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1. Introduction. Let V(z) be the number of solutions (u,v) in Z? of
[ul’ + o <z, (w0) =1,
and let )
AIP(/3) o
m21'(2/3)
be the error term in the asymptotic formula for V(z).

Recent progress in estimating £(x) has been conditional on the Riemann
hypothesis (R.H.). It is known that, for any & > 0,

(1'1) E(aﬁ) _ O($331/1254+6)

if R.H. holds (Zhai and Cao [26]). Earlier bounds are due to Moroz [15],
Nowak [19], Miiller and Nowak [16], Nowak [17-19] and Zhai [25]. I shall
prove

E(z) =V(x)

THEOREM 1. We have, subject to R.H.,
(1:2) B(z) = 0(a"*),
where 0 = 9581/36864.
For comparison,
331/1254 = 0.26395..., 9581/36864 = 0.25990....

The correct exponent in this problem is likely to be 2/9 (see for example,
Zhai [25]), which would make (1.2) an improvement of over 9% on (1.1).

In the first instance, the improvement depends on a decomposition of
sums

(1.3) ST u(n)f(n)

D<n<D’
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104 R. C. Baker

into “Type I” and “Type II” sums. The decomposition is a slight variant of
that of Heath-Brown [7] for sums

S A f(n).
D<n<D’
Here the complex function f is arbitrary, and 1 < D < D’ < 2D. The
decomposition is more flexible than that of Montgomery and Vaughan [14],
which is used in [25, 26]. See §2 for details.

The second component of the method is a collection of exponential sum
estimates in two integer variables, which we assemble in §§3-5. It is helpful
to compare these, and the way they are applied, with [25, 26]. The proof of
Theorem 1 reduces to the upper estimation of the quantities F1(z), Ea2(x)
introduced in §6. Theorem 2 is used to dispatch Fs(x). When I wrote the first
version of this paper, this was a substantial improvement (based on [21]) of
the treatment in Zhai [25]. While the first version was being refereed, I found
that Zhai and Cao [26] had given a similar treatment of Ey(z). Clearly, then,
the present paper is stronger than [26] through the treatment of E;(z). Zhai
and Cao use only one method to estimate Type II sums

S(M,N)= > ambne <%j)

m~M n~N
D<mn<D’
namely Theorem 2 of [1], a “three variable” method. Since one of the vari-
ables reduces to the value 1, a refinement of the theorem is possible (Theorem
6 below). I deploy three further estimates for Type II sums (Lemmas 5, 7
and Theorem 5).
When it comes to Type I sums (b, = 1 in S(M, N)), Zhai and Cao treat
the variable m trivially. I supplement this with Theorems 4 and 8. Moreover,
the decomposition of (1.3) in [26] requires the Type II method to work for

N e [Dl/S,Dl/Q]

and the Type I method only for the “easy” range N > D?/3. In contrast,
for a particular range of D in the relevant interval [z0-13- 20-22] T examine
what ranges of N are accessible for Types I and II, and then choose a
“decomposition result” from §2 to take advantage of this information.

I now comment briefly on Theorems 3, 4, 5, 7 and 8. The approach in
Theorems 3-5 resembles [3], but the outcome is different because in [3] a “de-
generacy” occurs. Theorem 7 is essentially a generalization of [6, Theorem
6.12] while Theorem 8 is an application of Theorem 7 to Type I sums.

At one point in [6], there is an implicit use of a relation

Lh_oh
ou? " Ou
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which T could not verify (see the appeal to Lemma 6.10 for T on page 84).
The proof of Theorem 6 bypasses this difficulty. The argument also allows
for another lacuna in [6]: the proof will not work unless R = \/ZY/X > 1.
Hence, in optimizing the estimate

52 < N?z—l +FN1/12Z1/2+ +F1/2N1/4YZ3/4

on page 85, extra terms FNY/2X1/2y—1/2 p1/2 N1/4y1/4 x3/4 must appear.
(It should be emphasized that [6] is much clearer than any discussion of
similar two-dimensional sums elsewhere in the literature.)

In §6, I recapitulate from the literature a decomposition

E(z) = Er(2) + Ea(x) + E3(x)

and use R.H. to dispatch Es3(z), essentially as in [25]. The treatment of
Es(x) is also contained in §6. In §7, T complete the proof of Theorem 1 with
the treatment of Ej(x).

We conclude this section with a few remarks on notation. We assume, as
we may, that ¢ is sufficiently small. In later sections, real constants «, 3,
appear.

The symbol c is reserved for a sufficiently small positive constant de-
pending at most on «, 3,7. Constants implied by “O” and “<” notations
depend at most on «, 3,7 and also (in §§1, 2, 3, 6, 7) on . We write A < B if

A< B A

The cardinality of a finite set E is denoted by |E|. The symbol D always
denotes a large positive number, and D’ satisfies D < D’ < 2D. We write
“n ~ N” as an abbreviation for “N < n < 2N”. We reserve the symbols
1, J for bounded real intervals.

2. Decomposition of sums involving the Mobius function. Let
Y = (2D)/%,
where k is a natural number, k < ¢! Let
M(s)= > pn)n>.
n<Y

It is easy to verify the identity
1 k Sk . .
20 = e (B)er arer + e coms)”

This is nearly the same as (6) of [7], which we can recover from (2.1) by
multiplying by ¢’(s).

i=1
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Since

VAU N S
w g el

we can express the coefficient of f(n) in the sum

(2.2) S(f)= Y, nun)f(n)

D<n<D’

n=1

by picking out the coefficient of n=% on the right in (2.1). The last term
makes no contribution, since

1—((s)M(s) = ) a(n)n™*
n>Y

for suitable a(n). On splitting up the ranges of summation into ranges
(N,2N] (N >1/2),we find that S(f) is a linear combination of O((log D)?*~1)
sums of the form

(2.3) > p(ng) ... p(nop—1) f(n1 ... nop_1),
ni~Ni, D<ny...ngp_1 <D’
where szifl N; < D and
(2.4) 2N; <Y ifi>k.
We may allow one or more of the N; to be 1/2, so that n; = 1. This

explains why k is the same in (2.1), (2.3).
We now define a Type I sum to be a sum of the form

(2.5) S1=S1(M,N)= Y an »_ f(mn)
m~M n~N
D<mn<D’

in which a,, < m* for every € > 0. A Type II sum is a sum of the form

(2.6) Sy = So(M,N) Z Z by f(mn)
m~M n~N
D<mn<D’

in which a,, < m*, b, < n® for every € > 0.

LEMMA 1. Let0<a; <---<ayp,a1+-+a,=1. For S C{1,...,r},
we write 8" ={1,...,7}\ S and

8§ = Zai.
1€S
(i) Let h be an integer, h > 3. Suppose that o, < 2/(h+1). Then some
os € [1/h,2/(h+1)].
(ii) Let A > 2/3 and suppose that o, < X. Then some og € [1 — X, 1/2].
(iii) Let o € (1/3,2/5] and 7 = min(1 — 2p,3/10). Suppose that o, < p.
Then some og € [1,1/3]U[2/5,1/2].
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(iv) Let x < 1/5 and
¥ > max(1/3,1/5 + 4x/5).
Suppose that o, < 2x. Then some og € [x,].

Proof. In each case, we suppose that the conclusion is false and obtain
a contradiction.

(i) Let T be the set of ¢ for which «; € [0,2/(h + 1) — 1/h]. Then or <
1/h, for otherwise the least og with S C T, 0g > 1/h would have

1 2 1 2
"S§E+<h—+fﬁ> e
Our next step is to show that |T"| = h. If |T’| < h, then
l=or+op <|T'|h ' +h1 <1,
which is absurd. So |T"| > h.
Let 4,7 be distinct elements of 7”. Then
2 1 1
o+ ay ZQ(h——l—l_E> > o
Consequently, «; + a;y > 2/(h + 1). It follows that
T 2 T
(2.7) o > % hrl h’——i-|1
Clearly |T"| = h. Now (2.7) yields
1
or < -
We can improve this bound further. Let o; = minjers oj. Then
ho; +op < op +op = 1.

Adding on the inequality

h—1
h—1 —
(h=Nor <3753
we obtain _— oh
hoi + h 14— ="
a; + hor < +h+1 ol
Of course it follows that a; + o7 < 1/h. Now
1 1 2 1 2 2
2. ——y< - |- =7 —.
(28) TSR TN, <h+1 h) h o h+l

Now let o, = maxjcr a;. From (2.8),

bopety (22 ) 2
QoS T hr1) S ht 1
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and it follows that a, +op < 1/h. But now o7 +op < hay, +op < 1, which
is absurd.

(ii) It is clear at once from complementation that no og € [1 — A, AJ.
Hence o, < 1 — A < 1/3. From part (i), some og € [1/3,1/2], which is
absurd.

(iii) Let T be the set of all ¢ for which «; € [0,7). Then or < 2/5. To
see this, we prove in succession that og < 2/5 for S C T, |S| = 2,3,....
For |S| = 2, we have 05 < 27 < 3/5. From the hypothesis, it is clear that
os & [2/5,3/5]. So og < 2/5.

Suppose g < 2/5 whenever S C T, |S| = j (where j > 2). For S C T,
|S| = j + 1, then

j+12 3
os < 75 < 5
hence og < 2/5. This proves our claim that op < 2/5.
We now have o > 3/5 and also

1/3<a; <o (ieT).

It follows that |T'| = 2. Hence 2/3 < o < 2p, and so 1 — 2p < op < 1/3.
This is absurd.

(iv) Let T be the set of i for which a; < 1 — x. Arguing as in (i) yields
or <x-LetU={i:a; € (¥ —x,x)}, V={i:a; € (¢,2x]}. Then

oy+oy=1—op>1-—x.

We cannot have |V| > 2, for if |V| > 2, pick distinct 4, j in V' and let
W ={i,j}; then x <1 —4x < ow < 1— 29 <, which is absurd.

Suppose that |V| =1, V = {i}. Then

oy>1l—x—0oy >1—-3x>2x.
Hence |U| > 3. Pick distinct j, k in U and let W = {i,j, k}. Then, since
> 1/4+ x/2 (as we easily verify), we have
1-yp <3 —-2x<ow <4x<1l-x, x<ow <.
This is absurd, so V' is empty. Now oy > 1 — x > 4x. So |U| > 5. Pick
distinct 4, 7, k, [ in U and let W = {i,j, k,{}. Then
1= <4y —dxy <ow <4x <1-x,

leading to a contradiction once more.

We use this combinatorial lemma in conjunction with the familiar notion
of grouping variables in (2.3).

LEMMA 2. Let h, A\, o, T, X, ¥ be as in Lemma 1. Let B > 0 and let f
be a complex function on Z N (D, D’].
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(i) Suppose that every Type I sum with
N > DQ/(h-i—l)
satisfies
(2.9) Si(M,N)< B
and every Type II sum with
Dl/h < N<< D2/(h+1)

satisfies
(2.10) Sy(M,N) < B.
Then
(2.11) S(f) < B(log3D)"
with A = 2h — 1.
(ii) Suppose that every Type I sum with

M > D*
satisfies (2.9), and every Type II sum with
D' <« M <« D'?
satisfies (2.10). Then (2.11) holds with A = 3.
(iii) Suppose that every Type I sum with
M > D¢
satisfies (2.9), and every Type II sum with
D™« M < D3 or D25« M < DY?
satisfies (2.10). Then (2.11) holds with A = 5.
(iv) Suppose that every Type I sum with
M > D*X
satisfies (2.9), and every Type II sum with
DX < M < DY
satisfies (2.10). Then (2.11) holds with A = 5.

Proof. (i) Take k = h in (2.3), so that 1/k < 2/(h + 1). We must show
that every sum (2.3) is < B. If some N; > D%+ we must have i < k
from (2.4). Now we group the variables in (2.3) as

2%k—1
n =n;, m = H n;
j=1
J#i
and appeal to (2.9).
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Now suppose that

(2.12) N; <eD¥MHD (1 < <2k —1).
Let Do = 22*1N; ... Ngj,_; and write
2N; = DY,

Then a; > 0, a1+ -+ agp—1 =1, D < Dy < D, and each o; <2/(h+1).
By Lemma 1(i), we have og € [1/h,2/(h + 1)] for some S C T'. Clearly
(2.13) D'V « N =[] Ni < DY),

€S
Thus we may group the variables in such a way that the sum (2.3) becomes
a linear combination of O(1) Type II sums satisfying (2.10). The desired
estimate follows at once.

(ii) Take k = 2 in (2.3), so that 1/k < A. The argument is very similar
to the proof of (i), with N; < eD?* (1 < i < 3) in place of (2.12), and with
D' <« M = [];cg Ni < D2 in place of (2.13).

(iii), (iv) Take & = 3 in (2.3). The argument follows the same lines as
above, and we can omit the details.

We conclude this section by recording an elementary lemma that will be
used for “optimizations” in §§3-5.

LEMMA 3 ([6, Lemma 2.4]). Lett < 1, u < 1, and

t u
=> AH+> B;H "
i=1 j=1

where A;, Bj, a;, bj are positive. Let 0 < Hy < Hs. Then there is some
H € [Hy, Hy] with

<<ZZ 7 B 1/“’+b)+ZAH‘“+ZBH

i=1 j=1 i=1 7j=1

3. Estimates for exponential sums

LEMMA 4. Let 3 be a real constant, f <4, 3(3—1) #0. Let M > 1/2,
0>0. Let N (M, 0) denote the number of integer quadruples (my, ma, my, ma),
1<m; <M, 1<m; <M, such that
(3.1) \mf +m§ 7%1 ﬁ] < 6MP.

Then
N(M,5) <« M*Te 4 sMA*e,

Proof. Robert and Sargos ([21, Theorem 2]) give the corresponding re-

sult for quadruples satisfying (3.1) and

miNM, T%iNM (i:1,2).
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(The restriction 5 < 4 does not occur in their result.) We indicate the details
of their argument that have to be changed in order to get Lemma, 4.
Clearly we may suppose that M is a power of 2. By Lemma 1 of [21],

>e(+(5))|

m=1

5_1
N(M,5) <6 |
0

dzx.

By a splitting-up argument combined with Minkowski’s inequality, there is
an interval I of the form (H, 2H] H < M, or [1,2], such that

o) ) o

mel

Here L = log(M + 2). If I = [1,2], then trivially N'(M,§) < L46~! = L.
So we may suppose that [ = (H,2H].
Make a change of variable y = z(HM~")? in the above integral. We

)l

If the upper limit of integration satisfies 6~ (H M~1)8 < H?, then it follows
from [21, Lemma 7] that

N(M,8) < L*S(HM ) PHY /2 « LA M*e/? <« sMAe,

since 3 < 4.
Suppose now that 6 '(HM~1)% > H?. Then

(3.2) N(M,6) < L* S
0

(3.3)  N(M,d) < LAS(HM 1)~ ‘ dy.

mel

o T Z(5) )
< ﬁ{%ﬂ}? %e<y<%>ﬁ>'4dy ([21, Lemma 3))

< Y HM )P p2e/?

by a further application of [21, Lemma 7]. Combining (3.3), (3.4), we obtain
N(M,5) < M?*¢. This completes the proof of Lemma 4.

We introduce the notation
|(m1,m2)]a = (Ima|® + |[ma|*)"/®

for an integer pair (m1, mg). The following theorem is roughly comparable
to Lemma 4.2 of [26].
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THEOREM 2. Let (k,\) be an exponent pair. Let~y, 3 be constants, v < 1,
v#0,1<B<4 Let M >1/2,1/2 < My < My, X > M3. Let |a,| <1,
|bmi,ms| <1, and

5= X X b,

m~M mi~M; mo~Ms

Then

K/ (242kK)
) M—(1+H—)\)/(2+2I€)‘

(3.5) S <. MM,y + MM} <M2
We remark that if My = Ms, Theorem 2 is of the same strength as the
estimate for trilinear sums

Xﬂ’ﬂm1 my?
2 2 2 ambmime MMM
m~M mi~Mi; mo~Ms

obtained by Heath-Brown’s method [8]. See for example [1, Theorem 2]. The
estimate (3.5) deteriorates for fixed M; and increasing Ma, but this will not
cost us anything in the application in §6.

Proof of Theorem 2. For mi ~ My, mg ~ My, we have
[(m1,ma)|g € [c1 M2, coMy]

where c1, co are suitable positive constants. Let ) be an arbitrary natural
number. We divide [¢; Mo, coMs] into intervals Iy, ..., I of equal length, so

that
S ZQ 5 X[ (1, mo) 5
‘ ‘— bml,mge MM, .

mn~ M q:1 miNMi
[(m1,m2)|g€lq

Cauchy’s inequality gives

Xm7D(m)
. < 247 A
(3. g MQZZ‘ ()|
m im~M
(3.7)
where
m = (my, my, M, ma)  (mj,mj ~ Mj),  D(m)=|(m,ma)|s—[(m1,m2)|s
and the sum over m in (3.6) is restricted by
(3.7) |(ma,ma)lg € g, |(m1,m2)|p € Iy
Clearly

(3.8) |S|2<MQZ Z (XTZW%Q )>

)
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where m is restricted by

M.
(3.9) [D(m)| < (2= 1) 75
A splitting-up argument yields
XmYD(m)
2
@311 ™M

Here L =log3M> and the sum over m is restricted by

1
2

The positive number A is of the form
(3.12) A=2"M2 A< Q7Y h>0.

Now it is easy to see that (3.11) implies (3.1) with M» in place of M and
a suitable § < A. Accordingly, the number of quadruples satisfying (3.11) is

< MFTe + AMyTe.

If h=01in (3.12), we use the trivial estimate for the inner sum in (3.10). It
follows that

(3.13) S| < M*QLM"e.

If h > 0, the number of quadruples satisfying (3.11) is < AMgHa. By the
definition of an exponent pair, we have

XmWD(m) KAfA—K —1\—1
m%e( AT, ><<(XA)M +(XAM™Y)

for any quadruple m counted in (3.10). Here the contribution to the right-
hand side of (3.10) from (XAM~1)~1is

(3.14) < MQLAMGFX'AT'M <« My T2 M2X1Q <« M?QMZ+*

since X > M2. The remaining contribution is

(3.15) < MQAM§+2E(XA)RM)‘_R < M1+>\—HQ—HM§+2€XR
from (3.12). Collecting (3.13)—(3.15) gives

1+e1/2 (14X—kK)/2 3 12+e v K/2 )—K/2
(3.16) S<KMM;, ™ Q"+ M M5T=X"2Q .

Now the theorem follows on applying Lemma 3 with H; = 1 and arbitrarily
large Ho.

LEMMA 5. Let o, 3 be real constants with aB3(a—1)(8—1) #0, X > 0,
M>1,N>1, |apn| <1, |by| <1, and1 < D < D'. Let L = log(2+ X MN).
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Let (k,\) be an exponent pair and

(3.17) = > amb n6<§4ﬂ;]\7§)

m~M n~N
D<mn<D'

Then
S’(M N) < LB{(X2+4HM8+10/§N9+11/£+/\)1/(12-{-16,@)

+X1/6M2/3N3/4+)\/(12+12n) + (XM3N4)1/5

4 (XM7N10)1/11 1 M2/ NI/12+X/(12+12k)

L MNY2 4 (X—1M14N23)1/22 +X_1/2MN}.

Proof. At the cost of a factor L, we can remove the condition D < mn <
D' from the sum in (3.17). See the discussion in the proof of [2, Lemma 11].
Now the result follows at once from Theorem 2 of Wu [24]. (As pointed out
by Wu, his theorem is essentially an abstraction of an idea of Jia [11].)

LEMMA 6. Let o be nonzero constants and M; > 1 (1 < j < 4). Let
X >0 and |amymy| < 1, |bmgm,| < 1. Let L = log 2My MaMsM,y. We have

a1
Z " B <Xm1 my2msimy?
mumsPmama €\ T pan e pos N
M 2 3 4
D<mimamama<D’

< LH{(X My My M3 My)Y? + My Mo(MsMy)/?
+ (M M) 2 MMy + X Y2 My My Ms My}

Proof. We remove the condition D < mimamsgmy < D’ as explained in
the preceding proof. Now the result follows from Theorem 2 of Fouvry and
Iwaniec [5].

The key element of the proof of Theorem 2 of [5] is the double large
sieve of Bombieri and Iwaniec [4]. The same applies to the following result
of Robert and Sargos [21], but they need the difficult “counting lemma”
stated as Lemma 4, above.

LEMMA 7. Let o, 3,7y be constants, a(aw — 1)3y # 0. Let H,M,N be
positive integers and X > 1. Let |apn| < 1, |by| < 1. Then

XhPn'm
DD ITES WMEL Ly
h~H n~N m~M

D<mn<D'

e x \Y 1 1 1
<(HNM) HNM? * (HN)1/4 + M1/2 + x1/2 (-
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Proof. After the preliminary removal of the condition D < mn < D’ as
above, this reduces to Theorem 1 of [21].

4. Applications of the theory of exponent pairs. We begin with
a simple lemma from [12] (Lemma 2.8).

LEMMA 8. Let K > 0 and let f be a continuously differentiable function
on [N,2N] with

— _ !/
Fo= max [f(), Fi= max |f(t)]>0.

Then

> min{K, m} < (Fo+1)(K + F; ' log 2N).
n~N

We next state a version of the “B-process”.

LEMMA 9. Suppose that f has four continuous derivatives on [N,2N],
f” >0 on [N,2N], and for some F > 0,

IfODt)| = FNT  (t~N,2<j<4).
Let t, be defined by f'(t,) = v, and let ¢(v) = —f(t,) + vt,. Let L =
log(FN~! +2). Then for [a,b] C [N,2N],

(41) ORI S
a<n<b F'(@)<v<f(b) v
+ O(L + min(F~/2N, | £ )| )
Fmin(F V2N, 7/ 8)7)).

Proof. This can easily be obtained by an elaboration of the proof of [6,
Lemma 3.6] with — f in place of f, and —v in place of v. We simply separate
the smallest term from the sum

S min(|—f'(a) +v| |, F/?N)

Hi<v<H;
on p. 29, and proceed similarly with b in place of a.

We now add to the hypothesis of Lemma 9 the assumption that

10 = (Varas o) ©0<i<2
where o < 0, A is positive and independent of ¢, and
IR;(1)] < (a<t<b0<j<2).

Then
|| At2 (1 4+ Ry(t,)) = —v > 0.
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Hence
by = (’O"A)_l/(a_l)(l + R<t1/))(_’/)l/(a_l)7

with R(t) = (1 + Ry(t))~/(@=D — 1. So
77(0) = 5 ala = A1+ Ba(t,)

= TAl/(a—l)(_V)(a—2)/(a—1)(1 + R*(t,,))
with 7 = —[a//07D (0~ 1)/2, R*(t) = (1 + Ry(1))(1 + R(1)** — 1
Similarly,

(42)  6(v) = —AL2(1+ Ro(ty) — (ol 4) @D (1 + R(t, ) ()@Y

= ATV () @D+ R(1)
with v = —|a|~@/(@=1) — ||~V (@=1) and
(1 + B(t)) = —|a| /@D (1 4 Ro()(1 + R()* — oY@ D(1 + R(1)).
The point is that
max(|[R*(t)],|R(t)]) < ¢ (a<t<b).
We now permit A to depend on a variable u:
A=0Cg(u) (u~M, M <N)
where C' > 0,
(43) g(w) =’ (143" d(B/uy)  (u~ M)
Jj=1

where 3 is a nonzero constant,
(4.4) a+pf<1, 0<B<cM,

and the power series Z]- djz? converges in the unit disc. Writing h(t) =
t“(1 4 Ro(t)), we have

f(t,u) = Ch(t)g(u)
in place of f(t). Let F = CMPN®. We rewrite (4.1), with [a(m),b(m)] in
place of [a, b], as

) Y elfnm)
a(m)<n<b(m)

W (v)e(G(v,m))
- Z g(m)1/(@a=2)

A(m)<v<B(m)

+ O(L + min(F 2N, | A(m)||7") + min(F 2N, | B(m)[ 7).



Sums of two relatively prime cubes 117

Here
W(v) = (rC~ 1)(1+R*(tu))( p)le2)/(e=l))y= 1/26(1/8),
G(v,m) =y (=) DD (1 4 R(t,))g(m)
A(m) = Cg(m)h'(a(m)),  B(m) = CQ(M)h’(b(m))
We apply this formula to the sum
Shg,0)= S S e(Chln)g(m))
m~M a(m)<n<b(m)

where [a(m),b(m)] C (N,2N]. Summing over m in (4.5) and interchanging
summations yields

(4.6)  Shg,O)= Y W) Y %
v FN-1 mekE, g(m)
+O( ML+ min F*1/2N, L .
( 2 ( HG(m)H>>

Here G(m) is one of A(m), B(m), and
E,={m~M:A(m)<v < B(m)}.
Let us suppose that
(4.7)  E, is a union of O(1) disjoint intervals,
(4.8) G is continuously differentiable and G’(m) > F(MN)™!
(49) F> N.
In view of Lemma 8 and the monotonicity of g, (4.6) yields
(4.10) S(h,g,C)< (FN"2)"Y2FN~ max Ze(ay(m))‘+ML+F1/2
1020 mel
<< F1/2+HM)\—H+ML

for any exponent pair (x,)). It is clear that G (v,m)/Om/ satisfies the
required conditions ([6, pp. 30-31]) for the last bound, for j = 1,2,....
(The exponent in m~B/(@=1) ig Jess than 1, by hypothesis.)

We summarize our conclusions in the following theorem. In the language
of [6], the theorem asserts that (1/2,1/2;k, ) is an exponent quadruple.

THEOREM 3. Let (k,\) be an exponent pair. Define S(h,g,C) by (4.6),
with the assumptions on h and g made above. Let F = CMPN®, M < N,
= log(FN~! +2). Suppose further that (4.7) and (4.8) hold. Then

(4.11) S(h,g,C) < FY2TEMAF L ML+ MNF~!.
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Note that the condition (4.9) has been dropped and the term MNF~!
incorporated in (4.11). This is justified since, if F' < ¢N, the Kuz'min—
Landau theorem ([6, Theorem 2.1]) gives

(4.12) S(h,g,C)= Y O(F 'N)< MNF'.
m~ M
We now apply Theorem 3 to Type I sums.

LEMMA 10. Let K > 1, M > 1, |upm| < 1 (K ~ K, m ~ M). Let
I, C (K,2K]. There is a real number t such that

(4.13) 3 ] 3 ukm] < (log2K) 3 ] 3 uk,me(kt)].

m~M  kEly, m~M  k~K

Proof. From Lemma 2.2 of [4], there is a positive continuous function
Fi(t) on R such that {, F(t) dt < log2K and

‘ Z ukm‘ < FK(t)’ Z uk,me(k:t)‘ dt.

k€lm k~K

Thus the left-hand side of (4.13) is

< OSO Fg(t) Z ‘ Z ukme(k:t)‘ dt < log2Kmtax Z ‘ Z uk,me(kt)‘,

m~M k~K me~M kK
as required.
THEOREM 4. Let (k,\) be an exponent pair. Let o, 3 be constants, o # 0,

a<1,8<0.Let X >0, M >1/2, N >1/2, MN = D, Ny = min(M, N),
L =log(D + 2). Let |ay| <1, I, C (N,2N], and

(4.14) =Y an Y e ( M’gf\’; >

m~M n€El,
Then

(415) Sl < LQ{DNfl/Q_'_DXfl + (D4+41€X1+21€N7(1+2K)N02()‘7'€))1/(6+4N)}'

Proof. We may suppose that N is large. If X < ¢N, we proceed as in
(4.12). Now suppose that X > ¢N. Let Q be a natural number, Q < ¢2N.

By Lemma 10, there is a real number ¢ such that

B,
Si<L Y Ze(%—i—tn)‘.

m~M'n~N
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By the Cauchy—Schwarz inequality and the Weyl—-van der Corput inequality
([6, (2.3.4)]), and writing I(q) = (N,2N — ¢|, we have

XmPne 2
Z%WM+@
n~N

S <?M Y
m~M

ﬁ ne
< I2D*Q7'+ 12DQ~ 122 > (Xm S )+tq>.

g=1m~M nel(q)

After applying a splitting-up argument to the sum over ¢, we find that there
is a ¢ € [1, Q] for which

S? <« L*D?*Q 7' + L3DqQ ™!

()|

m~M nel(q)

After a straightforward verification that the conditions are satisfied, we
may apply Theorem 3 to the above double sum, with either (n?, (m + ¢)® —
m®) or ((n+q)® —n® mP) in the role of h(n), g(m) (depending on whether
Np is N or M). Thus

F = XN,

L8} < D*Q7 + D(XVAHRNTI2=RNQ=R QY+ 4 Ny + DXTINQTY).
We can drop the last two terms since
DNy < D°N7 ' <« D?*Q7!, D*Xx'Q !N« D?Q L

The resulting bound for L=*5? holds, in fact, for 0 < Q < ¢>N. An appli-
cation of Lemma 3 completes the proof.

We now adapt this proof to estimate a Type II sum.
THEOREM 5. Make the hypothesis of Theorem 4 and suppose that |b,| <1.

Let
So = Z Gm Z bw(%).
D<mn<D’
Suppose further that
(4.16) N« M, X>D.
Then
(4.17) Sy <<L7/4(DN—]./2+DM—]./4+(D11+10NX1+2I$N2(/\—N))l/(14+12ﬁ)).

Proof. We remove the condition D < mn < D’ at the cost of a factor L.
Let @ be a positive integer, Q < ¢?N. As in the preceding proof, there is a
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€ [1, Q] such that (writing I, ¢ = L, N (I, — q))

303 z;nbnﬂe(Xmﬁ((j\};ﬁia_"a))‘

DqL
(4.18) L7282 <« D2Q'4+=1=

Q m~M n~N
XmP((n+q)* — n®)
D? .
R PP Gy

Suppose further that Q < ¢M'/2. Using the Weyl-van der Corput in-
equality again, we obtain

3 6<Xmﬂ<<%qvf - na>>

mn~M
ME LM g e(X<<m+q'>ﬁ—mﬂ><<n+q>w—n&))

< — +
2 2 MBN«
Q Q meJ(q’)

for some ¢’ < Q?, with J(¢') = (M,2M — ¢']. Combining this with (4.18)
and Cauchy’s inequality, we have
D4L2 D3q2q/L3

2

L7185 <« oz + oL Sm N
where
Y Y e X((m+¢)° —=mP)((n+ g~ —n")
MBN« '
n~NmeJ(q')

An application of Theorem 3 to Sy, n now yields
DA XQ3 1/24k D2
LS < = +D? N 4+ N+ —
b+ ((D) PN+
(this is of course also true for 0 < Q < 1).
We may discard the term D°/X Q3 since D°/X Q3 < D3/ XQ? <« D*/Q>.
An application of Lemma 3 with H; — 0+, Hy = min(c2N, cM'/?) yields

L—7s§l < D4N—2 + D4M—1 + (D11+10le+2KN2()\—K))2/(7+6K) + D3N
Since D3N < D*M ™1, the theorem follows at once.

We now pursue a variant of the above arguments.

THEOREM 6. Let (k,\) be an exponent pair. Let o, 3 be constants, a # 1,
<0, a+p <2 Lt N>1/2, X > N, M > N, MN < D, L =
log(XD +2). Let |ap| <1, |by] < 1. Let

XmPn®
= % an Yotue( G )
m~ M n~N
D<mn<D’
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Then
52 < LQ(DNfl/Q_’_DM71/4+X1/6(D4+5I€N)\fn)l/(6+6l€)).
Proof. Let Q be a positive integer, Q < ¢?min(N, M'/?). As in (4.18),

there is a ¢, 1 < ¢ < @, for which
S (Xm0 )
MPBN« ’

mn~M

DL
(4.19) L7282 < DQ7' + 5 3
n~N

We apply (4.5) to the inner sum, with the roles of n, m reversed, so that
(a, B) is replaced by (8, —1):

mB((n “—no v
a0 Y (X S e (Gl

m~M vel, 9
o\ /2 o\ Y2 D
+0 <L+min<(ﬁq) , ||A(n)|—1) +min<<Wq> , \|B(n)|_1) +X—q).
Here
Bln) = s ((n+ ) —n®)3MP, A(n) = 27" B(n)

and I, = [A(n), B(n)]. The last term on the right-hand side of (4.20) allows
for a possible application of the Kuz'min—Landau inequality.

Combining (4.19), (4.20) shows that there are numbers w,, |w,| < 1,
with

LgD [ Xq\ Y?
L7282 < D2Q7! + % <ﬁ> S| Y welGn)

n vely
+ L?DN + LDXY?QY2N—1/2,
Since DN < D2Q! from Q < N < D'/2, we have
L74S% < D2Q71 +DX1/2Q1/2N71/2
+ QXD N N we(Glvym)|
n vely,

We apply the Cauchy and Weyl-van der Corput inequalities to obtain
(4.21) L7883 < D'Q %+ DQXQN_l
Xq/D)? X
D (BEPE LTS S et
n vel,N(In—h)

with H (specified below) satisfying 0 < H < ¢X¢q/D and some h,1 < h < H.
Here

Gi(v,n) =G(v+ h,n) — G(v,n).
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We make the obvious choice H = Q>N X/D?; the assumption Q < c2M /2
yields H < ¢(Xq/D).
We interchange the summations over n and v in (4.21). Once v is fixed,
n runs over a single interval. We apply the method of exponent pairs to
> ne(Gi(v,n)); the order of size of G is
h  Xgq

— =< hM > N.
Xq/D N >

Thus
D e(Gi(v,n)) < (hM)"N*"" < (Q*X/D)"N ",

Combining this with (4.21) gives

L7858 « D*Q7 2+ D>’XQN~' + D’XQ(Q*X /D) N*~*

< DYQ~2 + D2XQN~! 4 D> X IHRQI+38 NA—r,
An application of Lemma 3 yields
L7854 < D4/3(D2XN*1)2/3 i (D4)(1+3K)/(3+3I€)(D271€X1+I€N)\7N)2/(3+3I€)
+D*M ' + D'N?
< D4/3X2/3N_2/3+X2/3(D8+10“N)‘_’“‘)2/(3+3”)+D4M_1+D4N_2.

In the last expression, the first term is clearly dominated by the second, and
Theorem 6 follows.

5. The AB theorem. Let X >1,Y > 1, N = XY. Let D be a subset
of R = [X,2X] x [Y, 2Y] satisfying some mild restrictions discussed below.
Let a, 0 be real with

(5.1) (a)3 (B)3(a+B+1)2 #0,
where (a)o =1, (a)s = (@ +s—1)(a)s—1 for s=1,2,....
Theorem 6.12 of [6] states that, for F' > 0, L = log(F'N + 2),
Sy = Z e(FXYPm~n=h)
(m,n)€D
< FUBNY2 . N5/672/3  p-1/8\15/1613/8 | p-1/4N[1/2

(the “AB theorem”). In the present section, I extend this by replacing u ™,
v~ by more general functions hi(u), he(v), with

(5:2) (ha(u) —u=) Y <l )V (u~ X),
(5-3) (ha(v) = o)V <l )| (0~ V),

where 7 is a sufficiently small positive quantity (in terms of a, ) and j =
0,1,..., j < 1. We write fo(u,v) = Ahi(u)ha(v) for (u,v) € R.
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We must deal with some monotonicity conditions for
o

fl(uav;q7r) - fO(u +q,v+ ’I") - f()(u,’l)) = S a fO(u + qt,'l} + T’t) dt.
0

These are a technical nuisance rather than a serious obstacle. We shall see
that R can be partitioned into O(1) rectangles R’ = I x J such that one

of fl(Q’O) or f1(0’2) has no zero in each R’. This allows us to impose helpful
conditions in Lemmas 11-14 below. In these lemmas, let f(u,v) be a real
function on I x J and D C T x J. We write f(®b) for 9%+ f /du®dv®. Suppose
that f(*9 is nonzero on R. Let t(w, v) denote the solution of

(5.4) FIO (yh(w, v),v) = w.

For any function ¢ having second order partial derivatives on D, let H¢p =
pZ0p(02) — {5112 We need to state some “omega conditions” on f,
which we assume to be true for the duration of these lemmas.

(1) f has partial derivatives of all orders. For a suitable F' > 0 there is
a constant C7 such that

F@D (w,0)| < CLFX™*Y ™" ((u,0) € Tx T, 0<a,b<4).
(©Q2)  There is a constant Cy such that the set
Uw) =A{u: (u,v) € D}

is the union of at most Cy intervals for each v.
(©Q3)  There is a constant C3 such that the set

V() ={v: (¥(,v),v) € D}
is the union of at most C3 intervals for each [.

A function f : I — R is said to be C-monotonic if I can be partitioned
into C intervals on each of which f is monotonic.

() There is a constant Cy such that, for each fixed I, FEO (1, v),v)
is C4-monotonic on J.

In Lemmas 11-14, implied constants depend at most on C1,...,Cy. In
Theorem 7, implied constants depend at most on C1,...,Cy4, o and (5.

LEMMA 11 ([6, Lemma 6.6]). Suppose that |f*9| =< A on D. Then
S < [D|AY? 4 A7y,
We shall write
9(w,v) = f(¥(w,v),v) — w(w,v).
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LEMMA 12 ([6, proof of Lemma 6.7]). We have

() 20w, 0) = —FOD (i, v), )/ T (W w, v), ),
) 9% _ 99 _ (HJ)((w,v).0)
(11) % —f(o U(d’(wvv)vv)’ w - f(Q’O)(’(/J(’LU,’U),U)'

LEMMA 13. Suppose that
[fUO =< FXTT, O =< FY ™ (j=1,2), [|Hf|=F'N"?

and that (Q2)—(Q4) hold, and remain valid with the roles of the variables
interchanged. Then

Sy < F+ FY2NL.
Proof. We may follow the proof of [6, Lemma 6.11] almost verbatim.
We now give a variant of [6], Lemma 6.8.
LEMMA 14. Suppose that |fZ9| < A and |Hf| < M on D. Then
S; < DMV FM~Y2X 4 M~YV2 Ly A2 L YL

Proof. In view of Lemma 11, we may suppose that A > M. Replacing f
by — f if necessary, we may suppose that f(29 < 0 on D. Lemma 3.6 of [6]
gives

Sp=> Z

n~Y mel(n
=2, 2 (—; + gk n))\f@’o)(w(k,n),n)\‘1/2+0(YA‘”2+YL)~
n~Y keK(n

Here K(n) = {k: : (¢(k,n),n) € D}. Changing the order of summation
yields

= > X (_—+gkn)>\f2°( (kyn),n)| "/ +O(Y AT 24V L),
k< FX—1 neV(k

Thanks to (23), (94), we may now apply partial summation to conclude
that

(5.5) Sp< Y A‘l/Q‘ 3 e(g<k,n))]+o<YA—1/2+YL)
k< FX 1 neJ(k)

for an interval J(k) C V(k). Now an application of [6, Theorem 2.2], in
conjunction with (5.5) and Lemma 12, gives

M\ 2
(56) Sp< > A 1/2{ iz VR + <7> }+YA1/2+YL.
k< FX—1
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Moreover,
vk = > > 1
* ¢(k7fn)€U(n)

Now the inner sum is the number of integer values assumed by f(1:0) (m,n)
as m runs over U(n). Recalling (£22), the inner sum is

< | £ nydt+1 < [Um)|4+1.
U(n)
Hence

(5.7) Y VR < > ([UM)A+1) < |D[A+Y.
k n~Y
Combining (5.6) and (5.7) gives

S < [DIMY2 4 AT IMY2Y + MTYV2(FX P +1)+ YA V24 YL
Since YA™1/2 > A~ MY2Y | the lemma follows.
For convenience, we record three more lemmas from [6].

LEMMA 15. Let P be a polynomial over C having distinct zeros, with
P(0) #0. Let 6 > 0. Let q, r be integers, r # 0. Let

P )| <o}

|E| < C(P){SN +1}.

Proof. For q # 0, this follows from [6, Lemma 6.4]. For ¢ = 0, E is empty
if ¢ is sufficiently small, and otherwise the result is trivial.

E:{(m,n):mNX,nNY,

Then

LEMMA 16. Let P, @ be polynomials over C having no common zero.
Let g, v, m, n be integers, rm # 0. Then

o) amr
rm rm
Proof. This follows from [6, Lemma 6.5].
LEMMA 17 ([6, p. 76]). For1<Q<X,1<R<Y, we have
Sf << Z Z Z (fl(man;qu))'
\ql <Q [r| <R (m,n)€D(g,r)
Here D(q,7) =DnN (D - (q,7)) and
(5.8) film,n;q,r) = f(m+q,n+1r)— f(m,n).

In Theorem 7, we write fy € £ as an abbreviation for the following
hypothesis. If fy is restricted to a rectangle I x J with the property that

)
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1(2’0) #0in E =1 x J, then (Q2), (23), (Q4) hold for f; when the domain
of f1 is D(q,r,0) or D'(q,r,0) (for all (¢,) € Z%, > 0). Here
D(g,r) = {(u,v) e (END)N(END — (q,7))},
D(q,r,0) = {(u,v) € D(q,r) : 0 < |H f1] < 20},
D'(q,7,0) = {(u,v) € D(q,7) : |Hf1| < 0}.
Moreover, fo has the same property when the variables interchange roles.

THEOREM 7. Let 0 < n < c(a, B) where ¢ is sufficiently small. Let fo
satisfy (5.2), (5.3) and suppose that fo € €. Let F = AX—2Y 8 > NV/6
and Y < X. Then

(59) Sfo < L{F1/3N1/2 +N5/6 +F71/8N15/16 +F1/2N1/2Y71/2

4 pYA2NL/2y5/12 772/5N1/2F1/5Y2/5

i 771/4N3/4Y1/4 i 171/2F1/4N1/2Y1/4}.

Proof. We may assume that ' > N°/6 and Y > N/4. For suppose that
N6 <« F < N°/6. Since
(—a)(—a=1)(=B)(-B-1) —a’B* = af(a+ B+ 1),

it is easy to deduce from (5.2), (5.3) that H fo < F2N 2. The omega condi-
tions are rather straightforward to check for fy. Hence Lemma 13 gives

Spy < F+ FV2NL <« N5/6 4 p=1/8NIS/16,
as required. Now suppose that F > N5/6 and Y < N4, We note that (5.9)
is trivial for ' > N3/2, so we suppose that F' < N3/2. Then Lemma 11 gives
S, < N(FX 2)V2 4 (FX~ %)~y « FY?y 4 F~1/8N15/16
< FVBNV2 4 p=1/8N15/16
since F/SYN-1/2 « YN-V* « 1.

We write f1(u,v) rather than fi(u,v;q,r) for the function in (5.8) with
f = fo. Let S = Sy,. From Lemma 17,

N? N
(510) 5S4 < 74‘7 S(q,r)
lgl<@Q |r|<R

(¢,1)#(0,0)
where 5(¢, 1) = 32, n)eD(g,r) €(f1(m, n)). Here Z is at our disposal subject
to X/Y < Z < 2N, and we choose

Q=\VZX)Y, R=./ZY/X.

Note that Q/X = R/Y =+/Z/N <c.

For a fixed pair g, r,
¢ :==max(|q|/X,[r|/Y) <.



Sums of two relatively prime cubes 127

We consider the contribution to the right-hand side of (5.10) from terms
with o = |r|/Y (in particular, 7 # 0). The remaining terms can be estimated
similarly.

The hypotheses of the theorem imply that, for bounded a, b,

(5.11) f{" (m,n) = (~1)*H Am o0 L {Tal, (%) +0(0+ n)}

n
where
Top(2) = (@)ar1(B)p2 + (@)a(B)os1-
Moreover,
Hfi(m,n) = A¥m~20—2,=20-2 T—Z {U(ﬂ> +O0(o+ 77)}
n rm
where

U(z) = aB(a+ B+ 2){(a)22® + 2(a+ 1) (B + 1)z + (B)2}.

As pointed out on p. 84 of [6], U(z) has degree 2 and has distinct zeros. We
also need the observation that no two of Tp 2, 7171 and T3 o have a common
zero; nor does Ty o or Ty o share a zero with U.

Because of these observations, it suffices to prove (5.9) with D replaced
by a domain D N (I x J) with the property that f1(2’0) #0in I x J or
f1(0’2) #01in I x J. Let us suppose, say, that f1(2’0) £0in I x J.

Let § be a small positive number, to be chosen later. Consider the do-
mains (possibly empty)

Do, = {(m,n) € D(q,r): 260° F?N 2 < |H f1]| < 271§0* F2N 2

T2,0<%>‘ > C} (7>0),
D, = {(m,n) e D(q,7) : TQ,O(%N < c},
Dy = {(m,n) € D(q,r) : |[Hf1| < 6" F*N?}

and set

and

S1 = Z e(f(m’n))’ Sy = Z e(f(m’n))

(m,n)eDy (m,n)eD>

By Lemma 16, the sets Dg; (0 < j < L), Dy, Dy form a partition of
D(q,r). Clearly

(5.12)  |Hfi| = 260*°F>°N"2 and [f*9] = oF?X~2  on Dy,.
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Moreover, from Lemma 16,
(5.13) \Hf| < *F2N"2 and [f*?| = oFX"2 onDy,
(5.14) 1129 < pFX2  on D,.

We may estimate the terms on the right in the decomposition

S(g,r)= > Soj+S1+5
0<j<L

by applying Lemmas 11 and 14. For Dy j, Dy, D2 are domains D(q,, ) or
D’(q,r,0). From Lemma 14 and (5.12),

(5.15) Soj < N(PFAN"HY2 4 gF (602 F2N~2)~1/2x 1
+ (6*FPN ") 2 4 Y (oF X272 1 YL
< oF + 0 \2PF V2N 4 5712y [ 4 6712 1 F 1N,
Similarly, Lemma 14 and (5.13) give
(5.16) S < N(@*FAN"2)12 4 oF (2 F2N~2)~1/2y 1
+(PF°N) "2 4 X(oFY %) V2 + XL
< oF+ 0 'FIN+ XL+ o V2F 12N,

By Lemma 15, and since ¢N > N/X, the number of points in Dy is <
(0 + 0+ mn)N. From Lemma 11 and (5.14),

(5.17) Sy < (8 + 0+ n)o 2FY2Y + o 2R~ 12N,
Collecting (5.15)—(5.17) yields
S(q,7) < LoF + Lo~ '?F~'2N + [2571/%y
+ Lo~ Y20 LFTIN L LNY L4 (6 + 0 + 1) 0/2F V%Y.

Note that, since F > N%/6 we have oF > FX~! > 1. We may take
6 = c(oF)~/? to obtain

(5.18) L728(q,r) < oF + o \2F712N 4 o!/6 /6y
+ Q_5/6F_5/6N+NY_1 + Q3/2F1/2Y—|—7’]Q1/2F1/2Y
Now if a is a constant, a > —1, we have
1 1 q re Z\?
7 2 @“<<522<ﬁ+w) < (N) :

where Q = {(q,7) : |[¢| < Q, |r| < R, (q,7r) # (0,0)}. We combine this with
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(5.10), (5.18) to obtain
(5.19) L728% < N?Z~' 4 FN'V2Z'/2 4 p=1/2N9/4 7-1/4
+F1/6N11/12YZI/12 +F—5/6N29/122—5/12 + N2y-!
+F1/2N1/4YZ3/4 +7]F1/2N3/4Y21/4.
We may discard F—5/6N29/127-5/12 gince F > N5/6;
F5/6 \29/12 7—5/12 _ (N2Z71)11/18(FN1/2Z1/2)7/18NF711/9
< (NQZ_l)11/18(FN1/2Z1/2)7/18.
Applying Lemma 3, we find that
L_252 < F2/3N+F2/13NY12/13+F2/7NY4/7
+174/5NF2/5Y4/5 —|—N5/3 —|—N5/4Y3/4 + FUANT/Ay1/4
+771/2N3/2Y1/2 1+ FNY2x1/2y-1/2 +Fl/ﬁNl1/12X1/12Y11/12
+F1/2N1/4X3/4yl/4+F71/2N2_}_NQYfl +T]F1/2N3/4X1/4Y3/4.
Clearly we may suppose that F < N3/2 We use N°/6 <« F <« N3/2,
N4 « Y <« NY2 to obtain
F_1/4N7/4Y1/4 < F1—1/4]\]'15/87 F—1/2N2 < F_1/4N15/8,
FY2NVAX3/Ay /4 o N x3/4y1/4 N5/3, NO/Ay3/4 o NB/3,
Moreover,
F2/7NY4/7 < F2/7N9/7 S (F2/3N)33/49(F_1/2N2)16/49,
F2/13 Ny 12/13 o [2/13 7\19/13 < (F2/3N)63/143(F—1/4N15/8)80/143.
Hence
(520) L—252 < F2/3N+F_1/4N15/8+774/5NF2/5Y4/5+N5/3
+7’]1/2N3/2Y1/2 +N2Y_1 +7’]F1/2NY1/2 +FNY_1 +F1/6NY5/6.
We noted above that
S< F?2y + NF~Y2  §2 <« FY?4 N?F 1
If N2Y ! is the maximum term in (5.20)
52 < (N2Y_1)2/3(FY2)1/3+N2F_1 < N4/3F1/3+F_1/4N15/8
< (F2/3N)1/2(N5/3)1/2 +1;'—1/4N15/87

which yields (5.9). We conclude that (5.9) always holds.
Let us now specialize h; and hy for application to Type I sums. We
suppose that
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(a) Either
ul—oc _ (U _|_p)1—o¢

hi(u)=u"% or hi(u)= A—a)p ,

where p > 0 and p/X is sufficiently small.

(b) Either

!B — (v + )18
T-ps

ho(v) = 0P or hy(v) =

where s > 0 and s/Y is sufficiently small.

Thus hq(u) is a holomorphic function in G = {u € C: Reu € (X/2,3X)}
satisfying the approximation (5.2) in G; and similarly for he(v) and G' =
{veC:Reve (Y/2,3Y)}.

We further suppose that D is a rectangle.

We can now make some observations useful for verification of the omega
conditions, with fi, oF in place of f, F. The condition (£21) gives no diffi-
culty. Interchanging «, 3 if necessary, we suppose that

|f1(2’0)(u,v)| >1 onD.
Let us define ¢ as in (5.4), with f; in place of f. Then:
(i) For fixed real k and [, the equation
(5.21) FEO (k,v) =1
has O(1) solutions v € J.

Take a suitable rectangle R in G’ containing J in its interior. We readily

obtain a holomorphic function g on G such that |g(v)| < |f1(1’0)(k:, v)| on R,
namely

(0000) +gf0) = Akt Dy (4)

for v € G. From Rouché’s theorem, the equation (5.21) has O(1) solutions
inside R.

(ii) For fixed real k and [, the equation

Yv(l,v) =k
has O(1) solutions v € J.
For if ¥(l,v) = k, then fl(l’o)(k, v) = l. This equation has O(1) solutions
v € J from (i).
(iii) For fixed real &' and [, the equation

(5.22) g—f (1,0) =K

has O(1) solutions v € J.
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For (5.22) implies
D ((1,0),0) + K £ (@ (1, 0),0) = 0.

In view of (ii), we need only show that
D0, 0) + K 12O, 0) = 0

has O(1) solutions v € J. This is accompanied by an application of Rouché’s
theorem much as above.

(iv) Let g be a given function on R2. Suppose that
h(v) == —qO (k, 0) 0 (R, 0) + O (e, 0) £ (R, v)

is holomorphic in G for any fixed k in I. Suppose further that i has only
O(1) zeros on the interval J. Then the equation

(5.23) (L, v), ) = 0
has O(1) solutions v in J for fixed I. To see this, we apply Lemma 12 again.
Abbreviating (1, v) to v, we have

oY

(a(¥(,0),0)) = g0 (8, 0) 5+ d*V (W, v)

_ a0, 0) Y (@, 0) + gD (6, 0) 2O (0, )
127w, 0)

Our claim now follows from observation (ii) and the hypothesis concerning
the zeros of h.
The domains D(q,r,0), D'(q,r,6) take the form

{(u,v) eD:Hf €'}

where D has the property assumed above and I’ is an interval. Thus for ({22),
we need to show that (H f1)(u, k) is C-monotonic in u for fixed k, C = O(1).
For (£23), (©4) we need statements of the form “q(¢(l,v), v) is C-monotonic
in v for fixed {” with C = O(1). For (Q3), we must take ¢ = H f1, and

for (), ¢ = f1(2’0). Thus the verification of these two conditions can be
completed by showing (for both choices of ¢) that the equation h(v) = 0 has
O(1) solutions v in J. As above, all we need is a suitably chosen rectangle R,
containing J in its interior, and a holomorphic function g, |g(v)| < |h(v)]
on R, such that g + h is of a simple form and can be seen to have finitely
many zeros in G. The case ¢ = H f; is distinctly more difficult.

Looking ahead to Theorem 8, we now take (a, 3) = (1,2). Routine cal-

culations, using the approximations to H f; and fl(a’b) already found above,
give the desired approximation g(v)+h(v) to h(v). No matter what the value
of k, the rational function g + h cannot vanish identically. This is a matter
of examining the roots of certain quadratic and linear polynomials, which
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we leave to the reader. In this way we can verify (€23). The corresponding
tasks for (€24) and (€22) are similar but simpler.
We now apply Theorem 7 to Type I sums.

THEOREM 8. Let D > 1, MN =< D, X > NDY6 L =log(XD + 2),
lan| < 1. Let I, C (N,2N] and

Then
Sl < L3/2{D11/12+DN_1/2+X_1/14D27/28N1/14+Xl/8Dl3/16N_l/8
+X1/16D27/32N—1/16 +)(1/14]\7—1/7136/7
+X1/6D5/6N—1/6N0—1/6 +X1/26D10/13N2/13}_

Proof. Let QQ be a positive integer, ) < c¢N. Just as in the proof of
Theorem 4, there is a g € [1, Q)] and a rectangle D C [M,2M] x [N, 2N] for
which

% Y e(XMNm Y (n+q) ' —n7")).
(m,n)eD

Let Ny = min(M, N). We apply Theorem 7 to the sum on the right-hand
side of (5.24), replacing F' by X¢q/N, (X,Y,N) by (D/Ny, Ny, D) and n by
Q/N. (We note that X¢/N > D'/)) Thus

L—35«% < DQQ—l +D{(XQ/N)1/3D1/2 +D5/6 + (XQ/N)_1/8D15/16
+ (Q/N)PDM(XQ/N) NG + (Q/N) M DNyt
4 (Q/N)1/2(XQ/N)1/4D1/2N01/4 + D1/2(XQ)1/2N_1/2N51/2
i D1/2(XQ)I/UN_I/IQN{?/H}.
We simplify this bound using Ny < N. We further restrict @ by
Q <X1/7D1/14N_1/7,

(5.24) Si< LD*Q '+

so that
(XQ)71/8D31/16N1/8 < DQ/Q

It follows that, for 0 < Q < min(cN, X'/7"DV/14N=1/T) we have

L735% < DQQ*I+X1/3D3/2N71/3Q1/3_’_D11/6
+D11/8X1/2Q1/2N_1/2N0_1/4+Xl/5D3/2N_1/5Q3/5
+ D7/4Q1/4 —|—X1/4D3/2N—1/2Q3/4 + D3/2X1/2Q1/2N—1/2N0—1/2
+ D3/2X1/12Q1/12N1/3.



Sums of two relatively prime cubes 133

Applying Lemma 3, we find that
_ _ — —1/6
L 3S%<<D11/6+X1/4D13/8N 1/4+D19/12X1/3N 1/3N0 /
+Xl/8D27/16N—1/8+D2N—1+D27/14X—1/7N1/7+Xl/7N—2/7D12/7
+ D5/3X1/3N*1/3N0_1/3 4+ D20/13 x1/13 \j4/13

Theorem 8 follows at once.

6. Proof of Theorem 1: initial steps. In this section, let s = o + it
denote a complex variable.

LEMMA 18. Assume the Riemann hypothesis, and let o € (1/2,2]. For
y > 1, we have
p(n) 1

= 1/2—o+e(|11€
) — O 1)

n<y

Proof. This is proved in all essentials in [22, §14.25].
We shall write

_ _2I%(1/3)
r(n) = (u%222 1, b= 73F(2/3) )

ful+ o> =n

Aw) =Y r(n) —ba®?, Z(s)=Y rm s,

n<lz n>1

Nowak [17] showed (in a more general context) that Z(s) has an analytic
continuation to o > 2/9 with the exception of a simple pole at s = 2/3,
with residue 2b/3. His discussion yields the estimate

(6.1) Z(s) < |t|”/7070%) (o >2/94¢, |t] > 1).
LEMMA 19. Let X be a constant, 2/9 < A\ < 1/2, and suppose that, for

every € > 0,

2T
(6.2) V1Z(+it)dt < T
T

for T > 1. Then fore > 0,1 <y < 23, we have

E(.%) — Zu(d)A<%> + O(x)\+sy1/273)\)‘

d<y
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Proof. This is essentially stated in [25]. We give details for the conve-
nience of the reader, following [17]. First of all,

63 V= Y X ad= Y )

[m|3+[nP<e  d>1 d>1
dlm, d|n B(m2+n|?)<z
. wu(d) T
= X wr) =S D 4 S u@a( ) + Qo)
d>1,¢>1 d<y d<y
d3t<z
where
Q)= Y wdr()
d>y,t>1
d3t<z
Now let
1
fls) = — n)n~° (o >1/2),
(s) 05 gu( ) ( /2)
n<y
so that
fE925 =3 amy= 3 ud)
n>1 d>y,t>1
d3t=n
An application of Perron’s formula gives
2+ixC s
Q)= 5 | F3)2() = ds +0()
21 Yo ]

for any constant C' > 2. We move the vertical segment to the left. For a
sufficiently large C', we obtain

A€ s s
(6.4) Q(z) = 3 S f(3s)Z(s) % ds + Res(%, %) +O(1)
A—ixC
e i 2/3 N~ H(d)
=5~ | f(3s)Z(s)?ds+bx/ 27+0(1)
A—ixC d>y

on applying (6.1) on the horizontal segments.
By a splitting-up argument, there is a T, 1 < T < z©, such that

MizC 8 Moo 1 2T
(6.5) S f(3:c)Z(s) s ds‘ < & S ]f(3)\ + Sit)Z()\ + it)] dt
A—izC T-1

< ey l/23
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The last estimate follows from Lemma 18 and (6.2). The lemma follows at
once on combining (6.3)—(6.5) since

_4I%(1/3)
b = — = 5= 7or"
Z 7'('2 w2I'(2/3)
d>1
The best available value of A\ at present is 4/9:
LEMMA 20. For T > 1,
27
| 12(4/9+it)|dt < TlogT.
T

Proof. This follows from Lemma 3.1 of Zhai [25] on applying the Cauchy—
Schwarz inequality.

Let 9(t) = {t} — 1/2, where { } denotes the fractional part.
LEMMA 21. We may write
Az) = Ay(x) + Ag(z)

where, for a positive constant ci,

A(z) = cyz?/? Z 14% cos 2r(lz/® — 1/3) + O(1),
=1

Myx)=-8 > Ylx-n"))+0(1).

(m/2)1/3§n§1’1/3
Proof. See Kritzel [12, Chapter 3|.

On combining the last three lemmas, we obtain the decomposition E(x)
= FEy(x) + Ey(z) + E3(x) where (for a parameter y in [1, /3] which is at
our disposal)

kx'/3 1
2/9 - S
=cx Zd2/3kz:1 k4/3 cos 21 ( 7 3),

d<y
" 1/3
B=-8Sua 3 w(@—ng) )
d<y x1/3/(21/3d)<n<x1/3/d
Es(x) = Ozt =56 4 y).

To obtain (1.2), we choose y = 28/15-69/5 Tt now suffices to show, for any
D, D' with1<D<y, D<D' <2D, and any K > 1, that

1/3
(6.6) DI (lm " > < K43 D2/3y,0-2/9+e

k~K D<d<D’
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and

(6.7) dould) Y ¢<(% - n3> 1/3) < 2=,

d~D n~al/3/(21/34d)

We complete this section with a proof of a stronger result than (6.7),
namely

(6.8) S(D):= ) p(d) ) w((% - ng) 1/3>

d~D n~zl/3/(21/3d)
< &P (D < 9.
(This is the bound corresponding to (6.7) if 6 is replaced by 7/27.)

LEMMA 22. For H > 1, we have a representation

v) = 3 a(h)e(hu) +0( S b(h )+o< l

1<|h|<H 1<h<H
with coefficients a(h) < 1/]h|, b(h) < 1/H.
Proof. See Vaaler [23], or the appendix to [6].

We now split up S(D) as follows. For d ~ D (suppressing dependence
on d), let

2173

Ni=aar e

i=0,1,...,J.

Here J is the least integer such that :Ul/?’/d — Ny < 2°. Thus J < logz,
Nji1 — N =< £1/32733/2D=1 > 2° and in particular

(6.9) g1/327312 D=L s gf

for j=0,1,...,J.
It suffices to show that for each j =0,...,J,

(6.10) > uld) ¢<<_ —n >1/3> < 27/,

d~D nely
where Id = Id(]) = [Nj,Nj+1].

It is convenient to write P for 27. We apply Lemma 22 with

(6.11) H = max(z*?"P~3/2 1),
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Thus the sum in (6.10) can be rewritten as

Sud) S am) Y e(h(% - n3>1/3>

d~D 1<|h|<H nely
1/3
+O<Z > b(h) ) e< <% —n3> )) +O0(z"/?).
d~D 1<h<H nely

We need only show that, for 1 < K < H and |a;| < 1,

(6.12)  S(D,EP) =K' pud) > an Y. e(h(% - n3>1/3)

d~D h~K  nely
< 77/2Te

The corresponding result with 1 in place of u(d) is, of course, easier.
We apply the B-process to the sum over n in (6.10). We may quote the
result from Kiihleitner [13, (3.5)]:

$1/6
with
) D\'? —$1/3\(ham)\3/2
S'(D,K,P) = Zﬂ(d)<g > o y .
d~D (h,m)eT

Here b(h,m) < 1 and T = {(h,m) : h ~ K, Ph < m < 2Ph}. Thus we
must show that

6.14) > w@ Y b(h,me <_5’71/3|(Z7m)|3/2>

D<d<D' (h,m)eT

< x5/54+5P5/4D1/2K3/2.
If K < 2%27P1/2D~1 then (6.14) is trivial. We now assume that

(6.15) H>K >z*?"p/2p~1,
We next dispose of the case where
(6.16) K < min(z~2/2Tp~1/ADY2 o527 pl/2 p=2/3)

by treating the variables h, m trivially in (6.14). In view of Lemma 2(ii), we
need only show that, for |a,,| <1, |b,| <1,

Y
(6.17) Z ambne< ><< 25/54+e pl/ap1/2 r—1/2
mn
m~M,n~N
D<mn<D'’
whenever

(6.18) D3 « N < DY? Y =2'3PK,
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and that for |a,,| <1,

(6.19) Z ame<L> < /B4t pl/Apl/2 pr—1/2
m~M,n~N mn
D<mn<D’

whenever

(6.20) N> D*? Y =z'/?PK.

For (6.17), we use Lemma 5 with M; = M, My =1, M3 = N, My = 1.
The left-hand side of (6.17) is

< (logz)X{YY2 + M'Y2N + MN'Y?2 + MN(Y/D)""/?}
< (10gx)2{$1/6pl/2K1/2 +D5/6 + D3/2$_1/6P_1/2K_1/2}
< (10g$)2{x1/6P1/2K1/2 _|_D5/6} < :135/54+€P1/4D1/2K_1/27

where we appeal to (6.16) in the last step.
For (6.19), we treat m trivially and estimate the sum over n using the
exponent pair (1/2,1/2). The left-hand side of (6.19) is

< M<5> +M<m> < MD_]'/Q(I,'l/GPl/QKl/Q+D2$_1/3P_1K_1.
Certainly D2z~ 1/3P~1K—1 « £5/54pY/ADI/2K—1/2 and we obtain
MD Y216 pl/2[1/2 o ,5/54 pl/Apl/2—1/2

by appealing to (6.16) and (6.18). This completes the treatment of the case
(6.16).

We note in particular that (6.14) holds whenever H = 1, for in this case
K =1, while (6.15) gives D > x5/?TP1/2, Now (6.16) is easily verified. We
may now suppose that H = 22/27P=3/2 Since K < H, we have
(6.21) KP32 < g?%1  p<agt/8

We are now in a position to apply Theorem 2 with (x, A) = (1/2,1/2) and
essentially (D, K, PK,x1/3PKD_1) in place of (M, M, Ma, X). We may
suppose, in addition to (6.21), that

(6.22) K > DP~1/2475/27,
for in the contrary case we note that (6.16) holds, since
DP*I/Q:U*E’/Q?(m*2/27P*1/4D1/2)*1 < DY2473/2T « 1,
DP—l/Zx—S/QY($5/27P1/2D—2/3)—1 < D/3p710/2T o 4

The condition X > M2 in Theorem 2 reduces to z'/3PK D! > P?K?,
that is, DPK < x'/3. This is a consequence of (6.21). Thus the left-hand
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side of (6.14) is

< 2°(DPK + D*3(PK)?(z'/?/(DPK))"/5)

< $€DPK + D1/2$1/18+6(PK)11/6.
It remains to show that

DPK < $5/54P5/4D1/2K3/2
(which is simply (6.22)), and that
Dl/Qxl/lS(PK)ll/6 < $5/54P5/4D1/2K3/2,

that is, P7/'2K1/3 <« 2'/?7, This is an easy consequence of (6.21):

PT2f1/3 P1/12(P3/2K)1/3 < l/243+2/81
This completes the proof of (6.14).

7. Completion of the proof of Theorem 1. It remains to prove
(6.6). We write D = x®. Since the trivial bound gives (6.6) for ¢ < 30 —2/3,
we assume that

2 8 60
1 A13...=30 — < ——-—=0.221....
(7.1) 0.113 3 3<¢_15 5 0

We fix K >1and D', D < D’ <2D. Let

l1/3 11/3
Slzz Z Zame<;n>, SQIZ Z Zambne<fnn

I~K m~M n~N I~K m~M n~N
D<mn<D' D<mn<D'

)

with coefficients satisfying |a,,| < 1, |b,| < 1.
LEMMA 23. Suppose that

(7.2) N > D2/3,4/9-26,

Then

(7.3) S, < K4/3D2/350-2/9+e
provided that either

(7.4) N > D25/21,-500/7+19/9

or

(7.5) N s [—944/267,—18886/89+4898/801

Proof. It suffices to show that

lm1/3
[ 1/312/3,.0—2/94+¢
(7.6) Si= Y E:ame<—n><<l/D/x /9+e,

m~M n~N
D<mn<D'
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We appeal to Theorem 4 with X =< [z'/3D~!, In (4.15), the terms DN /2,
DX~1/2 are acceptable because of (7.2). As Ng < N and (1 + 2x)/(6 + 4k)
< 1/4, we need only show that

(D4+4n(x1/3D—1)1+2/€N—(1+4/{—2)\))1/(6+4n) < D2/3$9_2/9.
The condition (7.4) arises on choosing (k,\) = (2/7,4/7) = BA%B(0,1),
while (7.5) arises from (k,\) = (89/570,1/2+ 89/570). The latter exponent
pair requires lengthy arguments (Huxley [9, Chapter 17]).

We remark that the slightly stronger exponent pair in [10], (32/205,1/2+
32/205), would not significantly “reduce 6”.

LEMMA 24. Suppose that (7.2) holds, and that ¢ <4(6—2/9) =0.151...,

(7.7) N < D—25/21,,-500/7+19/9.
and
(7.8) N > £19/9-80 p1/6,

Then (7.3) holds.

Proof. It suffices to prove (7.6). Since N < D < z'/3D~7/6 we ma
p ) Yy
appeal to Theorem 8 with X = lz'/3D~1. Thus
(79) Sl < (logx)3/211/6{D11/12 _’_DNfl/Z +x71/42D29/28N1/14
1 pL/2ADIY/I6 N —1/8 | 1/48 [525/32 \r—1/16 o 1/42 [11/14 =1/

1 D2/3L /18N -1/3 4 1/18 1)2 +:L,1/78D19/26N2/13}‘

The first term on the right-hand side of (7.9) is acceptable as ¢ < 4(6—2/9).
The second term is acceptable because of (7.2). The third term is acceptable
because of (7.7), which is stronger than the required condition

N < D—31/6,146-25/9
since ¢ < 0.152.
The fourth, fifth, sixth and seventh terms are acceptable because of (7.8).

The eighth term is acceptable since D > 2011, The last term is also accept-
able because of (7.7). This completes the proof of the lemma.

LEMMA 25. Let ¢ < 1/6. We have

(7.10) Sy < K43 D?/3y0-2/9%2
provided that (7.2) holds, and either

(7.11) N < min(z?709/5=-14p=2 p1/2)
or

(7.12) N < min(D—2/31,15089/95—226/57’D1/2)'
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Proof. 1t suffices to show that

ll‘1/3
1 / — mbn l1/3D2/3 972/9+E.
(7.13) S mENM nNENa e(—mn > < x
D<mn<D’

We appeal to Theorem 5 with X =< l$1/3/D > D. Again, DN~1/2 is ac-
ceptable. Since M > D2 and ¢ < 1/6, we have

DM_1/4(D2/3.%'6_2/9)_1 < D5/24x_9+2/9 < 17
so the term DM~1/* is acceptable. Since (1 + 2x)/(14 4+ 12k) < 1/3, it
remains to show that
(DVH105 (/3 pyl2e N2O-r)) 1/ (144126) o 2/3,0-2/9,
The condition (7.11) arises on choosing (k, \)=(11/30,16/30) = BA3B(0, 1),
while (7.12) arises from (x, ) = (89/570,1/2 + 89/570).
LEMMA 26. We have (7.10) provided that (7.2) holds and either

(7.14) $<26/15—60=0.17..., N < D'3/65100-26/9
or
(7.15) $>26/15—-60, N < DY

Proof. Again, we need only prove (7.13). Lemma 5 with (k,\)=(1/2,1/2)
yields

S < (logx)3l1/5{:131/15D9/20N1/10 L pYIBDY2N1/9 4 o 1/15 H2/5 \1/5
1 pI/33 D6/ N3/ | 2/3 \r5/18
L DN-Y2 4 4 —1/66 pl5/227\9/22 ¢ D3/2$71/6}.

The last four terms are easily seen to be acceptable in view of (7.2). Since
N < DY2, we have

xl/l5D2/5Nl/5 <<.T1/15D9/20N1/10,
1'1/33D6/11N3/11 <<£L'1/33D15/22 < D2/3ZL‘9_2/9.

Moreover,
21/15 D9/20 N1/10 - p2/3,.0-2/9

for N < D3/62100-26/9 " and certainly if (7.15) holds.
The remaining term z'/18D1/2N1/9 is « D?/320-2/9 for N <« D3/2299-5/2
which holds if either (7.14) or (7.15) is assumed.

LEMMA 27. We have (7.10) provided that
(7.16) N > DY/38/9-40.
and either
(7.17) ¢ <22/21 —240/7=0.155..., N < D?/34071/9



142 R. C. Baker

or
(7.18) ¢ >22/21 —240/7, N < D2
Proof. From Lemma 7, essentially with (K, N, M, Kz'/3/D) in place of
(H,N, M, X), we have
Sy < 2° K {zV/2DYANYA £ DN-Y4 { DY2NY2 4 p3/2,-1/6Y,
The last term has already been discussed above. The second term is ac-
ceptable since (7.16) holds. The first term is acceptable since (7.17) (or, if

¢ > 22/21 — 240/7, the stronger condition (7.18)) holds. Finally, the third
term is acceptable since N < D/2,

LEMMA 28. Let

24 2
7.19 <—(0—-—=-)=018....
(7.19) o<2(0-3)
We have (7.10) provided that (7.2) holds and
(720) N < min((D659x5076971410)1/187? D1/2)'

Proof. We apply Theorem 6 with o = 3 = —1, X = 2'/3D~! tak-
ing (k,\) = BA(89/570,1/2 + 89/570) = (187/659,374/659). The term
L?DN~1/2 is acceptable because of (7.2). The term L?DN~'/* is accept-
able since

DM~V* « D7/® « D?/359-2/9
from (7.19). Finally, the term
XL/6( DR NA=RYL/(6+68)  1/18( [)2725 \r187)1/5076

is acceptable because of (7.20).

Completion of the proof of Theorem 1. We assume (7.1) and show that
(6.6) holds.
Suppose first that ¢ > 26/15 — 60. By Lemma 25, we have (7.13) for

D2/3:L,4/9729 <<N<<Dl/2
and moreover, D?/33:4/9-20 « D1/3,
By Lemma 23, we have (7.3) for
N s D—25/21,-500/7+19/9.
We note that
(7.21) D™2/21=500/TH19/9 « D35 for ¢ > 0.142.

Now (6.6) follows from Lemma 2(ii).
Suppose next that

30 2 26
22 161...==(0-2 <22 8.
(7.22) 0.16 7<9 9><¢_15 60
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We claim that (7.10) holds for D'/* <« N < D% and (7.3) holds for
N > D2/, This is sufficient for (6.6) in view of Lemma 2(i) with h = 4.
For Ss, we use Lemma 28. We have

D2/344/9-20 - pl/4.

since ¢ < 26/15 — 66 < (24/5)(0 — 2/9). We also have
(DB39,50760—1410)1/187 - y2/5.

this requires only ¢ > 0.156. Moreover,
min(D1/2 (D659x5076971410)1/187) ~ D—25/21,-500/7+19/9.

this requires only ¢ > 0.157. In view of Lemma 25, we conclude that (7.13)
holds for DV/* < N <« D?/® and (7.3) holds for N > D?/%, as required for
the range (7.22).

Suppose next that

22 246 30 2
2 156... = — T cp<—(0-2).
(7.23) 0.156 S <¢_7(9 9>

We claim that (7.10) holds for D'/* < N <« D'/3 and D?/® < N <« D'/2,
while (7.3) holds for N > D?/®. This is sufficient for (6.6), in view of Lemma
2(ii).
We have
D2/344/9-20 < p1/5,

since ¢ < (30/7)(0 — 2/9), while

(D659 50760~1410)1/187 - py1/3,
this requires only ¢ > 0.153. Thus Lemma 28 gives (7.10) for D'/ < N <
D'/3. Moreover, Lemma 27 gives (7.10) for D?/®> < N < D'/? and indeed
for D*/®> < N < D3/5. Now, recalling (7.21), we have (7.3) for N > D?/5,

and we have established (6.6) in the range (7.23).
Suppose next that
2 22 2460
.24 A150...=4(0— - < —— —.
(7.24) 0.150 < 9) <¢p< 51 -
We now use Lemma 25. This yields (7.10) for

D2/344/9-20 « N « D—2/3,,15080/95-226/57
while Lemma 27 yields (7.10) for
DA/3,8/9-40 o N o DB/3,40-11/9

Note that
DB/3,40-11/9 > )—944/267 ,,—18880/89+4898 /801
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since

o540 L (g 2) (5, 04 488 11 (1888
3 267/ — 9 3 267) 801 9 89 ’

In view of Lemma 23, we have (7.10) for N > DA/348/9=49 We now apply
Lemma 2(iv) with
DX — D2/3,4/9-20 DY _ [)—2/3,,15080/95—226/57

Since 4(0 —2/9) < ¢ < (30/7)(0 —2/9), we have 1/6 < x < 1/5, and

11 4y 1 4y
max| -, - + — —
3°5 )

575
Moreover,
D2/315080/95-226/57 -, p1/5( 2/3,:4/9-20)4/5,
this requires only ¢ < 0.157. Thus Lemma 2(iv) is applicable, and (6.6)
holds in the range (7.24).

Suppose now that

2 (2766 2
2 A38... .= ——14 <4(0—--).
o =2 ) comafo- D)
Then (7.3) holds for
(7.26) N > g19/9=80p1/6,

To see this, we appeal to Lemma 24. We may suppose that (7.7) holds, in
view of Lemma 23.
In order to apply Lemma 2 with h = 5, we need only verify that

maX(D1/3, 1:19/9_8€D1/6) < D_2/3$15089/95_226/57.

This requires only ¢ < 0.154, and we have established (6.6) in the range

(7.25).
Suppose finally that
2 (2760
7.27 < - ——-—14].
(7.27) o<2(Z2-u)

From Lemma 25, (7.10) holds for D?/3z%9-% <« N < D/2. Moreover,
D/3z20=4/9 » D2/3 In view of Lemma 2(ii), it suffices to establish (7.6) for

N > DU/3,20-4/9.

We estimate the sum over m in (7.6) trivially and apply the exponent pair
(1/6,2/3) = AB(0, 1) to the sum over n. Since lz'/3/D > D > N, this gives

1/3\ 1/6
st <<M<lxD/ > N2  [1/6,1/18 5/6 \r—1/2 o 11/6 )2/3,.6-2/9
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for N >> D'/325/9=20 This is stronger than we need, and we have (6.6) for
the range (7.27). This completes the proof of Theorem 1.
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