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A g-analogue of Lehmer’s congruence
by

HAoO PAN (Shanghai)

1. Introduction. In 1938, Lehmer [Leh] established an interesting con-
gruence:

(1.1) % = _20,(2) + Q,(2)% (modp?),

where p > 3 is a prime and Q,(2) = (2°~! — 1)/p. Lehmer’s congruence
can be considered as an extension of Wolstenholme’s [W] harmonic series
congruence

1

p

(1.2) ~ =0 (mod p?)

1
—1J

.
Il

for any prime p > 3. On the other hand, the g-analogues of some arithmetic
congruences have been investigated by several authors (e.g., see [A], [F], [C],
[GZ] and [PS]). Recently, Shi and Pan [SP] proved the following g-analogue

of (1.2):

p—1 _ 2
O =T (e )+ P (L 0y (mod o),

(1.3)

where [n], = (1 —¢")/(1—¢q) =1+ q+ -+ ¢" ! Here congruence (1.3)
is considered over the ring of the polynomials in ¢ with integral coefficients.
Obviously (1.2) is deduced from (1.3) when ¢ — 1.

The main purpose of the present paper is to establish a g-analogue of
Lehmer’s congruence. Set

aa) — (1-a)(1—aq)---(1—ag" ') ifn>1,
(00 {1 if n =0,
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It is easy to see that for any m > 0 with p { m we have a g-analogue of
Fermat’s little theorem:

(@™ 4™ )p—1
(1.4) ﬁ =1 (mod [plg).
9 pP—
Indeed, since
_l=g¢" _1-q"
whenever m = n (modp),
(@™ ¢™p1 _ Jpl—g™
= . =1 (mod [ply).
T lll_qj 11 1)

So we can define the g-Fermat quotient by
(@™ 4™)p-1/(49)p-1—1
[plq .
THEOREM 1.1. Let p be an odd prime. We have
(p—1)/2 1
(15) 2 ) i 2Qp(2, ) — Qp(2,9)*[plq
j=1

Qp(mv Q) =

2 _

P 1
= (@200 -0+ 75 (00 iy (mod ).
In 1895, with the help of De Moivre’s theorem, Morley [M] proved that

—1
1.6 -1 (p_l)/2< b > = 4P~! (mod p?
(16) S A R (mod ")
for any prime p > 5. In [G1], Granville generalized the congruence of Morley
and showed that

(1.7) (=1)(p=Dm=1)/2 H ( p/m] ) =mP —m+1 (modp?)

for any m > 2 and prime p > 3, where | x| denotes the greatest integer not
exceeding z. Now we can give the g-analogues of (1.6) and (1.7). For any
m,n € N, define the ¢-binomial coefficients by

[N} __ (wan

mly (G Dm(e Dn-m

if n > m, and if n < m, then let [:l]q = 0. It is easy to see that [Z]q is
a polynomial in ¢ with integral coefficients, since the ¢g-binomial coefficients
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satisfy the recurrence relation

T R
m 1q ml g m—lq
THEOREM 1.2.

(1) (-—1)(p“’/2q(p2’4’/4[( ’ _i;/Q}
D= q?
2 _
E(—q;q)i_l—p241(1—Q) [p ] (mod[p] )

for any prime p > 5.

THEOREM 1.3. Let p > 3 be a prime and m > 2 be an integer with
ptm. Then

(19)  (—1)e-Dm=1)/24M II { kp/n”]

= ot g (mod )

(¢ q0)p—1

MZm”if(Lkp/T;Hl)

k=1

where

The proofs of Theorems 1.1-1.3 will be given in the next sections.

REMARK. Motivated by the brilliant discovery of Agrawal, Kayal and
Saxena [AKS]| on primality testing, the referee posed the interesting problem
whether any of these g-congruences could identify primes. Recently the au-
thor and Chapman established some g-analogues of Wilson’s theorem [CP].
Hence at least for p = 3 (mod4), we have H?;i[j]qj = —1 (mod [p]y) if and
only if p is a prime.

2. Some lemmas. In this section we assume that p is a prime greater
than 3. The following lemmas will be used in the proofs of Theorems 1.1
and 1.2.

LEMMA 2.1.
Pl pet
(2.1) 2 U= 2 (1 —gq) (mod[ply),
p—l 2 _
(22) de= =P (1= 0 (mod o)
q

<.
I
—_
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(2.3)

Proof. See Theorem 4 in [A] and Lemma 2 in [SP]. =

LEMMA 2.2. .

kp Y k _ . .

=3 (Y- o
Proof.
k

S (-1 (’j) (1= Vol = (1~ (1 — g)lpla) = (1 — (1 — ) = ¢*”. u

j=0
From Lemma 2.2, we deduce that

0a) =1k )bl + " (212 (mod ).

LEMMA 2.3.
CDF SN L R (Dk
2o 4 2 [j]q[k]q_<]; ) o 2.,
= %p =7 (1 - ) (mod pl)

Proof. Since p is odd,

(S - (S5 (E G -0 Sew)

Jj=1

j=1 j=1 j=1 j=1
p—1 p—1
_ (=1) (—a)
- =1 il ><]§::1 il >
2p—2 min{k—1,p—1} qj
= > (-D* . —.
k=2 jmaX%_pH} ilqlk = Jlq
Then we have
p—1 i p—1 i p—1 i
(-1)’ (=a)’\ ¢
(; i, ><j:1 ) -
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p—1 k—1 ; p—1 p—1 .
_ _1\k q] _1\2p—I qj
S LV L G AT 2 G

(here [ =2p — k)

k—1

3
L

B ok ¢ p—1 ll_l qp—H l
P Rr Fr P B B N
(here i =1+ j — p).
Note that
qurifl _ qpﬂ'fl(l _ q)2
p+i—lgp—ily (11—t (1 — g
_ ¢'(1—¢)?
=g =g el
It follows that
p—1 ; p—1 ; p—1 ;
(—1) (—q)’ ¢

@ o ) <j:1 o > ey
B p—1 . k—1 qj p—1 l -1 qz
=2V L g, Y L,

p—1 k—1 :
_ Nk ¢(1—q)°
N 2;( Y ; (1—¢)(1 =g
p—1 k—1

_ (—1)Fq"(1 — ¢)? 1 1
_2k22 1—qk jz<qk—j_qk 1_qk—]>

We can write

> (—D*(¢" + ¢)

1<j<k<p-1 [j]q[k]q
- (-2 -1 —-¢" - (1-¢))
L TalKly
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Now
-1 -1
w (CDFE-1) IS (DR =) ()P R p -k —1)
2, 2“( P P )
B N S p—2%~ (-1}
=y 2 U O (st o)+ 2 Ta],
15~ [Plg p—2%~ (-1
:ﬁkzl(‘l>k<’“‘1)<[k1m—k]q““‘”)+ > 2,
_ Pl yk
E])Tl(l_Q)+p22k_l<[k]z (mod [pl,).
And from (2.1) we have
g §f< Uk_1§f1_@4y
2Tl 2, 224 [l
I DR £ o G VP
=m0 = X g (med bl
Finally, by (2.3)
p—1 p—1 _ p—1
q] _ qP] _ qp
= Uldlp=3dle = lUlalp = e 4= lla(lplg = 7o)
= =03 (g2 (mod o).

Thus combining the equations and congruences above, we obtain

2 Omm (EEOET)

1<j<k<p—1 q j=1 ilq =1 [7]q

_

=(p-3)(1-q

2. Ta,
LEMMA 2.4.
p—1 ; (p—1)/2
(—1)J 1 p-1
2.6 =9 -t (1-gq
26) PRI o7 i
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Proof. Clearly

p—1 (—1)) - (p—1)/2 1 B (p-1)/2 1
= bl Rl ZH Ri-1

(p—1)/2 1 (r—1)/2 1
T & Bl & -2

Observe that

1 ¢ g™ ([plg + [27]q)

[p— 2.7]61 [p]q - [2j]q [p]g - [21']3

g™ ([plq + [27]q)

2 p—1 (P-1)/2 o, (p—1)/2 _9;
p?—1 5 ¢ q% qP=2
(2.7 - l1-q)" = T = — + -
DT Sl gET L Rt X b
=D/2 o;  (p-1)/2 D+2j
=
2 BT 2 Wl 2l
(p—1)/2 qgj
=2 — (mod[p,)
— (257
j=1 a
Hence
-1 . (p-1)/2 (r-1)/2 o; .
pz:(_l)] = pz e + pz ¢* ([plg + [21]¢)
I =R R =
(P*l)/21+q2j - -1 REpT.
— Tyl, 2 Ha
(p—1)/2 2
_ 1 _p=1l Pl e
=2 Y g, 00 = g (=0l (mod ).«

3. Proofs of Theorems 1.1 and 1.2

Proof of Theorem 1.1. One can directly verify (1.5) when p = 3. So below
we assume that p > 5. It is well-known (cf. Corollary 10.2.2 of [AAR]) that

(#;q)n = Zn: m qq(g)(—x)j.

j=0 tJ
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Then we have

(3.1) o

1] 1 -
> Mq -2 [k]qul =g
RSN =P _ (—1)*
T4 M (Be-1)= mqmép NHRCHS
Consequently,

1 P
A G T PR
Z k] [p]q
2(—=¢;q)p-1—2 p-—1

[plq 2
Thus, applying Lemma 2.3, we have

(3.2) 3 (D" e-De+7) e

1<j<k<p—1 [7lalkq 48

k=1 klg

e S

On the other hand, it follows from (2.4) that

(~L;q), —q®®) — 1

[plq
_2(=¢;q)p1—-2 , p—1 (p—1)(p—3)
= [p]q + 9 (1—-4q)— 8

Then by Lemma 2.4,

2, 7,

p—1 . 5o
(3.3 Z(—l)k (~Lig)p—q®) -1

(p—1)/2

=2 % g i - ®= D=2 (1 _ g2, (mod pl2).

6

Combining (3 1) ( 2) and (3.3), the desired (1.5) is obtained. =

[y

p—

k=1

(S (B oo0-)

q

= — =2 (1 - g) (mod[pl,).

(~2002.0) - ;21<1—q>)(2Qp< 0+"570-0)

Q2,92 + Q2. q)(1 — q) — 2= D@ =5)

(1~ ¢)*[plg (mod [p]7).
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Proof of Theorem 1.2. Since

-1 B —dle " ble - e
[( -1 /2} 1;[ o Plle
we have o)
p—1)/2
-2, P-4 P _ [Pl
(3.4) (—1)P=1i2glP [(p_ 1)/2} Pt <1 [j]qz)
(p—1)/2 2
=1 _ 1+4” [p]q (1+ qp)2 [p]q mo
RRERETIR SR P DR IR

From Theorem 1.1, we deduce that

(p—1)/2 (p—1)/2
144P 1
3.5 (1
(3.5) l+g Ul ) ;
1+ Q2.0
2 _
# 5T (@ Q-0+ g (- 02 )i

=— (1+¢")Q(2,9) + Qp(2, q)2[p]q +Qp(2,9)(1 — 9)[plq

(1= q)*[ply (mod [pl2).
Notice that

(p-1)/2 2 (p—1)/2
2 m;{k]qz:%« 2 [%) > ﬁ)

1<j<k<(p—1)/2 j=1 Jg2 =1 P
(14 ¢)? (p—1)/2 1 \2 (p—1)/2 1
_T« ; [2j]q) - ; [%]3)'
Theorem 1.1 implies that
(p—1)/2 1
> G = (0 modfply).
j=1
Then using (2.7), we get
(p—1)/2 1 (p—1)/2 ez (p—1)/2
2R L et L
P -1




312 H. Pan

Consequently,

2 1
GO i 2 T

O <o @

2 _

= Qp(2,9)* + Qp(2,9)(1 — ) +

(1 —¢)* (mod [p]g).

24
Thus it follows from (3.4), (3.5) and (3.6) that
/2 v P
g ]
(r-1)/2

2 4 1 B 1+4P 1
SPhee 2 el P & G

2 _
= Q2,02+ (1) Q2 Dl +Q(2,0) (1~ ) pl3 ~ T (1~ 0ol

2

— (4 Q)p1 = V(g @)p1 +1) = 2 1 (1—q)?p]2 (mod[p];).

24

4. Fermat quotient

LEMMA 4.1. Let p be an odd prime. Suppose that m is a positive integer
with (m,p) = 1. Then

(41) Q m q Z U;Z{]p ( - 1);771— 1) (1 . q) (mod [p]q)~
7j=1

Proof. For each j € {1,...,p— 1}, let rj = jm — |jm/p] p. Then

(€0 )p1 _ le 1 g™ _ H N G )
. - 1— q] o 1— q] 1— q]

(qa q)P—l j=1
_ p=l 1— qrj qrj(l — qu/pJp)
_Hl—qj 1+ — .
j=1
Since r;j runs through 1,...,p — 1 together with j, we have
(@™ 4™ )p—1
(@ @)p-1

"i(1 — glim/plp)

p—1 (

_—||<1+q > )———1+(1—qp)
; 1—¢q"i -
]:1 ]:1

—1hq- qﬁ)lij B R B Ly

j=1 4

p! ¢ 1- qlim/plp
1 —q" 1—¢?
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Finally,

bt VmJ qj”]lq _ pi Lim/p) _( _ q)pi {%J

=1

.

REMARK. Letting ¢ — 1 in (4.1), we obtain
p_ p—1 .
mom Lm/el odp),
p — J

which was first discovered by Lerch [Ler].
Proof of Theorem 1.3. We write

[sz_/nlﬂ} kﬁnJ [pq]m i _ (el U‘jﬂjﬂj Gﬂz: ) 1)‘

As ptm, [plg leldes [plgm = (1 —¢™)/(1 —¢™). Thus

m—1
(_1)(p71)(m71)/2qz;€”:—11m(LkP/ZLJ-H) H { p—1 ]

1 Lkp/n” qm
m—1 kp/m]
_ - [plgm
-1 (1 mqm>
m—1
=1—[plgm Hl (here kp/m € Z, so j < |kp/m] < kp/m
k=1 1<j<kp/m Jlgm
p—1 .
=1 [plgm m—1 _ Ljm/p] (mod [p]g)
1 [7]gm

m—1—[jm/p]
qu; Flar
p—1 p—1
= (m =Vl 3 g = sl Y
7j=1 7=1
= (m—l)[mp]qp;l (1—=q) = [mpl,Qp(m, q) — (p=Dm-1) (1—q)[mplq
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REMARK. For further developments of Granville’s congruence (1.7), the
reader is referred to [S].

5. A conjecture of Skula. Recently, with the help of polynomials over
finite fields, Granville [G2] confirmed a conjecture of Skula:

or—1 _ 1> LY
5.1 il (mod p)
(5:1) ( P 72

for any prime p > 5. Using our g-analogue of Lehmer’s congruence, we have
the following g-analogue of (5.1):

THEOREM 5.1. Let p > 5 be a prime. Then

ot
(5.2) Z qj I 4Q,2,q)°
= - Q)09 — LD (2 (moafpl,).
LEMMA 5.2.
(5.3) Sk m ") (g = (~1)q("2).
k=0 q

Proof. From the well-known ¢-binomial theorem (cf. Theorem 10.2.1 of
[AAR]), we have

i(—l)’;t)z()m () and Z Dr g _ (2470
k=0

= (@ (73 ¢)oo

Then by comparing the coefficient of ™ on both sides of

o D
(%3 Qoo ) (=423 @)oo,

we obtain

n (_1)nfkq(ngk)(_q; Q)k B q(;)+n
kzzo (G On—rlcDe (G

which is an equivalent form of (5.3). m

COROLLARY 5.3. For any odd prime p, we have

(5.4) qu ~20,(2,9) — (p— 1)(1 — g) (mod [p]).
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Proof. From Lemma 5.2, we deduce that

—1/200+ (—q; )

~ . & 4
p—1
= —ﬁjﬂ(—l)]q(g)*( )—ip+i [ﬂq(_% q);
1 p-! =i\ [P
= > (" (g0
[plq = LL i
N _[pi]q (=1)7q("s) — ¢(®) — (=1)7(=g; ¢),) (mod [p],)

Notice that
2—q(p;1)_q(g):p—|—l 1—q p—1

[plg 2
and that
(—¢;9)p — 2
[plq
(g @)p1(A+P) =2 2(-q;@)p1—2 .
= TP = ol (1 =) (=g q)p

=2Qp(2,9) — (1 — q) (mod [ply).
Hence
g Caa)y ) =gl
e [4]q B [plq
= —2Qp(2,9) = (p—1)(1 — q) (mod[ply). =

REMARK. Corollary 5.3 is the g-analogue of an observation of Glaisher:

! 1_ plgj-1
(5.5) ———=-)% — (mod
Pl %
LEMMA 5.4.
k(] ) GOk x- (0)F -1
60 20 0 S = >,

Proof. We make an induction on n. The case n = 1 is trivial. Assume
that n > 1 and that (5.6) holds for the smaller values of n. Then we conclude
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that
é—”’“[’ﬂ St
e (e R )
¥ ﬁ ;<—1>k [:j] g0
n_l S ﬁ((—l)"q(ngl) —q)),
k=1 klq q

where in the last step we apply the induction hypothesis and Lemma 5.2. u
Proof of Theorem 5.1. Using Lemma 5.4, we have

j

0 -1 (ga)p—d2) ¢l
lq [Pl

With help of (1.3) and Theorem 1.1, we get

Pl Vi Pl (1 — i) P o1)y—
Z( q) _ M_FZ( )

(mod [ply)-

(1021)/2 9 (pzl)/2 pzl 9
j=1 [2] - 1]q j=1 k=1 []]q

= ~2Q,(2,0) + Qp(2,0)[ply + Qp(2,0)(1 = Dl + T (1= @[

2

(- -0+ T 4= 20, ) mod il
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By (2.4) we have

(—g:9)p — a("2) — g0

[p)2
C2(=q;q)p-1 — ¢"2) — ) (—g;9)p1
- P T Y
_ 2(—q;c[]p)]pQ_1 -2 n ﬁ (1—¢q)— (p—41)2 (1- q)g _ (_q[:]])p—l (1—q)
q q q
_2Qp(29) (-1 -9q) (-1
TR T Bl U
— Qp(2,9)(1 — ¢) (mod [p]g)-
Therefore
p—1
@ (—q;9);
; 712
_ <<p ~1)(1-¢q) ;) e =1 (g —qt) = g0
B 2 P/ = Ul [p]2
= — (p—DQp(2,¢)(1 — q) — Qu(2,9)
SAZIEZD (g (mod o).
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