acs be a family of subsets of 2, pu: J — R be a
positive function, and 1 : Rt — RT be a non-increasing function tending
to 0 as * — oo. Finally, set

Sa(o) ={£ € 2:d(§, 5a) < 0}
and
L(Sa,p,p) ={£ € 2:d(, Sa) < Y(u(a)) for infinitely many « in J}.

In what follows, we denote by diam C the diameter of a hypercube C, that
is, the supremum of the distances between any two points of C. Assume
that the following hypothesis is satisfied. For each j, there exists a Lebesgue
measurable subset F(j) and a positive number A(j) such that

lim [2\ E(j)| =0,  lim A(j) =0,
j—00 j—o0
and for any hypercube C C £2 with diamC = A(j) and 1C N E(j) # 0, there

exist a real number d and « in J, with p(a) < j and 0 < d < j, such that
for all p satisfying 0 < o < A(j), we have

(10) IC N Salo)] > 0" %(diamC)*
and
(11) IC'NCNSalo)] < 0" 4diam )%,

where C’ is any hypercube in (2 with diamC’ < A(j). The system (Sq, 1)
is called a ubiquitous system relative to A. The real number d is called the
dimension of (S,). The following result was proved by Dodson, Rynne and
Vickers [8].

THEOREM C. Suppose that (S, 1) is a ubiquitous system with respect
to X and that v : RT™ — R* is a decreasing function. Let t = d + y(n — d),

where log A(j)
. . 0g AlJ

= min ¢ 1, lim sup - }
! { i—oo 10g1(j)
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Then
dim £(Sq, p, ) > t.

Proof. This is Theorem 1 from [8]. =
We are now ready to prove Theorem 6.

Proof of Theorem 6. Let A be a regular matrix in M, ,,(R). There exist
0 > 0 and an increasing sequence of integers (zp),>0 with x, — oo, such
that for every p we have

inf{||Az|| : 2 € Z™, 2 #0, |z| < zp} > 59:;’”/”.
By Theorem B, for any £ € R™ there exists z € Z™ such that

1 —m —m/n\—n -—m/n
1 —n —m/n —-—m/n
=5 (067" + 1)ow, ™" = Aga,™
and
1
(13) lz| < 3 (07" 4+ 1)z, = Axp,

where A = 2(67™ + 1). For a positive integer p, set S, = {Az : [z| <
Axp}+ 7", and pu(p) = p. We claim that (S, i) is a ubiquitous system with
respect to A(p) = A&r;m/n (and 2 = ]0,1["). Indeed, by (12) and (13),
any hypercube C of diameter at least A\(p) = Adx), ™/™ contains at least one
point of S,; therefore, we have
CN{EeR:d(E,S,) < o} > 0"

for any p satisfying 0 < ¢ < Ap, and (10) holds with d = 0. As for (11),
consider the sets

1
Tp(g):Ag—l—{Ag:gEZm, |y gﬁxp}—i—Z”, xeZm.

There exists an integer a depending only on § and n such that for all p there
exist z,...,z, € Z™ with

Let C’' be a hypercube with diameter less than A(p) = Aéx,?m/". Since the

distance between two points of T),(z) is at least 5x;m/", the hypercube C’
contains at most A~" points of T),(z). We get

IC'N{€ e R:d(ETy(z)) <o} <"

and therefore
IC'N{{ e R:d(E Sy < o} < 0"
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Consequently, (11) holds for d = 0. Let ¢ : R™ — R™ be a non-increasing
function such that ¢(p) = z,". Theorem C yields the lower bound

dim E(Sou M, ¢) > n min {1, lim sup M}

p—oo l0gY(p)

i . log A(Sx;m/n . m
=nmin{ 1,limsup —————— > = min{n, — ;.
U

p—00 log ZL‘Eu

Since we have

L(Sp, 1)) C Un(A) U (AZ™ + 77,

the proof is finished. =

[13]
[14]

[15]
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