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1. Introduction
DEFINITION 1. Let A,B C Nj.

(a) A+B:{a+b|aeA,beB}.

(b) A(n) = #{a €A |1<a<n).

(c) If A+ A Np, then A is called a basis (of order two).

(d) We call da(A) = limsup,, ., A(n)//n the upper asymptotic density
of A. If da(A) < oo, then A is called thin.

(e) If lim,, o0 A(n)/y/n exists, then we call da(A) = lim, o A(n)//n
the asymptotic density of A. If do(A) < oo, then A is called uniformly
thin.

(f) We write ay, T oo for a sequence (an)nen, if ap < a1 < az < --- and
an — 00.

REMARK 1. Here we only consider bases of order two. So we will say
“basis” instead of “basis of order two”. The existence of uniformly thin
bases was proved by Cassels [2] in 1957. He found a uniformly thin basis C
with asymptotic density d(C) = 3v/3 = 5.19615. ... In 2001 Hofmeister [3]
showed the existence of a basis H with do(H) = (10/v/6){/5/3 = 4.63859. . ..
Here we produce a uniformly thin basis B with d2(B) = 2v/3 = 3.46410. ...
Cassels and Hofmeister used the following lemma, which we also apply.

LEMMA 1 (Cassels, k = 2). Let A = {agp < a1 < az < ---} C Ny and

w> 0. If
limsup —— Van < K

n—oo Anp+4+1 — Qn 2’
then there is a set B = {by < by < b < ---} C Ny and an ng € N such that
(a) ACB,
(b) d2(B) = 4,
() b= (1/u*)n% + 1y, 0< 1y, < (1/p?)(2n+ 1) Vn > ny.
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REMARK 2. Note that this is not exactly Cassels’ lemma of [2]. We have
translated (a) into the language of our asymptotic density. But our result
is equivalent to Cassels’ for k = 2. Further we do not mention case “=", as
we do not need it here. The small improvement in (c) follows from Cassels’
proof in [2].

DEFINITION 2. Let a,b,m € Ny, a < b, and m | (b — a).

(a) [a,(m),b]={a+km|0<k<(b—a)/m, ke Ny}

(b) [a,b] = [a,(1),b].

() [a,+00] = {n € Ny | n > a}.

(d) R is called a complete set of residues modulo m if any congruence

class modulo m has exactly one residue in R. Then #R = m.

LEMMA 2 (without proof). Let a,b,m € No, a <b, m > 1, m | (b— a),
and (bp)neny with m™ | by, and b, T co.

(a) If R is a complete set of residues modulo m, then for P = [a, (m),b],
r~ =minR, and r* = maxR we obtain [a +rT,b+7r"] C P +R.

(b) If Rp,n € N, are complete sets of residues modulo m™, then any Ry,
is a set of residues of pairwise distinct congruence classes modulo
m'™ for all n > k.

(c) Let Py, =1[0,(m"),b,], n € N. Then P,,N[0,b;] C Py, for all k <n.

REMARK 3. Lemma 2 is clear and will be often used.

2. PR-bases
THEOREM 1 (PR-bases). Let m € N\ {1}, by =0, (bp)nen with m™ | b,
and by, T co. Let P, = [0,(m™),b,] and Ry, be a complete set of residues

modulo m™ for any n € N. Define P to be the set of all those arithmetic
progressions and R to be the set of all the above residues:

P=|JP., R=[JRn
n=1 n=1

Suppose that there is an ng € N, ng > 2, such that for all n > nyg,
(a) rf =maxR,, < b1,
(b) Rn—l g an
(C) R, \ R,-1C [bn—27 bn—1 ]
Then
A=PURU[0,m™ ! —1]
s a basts. We call any basis constructed in this way a PR-basis.

Proof. Set v, = minR,, for all n > ng. Then [rF, b, +7,] C P, + R,
by Lemma 2(a), so [bn—1,b,] € Py, + Ry, and hence [by,—1,+00] C P +R.
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For any 1 < n < mg — 1 the set [0,m"™ — 1] is a complete set of residues
modulo m™. Then [0,b,] C P,, + [0,m™ — 1] for any 1 < n < ny— 1. So
[0,bno—1] € A+ A and A is a basis.

REMARK 4. We say “PR-bases” as this type of basis mainly consists
of a set P of arithmetic progressions and a set R of residues. Note that
(a) is sufficient to obtain a basis. But condition (b) reduces the number of
elements in A and the further requirement (c) ensures that we introduce the
residues when they are needed. Note that (b) is possible by Lemma 2(b).

3. Upper asymptotic density of PR-bases

LEMMA 3. For any thin PR-basis there are ng € N and 5,5 € R, 0 <
s < S, such that
bn,
m2n
Proof. For thin bases A(n)/+/n is bounded, so in particular for thin PR-
bases we have A(b,) = O(v/by,). Moreover, A(b,) > m"* —1, as Tn+1 < by;
thus m?® = O(b,,). From A(b,) > #P,, = bn/m we obtain bn = O(m?").

THEOREM 2. Let A be a thin PR-basis. Let

s<ec, = <S8 Vn>ng.

s = liminf ——
n—oo m2

Then the upper asymptotic density of A satisfies
da(A) > (T P 1) V.
s m
It follows that
da(A) > 2V3
for any PR-basis, where da(A) = 24/3 is only possible if m = 2 and s = 4/3.

Proof. To estimate the upper asymptotic density, we can estimate the
counting function at the points b,,. For ng and by of Theorem 1, Lemma 2(c)
shows that for all n > ny,

A(bn) > #Rn+1 + # U Pl - ( n+1 N U )

—#Rn+1+z 1 (Roian UPk)
n—1

bn b !
= s (m = 1) Y — — # (R [ P

=1 k=1




20 C. Schmitt

Note that we do not count 0: If 0 € Ry,11 then 0 € Ry, NJj_; P First
we estimate the last term. Since A is a PR-basis, we have

R\R;—1 € [bi—2,b-1] and (U Pk) [bi—2,bi—1] = [bi—a, (M) b1 ]

for any [ with ng <1 <mn+1. As [b_o, (m!=1),b;_1] contains residues of at
most m distinct congruence classes modulo m!, we get

(Rl\Rll UPk)<m

Then from R, 41 = Ryy—1 U Ul:no—l(RH‘l \ R;) we deduce that

#( n+1ﬂUPk)<#Rno 1+ Z (Rl-i-l\Rl)ﬁOPk)
k=1

l=ng—1
<m™ 4 (0 —ng 4+ 2)m

Hence

A(b \/ m—l m™~t + (n —ng +2)m

(*) ( n) > + n Z l+1 ( 0 )
Vbn \/_ Vb, =m Vi

To get a lower estimate of the upper asymptotic density it will suffice to

examine a sequence (ny)ren such that

Further we consider each term on the right hand side of (*). The sum of the
lower limits of these terms is less than or equal to the lower limit of their
sum. Note that s > 0 by Lemma 3. Thus Theorem 2 will be proved if we
can show the following limits and estimates:

nk—i—l

1 m
11m —
k—oo le \/57

o _ s,

k—oco Mk
lim m™ 1 4+ (ng — ng +2)m

k—o0 A /bnk

nk 1
b
hm 1nf L \/_

=0,

The three limits follow from b, = smznk. For any € > 0 there is a positive
integer Iy = lo(e) such that b; > (1 — €)sm? for all [ > Iy. Then for all ny
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with ng, — 2 > Iy we obtain

ng—1 ne—1 2l

(m—1) Z % >(1—e)(m—1) Z % — (1 —&)(m™ ! — mlo~1ys,

I=1 I=lo
This is equivalent to

nk 1
NG
li f —e)—.
i in q me— m

Letting ¢ — 0 completes the proof.

REMARK 5. The second part of Theorem 2 is pure analysis of the func-
tion f : [2,+00) x RT — R*, f(m,s) = (m/s+ 1/m + 1)/s. Note that
for fixed m = mg the global minimum 2y/mg+ 1 of f only appears if
s = sgp = m3/(mo + 1). Blomer [1] has found thin bases A with

da(A) = V38635, e

V2-1)VB
Therefore by Theorem 2, PR-bases cannot give an improvement over thin
bases.

4. Uniformly thin sets including P. Here we exhibit uniformly thin
sets Q including P. In the following section we substitute Q \ P by the set R
of all residues.

THEOREM 3. Let P,, = [0,(m"),b,], n € N, m € (N\ {1}), b, = cm?",
and ¢ < m?/(m —1). Then for P =02 P, = {po < p1 < p2 < ---} there
is a uniformly thin set Q = {qo < q1 < g2 < -+ } satisfying

() PcaQ
) (@) = (% + 1) Ve

1 9 1
C) qx = k + Tk, o<r 2k +1 ijZko
© =g <3 Y
Proof. We can apply Cassels’ lemma to P: indeed,
lim sup ﬂ =./c,

k—oco Pk+1 — Dk
and since ¢ < m?/(m — 1) we get v/c < /2 with u = (m/c+ 1/m + 1) /c.
REMARK 6. For fixed mo we must choose ¢ = m2/(mo + 1) to get the
minimal lower estimate of d2(A) for PR-bases by Theorem 2 and Remark 5.

Here we need ¢ < mZ/(mg —1). Then Theorem 3 can be applied to the
progressions P, of the PR-bases with best possible upper asymptotic density.
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5. A basis B with dy(B) = 2v/3. We only look at the case m = 2,
¢ = 4/3. We should mention that for all ¢ < m?/(m — 1) we can prove the
existence of a uniformly thin PR-basis B with da(B) = (m/c+ 1/m+ 1) /c.
Observe that this is best possible for PR-bases by Theorem 2. In particular,
we get the best possible asymptotic density for fixed m.

THEOREM 4. Let by = 0. For any positive integer let
1
by = §4”+1 +xn,  0<uz, <2l
be such that 2"t | b, and set

P, =10,(2"),b,].
Further let P = |72 | Pn. Then there is a set R such that B=P UR is a
uniformly thin PR-basis with asymptotic density
da(B) = 2V/3..

If A is a (uniformly) thin PR-basis, then

da(B) = 2v/3 < da(A)
by Theorem 2. So the (upper) asymptotic density of the PR-basis B is best
possible for PR-bases.

Proof. We show the following four items:

(1) There is a uniformly thin set Q = {go < ¢1 < ¢2 < ---} such that
P C Q, d2(Q) =2V3, and ¢; = 5i* +r; with 0 < r; < (20 + 1)
for all 7 > 4.

(2) If a set T satisfies T(bp+1) — T(bn) < ¢o for all n > n; and some
co € N then do(T) = 0. If d2(T) = 0, then any (uniformly) thin set A
satisfies da(A) = d2(AUT) = da(A\ T) (and da(A) = d2(AUT) =
d2(A\T)).

(3) Let S = (Q\P)N[by_2,by_1]. Then 2"~ 1 —3 < #S() < on=1 19
for all n > ng.

(4) Let Rg be a complete set of residues modulo 270~ 1. Then the sets
S can be substituted by sets R for all n > ng such that:

(a) R(™ c [bn—27 bn—1 ]
(b) Rn =RoUULL,, R is a complete set of residues modulo 2.
(c) Let, in particular, Rg = [0,2"0~! — 1]. Then

B=P URy U UR‘“
l=ng

is a uniformly thin PR-basis with asymptotic density

dy(B) = 2V/3.
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Proof of (1). Use Theorem 3 with m = 2 and ¢ = 4/3.

Proof of (2). For any k € N there is an n € N with b, < k < byy1.
Then T(k) < T(bpy1) < co(n + 1) + ¢ with a constant ¢ for sufficiently
large k. Notice that vk > /b, = (1/v/3)2""1, so do(T) = 0. If the (upper)
asymptotic density of a set T vanishes, then adding it to or subtracting it
from another set A does not change the (upper) asymptotic density of A:
for example,

m i AEETE) S AU DK
and
d2(A) = lim M < liminfw,
so d2(AUT) = da(A).
Proof of (3). Since PN [by—2,bp—1] = Pp_1 N [by_2,b,—1] we obtain
bp—1 — bp—
#5" = Q(bn1) — Qbn—z) — "y Vn =,

Further from the definition of the b,, we get
bn—l - bn—2 _ 1

-1 3
For sufficiently large n by (1) we have

1 1
bn = g 4n+1 -+ In Z E <2n+2)2 = (Qon+2 — Ton+2,

1
Gon+243 = ' (272 4 3)% > b,.

Note that Q N [gon+2 — ron+2, gan+2 | = {ggn+2}. Thus

(2n+1 _ 271—1) + mn—;;l‘wn—z c {Qn—1’2n—1 + 1}

qon+2 < by < bpi1 < @ontsgs.
As 0 € Q the index of the ¢; equals the counting function: Q(g;) = i. So
"2 < Q(by) < 27 + 2.
Summarizing, for sufficiently large n we obtain
2" —2< Qbn_1) — Qbp_z) <2"+2, 2" 13 < #8M <ol 49
Proof of (4). We will prove that for all n > ng we can replace S(™
by a set R(On) of residues of distinct congruence classes modulo 2" with

#R{M = #80 R AP, =0, R{" C [by_2,by_1], without changing
asymptotic den51ty:

f(@ U)o 0 ) =a@,

n=ng n=no
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where the residues of R(()n) can be chosen in any congruence classes which
are not contained in P,,_1.

Assume this statement is already proved.

By the definition of Ry we can assume that R,,_; satisfies (4)(a) and
(4)(b). To pass from R,,_1 to R,, we need residues of exactly 271 distinct
congruence classes modulo 2" contained in [by_2, bp—1 |.

First case: There are residues in [b,—2,b,—1] \ Pp—1 for any congruence
class modulo 2™.

Then R[()n) contains residues of at least 27!

classes modulo 2". If #R[()”) < 271 then we add the residues of the miss-
ing congruence classes modulo 2" (by (3) at most three) using any of their

— 3 distinct congruence

residues contained in [b,_2,by—1]. If #Rén) > 271 then we omit the super-
fluous residues (by (3) at most two). If #Rén) = 2"1 then there is nothing
to do. In all cases we have found R(™ C [bn—2, bn—1] which contains exactly
the residues of the missing 2"~! congruence classes modulo 2”. So we set
R, = R,_1 UR™. Now we apply (2) to obtain

a((@\ U s™) o U rO) =a((e) U s)u U r).

n=no n=no n=no n=no

Other cases: There are only residues of at most two distinct congruence
classes modulo 2", which are not in [b,—2,b,—1] \ Pp—1, as P,_; itself con-
tains only residues of exactly two distinct congruence classes modulo 2.
Then if we first take residues of at most two unnecessary congruence classes
modulo 2" into R(()n) instead those at most two necessary ones, we can use the
above considerations and obtain the same asymptotic density. In the end we
replace the unnecessary residues by the necessary ones, which are also con-
tained in the arithmetic progression [b,_2, (m"~ 1) b, 1]. By (2) this does
not change the asymptotic density. Again we have found R C [br—2,bn_1]
and R,, satisfying (4)(a) and (4)(b).

Now we can turn to (4)(c). As adding finitely many elements to a set
does not change its asymptotic density we see that

d(B) = da (P URy U G R) = dy(PU G R()

= d2(((Q\P) N[0, b2 UPU | B™)

(@ U s)o o)

n=no n=no
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= dy((Q\ G ) U U R§") = da(Q) = 2v3.

n=no n=no

Probably one should read these equations backwards. Further note that

o o o
(Q\P)N[0. b2 ) UPU [J R = (Q\ |J s™)u [J R™.
n=ng n=ng n=ng
By (4)(a)—(c), B is a PR-basis.
Thus it remains to prove the statement from the beginning of the proof.
There are only two congruence classes modulo 2" in the arithmetic pro-
gression P,,_1. So there remain 2" — 2 > #S(™ distinct congruence classes,

(n)

residues from which can be chosen to be put in Ro . Let s, = #S(™

n) = {sgn) - < ssn } and let (") = {Q < ng)} be a set of s,
distinct congruence classes modulo 2™ for n > ng. Note that b, _1—b,,_o>2".
Then

(s — (27— ), % 4} O (b2, b1 ] # 0
for any 3§n) € S and r < 2". So there exists t§n) with |t§-n)| < 2" such that

7"(.”) = s§.n) + t;m € [bp—2,bn—1], r§n) € Qg-n).

Let Ro = {7"1 < r§Z>} for n > ng and
By = (Q\ U S(n)) U U Rén)'
n=ng n=ng

(n)

Finally, we must investigate Bg(k). By the construction of r;~ we know
that Bo(by—2) = Q(bp—2) for all n € N. If ¢; € [by—2,b,—1] and j > 6 with
Qixj € [bn—2,bp—1] then
j—1
|Gixj — ¢l > ]T (2-2"41) > 2",
as we must cross j—1 intervals [ 512, & (14 1)?) by (1). Using Q(by,—2) > 2"—1
we find that [ > 2" and the minimal length of the intervals is %2”“ + 11—2

(n)

So for any substituted g; = s ;~ we obtain

(n

max{ql'*'ﬁ bn*?} g Tj ) S min{Qi+77 bnfl}a

i.e. there are only two possibilities for any ¢; € Q: either ¢; € By or ¢; is
(n)

substituted by a new element ;" € Bg which satisfies the above condition.
Then Bo(gi—7) < Q(¢:) =i and Bo(gi+7) > Q(q:) = i. So By satisfies

Q(g:) = 7= Q(gi-7) < Bolai) < Qgi+7) = Qlgs) + 7.
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For any k € N there is an ¢ such that ¢; < k < gi+1. Then i = Q(¢;) =
Q(k) < Q(gi+1) =i + 1. Since Bo(q;) < Bo(k) < Bo(gi+1) we find that

Bo(k) > Bo(qi) > Q(q:) —7=Q(k) - 7,
Bo(k) < Bo(gi+1) < Q(gi+1) + 7= Q(k) + 8.
By the definition of the asymptotic density it follows that

da(Bp) = d2(Q) = 2V3.

REMARK 7. Note that da(B) = 2v/3 is best possible for PR-bases by
Theorem 2 for upper asymptotic density. We should mention some results
of [4]. Neither the famous thin basis Ag of Stohr with da(Ag) = 2+/3 nor the

thin basis A; of Hofmeister [3] with d2(A;) = 21/5/3 can be embedded in
a uniformly thin set. Possibly Blomer’s [1] UR-bases can be transformed to
uniformly thin sets, but it would be a surprise. Further the uniformly thin
bases of Cassels [2] and Hofmeister [3] contain subsets Cy and Hy, which are
bases themselves. But we can prove that any uniformly thin set C* or H*
which includes Cq or Hy satisfies do(C*) > 3v/3 = 5.19615. .. and do(H*) >
(10/v/6)/5/3 = 4.63859.... So Lemma 1 is sharp in these cases. If we
further look at the lower asymptotic density dy(A) = liminf,, . A(n)/v/n,
then there exists no function of d,(A),da(A) which gives the asymptotic
density for a uniformly thin set D containing A, i.e. generally da(D) #
f(dy(A),d2(A)). Proofs can be found in [4].
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