ACTA ARITHMETICA
123.3 (2006)

On the structure of compact subsets of C,
by

A. D. R. CHOUDARY (Lahore and Ellensburg, WA),
ANGEL PopEScU (Bucuresti) and NIcOLAE PopPEScU (Bucuresti)

Introduction. Let Q be the rational number field and let p be a fixed
prime integer. Let v, be the p-adic valuation on Q and let Q, be the p-adic
number field, i.e. the completion of Q with respect to v,. Let Q, be a fixed
algebraic closure of @, and let Q be the algebraic closure of Q in Q. Let
Up be the unique extension of v, to Q, and let v be the restriction of v,
to Q. Let G = Gal(Q/Q) and G, = Gal(@p/(@p). Set K, = QN Q, and
G, = Gal(Q/Kj). Since the restriction map from G, to GJ, is injective and
surjective (Q is dense in Q) we can view G, as a subgroup of G. Here we
used the fact that v(o(z)) = v(x) for every x in Q and for every o € G, (Q,
is a Henselian field).

For any subfield L of Q we denote by L the completion of L with respect
to the p-adic spectral norm

[ z]lp = max{[o(z)]p | o € G}

where | - |, is the corresponding absolute value of v (see also [P1], [PN],
[PPV], [PPZ1]-[PPZ5)).

Denote by @p the completion of (Q,|| - ||,); we shall continue to use the

same notation | - ||, for the unique extension of || - ||, to @,. This last com-
pletion is a regular commutative ring (a von Neumann regular ring). It has

many other interesting properties (see [PPV]). An element in Q,, is a class Z
of Cauchy sequences, where = {2, }n, z, € Q, n =1,2,..., is a represen-
tative of Z. It is easy to see that if z = {2, }n, ,, € Q, is a Cauchy sequence
relative to the p-adic spectral norm, then {z,}, is a Cauchy sequence with
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respect to the absolute value | - |00, 0 € G, i.e. the sequence {o(7n)}, has
a limit in C,, the complex p-adic field (the completion of Q, relative to 7).
Denote this limit by

T(g) = nlLIr()loa(xn).
We call z(,) the o-component of x. Let C(z) denote the set of all o-compo-
nents of x and call it the pseudo-orbit of x.

Since {o(zn)}n is also a Cauchy sequence relative to the p-adic spec-
tral norm, we denote by o(z) its limit in @, for any o in G. The sub-
set O(z) = {o(z) | 0 € G} of Q, is said to be the orbit of = in Q.

By (0,2) — o(z), G acts continuously on Q, if we consider the Krull
topology on G (see [PPV]). The same is true for the mapping (o, z) —

2(¢) defined on G x @p with values in C,. In general we have a homeo-
morphism o(z) +— (,) from the orbit of x onto the pseudo-orbit of the
same x.

Three main results are proved relative to these completions:

1) Any compact subset M of C, which is invariant under the group G,

(= Galeont (Cp/Qp)) is of the form M = C(x), where z € Q, and C(z) is the
pseudo-orbit of z (Theorem 2.2).

2) The completion L of a finite or infinite algebraic number field L,
relative to the p-adic spectral norm, is a Qp-Banach algebra isomorphic
to the Qp-Banach algebra of all the Gj-equivariant continuous functions
f:G/Hp — C,, where Hy, = Fix L. Here f is said to be G)-equivariant if
flop) =o(f(@)) for all 4 € G and o0 € G, (Theorem 2.4).

3) Any algebraic number field (finite or infinite) has a topological generic

element z in @p with respect to the p-adic spectral norm, i.e. L= @E]
(Theorem 3.1). This result is a version of the “Primitive Element Theorem”
for infinite algebraic number fields.

There is a nice connection between the topological generic elements x €

@p of an algebraic number field L and the so-called Cantor compact subsets
of C, (Remark 2.1, Proposition 2.3, Theorem 3.3 and Theorem 3.4). At the
end of the paper we give an explicit computation of a Galois action of G on
the compact set Z,, the p-adic integers, and we associate to it an algebraic
number field, unique up to Qp-isomorphism (Section 4).

In a forthcoming paper we shall completely describe the structure of
all compact subsets of C, in connection with algebraic number fields and
spectral norms.
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1. Some general results. In this section we use the notations and
definitions from the introduction. Now we recall a classical result in valuation
theory (see for instance [Neu, pp. 161-167]):

THEOREM 1.1. Let L/K be an algebraic extension of fields and let v be
a fized valuation on K. Let K, be the completion of K with respect to v and
let K, be an algebraic closure of K, which contains L. Let T be the unique
extension of v to K,. Let K be the algebraic closure of K in K,. Then:

(i) Any extension w of v to L is of the form w = v o 7, where T is a
K -embedding of L into K,,.

(ii) If T and 7' are two K—embeddmgs of L into K,, thenoT =TorT’
if and only if T and T are conjugate by a K,-automorphism of K,,
i.e. T = aoT for some o € Gal(K,/K,). In particular, if L/K is a
Galois extension and if H = Gal(L/K), then any extension w' of v
to L is of the form w' = w o u, where w is a fized extension of v to
L and p € H. Moreover, wo = wo u' for u,u’ € H if and only if
i = popu for some o € Gal(K,/K,) = Gal(K/K N K,).

We give here an elementary result which will be useful in the following
(see [PPV]).

PROPOSITION 1.2. Let v be the restriction of v, to Q and let o be an
automorphism of G. Then the following assertions are equivalent:

(i) v and vo o are equivalent (they induce the same topology on Q).
(ii) o € Gyp.

(iii) o is a continuous mapping with respect to v.
We need the following result, which partially appears in [PL].

PROPOSITION 1.3. There exists a mazimal extension L) of Q in Q
such that v, has only one extension w to L®) (for any finite extension K of
LW w has at least two distinct extensions to K). This L) is dense in Cp.
Moreover, any automorphism p of G can be uniquely written in the form
1= o1, where o € Gy, and T € Gal(Q/L®))

Proof. According to [PL] we only have to prove the last statement.
Smce L®) is dense in Qp one can use Krasner’s lemma [Neu] to prove that

Qp = Qp. Hence any embedding A of L®) in Q gives rise to a unique
automorphism X of Gp = Gal(Q,/Q,). If we start with a p € G, then ;)
is such a A. Hence X e Gal(@/L(p)). In the end we get u = A7 with
)\ 6 Gp and 7 = X~y € Gal(Q/L®). The unicity follows from the equality

@p =Q =

REMARK 1.1. For any natural number n, it is not difficult to construct
an algebraic extension T of L®) of degree n such that the valuation w
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from the above proposition has exactly n extensions to 1. Namely, take an
extension R of Q of degree n such that the valuation v, splits completely
into n valuations on R (see the theorem of Hasse [R]). Then we can consider
the compositum 7' = L) R, which is an extension of degree n over L®) and
w splits exactly into n distinct valuations on T.

2. Gp-equivariant compact subsets of C,,. Let G, = Galcont(C,/Q)p)
denote the group of continuous automorphisms of the p-adic complex num-
ber field C, over Q,. A compact subset M of C,, is said to be G, -equivariant
if o(z) € M for any 0 € G, and = € M.

PROPOSITION 2.1. For any = € @p, the pseudo-orbit C(x) of x is a
Gp-equivariant compact subset of C,. Moreover, G, acts continuously on

C(z) by o(7(y) = Top)-
Let M be a G,-equivariant compact subset of C,. For any o > 0 we
consider the covering of M with n(,) disjoint closed balls of radius g:

S = {Blzo1,0],---, B[a:gmg), ol}
where Blz,0] = {y € C, | |z — y|p, < o} and such that z,; € M for any
J=1,...,ny. For any fixed ¢ the balls of S, are uniquely determined.
Since the mapping g — ny,) has discrete values, the real interval (0,00) can
be written as a union
(07 OO) = (00751] U (51752] U---u (Enflvgn] U---

where {e, },, is a decreasing sequence and &, — 0. We briefly write S,, instead
of S,y and ny for ne, . The two sequences {ej}x and {ny}) are called the
configuration numbers (sequences) of M. They are invariants for M. The set
M is said to be a Cantor compact subset if all the balls from Sy contain the
same number of balls from Sgy1.

Let now M be a Gp-equivariant compact of C,,. We shall construct a new
compact subset N of M and we shall call it a p-reduction of M. It will be
the projective limit of the following projective system of balls. Set S| = S;.
Assume we have constructed S;. We now define S;, 41 to be a least subset of
balls of Sy41 which are contained in S}, and such that for any two balls of

141 N0 0 in Gy, carries one ball into the other. Take now N = lim S;. This
N can be obtained as the intersection of a tower of balls Bj; D Bjy;, D -,

all of them from the initial configuration of M. Briefly we say that N is a
reduction of M.

DEFINITION 2.1. A Gj-equivariant Cantor compact subset of C, is said
to be (p-) strong compact if it has a Cantor compact reduction N C M.

THEOREM 2.2. Let M be a Gp-equivariant compact subset of C,. Then

there exists an x in @p whose pseudo-orbit is exactly M.
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Proof. Let {Si}1 and {S }; be the projective systems constructed above
for M and for one of its reductions N respectively.

Let nf,nf,..., be the corresponding numbers of distinct balls which
cover only the subset N. Fix a k = 1,2,.... If every ball B'[zy;,e1] € S},
j =1,...,n}, where n] = 1, contains the same number of balls of radius

Ek+1, Namely ny_ , /n), we put ny_ , = nj_ . If this last fraction is not a
natural number, we denote by p(k,j) the number of balls of radius 41
which are contained in B'[xyj,ex] and put my = lLem.{p(k,j)};. Finally,
we change nj_, to nj,; = njmg. In this way we must count some of the
true balls of radius ey which are contained in B'[zy;, €] many times,
i.e. we must consider them “with multiplicities” We obtain inductively a
new sequence of natural numbers, nf,nj, ..., such that n} divides nj 4 for
any k = 1,2,.... For every k = 1,2,..., denote by S; the set of all nj
balls B'[xyj,e;] in N (for convenience we assume that only the first one,
B'[x}1, €], may appear many times). It is now clear that the sets {S; }; can
be organized as a projective system of balls and its projective limit is exactly
N =1lim Sy, i.e. every element of IV can be realized as the intersection of a
tower of balls, one from every S;/, k =1,2,....

We now want to associate to this projective system of balls in IV a tower
of algebraic fields:

L(P):Lch2c...C@

where L(P) is the subfield considered in Proposition 1.3. For S} ={B'[z1, 1]},
z1 € N, we take simply L; = L®). Consider now an extension Ly of L; of
degree nj such that the unique extension of the p-adic valuation v, to L;
decomposes exactly into nj distinct valuations vay, vag, . . -5 Ugpy ON Ly (this

can be done as in Remark 1.1). Since L is dense in C, (in fact L®) s
dense in C,, as we saw in Proposition 1.3) we can take zo; € B[z, 2] such
that 02_]-1(2'2]-) € Ly for every B'[xa;, 2] € Si, where {09;}; are all the L®)-
embeddings of Lo into Q and vg; = v o 0g;. We now use the Approximation
Theorem to find an element wy in L9 such that |wg — a;jl(zgj)|v2 ; < g2 for
every j = 1,...,n4. This means that in every ball B'[z2;, €2] from S5 we have
exactly one conjugate of wy over L(®). It is easy to see that Ly = L®) [wa].

Assume that we have constructed the field Ly, n} distinct valuations vy;
= vooy; on it and a generator wy, of it such that ak] (wg) € B’ [mkj,ak] for
every j = 1,...,nj. Here oy; are all the L®)_embeddings of Lj, into Q

We now conS.ider an extension Ly of Ly of degree q;, = nj +1/ ny, such
that every valuation vy; decomposes exactly into ¢ valuations on L1
(Remark 1.1). Then vgy1j =voogy1, j=1,...,np,, are all the distinct
valuations on L1 which extend v,. Here op415, j = 1,.. .,ngﬂ, are all
the L(p)—embeddings of Li,q into Q. We must be careful with the notation
of op41,j. Namely, the restriction of o1 ; to Ly must be oy such that
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Ok+1,j(Wi+1) is in the ball B'[zy j, 5] which also contains oy, j(wy). For
any j = 1,...,n], take 241 ; € B'[Tpy1,5, €xq1] such that Ul;}m(zk“,j) €
L. Using the Approximation Theorem we find w1 € Lgy1 whose con-
jugates over LW all belong to a ball of the form B'[zjy1,;,¢ek+1]. Hence
Lit1 = LP[wy 1] = Li[wg]-

Let now 1 € G. From Proposition 1.3 we can write y = o7, where o € G,
and 7 € Gal(Q/L®)). Therefore, every conjugate u(wy) of wy belongs to a
ball from Si, where {Sy}« is the projective system of balls which gives the
whole compact subset M. Moreover, any ball By; of S contains at least one
such Q-conjugate of wy. We now prove that {wg}r is a Cauchy sequence
relative to the p-adic spectral norm. Indeed,

ek — welly = max{lu(we . — wely | 1 € G},
But |p(Witn — wi)lp = |7(Wgtn, — wg)|p, where 7 € Gal(@/L(p)). Since
Wi, Wktn, € Ligipn, T is one of the L) _embeddings Oktn,j Of Litp in Q
considered above. Because of the special choice of o311 j,...,0k1n ;, We see
that opir j(Witn) and oy j(wy) are in the same ball B’ [z, e], i.e.

|1(Wrn — wi)|p < ek
for every n =1,2,... and p € G. This means that

[ wktn — willp < ek
for every n = 1,2,... and so {wy}x is a Cauchy sequence with respect to
the p-adic spectral norm. Let
T e lim w, in @p.
n—oo

It is not difficult to see that any element y of M is the intersection of a
tower of balls of the form Blxi,e1] D Blxgj,,e2] D -+ D Blagj,,ex] D -+
and each such ball contains an element of the form p(wy) € Blxy, x| for
the same ;1 € G (see the construction of oy ; from oy, ;). Hence

Iy .
Ty = i p(wp),
i.e. M = C(z) and the proof of the theorem is finished. =

REMARK 2.1. In the proof of Theorem 2.2 we have constructed an ele-
ment « € L, the p-adic completion of L = Jy2 Ly, such that M = C(x).
Let M be a p-strong compact subset of C,. Let o, € G with o(x) # p(x)

(in @p), i.e. ¥(rq) # T(ry) for at least one 7 € G (two elements in @p are
equal if and only if their components are equal). If 7 € G}, then T(rg) =
T(T(0)) # T(T(n)) = T(zp if and only if z(,y # x(,). If T & G, then we can
consider 7, o, i1 to be L(P)- embeddings of L into Q (see Proposition 1.3). In
this last case, since N is a Cantor compact subset of Cp,, x(+5) # (7,) means
that the two towers of balls which define z(,) and z(,) respectively do not
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coincide, i.e. T(5) # (,). So we have proved that the continuous mapping
o(x) = x(5) from O(z) to C(r) is a homeomorphism.

PROPOSITION 2.3. Let M be a p-strong compact subset of C,. Then M
is homeomorphic to a factor set of left cosets of the form G/H, where H is
a closed subgroup of the absolute Galois group of Q.

Proof. Let M = C(x) for z € @p (Theorem 2.2). Let H, = {u € G |

p(z) = z in Q,}. It is easy to see that H, is a closed subgroup of G. The
orbit O(x) is homeomorphic to G/H, through the mapping o — o(x). Take
H = H, and the proof is finished. m

Let K be a subfield of Q and let Hx = {0 € G | o(z) = « for all x in
K} be the closed subgroup of G which fixes K. Let G/H be the compact
space of all left cosets of Hx in G. A continuous function f: G/Hg — C,, is
said to be Gp-equivariant if f(pnoHg) = p(f(cHg)) for every p € G, and
for all cosets o Hy in G/Hp. We denote by Cg,(G/Hg, C,) the Q,-Banach
algebra of all continuous G,-equivariant functions f : G/Hg — C,.

THEOREM 2.4. With the notations and the hypotheses above, let K be the
completion of K relative to the p-adic spectral norm. Then the continuous
mapping ¢ : K — Ca, (G/H, Cp), defined by o(x) = ., where g, (o Hic) =
o(x) (= z(y)), can be uniquely extended to an isometric homomorphism of
Qyp-algebras, denoted also by ¢: K — Ce,(G/Hg,Cy), ¢(z) = ., where
gOz(O'HK) = Z(U).

Proof. Since ||z||, = supyeq [2(0)lp, the isometric property is clear (for
[ € Cq,(G/HEk,Cyp), ||fl| = supyeq|f(cHk)|p, the usual sup-norm in a
Banach algebra of continuous functions defined on a compact space). The
continuity of ¢ comes from the continuity of the mapping o — z(,) (see also
[PPV]). It remains to prove the surjectivity of . Let f € Cq,(G/Hk,C,)
and let M be the Gp-equivariant compact subset f(G/H). Let “~” be the
following equivalence relation on G/Hp:

MlHK ~ /LQHK if MQHK = a,ulHK for some o in Gp.
Choose a representative u;Hp in each equivalence class of this relation.
Denote this set of representatives by {uHg }ier. It is clear that the {4}y
give rise to a set of inequivalent independent absolute values on K: |z|,, =
|t (2)]p, t € T. Let now

o)
Q=K CKyCc---CK, [|JK,=K,
n=1

be a tower of (finite) algebraic number fields which cover the whole K.
Let 61 > €9 > --- > 0 be a sequence of real numbers convergent to
zero and let ny be the least number of balls Blzy;,ex], j = 1,...,n, which
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cover N, a reduction of M (see definition before Definition 2.1). We suppose
that ny = 1 and n; < ny < ---. Consider now the next ny > 1 balls of
radius eg which cover N, and take an element f(ug;Hg), j =1,...,n9, of
N in every such ball, where ps; is one of the above chosen {f}er. Since
| -] 2y J = 1,...,ng2, are independent absolute values on K, they are also
independent on at least one field Ky, from the above tower. Choose the
smallest K, .

Now assume that we have already constructed Kj, C --- C Kj, such
that for any ¢ = 2,...,n and any set of elements {f(u;;Hk)}, 7 =1,...,n4,
in N and, at the same time, in a ball B[z}, &;], the corresponding absolute
values {| - |.;;}, 7 = 1,...,n;, are independent on the subfield Ky,. If the
set N is finite, the above construction must stop at a subfield K}, _, for an
m € N. If N is infinite, we consider the set { B[z,+1j,en|}; of balls which
cover N, some elements f (41, jHg) from N, each in one of these balls, and
take a subfield Kj, with sufficiently large h € N such that K}, C K} and
the absolute values {| - |pn+1,5}; are independent on Kj,. Then we restrict
the absolute values {| - |4, ., }; to K,. Let k,11 be the least h with this
property. Now we apply the Approximation Theorem on any Kj, and find
an element w, € Ky, such that

ptng(wn) — f(pngHre)lp < €n

forany j = 1,...,n;, and n = 2,3,.... Since f is Gp-equivariant we can
extend these inequalities to the whole M = f(G/Hk) and to the whole
G/Hg.

Now it is easy to see that {wy,}, is a Cauchy sequence in K relative to
the p-adic spectral norm. Let w = lim,_ ., w, be its limit in K. From the
last inequality and from the way we have chosen the set {p}+ one finds that
w(;y = f(THk), i.e. f = py and the proof is finished. m

3. Topological generic elements in the p-adic case

THEOREM 3.1. Any algebraic number field L (finite or infinite) has a
topological generic element x € @p, relative to the p-adic spectral norm, i.e.
L= @] Moreover, this x is such that @, : G/H, — C, is a topological

embedding, where Hy, is the subgroup of G which corresponds to L (in the
Galois correspondence).

Proof. From Theorem 2.4 we can work in Cg,(G/HL,Cp) = L, where
Hp = FixL = {0 € G| 0(2) = z for any z € L}. In order to find an

element € L with L = Q[z] it is enough to find f € Ca,(G/HL,Cp)
which separates the elements of G/Hp, i.e. cHy, # pHy, implies f(cHy) #
f(pHr). Indeed, using the p-adic version of the Stone-Weierstrass theorem

(see [Sch, Appendix]) for the Q,-subalgebra Q[f] of Cq,(G/Hr,C,p) we will
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then obtain Q[f] = Cg,(G/HL,Cp). Then the generic topological element

of L will be the z € L with ¢, = f.

Let us construct such an embedding f : G/Hy, — C,. Since f must be
a Gp-equivariant continuous function on G/Hyp, first of all we take a subset
N of representatives {7;};c; in G/H such that for any i # j, i,j € I,
there is no o € G, with o7; = 7;. We construct N exactly as in the case
of a Gp-equivariant compact subset M of C,. Namely, first of all let us
organize G/Hp as a profinite Cantor compact set, considering a tower of
finite algebraic number fields:

Q=LiCclLycC---CL
where L = [J;2; L; and taking the corresponding tower of subgroups:
HLC"'CHQCHlZG
where (2, H; = Hy, and H,, = H;, = FixL,. Now G/H = lim G/ H,
and we construct the compact subset N of G/HJ, as follows. Consider the
partition G = po1 Ha U+ - - U pgp, Ho. If p1ooHy = o pio1 Ha for some o € Gy, we
remove oo Ho from this partition. We proceed in this way in order to obtain
a “reduced” subset of {u2;Ha}i, @ = 1,...,ng, with respect to G,. Denote
by
8; = {:U’SIH% H;i2H27 s nu;ikQ H2}

this “reduced” subset. Consider now the partition Hy = 731 H3U- - -UT3y,, H3.
Take p35,Ho € S and find a corresponding partition:
pa Hy = poym31H3 U po T3 H U -+ - U gy Tgm,; Hs.

We now consider the “reduction” of the set {u3,73;Hs}; relative to Gp.
We do the same with all p3; Hs of 55 and finally obtain 83 = {3 Hs, ...,
ungHg}. We continue in this way and obtain Sy, Sz, .... Since any set in
Sy.1 is a subset of a set in S;; we can organize {S;}, into a projective
system of finite sets. Let N be its projective limit. It is clear that N is a
compact subset of G/Hy, and {J, ¢, o(IN) = G/Hp. The compact subset N
has a “configuration”

k1:1<k2<k3<"‘

where k; = [S7| for any j = 1,2,.... Let e1 > g2 > --- > 0 be a se-
quence of positive real numbers which tends to zero. Let Z be the following
compact subset of C, with the configuration ({ey}n,{kn}n). Take a col-
lection Uy, = {Bni,...,Bnk,} of disjoint balls such that any ball B ;
of Uy41 is contained in one ball B, ; of U,. Moreover we assume that
for any n = 1,2,... and i # j, i,j € {1,...,k,} there is no 0 € G,
o # e, such that B,; = o(By;). We also suppose that any two distinct
towers of balls B1; D BQZ‘2 D Bgi3 D -+ and By1 D ng2 D B3j3 D e
have distinct intersection points. We consider the mapping f, : S — Uy,
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fn(piy;Hn) = 2nj, where 2,; is a fixed point of Bpj, j =1,.... k. lf 0 € G
we put fn(o'N:;an) = J(an)'

In this way we have obtained a continuous function from G/H, to C,
which separates the elements of G/H,,. The projective limit of {f,}, gives
rise to a continuous function f € Cq,(G/Hr,C,), with Im f = Z, which
separates the elements of G/Hy, and the proof of the theorem is finished. m

In the course of the above proof we obtained in fact another important
result.

COROLLARY 3.2. The element x € @p s a generic element for L if and
only if g5 : G — C, induces a continuous embedding @,: G/Hp, — C,, i.e.
pto € Hy if and only if T(q) = T(y)-

REMARK 3.1. An alternative proof for Theorem 3.1 can be given exactly
as in the archimedian case (see [PPZ1]).

THEOREM 3.3. Let L be a subfield of Q. fl\s/sume that there ezists a
topological generic element x for L, i.e. L = Q[z]. Then the pseudo-orbit
C(z) of x is a Cantor compact subset of C,.

Proof. We prove that the continuous surjection o(z) — z(,) from O(x)

to
to C(x) is a bijection, i.e. C(x) = G/Hg, where Hy = {p € G | u(x) = z}.
Let 0,1 € G be such that x(,) = x(,), let 2 € L and let € > 0 be a small

real number. Then z limy, oo Pp(x), where P,(z) € Q[z]. Let {zy,}m be

a Cauchy sequence in L which defines z. Then, for fixed n,
n}i_r)noopn(a(xm)) = Pu(2(0)) = Pulw(y) = n%gnoopn(ﬂ(xm))
Choose n such that ||z — P,(z)||, < /6. Then
lo(2) = Pa(o(2))llp < /6, [|u(2) — Pa(ua(z))llp < /6.
For this n we choose m such that
1Pn(0(z)) = Palo(zm))llp <e/6, | Pa(p(x)) — Pu(p(zm))llp < /6.
It follows that
lo(2) = Pulo(zm)llp < /3, [ln(z) = Pa(p(@m))llp < e/3.
Possibly increasing m we have
[1Pn(o(2m)) = Pa(p(@m))llp <e/3.
Finally, we see that |o(z) — pu(2)|, < € for any € > 0. This means that
o(z) = p(z) for any z € L. Hence o(x) = p(x), i.e. the mapping o(z) — (4
is an injection and the proof is finished. =

THEOREM 3.4. Letx in @p be such that C(z) is a Cantor compact subset
of Cp. Let H, = {0 € G| o(z) =} and L = {y € Q| u(y) = y for every
w€ Hy}. Then L= Ql[z], i-e. x is a topological generic element for L.
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Proof. Since L £ Cq,(G/H;,Cp) and = € L (Ker ¢, = H,, where ¢, :
G — Cp, pz(0) = 7(r)). Since C(x) is a Cantor compact subset, ¢, separates
the elements of G/H,. Hence we can apply the p-adic version of the Stone—
Weierstrass theorem (see [Sch]) for the subalgebra Q[z] of Cq,(G/H,C,)

to conclude that L = @[;] .

REMARK 3.2. If we start with a Cantor compact subset M of C,, it
is not difficult to find the least G)p-equivariant Cantor compact subset M’
which contains M, namely,

M = ] o(M).
oeGy
This is a consequence of a general observation. If G is a compact group
which acts continuously on a metric space M, that is, (g,m) — g-m is a
continuous mapping, and if N is a compact subset of M, then {g-n | g € G,
n € N} is a compact subset of M.

Another remark is that an element x can be a topological generic element
only for one algebraic number field. Indeed, if L= Q[x] = L’ then, according
to[PPV], L=LNQ=L'NQ=L"

If one puts together Theorems 3.1, 3.3, 3.4 and the method used in the
proof of Theorem 3.1, one obtains the following basic result.

THEOREM 3.5. Let x € @p, let H, be its invariant subgroup in G and
L =1Inv H,. Then the following assertions are equivalent:

(i) C(x) is a Cantor compact subset of @}3'
(ii) = is a topological generic element for L.

(iii) x L limy, oo Tn, where T, € Q, Q(z,) C Q(znt1), any valuation
on Q(z,) which extends v, splits completely in Q(x, 1) for every
n=12,...,and L =2, Q(zy).

4. Unusual Galois actions on compact subsets of C,. In this sec-
tion we use freely the notations and results of the previous sections.

Let M C C, be a p-strong compact subset of C,, and let = € @p be such
that C(x) = M (Theorem 2.2). Since the continuous mapping o (x) — (4
from O(x) to C(z) is a homeomorphism (Remark 2.1), the map

(0,2(r)) = 0 % T(r) 1= T(4r)
is a continuous group action of the absolute Galois group G = Gal(Q/Q)
on the compact subset M. We call such actions Galois actions on compact

subsets of C,,. It is easy to see that if the above defined function is a group
action of G on M = C(x), then M must be a Cantor compact subset. If M
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is not Gp-equivariant or if M is not a Cantor compact subset, we cannot
define such a Galois action on it.

The usual compact subsets of C, are the rings of integers of finite exten-
sions of @, in @p. The ring Z,, of p-adic integers is a p-strong compact subset
of C,. Let us describe such a Galois action on Z,. Z itself is dense in Z,
(relative to the p-adic valuation). Consider a fixed tower of subfields of Q:

Ky=QC K, CKyC---CK, where K:UKnC@,

such that [K,41 : K,,] = p and the p-adic valuation splits completely in K,
(see the theorem of Hasse [R]). Let H, = {u € G | u(y) = y for every y €
K, } be the corresponding closed subgroup of G. As in the proof of Theorem
2.2 we shall connect the natural profinite structure of Z, to the profinite
structure of G.

We denote by S; = {Bio, Bi1,...,B1p-1} the set of “closed” balls in
Zy of radius 1/p, with centres at 0,1,2,...,p — 1, respectively. For instance
Bi; = Bli,1/p] ={z € Zy, | |z—i|p < 1/p}. It is clear that Z, = f;ol By and
this is a disjoint union. The ball By; is the disjoint union of the following p
balls of radius 1/p% By; = /=y BY., where BY) = Bli+jp,1/p%),0 < j < p.
We put together all these balls of radius 1/p? for any i = 0,1,...,p—1 and
obtain Sy = {Bao, Ba1, ..., By p2_1}; the first p balls are contained in Big,
the next p in Bii, etc. In this way we can construct S,, from S,,_1 for every
n=2,3,... and it is clear that Z, = liLnSn.

Let |- |i0,---, | |1,p—1 be the p-adic absolute values on K7, which extend
the usual p-adic absolute value | - |, on Q.

Let 010,011, ..,01—1 be a fixed set of representatives of the left cosets
in G/H; and we assume (after a suitable permutation of the above p absolute
values) that |yi|1; = |o1j(y1)]v for any y1 € Ky and j = 0,1,...,p — 1.
Exactly as in the case of So, we consider a set of representatives o99, 021, . . .,
09 p2_1 of cosets in G/ Ha, the first p of which extend o1, the next p extend
011, etc. At the same time we consider the p? absolute values: ]y2|2j =
|o2;(y2)|v for any yo € Ky and j =0,1,...,p* — 1.

We continue in this way for every K3, Ky,.... We obtain three “isomor-
phic” projective systems: of balls, {S,, },, of automorphisms of G, and of ab-
solute values. Using the Approximation Theorem on K, we can find z,, € K,,
such that |oy;(zyn) — jlo < 1/p™ for every j = 0,1,...,p" — 1. This means
that x,, has exactly p" = [K,, : Q] conjugates (in particular Q(z,) = K,,)
and each of them belongs to a ball from S,,. Since any automorphism o of
G, when restricted to K, is one of the 0,5, 7 = 0,1,...,p" —1, the sequence
{2}, is a Cauchy sequence relative to the p-adic spectral norm on Q. Let

x ”ip lim, o0 Tn, T € K. In fact we have a representation of the Cantor
compact subset Z,, as the pseudo-orbit of this z: Z, = C(x).
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Now, the Galois action o * x(,) = (4, of G on C(z) = Z, is easy to
describe. Take a p-adic integer

a=a+ap+---, a€{0,1,...,p—1}foralli=0,1,....
This « corresponds to a tower of balls By;, D Bg;, D ---, namely By;, =
Blag, 1/p], Bai, = Blag+a1p,1/p%, ..., Bni, = Blag+aip+-+-+an_1p" !,
1/p"],.... Moreover By;, € S, for n = 1,2,... and {a} = (), Bni,. We

associate to this a the unique Q-embedding ji(, of K = (J,, K, into Q, such
that the restriction of H(a) tO K, is exactly oy, , (where jn.o = ag +a1p +
-+ +a,_1p" 1) constructed above. It is easy to see that this assignment o +—
(o) 18 a one-to-one and onto correspondence between Z;, and the topological
space G/H (with its Krull topology), where H = Fix K. Moreover, this
last mapping is a homeomorphism between Z, and G/H. The above Galois
action on Z,, is exactly oxa = 3 € Zjp, where 3 corresponds to the embedding
Oli(q) of K into Q. This 3 =by+bip+--- is the p-adic limit of the integers
kn = by + bip+ -+ + by_1p" !, where k, is the index which appears in
Onk,, the restriction of ou,) to Ky, which in addition has the following
property: |opg, (Tn) — knlo < 1/p" (see the above construction of {op;}n.j,
j =0,1,...,p" 1. This Galois action can also be described by using the
above homeomorphism between Z, and G/H. Let 6 : Z, — G/H be this
homeomorphism. Then

ok = 9_1(@).
This Galois action depends on the p-tower of fields
KlCKQC"'CK:UKn

and on z ' limy, 00 2.

REMARK 4.1. The completion K of the above infinite algebraic number
field K = Inv H,, with Z, = C(x), is Qp-homeomorphic to Cg,(Zy,C,)
(Theorem 3.1). But this last Q,-Banach algebra is in fact C(Zy,Q)), the
Qp-Banach algebra of all continuous functions from Z, to Q,. The p-adic
algebra and analysis of C(Z,, Q) can be sometimes more deeply understood
if one uses the identification C(Z,,Q,) = K. For instance, instead of the
well known orthogonal basis of Mahler for C'(Z,,Q,) (see [M]), we can use
the image of the orthogonal basis { M, (x)}, n =0,1,..., constructed in [A].
This last basis has deep arithmetical roots (see also [APZ1], [APZ2], [P2])
and it will be studied in another paper.
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