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A supplement to S
holz's re
ipro
ity lawby
Franz Lemmermeyer (Jagstzell)

1. Introdu
tion. Let us start by �xing some notation:
• p and q denote primes ≡ 1 mod 4;
• h(d) denotes the 
lass number (in the usual sense) of the quadrati
number �eld with dis
riminant d;
• Op and Oq denote the rings of integers in Q(

√
p ) and Q(

√
q );

• εp and εq denote the fundamental units of Q(
√

p ) and Q(
√

q ), respe
-tively;
• [α/p] denotes the quadrati
 residue symbol in a quadrati
 number �eld;re
all that it takes values ±1 and is de�ned for ideals p ∤ 2α by [α/p] ≡

α(Np−1)/2 mod p.Given primes p ≡ q ≡ 1 mod 4 with (p/q) = +1, we have pOq = pp′and qOp = qq′; the symbol [εp/q] does not depend on the 
hoi
e of q, sowe 
an simply denote it by (εp/q). S
holz's re
ipro
ity law then says thatwe always have (εp/q) = (εq/p) (for details, see [5�7℄). S
holz's re
ipro
itylaw was �rst proved by S
hönemann [13℄, and then redis
overed by S
holz[11℄ (S
holz mentioned his re
ipro
ity law and the 
onne
tion to the parityof the 
lass number of Q(
√

p,
√

q ) in a letter to Hasse from Aug. 25, 1928;see [10℄). In [12℄, S
holz found that in fa
t (εp/q) = (εq/p) = (p/q)4(q/p)4,and showed that these residue symbols are 
onne
ted to the stru
ture of the
2-
lass group of Q(

√
pq ).2. Hilbert's supplementary laws. To extend these results we have tore
all the notions of primary and hyper-primary integers (see He
ke [3℄).Lemma 1. Let K be a number �eld with ring of integers OK , and let

α ∈ OK be an element with odd norm. Then the following assertions areequivalent :2000 Mathemati
s Subje
t Classi�
ation: Primary 11R21; Se
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 number �eld, re
ipro
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320 F. Lemmermeyer(1) α ≫ 0 is totally positive and α ≡ ξ2 mod 4 for some ξ ∈ OK ;(2) the extension K(
√

α )/K is unrami�ed at all primes above 2∞.If the 
onditions of Lemma 1 are satis�ed, we say that α is primary.Lemma 2. Assume that 2OK = le1

1 · · · ler
r ; then the following assertionsare equivalent :(1) α is primary , and α ≡ ξ2 mod l

2ej+1
j for all j;(2) every prime above 2 splits in the extension K(

√
α )/K.If the 
onditions of Lemma 2 are satis�ed, we say that α is hyper-primary.Observe that the 
onditions in (1) are equivalent to α ≡ ξ2 mod 4l1 · · · lr.Also note α is allowed to be a square in Lemmas 1 and 2.Our next result is related to the First Supplementary Law of quadrati
re
ipro
ity for �elds with odd 
lass number; it was stated and proved in aspe
ial 
ase by Hilbert ([4℄), and proved in full generality by Furtwängler.Nowadays, this result is almost forgotten; for a proof of Hilbert's Supple-mentary Laws (for arbitrary number �elds) based on 
lass �eld theory, see[9℄; He
ke [3, Thm. 171℄ gives a proof based on his theory of Gauss sums andtheta fun
tions over algebrai
 number �elds.Theorem 1 (Hilbert's First Supplementary Law). Let a be an ideal ofodd norm in some number �eld k with odd 
lass number h, and let (·/·)denote the quadrati
 residue symbol in Ok. Then the following assertions areequivalent :(1) (ε/a) = +1 for all units ε ∈ O×

k ;(2) ah = (α) for some primary α ∈ Ok.Hilbert 
alls an ideal a with odd norm primary if 
ondition (1) above issatis�ed, i.e., if (ε/a) = +1 for all units ε in k. Hilbert's Se
ond Supplemen-tary Law 
an be given the following form:Theorem 2 (Hilbert's Se
ond Supplementary Law). Let a be a primaryideal of odd norm in some number �eld k with odd 
lass number h. Then thefollowing assertions are equivalent :(1) (λ/a) = +1 for all λ ∈ Ok whose prime divisors 
onsist only ofprimes above 2;(2) ah = (α) for some primary α ∈ Ok.Hilbert 
alls ideals satisfying 
ondition (1) above hyper-primary. A proofof a generalization of Theorem 2 to arbitrary number �elds 
an be found in[3, Thm. 175℄. Now we 
an stateTheorem 3. Let p ≡ q ≡ 1 mod 4 be primes with (p/q) = +1. Then
pOq = pp′ and qOp = qq′ split. The 
lass numbers h(p) and h(q) are odd ,
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ity law 321and there exist elements π ∈ Oq and ̺ ∈ Op su
h that ph(p) = (π) and
qh(q) = (̺). Then the following assertions are equivalent :(1) (εp/q) = +1;(2) ̺ 
an be 
hosen primary ;(3) h(pq) ≡ 0 mod 4.Proof. Genus theory (see e.g. [7, Chap. 2℄) implies that h(p) ≡ h(q) ≡
1 mod 2. The equivalen
e (1)⇔(2) is a spe
ial 
ase of Hilbert's First Supple-mentary Law for �elds with odd 
lass number ([4℄); observe, however, thatHilbert stated and proved this law only for a very narrow 
lass of �elds�thegeneral statement was proved only by Furtwängler. The equivalen
e (1)⇔(3)is due to S
holz [12℄.It is not hard to prove these statements dire
tly using 
lass �eld theory;below we will do this in an analogous situation.Observe that part (3) of Theorem 3 is symmetri
 in p and q, whi
himmediately implies S
holz's re
ipro
ity law (εp/q) = (εq/p). Note that we
an state this re
ipro
ity law in the following form:Corollary 1. Let p and q satisfy the assumptions of Theorem 3. Ifthe ideals above q in Q(

√
p ) are primary , then so are the ideals above p in

Q(
√

q ).In the next se
tion we will prove an analogous result 
onne
ted to Hil-bert's Se
ond Supplementary Law of Quadrati
 Re
ipro
ity.3. A supplement to S
holz's re
ipro
ity law. Assume that p ≡ q ≡
1 mod 8 are primes. Then 2 splits in Q(

√
p ) and Q(

√
q ), and we 
an write

2Op = ll′ and 2Oq = mm′. Now pi
k elements λp, λq su
h that lh(p) = (λp)and mh(q) = (λq). Sin
e both �elds have units with independent signatures,we may assume that λp, λq ≫ 0. The quadrati
 residue symbol [λp/q], where
qOp = qq′, does not depend on the 
hoi
e of λp or q, so we may denote it by
(λp/q).Theorem 4. Let p ≡ q ≡ 1 mod 8 be primes with (p/q) = +1, andassume that (εp/q) = (εq/p) = +1. Then the following assertions are equiv-alent :(1) (λp/q) = +1;(2) ̺ 
an be 
hosen hyper-primary ;(3) the ideal 
lasses generated by the ideals above 2 in F = Q(

√
pq ) arefourth powers in Cl(F ).Proof. Let F = Q(

√
pq ); then F1 = F (

√
p ) is an unrami�ed quadrati
extension; sin
e ̺ is primary, the extension F (
√

̺ )/F is unrami�ed, and itis easily 
he
ked that it is the unique 
y
li
 quarti
 unrami�ed extension



322 F. Lemmermeyerof F . Sin
e 2 splits 
ompletely in Q(
√

p,
√

q )/Q, it will split 
ompletely in
F (

√
̺ )/Q if and only if 2 splits 
ompletely in Q(

√
p,
√

̺ ), whi
h happens ifand only if ̺ is hyper-primary. On the other hand, the de
omposition lawin unrami�ed abelian extensions shows that the prime ideals above 2 split
ompletely in F (
√

̺ )/F if and only if their ideal 
lasses are fourth powersin Cl(F ). This proves that (2)⇔(3).The equivalen
e (1)⇔(2) is a spe
ial 
ase of the Se
ond SupplementaryLaw of Hilbert's Quadrati
 Re
ipro
ity Law in number �elds with odd 
lassnumber. Here is a dire
t argument using 
lass �eld theory.Consider the quadrati
 extension K = F (
√

̺ ) of F . Then ̺ is hyper-primary if and only if the prime l (and, therefore, also its 
onjugate l′) above
2 splits in K/F . Sin
e K is the unique quadrati
 subextension of the ray
lass �eld modulo q over F , whi
h has degree 2h(p), the prime l will splitin K/F if and only if lh(p) = (λp) for some λp ≡ ξ2 mod q. This shows that(1)⇔(2).The symmetry of p and q in the third statement of Theorem 4 thenimpliesCorollary 2. We have (λp/q) = (λq/p).While the proof of Theorem 4 required 
lass �eld theory, the a
tual re
i-pro
ity law in Corollary 2 
an be proved with elementary means. We willnow give a proof à la Brandler [1℄. To this end, write λp = (a + b

√
p)/2; then

a2 − pb2 = 2u, where u = h(p) + 2 = 2m + 1 is odd. From a2 − 2u = pb2 we�nd that a+2m
√

2 = π2β
2 and a−2m

√
2 = π′

2β
′2, where π2π

′

2 = p for sometotally positive π2 ≡ 1 mod 2. Moreover ββ′ = b and 2a = πβ2 + π′β′2.Now (π2β + β′
√

p )2 = π2(πβ2 + π′

2β
′2 + 2y

√
p ) = 2π2λ. Standard argu-ments then show that [π2/̺2] = (λ/q), where ̺2̺
′

2 = q.The quadrati
 re
ipro
ity law in Z[
√

2 ] shows that [π2/̺2] = [̺2/π2],and this implies the following elementary form of the supplement to S
holz'sre
ipro
ity law:
(

λp

q

)

=

[

π2

̺2

]

=

[

̺2

π2

]

=

(

λq

p

)

.

4. Additional remarks. We 
lose this arti
le with a few remarks andquestions.
Remark 1. Sin
e p ≡ q ≡ 1 mod 8, we 
an also write p = Nπ∗

2 and
q = N̺∗2 for elements π∗

2, ̺
∗

2 ∈ Z[
√
−2 ] with π∗

2 ≡ ̺∗2 ≡ 1 mod 2. Then [8,Prop. 2℄ states that
[

π2

̺2

][

π∗

2

̺∗2

]

=

(

p

q

)

4

(

q

p

)

4

.
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ity law 323Under the assumptions of Theorem 4, this means that
(

λp

q

)

=

(

λq

p

)

=

[

π2

̺2

]

=

[

π∗

2

̺∗2

]

.

Remark 2. Hilbert's Supplementary Law as we have stated it applies toall (quadrati
) �elds with odd 
lass number, not just the �elds with primedis
riminant. Here we give an example that shows what to expe
t in thismore general situation.Consider primes p ≡ q ≡ 3 mod 4 and primes r ≡ 1 mod 4 with (pq/r) =
+1. Let εpq denote the fundamental unit in k = Q(

√
pq ). Then the primeideals r and r′ above r in k satisfy rh(pq) = (̺) for some primary ̺ if andonly if (εpq/r) = +1. Sin
e pεpq is a square in k, we have (εpq/r) = (p/r).Assume now that ̺ 
an be 
hosen primary, and 
onsider the dihedralextension L/Q with L = Q(

√
p,
√

q,
√

̺ ). Clearly ̺ is primary if and onlyif L/Q(
√

pqr ) is 
y
li
 and unrami�ed. It is then easy to show that thequadrati
 extensions of Q(
√

r ) di�erent from Q(
√

pq,
√

r ) 
an be generatedby a primary element α with prime ideal fa
torization (pq)h(r) for a suitable
hoi
e of prime ideals p and q above p and q, respe
tively. Note that if pq isprimary, then pq′ is not, sin
e qq′ = (q) is not primary (we have either q < 0or q ≡ 3 mod 4).The upshot of this dis
ussion is: if ̺ is primary, then exa
tly one of theideals pq and pq′ is primary, say the �rst one, and then Hilbert's Supplemen-tary Law shows that (εr/pq) := [εr/pq] = +1. Conversely, if pq is primary,then (εr/pq) = (εpq/r) = +1. We have shown:Proposition 1. Let p ≡ q ≡ 3 mod 4 and r ≡ 1 mod 4 be primes with
(pq/r) = +1. Then the following assertions are equivalent :(1) (εpq/r) = +1;(2) (p/r) = +1;(3) the ideal r in Q(

√
pq ) above r is primary ;(4) h(pqr) ≡ 0 mod 4;(5) there is a unique primary ideal a (up to 
onjugation) of norm pq in

Q(
√

r ), and (εr/pq) := [εr/a] = +1.Note that (εr/pq) is not well de�ned if (p/r) = −1 sin
e in this 
ase wedo not have a 
anoni
al way to single out the prime ideals above p and q in
Q(

√
r ).As an example, 
onsider the 
ase p = 3, q = 7, r = 37; then the elementsof norm 21 in the ring of integers in Q(

√
37 ) are ±13±2

√
37 (these elementsare not primary: the element −13 + 2

√
37 ≡ 1 mod 4 is not totally positive)and (±11 ±

√
37)/2. It is easy to 
he
k that β = (11 +

√
37)/2 is primary;now εr = 6+

√
37, and [εr/β] = (−5/21) = +1 as 
laimed, whereas [εr/(13±

2
√

37)] = −1.
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Remark 3. Above we have seen that, under suitable assumptions, theideal 
lass generated by a prime above 2 in Q(

√
pq ) is a fourth power in the
lass group if and only if [π2/̺2] = +1, where π2, ̺2 ∈ Z[

√
2 ] are elements

≡ 1 mod 2 with norms p and q, respe
tively. Does an analogous statementhold with 2 repla
ed by an odd prime ℓ 6= p, q?
Remark 4. Budden, Eisenmenger & Kish [2℄ have generalized S
holz'sre
ipro
ity law to higher powers; 
an the re
ipro
ity law (λp/q) = (λq/p)proved above also be generalized in this dire
tion?
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