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On the arithmetic of genus two fibrations
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MusTaFA D. KaBA and HURSIT ONSIPER (Ankara)

In this paper, we are concerned with the arithmetic of surfaces which
have irregularity ¢ = 2, and which admit nonsmooth genus two fibrations
over elliptic curves, defined over a number field K. For such a surface S, the
geometric properties one needs for arithmetic purposes are quite well known.
Employing these properties to compare .S and the Albanese variety A of .S,
we study the following special cases of a vast set of conjectures stated by
Tate ([5, p. 97], [6, p. 72]) for any smooth projective variety defined over a
field which is finitely generated over the prime field:

TH(S): NS(S) @ Q; = (HZ (S, Q) (1)) /),
Ly(S): 0(S) = —ords—2(Ls2(s)),

where Lgo(s) is the factor of the zeta function (s(s) = H?:o Lgi(s)V"
arising from the second cohomology.

The techniques we employ are quite standard computations in cohomol-
ogy. First working over the algebraic closure K of K we recall the essentials
of the geometry of S = S ® K and we calculate the rank o(S) (resp. o(A))
of the Néron-Severi group NS(S) (resp. NS(A)) of S (resp. the Albanese
variety A of S). These calculations yield the following result.

PROPOSITION 1. o(S) = 0(A) + Nc, where N. is the number of curves
contracted by the Albanese map a: S — A.

For the precise statement of the result on the conjecture La(S) we let
E’ denote the elliptic curve which is the subcover of the smooth fibers of
the fibration ¥ : S — E over the elliptic curve E. We note that E’ is
the K(F)/K-image of the jacobian (Js/g), of the generic fiber of ¥. As a
consequence of self duality of the jacobian, E’ is also the K(F)/K-trace of
the relative jacobian (Jg/g)-
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PROPOSITION 2. Let S be a smooth projective surface with irreqularity
q(S) = 2 defined over a number field K and let A be the Albanese variety
of S. Suppose that S admits a fibration (defined over K) ¥ : S — E over an
elliptic curve E and let E' be the elliptic subcover of the smooth fibers of W.
Then Lo(S) is true if and only if La(A) is true. In particular, La(S) holds
if E and E' have complex multiplication.

PROPOSITION 3. NS(S) ® Q; = (HZ (S, Q,)(1))Cal(E/K),

Throughout the paper we will use the following basic notation and defi-
nitions.

For a curve C, k(C') denotes the function field of C' and J¢ is the jacobian
variety of C.

For a surface S,

e X(S) is the holomorphic Euler characteristic.

e K(S), w(S) denote the canonical divisor and the canonical bundle.
e ¢1(5),c2(S) are the first and second Chern classes of S.

e NS(S) denotes the Néron—Severi group.

e 0(S) denotes the Picard number.

For a fibration S — C, Kg/c denotes the relative canonical divisor.

DEFINITION 1. For any integer d > 2, X(d) is the complete modular

curve obtained from the quotient of the upper half plane by the modular
group I'(d).

DEFINITION 2. For a locally nontrivial minimal fibration S — C' with
fiber genus g, the slope A is defined by

A =Ko/ (x(S) (9 - 1)(g(C) = 1))
Clearly for the fibrations considered in this paper we have K2(S) =
Ax(S).
DEFINITION 3. For a fibration S — C, the jacobian fibration Jg/c is
the connected component Pic% Ve of the Picard scheme Picg,c.

Let S be a projective smooth surface admitting a genus two fibration
U : S — E with ¢(S) = 2 over an elliptic curve. We assume that all this
structure is defined over a number field K.

In case the fibration is smooth, it is isotrivial with monodromy group
isomorphic to Zs and hence the arithmetic of these fibrations is easy to work
out. The interesting case is that of nonsmooth fibrations. For such fibrations
we know that the slope (Definition 2) is given by A = 7 — 6/d for some
d=2,3,4,5,6 and that S is a minimal surface of general type. Moreover,
the fibration is semi-stable and nonisotrivial if d > 3 ([7, Corollaire, p. 47]).
In fact, for any given elliptic curve E’ and d > 3, we have a semi-stable genus
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two fibration IT : S(E’,d) — X (d) on the modular curve X (d) (Definition 1)
such that any fibration S — E with E’ as the elliptic subcover of degree d
of the smooth fibers of S — F, is obtained as the minimal desingularization
of the pull-back f*(S(E’,d)) by a nontrivial morphism f : E — X (d) ([7,
Théoreme 3.10], cf. [1, Corollary 1.2]).

For the existence of such surfaces we have

LEMMA 1. Let E,E’ be elliptic curves defined over a number field K
which contains the cyclotomic field Q((y), 3 < d < 6. For d = 6, we assume
that E ~ X(6). Then there exists a genus two fibration ¥ : S — E defined
over a finite algebraic extension of K with q(S) = 2 such that E' is a
subcover of degree d of the smooth fibers.

Proof. With the given hypothesis we have a surjective map E — X(d).
Therefore we have a smooth genus two fibration Sy — U over an open
subscheme U C E ([1, Corollary 1.2]) with E’ as a subcover of degree d of
the fibers, defined over K. Since this family is projective over U, we can
imbed Sy in a suitable projective space P% and take its closure S’ in P%.
Resolving the singularities of S’ we obtain S as required. m

In analyzing the geometry of the given surface, we work over the algebraic
closure K of K, but we will permit a conflict with our notation in the
introduction and a certain abuse of notation by using the same symbols
for all objects defined over K and those obtained by the base extension
Spec(K) — Spec(K).

For the main results on the geometric structure of these surfaces we
will refer to [7]: the surface S(E’,d) has two types of singular fibers ([7,
Lemme 3.11, Théoreme 3.16]):

e Type I: Fibers over the cusps of the modular curve X (d) are curves
with a node such that the normalization is an elliptic curve.

e Type II: Singular fibers over the ordinary points of X (d) consist of
two elliptic curves meeting transversally at a single point.

Therefore, on S, curves of geometric genus 0 all come from the resolution of
the singularities of the surface f*(S(E’, d)). The latter has singular points if
and only if f has branch points over which singular fibers of S(E’,d) — X (d)
lie. In such a case, if f has ramification index £+ 1 at p on F, then the fiber
of f*(S(E’,d)) — E over p has a singular point of type Ag.

In the rest of the paper, we will say that a singular fiber F' on S is of
Type I (resp. Type II) if F' is mapped onto a fiber of Type I (resp. Type II)
by the natural morphism S — S(E’, d). The cycle configuration of a singular
fiber which contains an Aj-chain is as follows:

e Type I: a closed cycle consisting of a smooth elliptic curve and k
smooth rational curves,
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e Type II: two disjoint elliptic curves, one of which intersects the first
component and the other intersects the last component of a chain of
k smooth rational curves.

The Albanese map « : S — A is generically finite of degree d; a contracts
precisely one elliptic component from each fiber of Type II and all the A-
chains on S. We have

PROPOSITION 1. o(S) = o(A)+ N, where N is the number of irreducible
curves contracted by o.

Proof. Replacing A by the image a(Y") of the Albanese map av: Y — A,
we will prove the result for any genus two fibration ¥ — C with ¢(Y) =
g(C)+1>2.

Clearly, we may assume that ¥ — C has a section s: C' — Y.

Let ¢ : Alby — Jo be the map induced by the universal mapping prop-
erty of Alby. Then ¢ is an elliptic fibration with fiber E' = the K(C)/K-
image of Jy/c (Definition 3). Hence the image a(Y) C Alby is an el-
liptic curve over the image i(C) of C' in Jo with zero section given by
a o s. Therefore, by the universal mapping property of Jy,c, we obtain
a C-morphism ¢ : Jy,c — a(Y). By [3, Theorem 1] we have o(Y) =
o(Jy(K(C))/E'(K)) + N¢ + 2 where 7, is the generic fiber of the jacobian
fibration Jy/c. On the other hand, since E' is the K (C)/K-image of Jy /¢,
p1,p2 € Jy(K(C)) are equivalent mod E'(K) if and only if ¢(p1) — ¥(p2) €
FE'(K) C a(Y),(K(C)). But a(Y') being an elliptic surface with no multiple
fibers, we have p(a(Y)) = o(a(Y),(K(C)) + 2. The proposition follows. =

Since A ~ E x E’ we have g(A) = o(E x E’) and thus we obtain

COROLLARY 1. For S as in Proposition 1 we have
44+ N. if E~FE and E has CM,
0(S)=<¢ 3+ N. if E~FE and E does not have CM,
2+ N. if E4FE.

ExXAMPLE. For d = 6, the modular curve X (6) is an elliptic curve with
Jj(X(6)) = 0, hence is of CM-type. Since the base curve E is isogeneous
to X(6), it is also of CM-type. Furthermore, S has precisely co(S) = 36n
singular fibers where n = deg(f), f : E — X(6) is the morphism in [7,
Théoreme 3.10]. Precisely 24n of these fibers are of Type IT and hence N, =
24n. Thus we see that o(S) = 4 + 2¢2(S5)/3 (resp. 2 + 2¢2(S)/3) if E ~ E’
(resp. E # E'). In fact, one has h11(S) = 4 + 2c5(9)/3 and therefore
24+ 2¢2(5)/3 < 0(S) < 4+ 2¢5(S)/3. Thus in this case o(S) attains both
bounds.

Next we address Tate’s conjectures. After taking a finite extension of K if
necessary, we assume that all singular fibers of the given fibration ¥ : S — F
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are defined over K and that in the normalization of such a fiber the double
point splits into two K-rational points. Furthermore, we require that the
Néron-Severi group NS(S) of S = S ®p K is generated by the classes of
divisors defined over K.

Proposition 2 is obtained from Lemma 2 and Corollary 2 given below. In
the proof of Lemma 2 we will compare the standard exact sequence of etale
cohomology with compact supports for the open subscheme U = S5 —Y of
S where Y is the union of the singular fibers of ¥, and the exact sequence
for U' = a(U), Y = a(Y):

— H7YW(Y', Q) — H(U', Q) — H'(A, Q) — H'(Y',Q;) —
! ! ! !
— H7\(Y,Q) — H(U,Q) — H(S,Q) — H(Y,Q) —

Using the geometry of singular fibers we see that

e h(Y) = h'(Y’) + 6 where §] is the number of fibers of Type I,
o h2(Y) = h2(Y'") + N..

Therefore, comparing the etale Euler characteristics x(5) = c2(S) = d1+ N,
x(A) = 0 we obtain hi(U’) = hi(U) for all i.

LEMMA 2. Ly(S) is true if and only if La(A) is true.

Proof. We know that o* : H*(A,Q;) — H(S,Q;) is an isomorphism for
i # 2 and is an injection for i = 2. Hence H%(S,Q;) = o*(H?*(A,Q))) &V
where dim(V') = ¢2(S) = number of double points on the singular fibers.

Since « is defined over K, when reduced mod p for a good prime p C Ok
the induced maps respect the action of Frobenius F' on the cohomology
groups. Therefore we see that

Ls,2(s) = det(1—tF|H?*(Sy)) " = det(1—tF|H?*(Ay)) ' det(1—tF|V,,) "
=Ly, (s)det(1—tF|V,,)"!

Taking the product over all p, we obtain Lgo(s)=La2(s) [[det(1—tF|V,)~?
up to finitely many factors due to bad primes.

To compute det(1 — tF|V,,), we compare (s (s) = (v, (5)Cy,(s) and
Cap(s) = Cuy(s)Cyy(s) using the diagram preceding the lemma (reduced
mod p). We find that the factor F,, of det(1 — ¢tF'|V,,) which contributes to
the difference ords—2(Lg2(s)) — ords—2(La2(s)) is of the form

det(1 — tF|H2((Y)),))
Fo= 114t 1—tF]H2(Y’§J)

where the product is taken over the singular fibers.
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For a singular fiber Y} containing an Aj-cycle we have
det(1 — tF|H?*((Y))p)) { (1 —tN(p))*t ifY; is of Type I,
det(1 — tF|H2(Y])) (1—tN(p))*  ifY; is of Type IL
Hence for each Yj, [, Fp = Cx(s —1)7" where r = k — 1 (resp. k) if Y}

is of Type I (resp. Type II). As this number r is precisely the number of
components in Y; contracted by «, we see that

ords—oLg2(s) = ords—aL 4 2(s) — Ne.

Combining with Proposition 1, we obtain Lemma 2. =

COROLLARY 2. Ly(S) holds if E and E' have complex multiplication.

Proof. We need to verify that ords—oL42(s) = —2 (resp. —4) if E # E’
(resp. E ~ E').

After reducing mod g at a good prime of reduction for the fibration, we
let 7;, 7; be the eigenvalues of Frobenius acting on H 1(Ep, Q) for i = 1 and
on Hl(Efp, Q) for i = 2. Then on the component H!(E,, Ql)®H1(Efp, Q) of
the Kiinneth decomposition for H? (Ap, Qy), the eigenvalues of Frobenius are
T2, T2 and their complex conjugates. On the factors H2(E,) ® HO(EéJ)
and H°(E,) ® H?(E])) the eigenvalues are simply N(p).

Therefore letting x1 (resp. x2) be the Hecke character for E (resp. E')
and observing that y; = y2 = x if and only if £ ~ E’, we see that up to
finitely many factors due to bad primes, L 2(s) is of the form

Ciels = 1) L(s — 1, L(s — 1,72)
or

Cr(s —1)?L(s — 1, x1x2)L(s — 1, x1%2) L(s — 1, Xy x2) L(s — 1, %1 Xo)
according as E ~ E’ or not. Since none of the L-series occurring in these

products vanishes at s = 2, the conclusion follows. m

REMARK. The computation in the proof of Corollary 2 is borrowed from
the proof of [4, Theorem 6]. When E ~ E’, the corollary is a special case of
a much more general result in [2].

PROPOSITION 3. NS(S) ® Q; = (H2(S,Q;)(1))Cal(K/K),

Proof. In the diagram preceding Lemma 2, all arrows respect the ac-
tion of G = Gal(K/K). We twist the sequences and denote by h*(Z)% the
dimension of the cohomology group H*(Z,Q;)¢. We compute to find

R*(9) (1) = hZU)M)F + 2 (YV)(1) = 1 (V) (1),
R (A1) = hZUN()T + R (Y1) =R (V) (1),
where we have h2(Y)(1)¢ — R2(Y')(1)¢ = N., R (Y)(1)¢ = AY(Y')(1) and
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R2(U)(1)¢ = h2(U")(1)¢. Since T'(A) holds, combining these observations
with Proposition 1 we obtain the assertion. m
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