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1. INTRODUCTION

The behavior of binomial coefficients modulo primes attracted attention
for a long time, and still does (cf. [1], [3], [5], [7]-]9]). A classical and very
elegant result of Lucas is

THEOREM A ([14]). Let p be a prime and n,k nonnegative integers,
n > k, with base p representations [n], = nj_1...no, [kl]p = ki—1...ko. Then

n\ _ [(n—1 ni no
()= () (i) (i) oot
(where we agree to put k; =0 fori>t—1 and (Zz) =0if n; <k).

Assume that p is an odd prime and consider the sequence of middle
binomial coefficients A,, = (2:) Using Lucas’ theorem, one can easily prove

that (27;1) # 0 (modp) if and only if the base p representation of n is com-
posed only of the digits 0,1,..., (p — 1)/2. Thus, the set of integers n with
(2:) # 0 (modp) is an infinite set of density 0. Berend and Harmse [4]
considered the sequence (A})22, obtained from (A, mod p);2, by omit-
ting the zeros. They proved that each nonzero residue modulo p is visited
by (A})72, with the same asymptotic frequency 1/(p —1). In fact, they
proved a stronger result, showing that the sequence (A4,)% , is weakly well-
distributed modulo p (see Section 2).

Kriger [11] proved the analogous result for the sequences A,, = (3;:) and
Ap = ( 3n ) (for p>11).

n,n,n
A significant ingredient of the proofs in [4] and [11] was to show that each
nonzero residue is indeed visited by (A4,)52,. The main tool for proving this

was the investigation of the function g(n) = A,+1/A,. In fact, it was found
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that it is enough to prove that the multiplicative group (Z/pZ)* is generated
by {g(n) : 0 <n < p/C — 1}, where C = 2 for the sequence A, = (2:) and
C = 3 for (37;1) and (n?;:ln)

In this paper, we consider the sequence A,, = (gg) for any constants C, D
with C > D > 0. It turns out to be difficult to continue with the function
g(n) = Ap41/A, for large values of C. One of the reasons is that (assuming
that C, D are coprime) g(n) is a rational function whose numerator and
denominator are polynomials of degree C'—1 in n (for example, if A,, = (3"),

n
then () = 2022
as C grows. In addition, the interval [0,p/C — 1) becomes smaller.

The key observation in our proof is that the behavior of (gg) (modp) is
related to the Mobius transformation f(n) = (Cn+1)/(Dn+1). We find
that f(n) can play (under certain assumptions on C, D) a role similar to
the function g(n) in [4], [11]. This observation enables us to generalize the
above mentioned results to each of the sequences A,, = (gﬁ)

We also study the behavior of more general sequences modulo p. For
K1 n{{TfKtn) )
as well as sequences in Z?, defined in terms of binomial coefficients.

In Section 2 we formulate our main results. In Section 3 we consider the
set of nonzero residues modulo p which are visited by (g’;) (mod p) and in
Section 4 we prove that each such residue is visited with the same asymptotic

frequency (when ignoring the 0’s).

). Thus, g(n) becomes more and more complicated

example, we consider multinomial sequences of the form A, = (

2. THE MAIN RESULTS

Let p be a prime. A sequence A= (An)22, over Z is p-solvable if for
every r € 7Z/pZ there exist infinitely many solutions n for the congruence
A, =1 (modp).

Consider the sequence 4,, = (g::), where C, D are arbitrary integers with
0 <D < C. Let v, denote the p-adic valuation (that is, p*»(") is the exact
power of p dividing n). It can be easily observed (see Lemma 10) that, if
vp(C) > vp(D), then (gﬁ) = 0 (modp) for every n > 0. In particular, (SZ)
is not p-solvable. Our key result is

THEOREM 1. Let p > 5 be a prime and C, D integers with 0 < D < C.
Then (gg) is p-solvable if and only if v,(C) < vp(D).

In particular, considering also a few cases with p = 3,5, we obtain

COROLLARY 2. Let C,D be integers with 0 < D < C. Then (gﬁ) is

p-solvable for every prime p > C, with the exception of the case (C,D,p) =
(4,2,5).
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COROLLARY 3. For any C > 2, the sequence (C;l”)

only if p does not divide C.

s p-solvable if and

We note that Theorem 1 is false in general for p = 3,5. In fact, for
these primes, taking C = 4 and D = 2, we see that the quadratic residues

modulo p (including 0) are the only possible values for (gg) (modp). In

particular, (gg) is not p-solvable. Note that this implies that A, = (25;:) is

not p-solvable for any even integer D and p = 3, 5.

OPEN QUESTION 4. Let p = 3,5. For which values of C, D is the se-
quence (gﬁ) p-solvable?

Let us now consider the relative frequency with which each nonzero
residue is visited by (A, mod p)7 . In this part we consider more general
sequences than in Theorem 1. We begin with a few notations.

Take a sequence A = (An)22y in Z and denote by S = S(A) the set
of nonzero residues r € (Z/pZ)* such that A, = r (modp) for infinitely
many n’s. Assume that S # () and let (A4})72, denote the subsequence of
(Ay mod p)o2, obtained by omitting the zeros. The sequence (A;)52, is
S-weakly uniformly distributed modulo p (cf. [16, p. 8]) if each r € S appears
in (A})>°, with the same asymptotic frequency 1/#(S). More precisely, let
the density of a set X C N be

_ #([0,N)N X)
D(X) = Jim ————
(if the limit exists). Then (A,)02, is S-weakly uniformly distributed mod-
ulo pif D({n e N: Al =r}) =1/#(S) for every r € S.

We also define a stronger version of uniform distribution modulo p, where
we demand the limit to be valid for any “large” intervals [N, M) and not
only for initial intervals [0, V). Let the Banach density (cf. [6, p. 72]) of a
set X C N be

o #(N,M)NX)
BD(X) = m N
(if the limit exists). Then (Ay,)22 is S-weakly well-distributed modulo p (cf.
[12, p. 84, p. 200, p. 221]) if BD({n € N : A, = r}) = 1/#(S) for every
res.
Take a multinomial sequence of the form

Kn
1 An - )
(1) (Kln,...,Kmn>

where K; are positive integers with Y /" K; = K. Assume that A, # 0
(mod p) for some positive n and define

G = {Ay mod p: 1> 13\ {0} C (2/p2)".
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LEMMA 5. Let (A,)22, be as in (1). Then:

(i) G is a subgroup of (Z/pZ)*.
(ii) Each residue r € G is visited by (A, mod p)>2, infinitely often.
(iii) The set {n € N: A, #0 (modp)} is of Banach density 0.

THEOREM 6. The sequence (Ay) in (1) is G-weakly well-distributed mod-
ulo p.

ExaMPLE 7. If 4, = ( sn ) and p = 7, then G = {1,6}, and thus the

n,n,n
residues 1,6 are visited by (A/)) with the same asymptotic frequency 1/2.

We also provide analogues of Lemma 5 and Theorem 6 for multiple
binomial sequences in Z™.

THEOREM 8. Let C1, D1, ...,Cn, Dy be integers with C; > D; > 0 and

C’m C’mn
A, = A > 0.
((Dyn) <Dmn>> © =0

Assume that G = {A, modp :n > 1}y N ((Z/pZ)*)™ is nonempty (where
A, mod p denotes the m-vector obtained from A,, by taking the residue mod-
ulo p of each coordinate). Then:

(i) G is a subgroup of ((Z/pZ)*)™.

(ii) For each r € G there are infinitely many n’s with Ay, =r (modp).

(iii) BD({neN: A, € (Z/pZ)*)™ (modp)}) = 0.

(iv) Let (A})52 be the sequence obtained from (A, mod p)°, by omit-
ting those elements A,, mod p not belonging to ((Z/pZ)*)™. Then

BD({neN: A =r})=1/#(G), redq.

3. THE SET {({") mod p:n > 1}\ {0}

Dn

In this section C, D are fixed integers with 0 < D < C, and p is a prime.
We start with a few notations and basic lemmas.

Let {2 be a finite set. A word w of length | = [(w) > 0 over {2 is a concate-
nation of [ elements in {2 (called letters). Write A for the empty word. Let wz
denote the concatenation of two words w, z over {2 and w* the concatenation
of w with itself k£ > 0 times. Thus for example, 1(10)201% = 110100111 is a
word of length 9 over 2 = Z/27Z. A word z is a subword of w if w = zpzz;
for some words zg, z1.

The base p representation of an integer n > 0 is the (unique) word
[n]p = ny—1...ning over Z/pZ with n = Zé;é n;p' and n;_1 # 0. We will
refer to ng,n;_1 as the least significant, and most significant digits of n,

respectively, and to n; as the ith digit (where we agree that n; = 0 for
i >1). Put [0], = A.



Distribution of binomial coefficients modulo p 253

Let k¥ < n be a nonnegative integer with base p representation
ki—1...kiko. We write k < n if k; < n; for each i. (By Lucas’ theorem
we have pt (}) if and only if k < n.) Write I(n) = I([n]}).

LEMMA 9. Let n,ng,n1 > 0 be integers and assume [n], = [ngl,0'[n1p
for some 1 > 1(C). Then

<1C)Z> - (16;22) (16;21) (mod p).

The lemma follows directly from Lucas’ theorem upon observing that
[Cn]p = [C’no]pOi[Cnl]p, [Dnl, = [DnO]pOj [Drnalp
for some 4, j > 0 satisfying i + {(Cn1) = j + (Dny) = 1+ 1(n1).

Put
G = {<1C)Z> mod p : n > 1}\{0}.

(i) G is either empty or a subgroup of (Z/pZ)*
(i) G =0 if and only if v,(C) > vp(D).

Proof. (i) Since, by Lemma 9, G is closed under multiplication, it is
either empty or a subgroup of (Z/pZ)*.

(ii) Assume first that 1,(C') > v,(D). Let n > 1 and i = v,(Dn). The ith
digit of C'n is 0, whereas the ith digit of Dn is not. By Lucas’ theorem,
(Y™ =0 (modp), and so G = 0.

Dn
Assume now that v,(C) < (D). By Lucas’ theorem, (g;Z) = (gl,zZZ)
(modp) for every C’, D', i. Dividing C' and D by an appropriate power of p,
we may assume that C' # 0 (modp). Put m = (p®(©) —1)/C, where ¢ is
Euler’s totient function, and note that m is an integer. Since the word [C'm],
consists of occurrences of the letter p—1 only, we have Dm < C'm, and thus

(™) # 0 (mod p). In particular, G # 0. =

LEMMA 11. For every r € GU{0}, there are infinitely many n’s such that
(gfb) =r (modp). In particular, if G = (Z/pZ)*, then (gg) is p-solvable.

LEMMA 10.

Proof. We first prove the existence of an n’ > 0 with (gz/,) = 0 (mod p).
Take an integer a > 0 such that C'//p® < min(D,C — D) and put n’ = [p'/C]
for some [ > a +1(C). Note that Cn’ € [p!,p! + C), and thus [Cn'], = 10%w
for some word w. Since C/p® < D and so p®Dn’ > Cn/, we get

I(Dn') > 1(Cn) —a = l(w) +
Similarly, since C/p® < C' — D and so p*Dn’ < (p“ — 1)Cn we get
I(Dn') <U((p* —1)Cn') —a=1(Cn’) —
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Taking [ = I[(Dn') — 1 € [l(w),l(Cn’) — 2], we infer that the /th digit of
C’n’/ is 0, whereas the Ith digit of Dn’ is not. By Lucas’ theorem we have
(S™) =0 (modp).

Now let r € GU{0} and n be such that (gg) = r (mod p). Lucas’ theorem

shows that (gzz z

) =r (modp) for every i. m

LEMMA 12. Let ng,n1 > 0 be integers. Denote by cg, do the least signif-
icant digits of Cng, Dng, respectively, and by c1,d; the [th digits of Cnyq,
Dny, respectively, where | = 1(Cny)—1. Assume that Dn; < Cn; fori=0,1
and that co + c1 < p. Then

(dorar)

(d0) (@)

Proof. Take words wy, w1, 2o, z1 over Z/pZ such that

€ .

[Cno]p = woCo, [Dno]p = Zod[), [C’nl]p = Cclwi, Oa[Dnl]p = dlzl,
where a = I[(Cny) — I(Dn1). Put n = ngp’ + n1, and note that
[Cn]p = 'U)()(Co + cl)wl, [Dn]p = Zo(do + dl)zl.

Using Lucas’ theorem we obtain

G @)
GoGm )

3.1. Proof of Theorem 1, assuming D # 0,C/2,C (modp). In this
subsection we prove Theorem 1 for the cases where

(i) D#0,C/2,C (modp).

In this part of the proof, p may also be 5. The cases D = 0,C/2,C (modp)
will be handled in Subsection 3.2 for p > 5. It will also be convenient to add
the following two assumptions on C, D:

cG. m

(ii) C = p°® — 1 for some positive integer e,
(iii) C/2< D < C.

To justify assumptions (ii), (iii), observe the following. Lemma 10 shows
that the assertion of Theorem 1 is true in the cases where v,(C) > v, (D).
Thus we may assume 1,(C) < v,(D). Since, by assumption (i), v,(D) = 0,
we conclude that C' is not a multiple of p. Replacing the pair (C, D) with
(Cm, Dm), where m is as in the proof of Lemma 10, we obtain (ii). In order
to obtain (iii), we replace (if necessary) the pair (C, D) with (C,C—D). Note
that, if we replace (C, D) with (C’, D’) according to the above two cases,
then (C’, D') still satisfies assumption (i). Moreover, if (g:g) is p-solvable,

then so is (gg) Thus, without loss of generality, we may assume (i)—(iii).
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In our proof we will repeatedly use properties of Mobius transformations.
A Mobius transformation over a field F is a rational function of the form
f(n) = (an +b)/(cn + d), where the matrix (¢ g) is invertible. A very basic
property of a Mdbius transformation f is that it permutes the elements of
F U {oco} (when we put f(oo) = a/c, f(—d/c) = o0). We refer the reader
to [17] for more on Mdbius transformations.

Let f be the Mobius transformation over Z/pZ given by

Cn+1
By assumption (ii) we have f(n) = (—n + 1)/(Dn + 1). Define

) 0 o}

T:{0§n<p:n7é1,<

Observe that assumption (ii) implies

LEMMA 13. Let k < C be a positive integer, and put ly = l(k) and
Iy = 1(p — k). Then

[kCp = [k —1]p(p — 1)67100%711 [plo — klp.
PRrROPOSITION 14. G D f(T).

Proof. Let n € T. Since G is a group, we obtain f(0) =1 € G. Thus we
may assume n # 0. By Lemma 13 we have [2C], = 1(p—1)¢"(p — 2). Since
C/2 < D < C, the word [2D],, is of the same length as [2C],, and it begins
with 1 as well. Write

[Cn], = woe, [Dnlp = 20d, [2C], = 1wy, [2D], = 1z,

where ¢, d are the residues of Cn, Dn modulo p, respectively.

The assumption D # C/2 (mod p) ensures that the least significant digit
of 2D is not p — 1. Thus, 2D < 2C. Since n € T, we have Dn < Cn. Note
that C = —1 (modp) and n # 1. Thus, c #p—1as 1 < n < p and so
c+ 1 < p. Lemma 12 yields

cr1_ Gh)
d+1 (50

Since ¢ = Cn (mod p) and d = Dn (mod p), we get (Cn+1)/(Dn+1)€G. =

LEMMA 15. For every integer n € [1,p — 1], we have (gZ) # 0 (modp)

if and only if (gg:g;) =0 (modp).

Proof. Let d denote the least significant digit of Dn. Recall that, by
Lucas’ theorem, we have (gZ) # 0 (modp) if and only if Dn < Cn. Since
[Cn], = (n—1)(p— 1) *(p — n), this happens if and only if d < p — n.
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Similarly, observing that the least significant digits of C'(p—n), D(p — n)
are n,p — d, respectively, we obtain (gg:z))) = 0 (modp) if and only if
p—d>n.

By the assumption D # C (modp) we have Dn # Cn (modp), and so
d # p —n. Thus the conditions d < p —n and p — d > n are equivalent. =

LEMMA 16. T is of cardinality (p —1)/2.

Proof. By the previous lemma, (gZ) # 0 (modp) for exactly (p—1)/2
of the elements n € [1,p — 1]. One of those values is n = 1, which does not
belong to T'. On the other hand, 0 € T', which gives #(T) = (p—1)/2. m

_ Denote the set of nonzero quadratic residues modulo p by @, and let
Q = (Z/pZ)* \ Q denote the set of quadratic nonresidues.

COROLLARY 17. G contains at least (p —1)/2 elements. In particular,
either G = Q or G = (Z/pZ)*.

In fact, this follows from the injectivity of f, Proposition 14 and Lem-
ma 16.

LEMMA 18. If G # (Z/pZ)*, then G = f(T).

Proof. By Proposition 14, f(T) C G. Note that if f(T) C
#(G) > (p—1)/2, and so G = (Z/pZ)*. Thus, we must have f(T)

Let h(n) be the rational function on Z/pZ given by
) = Ff () = o
D2n2 —1
PROPOSITION 19. Assume that G # (Z/pZ)* and let n € (Z/pZ)* be
such that n?> —1# 0 and D*n?> —1# 0. Then h(n) € Q.

Proof. By Corollary 17 we have G = (). By our assumptions n # +1.
Thus, Lemma 15 shows that exactly one of the elements n, p—n belongs to T'.
By Lemma 18 and the fact that f is an injection we see that exactly one of
f(n), f(p—n) belongs to G, and we conclude that one of them is a quadratic
residue modulo p and the other is not. In particular, f(n)f(—n) € Q. =

G, then
=G. =

REMARK. Let ¢(n) = (%) denote the Legendre symbol of n modulo p
and put M(x) = (22 —1)(D?*z?—1) € Z/pZ|[z]. An equivalent formulation of
Proposition 19 is that, assuming G # (Z/pZ)*, we have ¢(M(n)) = —1 for
every n € (Z/pZ)* which is not a root of M (z). Observing that ¢(M(0)) =1,

we get

(2) Y. ¢(M(n) < —~(p—6).

One way to use Proposition 19 for proving Theorem 1 for p > 19 and
D # 0,C/2,C (modp) is to observe that (2) contradicts the estimate of
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ZnEZ/pZ ¢(M(n)) given in [13, Thm. 5.41] for those values of p. A self-
contained proof of Theorem 1 for those cases is given below.

LEMMA 20. If (C, D,p) satisfies assumptions (1)—(iii) and p is a prime
number in [5,19], then (gg) is p-solvable.

Proof. By Proposition 14 it suffices to prove that f(7') generates
(Z/pZ)*. Assume first that (D,p) ¢ (2+ 7Z,7) and (D,p) ¢ (2 + 13Z, 13).
Table 1 provides a number n € T such that f(n) generates (Z/pZ)*.
For the case p = 13, D = 2 (mod13), observe that 2,3 € T and that
{f(2), f(3)} ={5,9} generates Z/13Z.

Assume p =7 and D =2 (mod 7). Note that

[4C], = 36°7'3,  [4D], = awl,
where a € {2,3} and w is a word of length e — 1. Using Lemma 12 (with

ng = ni = 4) we infer that g = (ail)/(z) (i’) belongs to G. Since a € {2,3},

we have g € {3,5} (modp), and so g generates (Z/pZ)*.

Table 1. A number n € T such that f(n) generates (Z/pZ)* for 5 < p < 19

D\ p p=>5 p="7T p=11 p=13 p=17 p=19
D=1(modp) | J@) =3 | J3) =3 | /B =7 /@ =6 [ J@ =11] j®) =2
D=2(modp) | D=C/2 F(2) =2 f2)=10] f(2) =15
D=3(modp) | f2)=2 |D=C/2| f(5)=8 | f(2)=11]| f(2) =12 | f(3) = 15
D=4(modp) | D=C | f(2)=3 ] f(2)=6| f(5)=6 | f(6)=10| f(2)=2
D =5 (mod p) f2y=5|D=C/2| f(2)=7 | f(2)=3 | f(5)=13
D = 6 (mod p) D= f8)=8 | D=C/2 | f(4)=6 | f(T)=14
D =7 (modp) f) =8| /=6 | f3)=3 | /(4) =13
D = 8 (mod p) f(n=81| f4)=7 | D=C/2 | f(2)=10
D = 9 (mod p) fB=71 f2=21 f3)= D=C)2
D = 10 (mod p) D= F®) =2 | f3) =12 f(3) =3
D = 11 (mod p) FA) =6 | f(2)=14] f(2) = 14
D =12 (mod p) D= fB)=5 | f(2)=
D = 13 (mod p) f(2)=5 | f(4)=15
D = 14 (mod p) f2)y=17 1 f(6)=10
D = 15 (mod p) f2) =6 | f(3)=14
D = 16 (mod p) D= f4) =2
D =17 (mod p) f(2)y=13
D = 18 (mod p) D=C

Let X CQ,Y C Q. A function g : Z/pZU{x} — Z/pZU{x} exchanges
Q, Q with possible exceptions (X,Y) if g(z) € Q for every x € Q \ X and
g(z) € Q forevery z € Q\ Y.
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Proof of Theorem 1 for D # 0,C/2,C (modp). Suppose the sequence
(gﬁ) is not p-solvable for some C, D with v,(C') < v,(D). By Lemma 11,
Corollary 17 and Lemma 20, we have p > 19 and G = Q. If D? = 1 (mod p),
then the function h is identically 1, which contradicts Proposition 19. There-
fore D? # 1 (modp). Consider the Mobius transformation

z—1
9@) = pr 1

Proposition 19 shows that g(z) € @ for every x € Q \ {1,1/D?}. Observe
that ¢(0),g(c0) € Q. Since g is a Mobius transformation, it is a permu-
tation of Z/pZ U {oo}. This implies that there exist a,b € Q such that g
exchanges Q, Q with exceptions ({1,1/D?},{a,b}).

Multiplying g(z) by ((D?x —1)/D)?, we conclude that the polynomial

P(x) = g(x) (%) ~e-1(e-3)

exchanges @, Q with the same exceptions. Set
1
T2

Assume first d # 0. Observe that P(x + d) = P(—z + d) for every
x € Z/pZ. Since P exchanges @, @), we conclude that, for each z € Z/pZ
which is not one of the following (up to) ten possible exceptions:

E={%(r—d):re{l,1/D? a,b,0}},

we have x +d € Q if and only if —z 4 d € @, and similarly for Q. Consider
the Mobius transformation M (z) = (x + d)/(—z + d). We obtain M (z) € Q
for every x € Z/pZ \ E. Since M is injective and p > 19, this gives a
contradiction.

Now assume d = 0. In this case D? = —1 (mod p), and thus P(z) = 2%2—1
exchanges Q, Q with the exceptions ({1, -1}, {a, b}).

Since p > 19, we get 9 € Q \ {1}, and so 80 = 92 — 1 € Q. Since 80 =
42.5, we conclude that 5 € Q. Now 4 € Q\ {#1}, and thus 15 =42 -1 € Q.
Since 5 € Q, we obtain 3 € Q. Hence 8 = 32 — 1 € @, which implies that
2 € Q. Since 2,5 € @Q, we have 10 € @, which gives 99 = 102 —1 € Q, and so
11 € Q. Since 3 € Q, we have 12 € @, and thus 11-13 = 122—1 € @, and since
11 € Q we conclude 13 € Q. Finally, 25 € Q, and s0 2*-3-13 =252 —1 € Q,
which is a contradiction. m

d=-(1+1/D?) € Z/pZ.

3.2. Proof of Theorem 1 for D =0,C/2,C (modp). We begin with
the case D = C/2 (modp). Exactly as before, we may assume C' = p® — 1
for some e.

PROPOSITION 21. If D = C/2 (modp), then (g’;) is p-solvable forp > 7.
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Proof. Replacing (C, D) with (C,C — D), we may assume D < C/2.
Define I = [0, (p — 3)/2] (where [a,b] denotes the set of integers k with
a < k <b). Choose k € I and t = p — 2k. Note that the least significant

digits of C't, Dt are 2k, k, respectively, and that the most significant digit
of 3C' is 2. Write

[Ct]p = w0(2k), [Dt]p = Zok, [3C]p = 2’[1)1, Oa[?)D]p = dzl,

where a = [(3C')—1(3D) and by the assumption D < C/2 we have d € {0,1}.
Note also that each letter in wg, except for the leading one, is p — 1. Thus,
Dt < Ct, and in particular (taking k = (p —3)/2 and so t = 3) we have
3D = 3C.
Assume first that d = 0. Lemma 12 yields
2k+2
202k +1) = (%k 2) eG, kel

2 ()0
Taking £ = 1 we obtain 2 € G, and hence (2k +1)/(k +2) € G for each
k e I.1f p= 17, then, taking k = 2, we have 5/4 € G, so that 5 € G. Since
5 generates (Z/7Z)*, this implies the assertion. Assume therefore p > 7.
Taking k& = 4, we obtain 3 € G. Assume to the contrary that G # (Z/pZ)*,
and let m be the minimal residue in (Z/pZ)* \ G. Assume first that m is even
(when considered as an integer in [1,p — 1]). Put k =m/2 € [1,(p—1)/2].
Since 2 € G and m ¢ G, we obtain k ¢ GG, which contradicts the minimality
of m. Assume now that m is odd and write m = 2k + 1. Note that k£ must
belong to I. Since (2k +1)/(k +2) € G, we conclude that k + 2 ¢ G. Since
m # 3, and so k > 1, we obtain k+2 < m, which contradicts the assumption
that m is minimal.

Consider now the case where d = 1. Here we obtain

2k+2
2l ) oo e
Bl ()0

If p =17, then 3/2 € G is a generator of (Z/7Z)*. Assume p > 7. We obtain
3/2,5/3,9/5 € G andso2=(2/3)-(5/3)-(9/5) € G. Assume G # (Z/pZ)*,
and let m be the minimal residue in (Z/pZ)* \ G. As before, m cannot be
even. Write m = 2k + 1. Since (2k +1)/(k+1) € G, we obtain k +1 ¢ G,
which contradicts the minimality of m. =

Consider now the cases where D = 0,C (modp). As before, we assume
that C' = p® — 1. Replacing (if necessary) the pair (C, D) with (C,C — D)
we may assume D = 0 (modp). It will be convenient to define v = v,(D)
and R = [C/D] + 1. Note that v > 1 and that R is the minimal integer
with RD > C (and thus minimal with [((RD) =e+1).

The proof is broken into the following three lemmas.
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LEMMA 22. Assume that R < [2p/3| + 1. Then (gﬁ) is p-solvable for
every prime p > 7.

Proof. Since p > 7 we have R < p. Take an ng < p and note that
[Cnolp = wo(p —n0), [Dnolp =200, [CR],=(R—1)w, [DR]y=1z,

for some words wg, w1, 2o, 21 with I(wq) = I(21) = e. Since each letter of wy,
except for the leading one, is p — 1, we get Dng <X Cng for each ng < p, and
so DR =< CR as well. Taking ng € [R,p — 1] we obtain p —ng+ R —1 < p.
Thus, Lemma 12 implies

p—-ng+R—-1 (p_nofR_l)

R—-1 () (f)

This shows that
p—ng+R—1
p—ni+R—-1

€eG, ng€[R,p—1].

€ G for every ng,ny € [R,p — 1],

and so a/b € G for every a,b € [R,p—1]. In particular, —a =a/(p—1) € G
for every such a. Define I = [1,p — 1 — [2p/3]]. Since R < [2p/3] + 1, we
have I C G.

Assume first that p > 71. Since 3 € I, we obtain {3i : i € I} C G.
A simple calculation shows that #(IU{3i:i € I})> (p—1)/2 for p > 71.
Thus, #(G) > (p — 1)/2, and hence G = (Z/pZ)*. In the cases 11 < p < 67
it can be checked that there exists a generator of (Z/pZ)* in the inter-
val I.

We are left with the case p = 7. If R < 5, then it can be easily verified
that

(Pt e (ro -1

generates G. Assume therefore R = 6. Thus, 5D < C and 6D > C. Consider

the binomial coefficient b = (%Sgg Ziig). We obtain

[10Cp° +4C), = 12(p — 1) *0(p — 1)¢713,
[10Dp® + 4D],, = 1w;0w-0,

where wq,wy are of length e — 1 with 1w;0 = [10D], and wy0 = [4D],. By
Lucas’ theorem we have

o= () () (0o -10) () Uiy ) ) ot
Note that for every ¢ € [0, p** —1] we have (" . 1) = (=1)° (mod p). Since

4D /p is even and (1/p)(10D — p°) is odd, we obtain b = —2 (mod p), which
is a generator of (Z/7Z)*. m
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LEMMA 23. Assume that [2p/3] +1 < R < [2p/3]p*~! + 1. Then (gZ)
is p-solvable for every prime p > 7.

Proof. Observe that our assumptions imply v > 1, and thus R+ k < p*
for each k € [0,p — 1]. Hence, [(R + k)C], = wa(p — 1) Yw;, where w; is
a word with [(w;) = v and a is a digit with a = R+ k — 1 (modp). Take
an integer k in the interval I = [0, [2p/3]]. Since R > [2p/3] + 1, and so
k < R — 1, the most significant digit of (R+ k)D is 1. Thus, [(R+ k)D], =
1w'0Y for some word w’ of length e — v. Lucas’ theorem implies that

(Egi:) > <C1L> ' <(R f;)_Dl_ pe> (mod p).

Since (pec_l) = (—1)¢ (modp) for ¢ < p® — 1, we conclude that

(R+k)C

((R +k)D
belongs to G for every k € I, with one possible exception in case a = 0.

If D is even, then those values are distinct and so #(G) > (p—1)/2,

which implies that G = (Z/pZ)*. Assume that D is odd. Take t = RD — 1,
and let d denote the residue of R — 1 modulo p. We have
(3) (-1)"**d+k)eGu{0}, kel
If p € {7,11,13,17,19}, then one can easily check that the nonzero values
n (3) generate (Z/pZ)* for each t € {0,1} and d € Z/pZ. Assume therefore
that p > 23, and assume to the contrary that G # (Z/pZ)*. Since #(I) >
(p+1)/2, it follows that {d + k : k € I} \ {0} generates G. This implies
that —1 ¢ G and G is a subgroup of index 2 in (Z/pZ)* (i.e., G is the
group of nonzero quadratic residues modulo p). If d > [p/3], then, taking
ko=p—1—d, kf =p+1—d, we obtain
{(=1)"(d+ ki) (modp) :i=0,1} = {1,p — 1}.

This contradicts the fact that —1 ¢ G. Assume therefore 0 < d < [p/3].
Take an even number a € [0, 8] such that a = 2p (mod5). Put
2p—a 2p+4a

y ny = .

) )
Since p > 23, we get no,n1 € [[p/3], [2p/3]]. Thus, no,n1 € {d+k: ke I}.
Recall that ny — ng = a is even. Using (3) we obtain (—1)'ng, (—1)'n; € G
for some ¢. In particular, ng/ny € G. Since

2 4
Mo _Zptia —4 (mod p)
ny 2p—a
and 4 = 22 € G, we obtain —1 € G, which is a contradiction. m

LEMMA 24. Assume that R > [2p/3]p*~1 + 1. Then (gZ) is p-solvable
for every prime p > 7.

> = (—1)(R+k)D_pea = (—1)FPHD(R 4k — 1) (modp)

nyg =
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Proof. Let t = [2p/3], ng = tp"~' + 1 and take ny = p” + r for
some 7 € [2,t]. Our assumption implies that [(Dng) < e. Since [Cngl, =
t0°~1(p — 1)’ for some word w’ of length v, we obtain Dny < Cng.
Write

[O?’Lo]p = t’LUo, [D’I’L()]p = 20,

where wy, zo are words with I(wg) > I(z9). Take a = e + 1 — I(Dny), and
note that

[Cralp = 10" (r=1)(p—1)* """ (p=2)(p—1)" " (p—r),  0°[Dna], = bw0”,
where I(w) = e —v and b € {0, 1,2}. Note that the case b = 2 is possible
only when v = 1. Moreover, it implies that n; > 2R — 1 and so p+r >
2R — 1 > 2[2p/3] + 3, which gives » > 3. Thus, b < r — 1. Let s denote

the least significant digit of w. Assuming s # p — 1, we obtain Dny =< Cn;j.
Write

[Crlp=wi(p—2)(p—1)"""(p—7), [Dm],=zs0".
Take n = p'(Cm0)~1p, 4+ ny. Since p — r +t > p, we obtain
[Cn], = wi(p— 1)0°" Yt — 7wy,  [Dn], = 250/ w0)~Uz0)Fv 0

Lucas’ theorem gives

Cno\ (Cn1 p—2
(DnoggDnl) = (pil) (modp).
(bn) )

Thus, s + 1 = (pj)/(p;l) € G. Denote by d € (Z/pZ)* the residue of
D/p’ modulo p. We have s = dr (modp). Thus, dr +1 € G for every
r € [2,t] \ {-1/d}. If p > 11, this implies #(G) > (p—1)/2, and so
G = (Z/pZ)*. For p = 7, it can be easily checked that the set S; =
{dr+1:r€[2,t]\ {—1/d}} generates G for each 1 <d < 6. m

Lemmas 22-24 prove Theorem 1 in the cases D = 0,C (modp).

3.3. Proofs of Corollaries 2 and 3. Recall that, apart from the cases
D =0,C/2,C (modp), we have proved Theorem 1 for the prime 5 also.

Proof of Corollary 2. 1f (C, D,p) # (2,1,3),(2,1,5), then this is a direct
consequence of Theorem 1. In the cases (C, D,p) = (2,1, 3),(2,1,5), we infer
that 2 = (%) € G is a generator of (Z/pZ)*.

Proof of Corollary 3. If C # 1,2 (modp) or p > 5, then this is a direct
consequence of Theorem 1. If p = 2, then it follows from Lemmas 10 and 11.
For the cases C' = 2 (modp) and p = 3,5, note that ((1]) = 2 (modp) is a
generator of (Z/pZ)*.

Assume therefore C' =1 (modp) and p = 3,5. Take ng = 1 and let n; < p
be such that the most significant digit of Cny is 1. Lemma 12 shows that
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2 = Gié)/(}) ((1)) € G. Since 2 is a generator of (Z/pZ)* for p = 3,5, this

implies the corollary. m

4. WEAK WELL-DISTRIBUTION

In this section we prove Lemma 5 and Theorems 6 and 8. It turns out
to be convenient to begin with Theorem 8 and to use it to obtain Lemma 5
and Theorem 6.

4.1. Proof of Theorem 8(i)—(iii). One can easily prove the following
two lemmas (cf. [15, Lemma 11, Proposition 22]).

LEMMA 25. Let X C N and 0 < o < 1. Assume that
J#FE 0GP, G+ DY)
i>1 P
Then X is of Banach density «.

LEMMA 26. Let P,(l) denote the probability that a random word z, cho-
sen uniformly from (Z/pZ)!, does not contain w as a subword. Then

lim P, (1) = 0.

—a| — 0.
|—o0

In fact, we will prove (Lemma 33) a more general version of Lem-
ma 26. (We will also prove (Lemma 29) a claim which is very similar to
Lemma 25.)

LEMMA 27. Let w be a word over Z/pZ. Denote by X the set of numbers
n € N such that [n], does not contain w as a subword. Then BD(X) = 0.

Proof. Let j,1 > 1 and choose uniformly at random an integer n in the
interval [jp, (j + 1)p'). Note that [n], = [j],z where 2 is a random word of
length {. Thus, the probability that [n], does not contain w as a subword
is < P, (1) and the lemma follows from Lemmas 25 and 26. =

Let A, = ((giﬁ), (gZZ)”(gZZ)) and G be as in Theorem 8. Put

L = max]", [(C;). The following lemma is a direct consequence of Lemma 9.

LEMMA 28. Let n,ng,n1 > 0 be integers and assume that [n], =
[n0],0'[n1], for some | > L. Then

A, = ApyAp, (modp).

Proof of the first three parts in Theorem 8. (i) Lemma 28 implies that
G is a group.

(ii) follows by observing that A,:, = A, (modp) for each 7 and n.

(iii) Note that the set in question is a subset of

X = {n eN: (gﬁ) 20 (modp)}.
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Thus, it suffices to prove that BD(X) = 0. By Lemma 11 there exists an n’
with (Cm) = 0 (modp). Put w = 0"[n],0", where I; = {(Cy). Lemma 9
implies that for each integer n > 0 whose base p representation contains
the word w we have (gifb) = 0 (modp) and so n € X. Thus, the assertion
follows from Lemma 27. =

4.2. Proof of Theorem 8(iv). Take r € G and let X, = {n € N :
Al =r}. For every j,1 > 1 put

L= G+ 1)p), Iy ={nelj:A, e (Z/pZ)*)" (modp)}.
Denote by N the set of numbers j > 1 such that I7; # (.

Let us first sketch the proof: We start by showing (Lemma 29) that,
in order to prove that BD(X,) = 1/#(G), it is enough to consider the
distribution of (A, (modp))ner on the sets I = I7, with large I’s. Then we
define a partition P of I’ il such that the size of each Y € P is either 1 or
#(G). Moreover, taking a large [, we prove that “almost every” Y € P is
of cardinality #( ), where (A, (mod p))ney takes each value in G exactly
once. This implies that

#{nel};: A, =g (modp)} 1

~~ for each g € G.
#(15) #(G)

LEMMA 29. Assume that
#{nell;: Ay =r (modp)} 1

(4) max - — 0.

R ) 0| o
Then BD(X,) = 1/#(G).

Proof. Let M be a (large) positive integer. Take an interval I = [a,b)
such that I’ = {n € I : A, € ((Z/pZ)*)™ (modp)} contains at least
M elements. Put I = [I(M)/2] and consider the sets I7; for integers j in

[a/p!,b/p' — 1]. Note that those I}, are disjoint subsets of I'. If M (and
hence 1) is large, most of the elements of I’ belong to some I ]’ ; with j in
[a/p!,b/p! — 1]. In fact, we have

T ! (M) /2]
j=la/p' 2 _ 2 0
(D) =M M Meso
Let € > 0. If M (and hence 1) is large, then (4) implies that
#{n el A, =r (modp)} 1
A7) e

<e
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for every 7 € N. Thus, for large enough M we have

#{nel': A, =r (modp)} 1 .-
#(I') #(G)
for every set I’ of the form I' = {n € [a,b) : A, € (Z/pZ)*)™ (modp)} of
size #(I') > M. m

LEMMA 30. There exist #(G) integers (Ry)qec such that

(i) Ag, =g (modp) for each g € G.
(ii) The base p representations ([Rglp)gec are of the same length, and
end with a nonzero digit.

Proof. For each g € G take a positive integer n, such that A,, = g
(mod p). Since A, = A, (modp) for each i, we may assume that each n,
is prime to p and so [ng], ends with a nonzero digit.

Put | = maxyeq l(ng). For each g € G let R, be the integer whose base p
representation contains #(G) + 1 occurrences of [ng4], which are separated
by blocks of 0’s as follows:

[Rylp = ([”g]pOL)#(G)0(#(G)+1)(l_l(ng))[ng]p'

Obviously, I(Ry) = (#(G) + 1)l + #(G)L. By Lemma 28,
Ag, = (Ang)#(G)"r1 =A,, =g (modp). =

Let (Rg)gec be as in Lemma 30 and Ly = I(Ry) be the length of the
base p representation of each R,. For every g € G let s, = 0L°[Ry],050. Put

G={sg:9€G}

Let j,1 > 1. Consider the bijection w between I;; and the set of words
w € (Z/pZ)!, where w(n) is the (unique) word satisfying [n], = [j],w(n).
Take n € I;;. Assume that w(n) contains one of the words in G and
write w(n) = w'sw” with s € G and w” as short as possible. The G-class
X, = X,(l,7) of n is the following subset of I;:
(5) X, ={kelj: wk)euwgun}
(where we write w'Gw"” for the set {w'squw” : s4 € G}). If w(n) contains none

of the words of G, then the G-class of n is X,, = {n} and called trivial. Note
that every nontrivial G-class is of cardinality #(G). Put

P (=P(,1) ={X, :n € Ij;}.
LEMMA 31. For every nontrivial G-class X,, € P(j,l) and g € G, we
have A, = g (modp) for exactly one element k € X,,.

Proof. Write w(n) = w'sqw” where s, € G and w” is as short as possible.
Let ¢ be the integer whose base p representation is [t], = [j],w'0rw”. The
definition of X, and Lemma 28 imply that the elements in {4 : k € X}
are congruent to {A;g : g € G} modulo p. This implies the lemma. =
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LEMMA 32. P is a partition of I]’.J.

Proof. Since each [Rgy], begins and ends with a nonzero letter, we eas-
ily see that any two G-classes are either equal or disjoint. Since n € X,
we have I, C (JP. Lemma 31 shows that for each X, € P we have

{A,mod p: k € X,} C ((Z/pZ)*)™ and so X, C I/,. Thus, P = I . =

Our next goal is to prove (taking a “large” [) that for most numbers
n € I}, we have [n], = [j],w for some word w € (Z/pZ)! containing a sub-
word s € G. (See Proposition 39 for the precise formulation.) This will show
that most of the G-classes Y € P are of cardinality #(Y) = #(G). We will
relate this problem to a walk on a certain graph Iy whose paths correspond
to subwords in base p representations of elements in [ ]’l Therefore we in-
troduce some terminology from graph theory:

DEFINITION. A directed (multi)graph I" = (V, E) is strongly connected
if, for every pair (u,v) of vertices, there exists a directed path from u to v.
I' is a primitive graph (cf. [10]) if there exists a K > 0 such that, for every
[ > K and u,v € V, there exists a path from u to v of length [. This is
equivalent to the property that some power of the adjacency matrix Mp is
strictly positive (i.e., Mp is a primitive matriz).

The property of primitive graphs that we need is the following

LEMMA 33. Let I' = (V, E) be a directed primitive multigraph, u,v € V
and P be a directed path in I'. For every I > 0, let N, (1) denote the number
of paths of length I from u to v, and N,f’v(l) the number of those paths which
contain P as a subpath. Then

e )

Proof. Since I is primitive, there exists a K such that N, (1) > 1 for
every u,v € V and [ > K. Take | > K, and decompose the interval I = [0,1)
into a disjoint union of ¢t = |I/K | subintervals A; = [d;, 0;+1) where §; = Ki
for i € [0,t) and 0; = [. Thus, K < #(4;) < 2K for every i. For each
sequence agai . ..a; of length ¢t + 1 over V, let M, ., denote the number
of paths of length [ from ag to a; which visit a; at the §;th step (i < t).
Let Mf:),._',at denote the number of those paths which do not contain P as
a subpath. Since d;11 — d§; > K, we have N£7Gi+l((5i+1 — ;) > 1. Thus,

Maga _ i Wasais Gi1 —0:) = 1) _ <1 1 )
Mag,ar = 120 Navasa (041 — 8:)  ~ ’
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where M = max{N, ,(l) : u,v € V, I <2K}. This implies

Napar) = Ny, (1) _ (i- L)t
Nao,at (l) - M '
Since t = |I/K | — o0 as | — oo, we obtain
L Napa) = NEL O
=00 N0407at<l)
REMARK. Lemma 26 can be considered as a special case of Lemma 33
by taking I" to be the complete directed graph on the vertex set Z/pZ.

Let n, k,7 > 0. We write k <; n if the ¢th digit of k does not exceed the ith

digit of n. (Thus, k < n if k <; n for each i.) Given a word w = n;_1...ng

over Z/pZ, put n, = Zi;é n;p’. For each t € {1,...,m}, let f; be the

function from the set of all words over (Z/pZ) to N? given by

fe(w) = ({%J {%J)

That is, fi(w) = (c¢,d) if [Cinu]p = [c]pz0 and [Diny]p, = [d]pz1 for some
words zp, z1 of length [ = [(w) (where we put ¢ = 0 if I(Ciny) < [(w) and
d = 0 if I(Dsny,) < l(w)). Note that Cin,/p!™) < Cy and thus Im(f;) C
[0, Cy)? is finite.

LEMMA 34. Let z,w be words over Z/pZ and (c,d) = fi(w). Then
c+ Ctnz d—+ Dtnz
e = (| e [ F])
! PG p2)

In particular, for any words wy,ws over Z/pZ with fi(w1) = fi(w2) we have
fi(zw1) = fi(zwa).

Proof. The definition of f; yields Cin,, = cpl(“’) + ¢q1 and Dyny,, = dpl(“’)
+ g5 for some ¢1, g2 < p'™). Thus,

Cy(n=p"™ + ny) = (¢ + Cin2)p'™ + g1,
Dt(nzpl(w) + nw) = (d + Dt“z)Pl(w) + qo,
which implies the lemma. =

Put

fw) = (fi(w), ..., fm(w)),
and for every v = f(w) € Im(f) and a € Z/pZ let v, = f(aw). Note that,
by Lemma 34, v, depends only on v,a (and not on w), and thus it is well
defined.
Define a directed multigraph I" whose set of vertices is V' = Im(f). Let
v = ((c1,d1),...,(¢m,dn)) be an element in V. For every a € Z/pZ such
that d; + Dia <o ¢ + Cia for each t < m, we put a directed edge (called an
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a-edge) from v to v,. It may happen that v, = vy, for distinct a, b € Z/pZ and
thus we may have multiedges (with different labeling) in I". Our definitions
yield

LEMMA 35. Letv = f(w) € Im(f). Then (v,v,) is an a-edge in I" if and
only if
(6) Dinaw =,y Cinaw, t=1,...,m.

Note that (6) implies that Dynq, =(wy Ctizaw for any word 2.

Let 2 = a;_1...a9 € (Z/pZ)'. A directed path P of length [ in I' is a
z-path if the ith edge in P is an a;-edge for i <1 — 1.

Let Vi denote the strongly connected component of f(A) = (0,0)™ € V
in I'. That is, V{ consists of those vertices v for which there is a closed
path containing both v and (0,0)™. Let Iy = (Vo, Ep) be the graph on the

vertices Vj induced by I'. A vertex ((c1,d1),. .., (¢m,dm)) € V is admissible
if d; < ¢; for each t < m.

LEMMA 36.

(i) A vertex v € V is admissible if and only if there exists a O'-path in
I' from v to (0,0)™ for some l.

(ii) Let n >0 be an integer. Then A, € ((Z/pZ)*)™ (modp) if and only
if there is an [n|p-path P in Iy from (0,0)™ to an admissible vertex.

Proof. (i) follows directly from the definition of the 0-edges in I'.
(ii) Assume that A, € ((Z/pZ)*)™ (modp) and let [n], = nj_;...no.
Then Dyn < Cyn for each t < m, so that

f(4) =(0,0)", f(no), f(nino), f(nanino), . .., f([nlp)
is an [n]p-path in I" from (0,0)™ to an admissible vertex. By (i), there is a
path from f([n],) to (0,0)". Thus the above path is also contained in the
graph I7.

Assume now that there is an [n],-path P in I from (0,0)™ to an admis-
sible vertex. The definition of the edges in I" implies that each digit of Din
does not exceed the corresponding digit of Cyn for each ¢. Hence (gﬁ) Z0
(modp). m

LEMMA 37. For every s € G there exists an s-path in Ij.

Proof. Write s = 0%0[R,],0%0 and put s’ = [R,],0%°, n = ns (= ny).
Recall that A,, = ¢g (modp). Thus, by Lemma 36(ii), there is an s’-path in
I from (0,0)™ to an admissible vertex v. This implies that for each a > 0
there is a 0%s’-path in I starting at (0,0)™. =

LEMMA 38. The graph Iy is primitive.

Proof. I is astrongly connected graph by its definition. Since it contains
a loop (over the vertex (0,0)™), it is primitive. m
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PROPOSITION 39. Let X, (j,1) be as in (5). Then
#(n € li;: X,(5,1) = {n})

max — 0.
JEN #(1,) l—o00

Proof. Takel > 1and j € N;. Denote by V; the set of vertices v such that
there is a [j],-path in Iy from v to an admissible vertex. Let w € (Z/pZ)".
Lemma 36(ii) implies that jp' 4+ n, € I ]’.’l if and only if there is a w-path
in Iy from (0,0)™ to a vertex in Vj. If we take [ large, we deduce from
Lemmas 33, 37, 38 that most of the paths of length [ from (0,0)™ to a
vertex in V; contain an s-path for some s € G. This implies that, for most
of the elements n € I7,;, we have [n], = [j],w for some word w € (Z./pZ)!
which contains a subword s € G (and so X,,(j,[) is of cardinality #(G)). =

Proof of Theorem 8(iv). Lemma 31 and Proposition 39 show that
#{nel,: A, =r (modp)} 1
max 2 - — 0.

e (I #(G) | i

Thus the theorem follows from Lemma 29. =

REMARK. Let £ denote the set of all words w over {2 = Z/pZ such
that A, € ((Z/pZ)*)™ (modp). Our construction of I implies that £ is
a regular language. In fact, let A be the automaton on the state set Q@ = Vj
which is given by the graph I, taking (0,0)™ as the starting state and
the admissible vertices as the final states. Lemma 36(ii) shows that £ is
the language which is accepted by A (when we agree that A reads words
w from right to left). In particular, the binary sequence (by)22, obtained
from (A,,) by putting b, = 1 if A, € ((Z/pZ)*)™ (modp), is an automatic
sequence. We refer the reader to [2] for an excellent book on automatic
sequences.

4.3. Multinomial coefficients. In this subsection A4,, = ( K nK"Kmn)
where Ki,...,K,, are positive integers whose sum is K. Let G4 C
(Z/pZ)* be the set of nonzero residues modulo p which are visited by
(A, mod p)92 ;. Note that each A,, can be represented as a product of bino-
mial coefficients:

A= (o) (Cren ) () ()

Let B, be the sequence in (Z/pZ)™ ! given by

() () () ()
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and Gp be the corresponding subgroup of ((Z/pZ)*)™~! given in The-
orem 8(i). Define the function ¢ : (Z/pZ)™ ' — Z/pZ by
m—1
olay,...,am-1) = H a;.
i=1
Since A, = ¢(By,), we easily obtain Lemma 5 from the first three parts of
Theorem 8. In particular, G4 is a group.

Proof of Theorem 6. Note that ¢ induces a homomorphism from Gp
onto G4. Let r € G 4. There are exactly #(Gp)/#(G4a) elements 1’ € Gp
with (r') = r. Since each of them is visited by the sequence B], with the
same (Banach) frequency 1/#(Gg), we conclude that

#(Gp) 1 1
BD({n eN: A, =r (modp)}) = : = ..
" modP) = @) #Cm) ~ #E)
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