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1. Introduction and statement of results. Let K = Q(\/E), where
d is a positive square free integer, and let h(d) be the class number of this
field. Chowla [3] conjectured that h(4n? 4+ 1) > 1 if n > 13 and Yokoi [9]
conjectured that h(n? +4) > 1if n > 17. In the celebrated papers [1], [2],
Biré proved these two conjectures.

DEFINITION 1.1. Let d = n?+r, d # 5, be a positive square free integer
satisfying r |4n and —n < r < n. Then we call K = Q(v/d) a real quadratic
field of Richaud-Degert type. Specifically if |r| € {1,4}, then K = Q(V/d) is
of narrow Richaud—Degert type.

Chowla and Yokoi conjectures involve narrow Richaud—Degert type. In [5],
Mollin also conjectured that h(n? —4) > 1 if n > 21. In this paper we will
prove that Mollin’s conjecture is true and thus complete the class number 1
problem for real quadratic fields of narrow Richaud—Degert type.

THEOREM 1.2. If d is square free and d = n® — 4 with some positive
integer n > 21, then h(d) > 1.

To prove Theorem 1.2, we basically follow Bird’s idea. First we prove

THEOREM 1.3. If d is square free, h(d) = 1 and d = n® — 4 with some
positive integer n, then (g) =0 or 1 for at least one of g =5,7,61,1861.

Theorem 1.2 follows immediately from Theorem 1.3, the well known class
number 1 criterion [5]:

Let d = n? —4 > 5 be a square free. Then h(d) = 1 if and only if

(g) = —1 for all primes g <n — 2

and the class number table for real quadratic fields of narrow Richaud-
Degert type. A new ingredient in this paper is developing techniques of
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computing (p(x(0, x) (see Section 2 for definition), where K is a quadratic
field whose fundamental unit’s norm is positive. We note that the norms
of the fundamental units of real quadratic fields in the Chowla or Yokoi
conjectures are negative.

REMARK. Using the techniques developed in this paper, we can compute
Cp(k)(0, x) for all real quadratic fields K of Richaud-Degert type. But class
number 1 criteria for some real quadratic fields of Richaud-Degert type
(see [6]), for example, for d = n? 4 2, are different from those for narrow
Richaud-Degert type. So we cannot directly apply this method to determine
all real quadratic fields of Richaud—Degert type with class number 1.

2. Computation of (px)(0,x). Let d = n? — 4 be a positive square

free integer with n > 5. Let K = Q(v/d), R the ring of integers of K, and
e = (n+ vn? — 4)/2 the fundamental unit of K. We know that {1,e} is an
integral basis for R. For an integral ideal a, let N(a) be the order of R/a,
and for an element a of K, let N(a) = [[,cqar/g) o(e). We note that
N(e) = 1. Let I(K) be the set of nonzero fractional ideals of K and P(K)
the set of nonzero principal ideals of R. Define the map i : K* — I(K) by
a(# 0) — (). Let Kt be the set of totally positive elements in K. Then
we have the following lemmas.

LeEMMA 2.1. [i(K*) :i(KT)] = 2.
Proof. See pages 242-243 in [4]. =

LEMMA 2.2. Any principal ideal (o) in i(KT) can be uniquely written
in the form

(@) = (X +Ye)

with some rational numbers X > 0, Y > 0; conversely if X >0 andY >0
are rational numbers, then (X +Ye) € i(K™).

Proof. Let a € K™ and suppose that (a) = (3) for some 3 € K. Then
8 = &la for some integer j. So there exists a unique f € K such that
()= (B)and B >0, 3>0,1< B/3 < 2. We can write 8 = X + Ye¢ for
X,Y € Q. Then
X+YE< X +Ye<3(X +Y3).
So
X(E*-1)>0 and Y(e—2)>0

Thus X >0and Y > 0.
Conversely, if X > 0 and Y > 0 are rational numbers, then X + Ye > 0
and X + Yz > 0, since € and € are greater than 0. So (X +Ye) € i(K™). u
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Let ¢ > 2 be an integer with (¢,d) = 1 and let x be an odd primitive
character with conductor q. For s € C with Res > 1 deﬁne

(N(a
(0= 32 N = X A
a€EP(K aci(K™*)
integral

We note that (p(x)(s, x) extends meromorphically in s to the whole complex
plane. From Lemma 2.1,

i(K™) = (@)i(KT) U (q)bi(K™T),

where
_ 2
b= (w) € i(K*) —i(KY) and w=" 2+2” i3
So
N(a N(a _
(s = Y ANl s V) ) 1 (o).
- N(a) - N(a)
a€(q)i(KT) a€(q)bi(KT)
integral integral

First we compute ¢*(0). By Lemma 2.2, if a € (q)i(K™"), then a =
g(X 4+ Ye) for X,Y € Q such that X > 0 and Y > 0. We can write
X=x4+nandY =y+mng, where 0 <z < 1,0 <y <1 and ny,ng are
nonnegative integers. So

Cl= Y x(N(a)) -y Z X(N (g $+m+€(y+n2))s))

ac(q)i(KT) (a) N(q(z+n1 +e(y+mn2)))

integral

(¢(= +ye2)))
Z Z N(q x+n1+£(y+n2)))

(z,y)eR! n1,m2=0

(z,y)€R! n1,n2=0

where
R'={(z,y) € Q?|qz+qye € R,0<x<1,0<y<1}.

Since C'+ De with integers 0 < C, D < ¢ — 1 form a complete system of
representatives of R/qR, we can uniquely select an integer pair 0 < C, D <
q — 1 such that q(z + ye) € C + De + qR. Let

RY(C,D) = {(z,y) € R' | q(x + ye) € C + De + qR}.
From the work of Shintani [7], [§],

¢t(0)= ) x(N(C+ De))

1
X Z Z N(g(z +ni +e(y +n2)))*|,

(z,y)€ERY(C,D) n1,n2=0



102 D. Byeon et al.

- qi X(C*+D*+nCD) > C(O,G ;>,(w,y)>

C,D=0 (z,y)€RY(C,D)
q—1
= > [X(C’2+D2+nCD)
C,D=0
1 1 n( o 2 1
S (CE 1O ) R { G E R EE )|
(z,y)ER(C,D)

We note that

(z,y) € R'(C,D)
& q(x+ye) = C + De + q(i + je) for i,j integers and (z,y) € R

C j D j
&S 0<e= +qZ§1,0§y: +qy<1fori,jintege1rs
q q
1 if C =0, D
& o= ==,
T \og oo, YT

Replacing z,y with the above we have

¢H(0) = Z x(C* + D? + nCD)

Cc=0
0<D<q—1

BE- 502 (+)1)

+ > [x(02+D2+nC’D)

0<C<qg—1
0<D<g—1
(EDE-DH5 52
g 2)\q 2) 4\¢ ¢ q 3
q—1
= > [X(02+D2+nCD)
C,D=0

(6036559
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I
— Y x(C*+D*+nCD)

Bz C,D=0

X (6C%n +12CD — 6gnC — 12Cq + (n + 3)¢%)
—1

x(D?)(2D — q)6q.
0

LS

1

+ 1242

i
Il

Now we compute ¢~ (0). Let
R ={(z,9) € Q®|w(gz+qy)e € R,0<z<1,0<y<1}.

Since C' + Dw with integers 0 < C, D < ¢ — 1 form a complete system of
representatives of R/qR, we can uniquely select an integer pair 0 < C, D <
g — 1 such that w(qz + qye) € C 4+ Dw + qR. Let

RQ(C’, D) ={(z,y) € R? | w(gx + qye) € C + Dw + qR}.

Then
o x(N(a))
C (S) - Z N(CL)S
a€(q)bi(K™)
integral

- Z X(—N(qw :v+n1+€(y+n2)))s)

(z,y)€R? n1,n2=0 N(qw(z +n1 +e(y + n2))))

N (qu(z + ye)))
Z Z N(qw x+n1+€(y+n2))))

(z,y)ER? n1,n2= 0

q—1

= > —X(N(C+ Dw))

C,D=0

1
X Z Z N(qw(z +n1 +e(y +n2))))*

(z,y)€R?(C,D) ni1,n2= 0
q—1

- {—X<N<0+Dw>> DS

C,D=0 (z,y)€R2(C,D) n1,n2=0
1
(n—2)5¢25((x +n1 + (y + n2)e)(x + n1 + (y + n2)e))*

From the work of Shintani [7], [§],
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¢((0)= > —x(C*—(n—2)D*+ (n—2)CD)

T (] e

(z,y)€ER2(C,D)
q—1

-y [— \(C? = (n—2)D? + (n —2)CD)
C,D=0

1 1N\ nf, 1
< 2 b)) il eraeg)]
(z,y)ER?(C,D)
We note that
(x,y) € R*(C, D)
& qw(z +ye) = C + Dw + q(i + jw) for i,j integers and (x,y) € R?
& (n=2)q(z+ye) = —(n = 1)(C +ig) + (n — 2)(D + jq) + £(C + iq)
for i, j integers and (z,y) € R?
—(n—1)(C +iq) + (n —2)(D + jq)

S0<z= <1,
(n—2)q
0<y= C’—f—;;} <1fori=0,1,...,n— 3 integers and
C—i—zq (n—-1) D
q(n —2) ql
Thus
—<c+iq><n—1>+9+{H(cwq)(n—l)_g]
(n—2)q q q(n —2) q
—[i+C_D—|— C+iq}_<i+C—D+ C+z’q>+1
q q(n —2) q q(n —2)
C—-D D )
[z+[ ]+ r(C, )+ C’+zq}
q q q(n —2)
r(C, D) C'-f—z'q)
+ +1
< [ ] q q(n —2)
(C,D) C+zq} (r(C’,D) C+z’q>
+ - + +1
[ q q(n —2) q q(n —2)

for i =0,1,...,n — 3 integers, where r(C, D) :C—D—q[%
C,D C+i
r(C,D), C+tig _
q q(n —2)

0<
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it follows that

_<r(C’,D) C—l—iq>+1 if7“(C’,D)+ C +1iq <1
. q q(n —2) q q(n —2)
_(r(C’,D)+ C’+zq>+2 ifr(C,D)+ C +iq > 1
q q(n—2) q q(n —2)

Let

s(C,D) = [W - 2)T(élD) + C] '

Then (x,y) € R*(C, D) if and only if
C,D C+i
_(7“( ) 4 iq

)>—|—1 if0<i<n-—2-s(C,D),

. q q(n —2
_<7~(C,D)Jr C+zq>+2 ifn—2—s(C,D)<i<n-—2,
q q(n —2)
C +iq .
— for0<i<n-—2.
(n —2)q

Replacing x,y with the above we have

qg—1

()= 3 —x(C?— (n—2)D* + (n—2)CD)S(C, D),
C,D=0
where
n—3—s(C,D) . .
D
S(C.D) = {_C—I—zq(_r(C’, ) C+ig +1)
—~ 2q q (n—2)q
n+2 r(C,D) n r(C,D)\?> n+3
i (1 q > T <1 . ) T
n—3 . .
C C,D C
PTG BT TR
i=n—2-s(C,D) q q " q
2
n+2 2_T(C,D) L 2_r(C,D) +n+3
4 q 4 q 12

(by using MATHEMATICA)

1
— @(_6&1 — 6Cqs(C, D) + 6C* — ¢°n — 12Cr(C, D) + 3¢

105

+ 6Cr(C, D)n + 6r(C,D)q — 3r(C, D)gn + 9¢*s(C, D) + 3¢*s(C, D)?

— 67(C, D)gs(C, D)n — 6nr(C, D)? + 3n%r(C, D)?)
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_ quQ{B((n —2)r(C, D) + C — 5(C, D)q)? + 3C?

+ (3 —n)¢® — 6Cq + 9¢°s(C, D) — 12r(C, D)qs(C, D)
+ 6n7(C, D)? — 12r(C, D)* 4 6r(C, D)q — 3r(C, D)qn}.

Since
C-D fC—-D>0
r(C, D) = { ? =
g+C—-D ifC—-D<0,
we obtain the following equations:
qg—1
(1) D x(Qep(n)r(C,D)
C,D=0
qg—1 q—1
= Y x(Qenm)g+ > x(Qep(n))(C — D),
C,D=0 C,D=0
C<D

q—1
2 > x(Qcp(n)r(C,D)?

C,D=0
q—1 q—1
= > x(Qep(m)(@® +2¢(C - D)+ > x(Qen(n)(C - D),
C,D=0 C,D=0
C<D
q—1
3) Y x(Qec.p(n)s(C,D)r(C,D)
C,D=0
q—1
= > x(Qc,p()((a+C = D)(n—2) + que,p(n))
C,D=0
Cc<D
+ Z (Qc,p(n))(C — D)ve,p(n),
C,D=0
q—1
@ > x(Qe.n(n)s(C, D)
C,D=0
q—1 q—1
= Z (Qe.p(n))(n—2)+ Z (Qc,p(n))ve,p(n)
%2;0 C,D=0

where
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vop(n) = [MC=D)+2D - 0]7

q
Qc.p(n) =C? — (n—2)D? + (n — 2)CD.

Moreover,

5) (n—=2)r(C,D)+C —qs(C,D)

:(n—2)(C’—D)+C—q(n—2)[C;D
- [(n—Z)(C—D)+C—q(n—2)[C_TD]}
4 q

(n—2)(C—-D)+C
q

=<n—2><c—D>+c—q[ }:: ue.p(n)

From equations (1)—(5), we have the following value of ¢~ (0):

q—1
0 =55 3 W(C = (=D + (n=2)CD)

x {3uc.p(n)* +3C? + 6n(C — D)* —12(C — D)? — 6Cq
—12que,p(n)(C — D)
—3ng(C = D) +6¢(C — D) + ¢*(3+ 9vc,p(n) — n)}]

1 =
- 5 > [x(C? = (n—2)D?+ (n—2)CD)
q C,D=0
C<D

x {(6n —12)(¢° +2¢(C — D)) — 12¢((¢ + C — D)(n — 2)
+ que,p(n)) + (6¢ — 3qn)q + 9¢*(n — 2)}]

q—1
- _%qz C%;O[X(CQ — (n—2)D*+ (n—2)CD)

x {3uc.p(n)* +3C? + 6n(C — D)* —12(C — D)? — 6Cyq
— 12qve, p(n)(C — D)
— 3ng(C — D) + 64¢(C — D) + ¢*(3 + 9vc,p(n) — n)}]
q—1
L 3" (€= (n—2)D? + (n — 2)CD)(—ve,p(n)124%).

C,D=0
C<D

Combining the values of (*(0) and ¢~ (0), we have

T 12¢2
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q—
(6) Cpx)(0,x) = QL Z (C* + D* + nCD)

C,D=0
x {6C%*n +12CD — 6gqnC — 12Cq + (n + 3)¢*}
1
—_— 2 —
+ 1282 x(D%)(2D — q)6q
D=0
J— 2 J—
12q2 Z 2)D? + (n — 2)CD)
C,D=0

x {3uc.p(n)* +3C? + 6n(C — D)* —12(C — D)? — 6Cq
— 12qve,p(n)(C — D) — 3ng(C — D)
+ 6(1(0 - D) +¢*(3+ 9ve,p(n) —n)}]

22 Z (n—2)D? + (n—2)CD)vc,p(n)12¢>.
C,D=0
C<D

Finally, we obtain the following lemma.

LEMMA 2.3. Let d = n?> —4, n > 5, be a positive square free integer,
q > 2 an integer with (q,d) = 1, and x an odd character with conductor q.
Let

—D)Y+2D —
“C,D(n)Zn(C—D)+2D—c_q[”(C )+ 1

q
n(C—-D)+2D—-C
ve,p(n) = ( ) ]
q
If n = qk +r where 0 < r < q, then
Cpr)(0,x) = g (By(r)k + Ay(r)),
where

= [x(C?% 4+ D? + rCD){6C?r 4+ 12CD — 6qrC + (r + 3)¢* — 12Cq}
C,D=0

—x(C*~ (r —=2)D* + (r — 2)CD){3uc.p(r)* + 3C* 4 (6r — 12)(C — D)?
— 6¢C + (—3¢r 4+ 6q — 12qvc,p(r))(C — D) + q2(3 +9ve p(r) — )}
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qg—1
+ x(C (r— 2)D2 +(r Q)CD)’UC7D(’I“)12C]2
C,D=0
C<D
—1
+ X(D*)(2D — q)6q,

D=0
and
By (r)
q—1
= > [X(C*+D?+rCD)(6C%q — 6Cq* + ¢°)
C,D=0
—x(C? = (r = 2)D* + (r — 2)CD){—6¢(C — D)* 4+ 6¢*(C — D) — ¢°}]
+ Z — (r—2)D*+ (r — 2)CD)(C — D)124%

Proof. We know that if n = gk + r where 0 < r < ¢, then
uc,p(gk + 1) =uc,p(r), ve,plgk+r)=(C—D)k+vcp(r),
x(C% = (n —2)D* + (n — 2)CD) = x(C? — (r — 2)D* 4 (r — 2)CD),
x(C? + D* 4+ nCD) = x(C? + D* + rCD).

Thus the lemma follows immediately from the computation of (p (0, x)
in (6). =

3. Proof of Theorem 1.3. Let d = n? — 4 be a positive square free
integer with n > 5 and K = Q(v/d). Let ¢ > 2 be an integer with (¢,d) = 1,
x an odd primitive character with conductor g, x4(:) = (4) the usual Kro-
necker character and L, the field generated over Q by the values x(a)
(1 <a < q). We assume that h(d) = 1. Then

where

X(N(a))
Z N(a)s
acl(K)
integral

We note the formula (2.2) in [1]:

q qd
(0,0 = 23" ax(@) Y bx(Balh)
a=1 b=1
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Thus from Lemma 2.3, we have

q qd
3 B0k + A0 = 7 3 oxl) 3 b0t

where n =gk +1r, 0 <r < gq. Let

my = Z ax(a).

Since we know from Fact A in [1] that qid Egil bx(b)xq(b) is an algebraic
integer,
By (r)k + Ay(r) =0 (mod ),

where [ is a prime ideal of L, for which m, € I. Let

2
—4
Up = {a €7 (a ; ) = —1 for every prime divisor ¢ of m},

and assume that the positive integers ¢ and p satisfy the following condition:

(*) The integer ¢ is odd, p is an odd prime, and there is an odd primitive
character x with conductor ¢ and a prime ideal I of L, lying over
p such that m, € I, but I does not divide the ideal generated by
By (a) in the ring of integers of L., if a is any rational integer with
a € U,.

If the integers ¢ and p satisfy condition (x), then for r € U, we have
Ax(r)

n=-—q + 7 (mod ).
By (r)
And if the residue field of I is the prime field, then
R/I =7/pZ.

So there is a unique T'(r) € {0,1,...,p — 1} such that

Ay(r)
—q=——=+r+I1=T(r)+1,

By (r)

and
Ay(r)

q By (r) +7r=T(r) (modp).

3.1. The computer program. In this section, we provide the computer
program to compute T'(r) for each r € U,. Firstly we compute x(r) mod-
ulo I. In the program, chila_] (i=1,2,3) is the function computing x;(a)
modulo [;, where the character y; and the ideal I; are defined in Example 1,
Example 3 and Example 2 of Section 4 in [1] respectively for i = 1,2, 3.
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Next we compute A, (r) and By/(r) modulo /. Finally, we compute 7'(r). In
the program, T1[r_] is the function computing 77 (r) for which

Ay (1)
175 XS r+ I =Ti(r) + I,
By, (7)
T2[r_] is the function computing T5(r) for which
Ay (1)
—61 XL 4+ I =Ty(r) + I,
BX2 (T’)

T3[r_] is the function computing T5(r) for which

Ays (1)
—175 22 Is=T Is.
Bm“)+r+3 3(r) + I3

The following is the MATHEMATICA program to compute T'(r) for each
r e U,.
(f[x_,y_] computes the logarithm of = to base 2 modulo y.)

flx_, y_.1 := ( j =0; m = Mod[x, yl;
If [Mod[x, y] == 0, Return[0]];
While[ Mod[m, y] >1, m = Mod[m*2, y] ; j = j + 1];
Returnly - 1 - j1);

(glx_,y_]1 computes the logarithm of z to base 3 modulo y.)

glx_, y_.1 := (j = 0; m = Mod[x, y];
If [Mod[x, y] == 0, Return[0]];
While[ Mod[m, y] >1, m = Mod[m*3, yl; j = j + 11;
Returnly - 1 - j1);
g7lx_] := glx, 7]; £25[x_] := (j = 0; m = Mod[x, 25];
If[ Mod[m, 5] == 0, Return[0]];
While[Mod[m, 25] >1, m = Mod[m*2, 25]; j = j + 1];
Return[20 - j1);
f61[x_] := f[x, 61];

(ivIx_,y] computes the multiplicative inverse of z modulo y.)

ivlx_, y_.1 := (
i=1;
While[Mod[ i*x, yl >1, i++];
Return[i] );

(chila_] computes x;(a) modulo I;.)

chif[a_] := (If [Mod[a, 5] == O || Mod[a, 7] == 0, Return[0]];
Return[Mod[PowerMod[8, f25[Mod[a, 25]], 61]*
PowerMod[47, g7[Mod[a, 7] 1, 611, 6111);

ch2[a_] := (If[Mod[a, 61] == 0, Return[0]];
Return[PowerMod[1833, f61[Mod[a, 61]], 1861]11);

ch3[a_] := (If [Mod[a, 5] == 0 || Mod[a, 7] == 0, Return[0]];
Return[Mod [PowerMod[380, f25[Mod[a, 25]], 1861]*
PowerMod [1406, g7[Mod[a, 7] 1, 18611, 186111);
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(The following is needed to compute Ay, (r) and By, (r) modulo I;. We write down in
detail only the case ¢ = 1. The other two cases are computed similarly.)

ulx_, y_, a_,q.] :=a (x-y) +2y-x-q Floor[(a (x - y) + 2y-x)/ql;
vix_, y_, a_, q_] := Floor[(a (x - y) + 2y - x)/ql;

ax11[x_, y_, a_, q_] :=
Mod[-chl1[x"2 - (a - 2)y"2 + (a - 2)x yl*
B ulx, y, a, g2 +3x2+6a(x-y)"2-12 (x - y)"2
-6gx-3qa(x-y)+6aqx-y)-12qvlx, y, a, a -y
+ 392+9v[x, vy, a ql 972 - a q°2)
+ chl[x"2 + y™2 + a x yl*
(6x2a-6xqga+q2x*x(a+3) +12xy-12xq), 61];

ax12[x_, q_] := Mod[ch1[x"2]*(2 x - q)*6xq, 61];

ax13[x_, y_, a_, q_] := Mod[chl[x"2 - (a - 2)y"2 + (a - 2) x yl*
12%q~2*v[x, y, a, ql, 61];

bx11[x_, y_, a_, q.] :=
Mod[chl[x"2 + y™2 + a x y] *
(6 x°2q-6q2x+q3)
- chi[x"2 - (a - 2)y"2 + (a - 2)x yl*
(-6 q (x-y)"2+6qg2x*(x-7y) -qg3), 611;

bx12[x_, y_, a_, q_] :=
Mod[ch1[x"2 - (a - 2)y™2 + (a - 2)x yl*12xq 2x(x - y), 61];

(Axila_,q_] and Bxila_,q_]) compute Ay, (r) and By, (r) modulo I; respectively, where
q is the conductor for the character x; for i = 1,2,3. We write down only the case i = 1.)

Axifa_, q_] :=
Sum[Sum[ax11[x, y, a, ql, {x, 0, q - 1}], {y, 0, q - 1}]
+ Sum[Sum([ax13[x, y, a, ql, {y, x + 1, q - 1}], {x, 0, q - 2}]
+ Sum[ax12[x, q], {x, 0, q - 1}];
Bxi[a_, q_] :=
Sum[Sum[bx11[x, y, a, ql, {x, 0, q - 1}1, {y, 0, q - 1}]
+ Sum[ Sum[bx12[x, y, a, ql, {y, x + 1, q - 1}]1, {x, 0, q - 2}];

(Tila_]l (i = 1,2,3) are the functions defined at the beginning of this section.)

Ti[a_] := Mod[-Ax1[a, 175]*175*iv[Bx1[a, 175], 61] + a, 61];
T2[a_] := Mod[-Ax2[a, 61]*61*iv[Bx2[a, 61], 1861] + a, 1861];
T3[a_] := Mod[-Ax3[a, 175]*175*iv[Bx3[a, 175], 1861] + a, 1861];

3.2. The result of computation. We denote by ¢ — p that ¢, p satisfy
condition (*). From Section 4 in [1], since our computation shows that I
does not divide (By(a)) in each case for every a € U(q), we can find that

175 — 61, 61 — 1861, 175 — 1861.
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Let a175 be a residue modulo 175 for which a175 € Ui7s, and bg the residue
modulo 61 for which

be1 = T (ai7s)

and bgy € Ugy. By the computation in Section 3.1, we obtain

{(a17s,b61)} = {(14,48), (21, 21), (39, 45), (46, 15), (56, 36), (81, 55),
(84,38), (91,23), (94, 6), (119, 25), (129, 46), (136, 16), (154, 40), (161,13)}.

For a bg1, let c1861 be the residue modulo 1861 for which

cig61 = T2 (be1)
and c1861 € U1g61. Then we obtain

{(be1, crs61)} = {(48,163), (45, 1176), (36, 1164), (55, 1855), (38, 1726),
(23,135), (6, 6), (25,697), (16, 685), (13, 1698)}.

For an a175 such that the corresponding bg; appears in the above {(bg1, c1s61) },
let dygg1 be the residue modulo 1861 for which

dige1 = T3(ai7s)
and dysg1 € Uige1- Then we obtain

{(a17s, d1se1)} = {(14,1702), (39,874), (56,894), (81, 176), (84, 309),
(91,1552), (94, 1685), (119, 967), (136, 987), (161, 159)}.

But cis61 # diser for all cige1, dige1. Thus if i(d) = 1, then (¢) =0 or 1 for

at least one of ¢ = 5,7,61,1861. This completes the proof of Theorem 1.3.
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