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On the k-free divisor problem
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JUN FuruyAa (Nago) and WENGUANG ZHAI (Jinan)

1. Introduction. Let d(n) denote the divisor function. Dirichlet proved
that the error term

Az) = Z din)—zlogz — (2v— 1Dz, x>2,

n<x

satisfies A(z) = O(x/2). The exponent 1/2 was improved by many authors.
The latest result is due to Huxley [5], who proved that

A(:L’) _ (ac131/416(10g $)26957/8320)'
It is conjectured that
(1.1) A(z) = O(z/4+e),

which is supported by the classical mean-square result

T
3/2))!
1.2 A2y do = SO a2 oprogi T
proved by Tong [15].
Let & > 2 denote a fixed integer. An integer n is called k-free if p* does
not divide n for any prime p. Let d*)(n) denote the number of k-free divisors
of the positive integer n and define

D®) () =Y " d®(n).

Then the expected asymptotic formula for D®) (z) is
DW(z) = CMzlogz + Oz + AW (),
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where C’{k), Cék) are two constants, A%*)(z) is the error term. In 1874 Mer-
tens [10] proved that A®)(z) < x'/21logz. In 1932 Hélder [4] proved that

z1/2 if k=2,
AR () < 213 if k=3,
233/100 §f | > 4,

For k = 2,3, it is very difficult to improve the exponent 1/k in the bound
AP () < xM/* unless we have substantial progress in the study of the zero-
free region of ((s). Therefore it is reasonable to get better improvements by
assuming the truth of the Riemann Hypothesis (RH). Such results were
given in [1, 2, 9, 12, 13, 14]. For k¥ = 2, R. C. Baker proved in [2] that
AP (z) <« ¥+ (under RH). The exponent 4/11 can be improved to
221/608 by a very slight adaption of the argument in J. Wu [17]. For k = 3,
in [9] Kumchev proved A®)(z) < 227/85+¢ under RH. For k > 4, it is easy
to show that if A(z) < z® is true, then the estimate A®)(z) < 2z%logx
follows.

We believe that the estimate

(1.3) AP (z) = O(z/4F9)

would be true for any k > 2, which is an analogue of (1.1). For k > 4 it is
easily seen that if the conjecture (1.1) is true, then so is (1.3). For k = 2,3,
we cannot deduce the conjecture (1.3) from (1.1) directly; in this case we
do not know the truth of (1.3) even if both (1.1) and RH are true. However,
for any k > 2, the conjecture (1.3) cannot be proved by present methods.

In this paper we shall study the mean square of A(k)(m) for k > 4, from
which the truth of the conjecture (1.3) (k > 4) is supported partly. Our
result is an analogue of (1.2).

THEOREM 1. We have the asymptotic formula

T 3/2,—co(T _
S’A(k)(x)IQd:c: ﬁT3/2+{O(T 2e=M) " for k =4,
1 672 O(T%+) for k >5,

where

Bri=Y gim)m™?,  gi(m):= Y u(d)d(n)d"?,
m=1

m=ndk
§(u) := (logu)*/°(loglog u) =1/,
05 :=29/20, 6 :=3/2—1/2k+1/k* (k> 6),
and where ¢ > 0 is an absolute constant.
COROLLARY 1. Ifk > 4, then
AF) () = Q(z1/Y).
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By the same method we can study the mean square of A(1, 1, k; x), which
is defined by

A(1,1,k; x)
= d(1,1,k;n) — 2{¢(k)logz + k(' (k) + (2y — 1)¢(R)} — 1/ k)2 /¥,

where d(1,1,k;n) = >, . a1 and 7 is the Euler constant. This is a
special three-dimensional divisor problem. From the formula (5.3) of Ivié [7]
we have

T
(1.4) | A2(1,1, ks 2) do < T2
1

From Krétzel [8] we know that
(1.5) AL, ks x) = 224
if k> 5.
Now we prove the following theorem, which improves (1.4).

THEOREM 2. Suppose k > 3 is a fixed integer. Then

O(T53/3610g® T) if k=3,
T

29/20 1503 o
| A%(1, 1,k 2) do = C_1€2T3/2 n O(T2/016g°3 ) if k=4,
1 6 O(T™/%216g190 ) if k=5,
O(T3/2- 124Ky if > 6,
where

Cr = Z FEm)m™2,  fi(m) = Z d(n)d*/?.
m=1

m=ndk
COROLLARY 2. Formula (1.5) holds for k = 3,4.

NoOTATIONS. For a real number u, [u] denotes the integer part of u, {u}
denotes the fractional part of u, ¥ (u) = {u} —1/2, ||u|| denotes the distance
from u to the integer nearest to u. We write p(d) for the Mébius function.
Let (m,n) denote the greatest common divisor of natural numbers m and n.
Furthermore, n ~ N means N < n < 2N, and € always denotes a sufficiently
small positive constant which may be different at different places. Finally,
SC(>_) denotes the summation condition of the sum ).

Acknowledgements. The authors thank the referee deeply for valu-
able suggestions.
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2. The expression for A(k) (). In order to prove Theorem 1, we shall
give a simple expression of A%¥)(z) in this section.

LEMMA 2.1. There exists an absolute constant c¢1 > 0 such that the

estimate
= Z p(n) < ue=e1d(w

n<u

holds for u > 2.
This is Theorem 12.7 of Ivié¢ [6]. Now we prove the following

LEMMA 2.2. Suppose 10 <y < zV/*. Then

Z w(d) Az /d¥) + O(zy' ~Fe19W) log ).
d<y

Proof. We have

DP@ = S 1= 3 wd= 3 ud)dmn)

m]g%z dFmn<ax dkn<z
= > w(d)D(x/d*)+ Y dn)M((x/n)"/*) = D(x/y")M(y)
d<y n<z/yk

=22, 2y

say. From Lemma 2.1 and the estimate D(u) < ulogu we directly get

23 < zy' FemW) Jog 2.
Similarly we get
ZQ < ay'"Fem W) Jog 1

if we note that e—c19((z/n)/%) < e %) for all n < z/y*. By Lemma 2.1 and
simple calculations we have

Y. =D ud { 10g +(27-1) } > u(d) ( )

d<y d<y
= (main term) + Z p(d)A (%) + O(zy' Fe°W log ).
d<y

Hence Lemma 2.2 follows. =

3. Proof of Theorem 1 (beginning). Suppose T > 10 is large. It
suffices to evaluate the integral X |A®) (2)|? da.
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Let T° < y < TY*¢, T° <« z < T'° be two parameters to be
determined later. Let
ul/4

ﬂf Z W cos(4my/nu — mw/4),
Then by Lemma 2.2 we can write

(3.1) AP () =

k k k
= R () + R (2) + R (),
where

(k . nr
R : ﬂ\/’zdk/4zn3/4cos<4m/ﬁ >,

4
Rék Zu )Ag(z/d"; 2)
d<y

1u.

Ag(u; z) := A(u) — Aq(u).

Rék) (z) := O(a:ylfkefcl‘s(y) log x).

LEMMA 3.1. Suppose A > 0 is any fived constant, T¢ <V < TA. Then
2V

S Ad(u;2)du < V322721083 V + Vg’ V.
v

Proof. Suppose min(z, V1) < N <« VB is a large parameter, where
B > 0 is a constant suitably large By Lemma 3 of Meurman [11] we have
Ag(u; 2) Z 3 4 cos(dmy/nu — w/4) + Az (u; N),
7T\/_ 2<n<N /
where Ag(u; N) < u=V4if ||ul| > u?2N~1/2 and As(u; N) < u® otherwise
Thus
2V

S A3(u; 2) du < Sl +S2 ,

v
where
2V d(n) 2V
81: S ul/* Z ﬁcos(élm/ u—7r/4) SQ— S A2(u; N) du
1% 2<n<N v
For {, we have
T Aw) o |
1/4
Sl<<§/u/ Z W@@ nu)

z<n<N

<V S d§/2)+V 3 d(n)d(m)

z<m<n<N (mn)3/4(\/_ o \/m)

z<n<N
V3/210g% V
i+ VgV,
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where we used the well known estimates

Z d*(n) < ulog® u,

) d(n)d(m)
Z<W§L§N (mn)3/4(y/n — /m)

For 82 we have

(3.2)
< log® N < log’ V.

S < V(v5/2+8N—1/2 + V_1/4) < V7/2+8N—1/2 4 V3/4 < V.
2
Now Lemma 3.1 follows from the above estimates. m

By Cauchy’s inequality and Lemma 3.1 we get

2T 2T 9
33) | 1R (@) dw = | (Z w(d)d= Y22 Ay (z)d*; )| da

T T d<y
2T
< | (Zd_l>(2dm2(x/dk;z)\2> dz
T d<y d<y
2T 2T /dk
<) d | |As(a/d";2)P delogy < Y d" | | Ag(us2)|? dulogy
d<y T d<y T/dk

< Z AL (T /dRY3 2272 10g® T + Td % log® T) log y

d<y
<« T3/2,1/2 Z di=k/2 log* T + Ty?log® T
d<y
< {T3/22_1/2y1/2 log* T+ Ty?logb T if k = 3,
T3/2:71210g° T + Ty log® T if k> 4.

If k = 4, we take y = TV/%e=20(D) where ¢y = 01/48/5. It is easy to

see that R:(,,k) (z) < TY*e=39(T) holds for all T < x < 2T, where 0 < c3 <
¢1/48/% is an absolute constant. Hence

2T
(3.4) | IR (@2 da < T3/ 2e00(T),
T
If £ > 5, then
2T
(3.5) [ IR ()2 do < T3y> 2%,

T
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Now we consider the mean square of R(lk) (z). By the elementary formula

cosucosv = &(cos (u — v) + cos (u + v))
we may write

z1/? u(d d d

(k) 2 (nl) (n2)
3.6 Ry — E E —_—
(3.6) | 27 d1d2 k/4 (n1ng)3/4

d1 da<y ni,ne<z

% 4 nix m 4 712.%' m
COS 7 COS 7I8 —
dk 4 dk 4

= Si(z) + S2(x) + S3(x),

where "
r p(di)p(dz) d(ni)d(n2)
Si(x) = — 7
1( ) A2 " d2<;1 ny<s (d1d2)k/4 (n1n2)3/4
nlEIQC:TLQdIf_
z!/? p(dy)pa(da) d(n1)d(no)
So(z) = —=
2(z) 472 0 d2<§1n2<z (dldz)k/4 (n1n2)3/4
nlgk;éngdk_
><cos<47rf< /%— /dk‘>>
xlf? ji(dz) d(m)d(nz)
Ss(z) = —
3( ) 4772 " d2<;1 s (d1d2)k/4 (n1n2)3/4
><s1n<47r\/_< /dk /Z}i))
We have
2T oT
Bk(ya 1/2
37 | Si@)de= =52 § o e,
T T
where By(y, z) = 3 p(di)p(dz) d(ni)d(ng)

d1,do<y:nima<z (d1d2)k’/4 (n1n2)3/4 .

ni d’g :nzd’f

By the first derivative test we get

2T

(3.8) | So(w)dr < TE(y, 2),
T

where

Ek(y7 Z)

_ Z d(nl)d(TLQ) 1

1/2
(dida)"/ (n1nz)?/t m<T INEwT
d1,d2<y;n1,n2<z 192 172 | 77,1/ 1~
nldé‘;éngdlf

\/n2/d'§’)'



274 J. Furuya and W. G. Zhai

By the first derivative test again we get
2T

3.9 | Ss3(x)da
T d(n1)d(n2) 1
< D T g Va /¥ + v/na 5|
(
)

d1,d2<y;n1,n2<z
d d 1
> A
(did2)* 4 (n1n2)3/* (\/ny Jd¥\/ny | dE)1/2

dy1,d2<y;n1,m2<z
Z d(n1)d(nz) 2

<
d1,d2<y;n1,n2<z

where the inequality ab>2+v/ab and the estimate D(u) < ulogu were used.
Now the problem is reduced to evaluating By(y, z) and estimating Ey(y, 2).
4. Evaluation of By (y, z). We have

d1)p(ds2)d(ny)d(ng)(dyds)*/?
Bu(y,2) = Z pldy) (2215’2“;2;{);/)4( 1d2)

dy,d2<y;ni,n2<z
n1d§:n2dlf

= > gi(miy,z)m ™2,

m<zyk
where
ge(msy,z) = Y p(d)d(n)d">.
iy
Let
ge(m) = Y pd)dn)d* 2, go(m) = fu(m)= > d(n)d">.
m=nd¥ m=nd¥

Let zp := min(y, z). Obviously,
gr(m;y, 2) = gr(m), m < 2,
lge(msy, 2)| < go(m),  |ge(m)| < go(m), m = 1.

Thus
(41)  Bi(y,2)= Y gimm™ 2+ " gi(miy, z)m ™
m<2o zo<m<zyk
= > gm0 > Igm)im ).
m<zo zo<m<zyk

For any 1 < U <V < 0o, we shall estimate the sum

WU, V)= Y |gg(m)|m =32,
U<m<V
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Obviously go(m) is a multiplicative function. So for m > 1, we have

m) = T 90"
p|lm
If 1 <a<k-—1,then go(p®) = a+ 1, which implies that if n is k-free then

go(n) = d(n).

Now suppose ek < o < (e + 1)k for some integer e > 1. It can be easily
seen that if we write p® in the form p® = nd*, then n = p* % d = p7,
7=0,1,...,e. Then we have

e

go(p®) = Z(a — jk 4 1)pF/2 = pek/? Z(O‘ — jk + 1)p(e=)k/2
j=0 =0

(Oé+1 ek/2zp e—Nk/2 _ (Oé-f—]_ ek/QZp—]k/2
Jj=0 7=0

< (o + 1)ph/? Z 279k/2 < 9(a 4 1)p*/?,
j=0
which implies that if [ is k-full, then
D) < [ 20+ 1)p*/% = 22Oaqyt/’? < a*@)it/2.
p |l
Let 0(z)(n), 6%*)(n) denote the characteristic function of k-free and k-full

numbers, respectively. Each integer m can be uniquely written as m = nl,
(n,1) =1, 6y (n) = 1, §*) (1) = 1. Thus

WeU.V) =3 g6mas Do msPmnn =2 <y +>
U(<n)l§V
n,l)=1

where

D= D B )N W) ()2,

I<U/3,U<nl<V
25 = > 98 (n) g8 (1)) ()™ (1) () ~5/2.
I>U/3,U<nl<V
LEMMA 4.1. We have the estimate

(4.2) Z d*(n ) < ul/* log(kH)L1 w, u>2.

n<u

Proof. For Rs > 1/k, it is easy to show that

Zd“ )0®) (n)n=* = ¢V (k)G (s),
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where Gi(s) is absolutely convergent for Rs > 1/(1 + k). Hence (4.2) fol-
lows. =

By (3.2), partial summation and Lemma 4.1 we have

Z < Zg ni~ 3/2 Z g%(n)n_?’/2

I<U/3 U/l<n<V/l
< D @MU /)T 10’ U< U2 1og? U D d*(1)oW(1)
I<U/3 I<U/3

< U~1/2+1/k log(k+1)4+2 U,

Z5<< > @B MY gy < Y dt e @yt

1>U/3 n 1>U/3
< U V2H+1/k 1Og(k+1)4+2 U

Thus
(4.3) Wi (U, V) < U~ Y2+ /k gkt D) 42 17

From (4.1) and (4.3) we immediately get

(4.4) Bi(y, z) = Z G (m)ym™3/2 + 0(z L2k o (R D)2y

5. Estimation of Fj(y,z). By a splitting argument, we have

(5.1) Ey(y, 2) < Ep(Dy, Dy, N1, No)2flog?y

for some (D1, D2, N1, Na) with 1 < D; <y, 1 < N; < z, j = 1,2, where
Ey (D1, Do, N1, N2)

= Z ! min(Tl/2 ! )
(didz)/*(nyng)3/4 W Jdb = ng db))
SC(Z) . dy ~ D1, d ~ Da, n1 ~ Ny, 1z ~ Na, nydk # nod®.
We write
Ey(D1, D2, N1, N2)

1 . < 1/2 1 >
_ min|( 77/<,
Z:6 (d1da)k/4(nyng)3/4 [Vn1/dE = Vno/db|

1

m/d’;r)’

1
+ min ( TY 2
Z7(dl612)]“/4(7”61”2)3/4 ( Vi /df
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where

SC(ZG) :dl NDI) d2 ND2) ni NN17 n2 NN27

Vo fd — Vg fdb| > (Vg [d§V ng )2/ 10,

SC(Z7> : d1 ~ Dl, d2 ~ DQ, ny ~ Nl, no ~ NQ,

IV /db — Vg /dE| < (Vg /d5V g /dE) Y210,

Trivially we have

1 ni [no —1/2
o Y« (= 2)
26 djND]-Z,q;jNN]. (did2)*/4(n1ng)?/4 dy'\ dj

j=1,2
< DDy < 32

Suppose § > 0, and let A(Dy, Dy, N1, No;0) denote the number of solu-
tions of inequality

(5.3)  |Vni/d"—Vno/d§| <6, di~Di, do~Dsy, ni~Ni, ng~ No.
In order to estimate )., we need an upper bound of A(Dy, Dy, Ny, Na; 6).
LEMMA 5.1. We have
A(D1, Da, N1, No; ) < 8(D1 Do) ™4 (Ny Np)3/
+ (D1 Dy N1 No) /% log(2D1 Dy N1 No),
where the implied constant is absolute.

Proof. We shall use an idea of Fouvry and Iwaniec [3]. Suppose u and v
are two positive integers and let A, (D1, D2, N1, Na;0) denote the number
of solutions of inequality (5.3) with (n1,n2) = u, (di, d2) = v. Set n; = mju,
d; =1ljv (j =1,2); then (mqy,ma,l1,l2) satisfies

(5.4) IVmy fma — V15| < 2626 DF2 N2,
(5.5) Vma/my — Vi ik < 2¥/25 DA N2,

It is easy to show that y/mj/may is u2N2_3/2N1_1/2—spaced, so from (5.4)
we get

-Au,v(Dl’ D2a Nl’ N2; 6) <

DiD, (1 . sD¥2N, N}/ 2>

v2 u2

DDy 6Dy DyD¥*N,N/?
< 1 2+ 147247 24V )

v?2 u2v?
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Similarly, since y/ma/m; is u2N1_3/2N2_1/2—Spaced, from (5.5) we get

DiD, 5Dy D, DY Ny N,/
- .

Auw(D1, D2, Ny, Noj §) <

v u2v?

The above two estimates imply
(5.6) AU,v(Dl’DQaNl,N%(S)
DD 0D1D
< 12 2 . 21 22

min(D 2Ny N2, DE2 Ny NL/?)
v

DDy §(D1 Do) R4 (N No)3/4
< 122+(12) 22(12)
v u?v
if we note that min(a, b) < a'/2b/2.
It is easy to show that (I1/12)*/? is v2D5?(D;/D3)*?> '-spaced, and so
from (5.4) we get
N1 N,

Auw(D1, Do, Ni, Noi §) < =15 (14 D2 N, 22 D3(Dy /Do) H/2+1)

k/2 1/2
N1No D1 Dy D5’ N1 N.
<« V2 0D Daly Nily

2

u u?v?
Similarly from (5.5) we get

NNy 5Dy D, DY N, N,/

u? uZy?

Au,v(Dh D27 N17 N27 5) <

From the above two estimates we have

Ny N, N §(D1 Do) TR/A(N Ny )3/

Auwp (D1, D2, N1, Na; 6) < —

Y

U uv?

which combined with (5.6) gives
§(Dy Do) PRA(NINo )3/t <N1N2 D1D2>
+ min .

Aup(D1, D2, Ny, No; 6) < 22 2 2

Summing over u and v completes the proof of Lemma 5.1. u

Now we estimate ) .. Let {2 = V/ni/d¥ — \/ny/dk. By Lemma 5.1 the
contribution of T71/2 is (note that || < T~1/2)

T1/2 1
.—1/2
< DD Aue(Dr Do Nu, Nos T2
T1/21 T
< 08 D\ Ds.

(D1D2)k/4—1/2(N1N2)1/4 +

Divide the remaining range into O(logT') intervals of the form T2 <6<
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|£2] < 260. By Lemma 5.1 again we find that the contribution of 1/[£2| is
Auw (D1, D2, N1, Na; 20)
L logT -
8T sarnie (D1Dy) (NI NP 5
TY2log? T
(DlDz)k/4 1/2(N1N2)1/4
From the above two estimates we get

TY210g? T
5.7
( ) 27 < (D1D2)k/4—1/2(N1N2)1/4

+ DlDQ log T.

+ 1% log T.

Now we give another estimate of ) .. By noting that \/nl/d’f = \/712/(:[’2g
we get

I \/m/d’f + \/7’L2/d’2g (dida)” \/n1/dk + \/n2/dk

2] |y db —no/dE| [n1ds — nadf|
<< dldg \/ nl/dk V ng/dk 1/2 << d1d2 3k/4(n1n2)1/4
< (D1D2)3k/4(N1N2)1/4.

The range of {2 can be divided into O(logT") intervals of the form
(D1 D) 3N No) TV < 5 < [02] < 26

By Lemma 5.1 we have

1 1
(5.8) 27 < (D1 D2)k/4(Ny N)3/4 ZQ: ﬁ
logT Auv(D1, D2, N1, No; d)
< (D )k/4(N1N2)3/4 opx 0

if we note that 6 > (Dng)_3k/4(N1N2)_1/4.
From (5.7) and (5.8) we get
(5.9) Z:7<<y2 logT
. T1/2
+mm((D1D2)k/4—1/2(N1N2)1/4’

(D1D2)(k+1)/2> 10g2 T
< y2 logT

((DlDQ)(k+1)/2)(k72)/3k 10g2 T

T1/2 (2k+2)/3k
+ ((DlDz)k/4_1/2(N1N2)l/4>
< y*logT + Tk+1)/3k log? T
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Finally, from (5.1), (5.2) and (5.9) we have
(5.10) Ein(y,2) < y?2°logh T + TH+D/3k 2 1004 T,

6. Proof of Theorem 1 (completion). First consider the case k = 4.
Take z = !0%9(T) where ¢3 was the constant in (3.4). From (3.3) and (3.4)
we get

2T
S |R§4)(x) + R§4)($)|2 dr < T3/26—2035(T)‘
T

From (3.6)—(3.9), (4.4) and (5.10) we get

2T 2T

B -
[ RO @) dr = T4 | i+ 01925 M 10627 )
T T

+ O(Ty*=% log® T + TV7/12 22 1060 T)
B T
_ 4_42 S $1/2 d.’IJ+O(T3/2€_2036(T))-
™
T

The above two estimates and Cauchy’s inequality yield

2T
| R (@)(RY (2) + RSV (x)) dx < T%2e=e0(T),
T

From the above three estimates we obtain

2T
6.1) | 1AW (@)P da
T 2T 2T
= IR @) de+2 § R (@) (RS (@) + RS () da
T T
2T
+ § 1R (@) + RSV (2)[? da
T
B Y

=15 ) @+ O(T e,
T
which implies the case k = 4 of Theorem 1.
Now suppose k > 5. Take z = T'7¢. From (3.3) and (3.5) we get
2T
S |R§k)($) —|—Rék)(g:)|2 de < TYey? + T3y22k
T
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From (3.6)—(3.9), (4.4) and (5.10) we get

2T i B 2T
S !Rg )($)|2 de — ﬁ S 212 gy + O(T3/2+sy1/k—1/2)
T T

+ O(T1+€y2 + Tl+(k+1)/3k+5).

The above two estimates imply

2T
| B @) (RS (@) + RS (@) do < T4y 4 7O/ 1R,
T

From the above three estimates we deduce

2T B 2T

S 1A®) ()2 dz = _’; S 22 x4 O(TH D/ 3k+e)
a7

T T

n O(T5/4+5y LTk T3/2+ey1/k—1/2)_

Now on taking y = TV/% if k =5 and y = TY* < if k > 6, we get

2T B 2T
k 2 _ Pk 1/2 O+
(6.2) | 1AW (2)]? d = v | &2 da + O(T%F9),
T T
where ¢ was defined in Section 1. The case k > 5 of Theorem 1 now follows

from equation (6.2).

7. An expression for A(1,1,k;z). In order to prove Theorem 2, we
give an expression for A(1,1, k; x) We write

(7.1) D, 1,kx)= Y d(n

ndk<zx

= _Dla/d)+ 3 dmla/m)'™] - Dix/v )]
d<y n<z/yk

= Zg + 29 B Zlo’

1/k—e

say, where 2 < y < x is a parameter.

We write ) ¢ as

- 2 (s -0+ a())

d<y

_xlogxzdk—k‘ ZlOgd 27—1)x2%+ZA<%).

d<y d<y d<y d<y
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By the well known Euler—-Maclaurin formula we have

1 1 1—k
D r = Sk = 32 gp = 6h) = = = vy ™+ 0,
d<y d>y
logd log d
SRS - S
d<y d>y

y'Flogy  yF  y(y)logy

— (k) + — +O0(y " logy).

1—-k (k=12 vy
From the above three formulas we get
1-k
B _xy log _ —k
(7.2) Zg = ((k)xlogx —%1 Y(y)zy "logx

kry'Flogy | kay'™*  kay(y)logy

+ k¢ (k)x — T +(k_1)2+ m

1—k
+ (27 = 1)¢(k)a = (2y = 1) T — (27 = D)y ™+
+ Z A(%) + O(zy *tlog ).
d<y
We write
Z > dn) (/) = 1/2 = ((x/n) 7))
n<z/yk
_ .fl/k Z d —l/k Z d x/n 1//€)
n<z/yk n<x/yk

By partial summation we get (with M = xy*)

M M M
Z d(n)n—l/k _ S dD(u) _ S d(ulogu + (2y — 1)u) N S dA(u)

1/k 1/k 1/k
n<M 1- u / 1- u / 1- u /
Mlogu—i—l—i—Q’y—ld AM) 1Y A ;
= S L Utk TR § ESY
Ml—l/klogM Ml—l/k M1-1/k Ml—l/k
_ 2 _ 2y —1
CAR+ =77 a-rE TioE T VT

+ AM)MYVE L oM~Vk),

where we used the estimate
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[e.9]

Alw). 1k
S ul+1/k du < MY
M

which follows from the well known estimate Stl Au) du < t.
From the above two formulas we get

1-k —k 1-k 1-k
_ 2 1k, vy “logry™®  xy ry
(73) >, =/ kat 1-1/k = 1/k2 " 1-1/k
1—-k
N by L —k
+(2v 1)1_1/k+yA(xy )= 5 D(ay™)
— > dm)p((/n)F) + Oy).
n<z/yk

For ", we have
(74) =) =v@ay Flogay ™"+ (2y = D)y + v(y) Alzy )
+ %D(:Cy‘k) —ay' Flogzy ™" — (27 = Day'F — yA(zy ™).
From (7.1)-(7.4) we get
AL L) =Y Al/y®) = > dn)v((z/n)*) +0(y)

d<y n<x/yk
+O(zy " oga) + O(|A(zy))).
From A(u) < u'/? we obtain

|Azy™)| < 23y <y + ay L

Thus we deduce the following lemma.

LEMMA 7.1. Suppose 2° < y < x'/F=¢. Then
A(L, 1, k; @)
:ZA(a:/y Z d(n)((z/n)"*) + O(zy~*log z) + O(y).

d<y n<xz/yk

8. Proof of Theorem 2. It suffices to evaluate SQTT A2%(1,1, k; 2) dx for

large T. Suppose T¢ < y < TY/*7¢ is a parameter to be determined later
and z = T'~¢. For simplicity, we write £ = logT in this section. Similar
o (3.1), by Lemma 7.1 we may write

(8.1) A(l, 1,k; 3:) = RLk(IL’) + RZk(l’) — R37k($),
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In T
Ry p(z) = \/_deMZ Y7 cos<47r T Z)’

d<y
ng ZAQ x/dk
d<y
R p(x Z d(n)y((z/n)Y*) + O(zy *log z) + O(y).
n<z/y*

Similar to the mean square of ng) (x), we can prove that

2T C 2T
k
82 (IRx@)Pde= 5 |2/ da
T T

+ O(T3/2+5y1/k71/2) + O(T1+5y2+T1+(k+l)/3k+E).

From (3.3) we have

2T
(8.3) | [Rok(@))? do < Ty2LE.
T

Now we study the mean square of
Z d(n)v((z/n)"*).
n<z/yk

Let J = [log~ ! 2log(Ty*£~1)]. Then J < £ and we may write

J
(z) =D 8i(z)+0(L%), Sj(x) = > d(n)((x/n)'/").

j=0 2=~ ly—k<n<g2—iy—k
Let 1/T < n < 1/10 be a real number and let nT"= N. Let
M(zn):= Y dn)d((z/n)/").
nr<n<2nx

Then Sj(z) = M(z,2797y=%), j = 0,1,...,J. We shall study the integral
27
ST M?(z,n) dx.

According to Vaaler [16], we may write

TOEEDY a(h)e(ht)+0< 3 b(h)e(ht))

1<|h|<N h|<N
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with a(h) < 1/|h], b(h) < 1/N. Thus
M(z,m)= > ah) > dn)e(h(z/n)*)

1<|h|<N ne<n<2nz

+0( IO d(n)e(h(x/n)l/k))

|h|<N nr<n<2nz
<1+ Y h‘l/zh‘m‘ 3 d(n)e(h@/n)l/k)‘.
1<h<N nr<n<2nz
By Cauchy’s inequality we get

M (z,m) <1+ > %( > d(n)e(h(m/n)l/k)‘

1<h<N nr<n<2nzx

2

Integrating, squaring out and then applying the first derivative test we
get
2T 2T

| MP(@m)de < T+ ) £ | ‘ > d(n)e(h(m/n)l/’f)fdx
T 1<h<N h T nx<n<l2nz
2T

=T+ Z %S Z d?(n) da

1<h<N T nx<n<2nx

+ Z EQST Z d(m)d(n)e(hxl/k(m—l/k B n_l/k))dx
h

1<h<N T nx<nm<2nx

m#n
= O(TNLP)
L k¢ —1/k ~1/k
+ ) 7 S dmydn) | e(hatF(mTVE —n7VR)) da
1<h<N N<nm<4N I(m,n)
m#n

L T'1/kd(n)d(m)
< TNL’ + Z nd Z :
—1/k _ n—1/k
G T vy hmT R =R
m#n

Z Tl_l/kNH_l/kd(n)d(m)
hlm — n|

L
<TNL + > =
h
1<h<N N<n,m<4N
m#n

< TNL? + T RN E LD,

where I(m,n) is a subinterval of [T, 2T.
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From Cauchy’s inequality and the above estimate we get
2T 2T  J 5 J 2T
| (@) de < § | Si(@)| do+ 7L< £ [ 18)(@) 2o+ TL2
T T =0 j=0 T
< (T2y_k T T3y—2k—l)[’6’
which implies that

27
(8.4) | RS 4(2)do < (TP~ + T3y 21 L0 + Ty,
T
From (8.2)-(8.4) and Cauchy’s inequality we get
2T
85) | Rig(@)(Rok(x) + Ryp(x)) do
T

& TPy B 4 TT/4y=k/2 03 | /4y ~k=1/273
From (8.1)(8.5) we get

2T o, 2T

S A%(1,1,k;x) dx = E 2124y
42

T T

(T5/4y£3 + T7/4y—k/2£3 + T9/4y—k—1/2£3)
(T3/2y1/k—1/2ﬁ(k+1)4+2 + T1+(k+1)/3k+a).

Now on taking

T2/9 if k=3,
T1/5£2496/5 if k=4,
y= T5/26 £10(6*=1)/13 i . — 5,
T1/k=e if k> 6
we get .
(8.6) S A*(1,1,k; 2) da
T O(T53/36£3) if k=3,
B o 2T 1/2d O(T29/20£503) if k =4,
" a2 § T g prom) it k=5,

O(T3/2—1/2k+1/k2+5) if k> 6.

Theorem 2 follows from (8.6) immediately.
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