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1. Introduction. The function f defined on the positive integers is said
to be additive if

f(mn) = f(m) + f(n) for (m,n) = 1, f(1) = 0.

If, in addition,

f(pk) = f(p)

for all prime powers pk, then f is called strongly additive. In our paper the
additive functions always depend on a real parameter x, therefore we will
write fx.

The weak convergence, as x→ ∞, of the distributions

(1) νx(n ≤ x, fx(A(n)) < u) :=
1

[x]

∑

n≤x
fx(A(n))<u

1,

where A(n) = n, is quite well explored (see monographs [2], [3], [7]). Other
cases, when A(n) is an arithmetically interesting sequence of positive inte-
gers, are more difficult and less considered. But there are rather general re-
sults when A(n) runs through polynomial values or through a set of shifted
primes (for related references see [2], [6]). For the study of the limit dis-
tribution of (1), various methods were used. Some results proved by sieve
methods, by approximating an additive function by a sum of independent
random variables, or by the factorial moments method can be generalized
to sums of two or more additive functions with shifted arguments (see [8]
for references). And this can be done without changing the method of proof
provided the arithmetic structure of A(n) is not too difficult. In [8], [9] we
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considered the weak convergence of the distributions

νx(p ≤ x, fx(p+ 1) < u)

and

νx(n ≤ x, fx(n) + gx(n+ 1) < u)

to the Poisson law.

In the present article we continue the investigations of [8], [9] and obtain
necessary and sufficient conditions for the weak convergence, as x → ∞, of
the distributions

νx(p ≤ x, fx(p+ 1) + gx(p+ 2) < u)

to the Poisson law. The Poisson law as the limit distribution for the sum of
additive functions on the set of shifted primes has never been considered.
We consider the case where the strongly additive functions on the set of
primes take only two values 0 and 1. To find weak convergence conditions,
we use the method of factorial moments.

Throughout the paper we will keep the following notation. p and q with
or without subscripts mean prime numbers; c, c1, c2, . . . are absolute positive
constants. We denote by ε(x) any quantity vanishing as x→ ∞. The nota-
tion a≪ b is equivalent to the inequality |a| ≤ cb for some c. If a constant c,
a constant implied by ≪, or a vanishing function ε(x) depend on a param-
eter a, we write ca, ≪a, εa(x). The notation Fx(u) ⇒ F (u) means that
the set of distribution functions Fx(u) converges weakly to the distribution
function F (u) as x → ∞. The Poisson distribution function with parame-
ter λ (λ > 0) is denoted by Πλ(u) and the classical Euler function by φ.

The superscript f in
∑f ,maxf means that the summation or maximum is

extended over primes q for which fx(q) = 1. Other notation is generally
accepted or is later discussed in the text.

2. Main result and examples

Theorem. Let fx and gx, x ≥ 2, be two sets of strongly additive func-

tions such that

fx(p), gx(p) ∈ {0, 1}

for all primes p and

(H) lim
x→∞

(log x)

( ∑f

xα<q≤x

1

q
+

∑g

xα<q≤x

1

q

)
= 0

for all α ∈ (0, 1). In order that

(2) νx(p ≤ x, fx(p+ 1) + gx(p+ 2) < u) ⇒ Πλ(u)
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as x→ ∞ it is both necessary and sufficient that

lim
x→∞

(∑

q≤x

f 1

q
+

∑

q≤x

g 1

q

)
= λ,(3)

lim
x→∞

(
max
q≤x

f 1

q
+ max

q≤x

g 1

q

)
= 0.(4)

Example 1. Let ψf (x) and ψg(x) be unboundedly increasing functions
such that logψf (x)/log x→ 0 and logψg(x)/log x→ 0 as x→ ∞. Let

fx(p) =

{
1 if ψf (x) < p ≤ ψα

f (x),

0 otherwise,

and

gx(p) =

{
1 if ψg(x) < p ≤ ψβ

g (x),

0 otherwise,

with some α, β > 1. It follows from the Theorem that

lim
x→∞

νx(p ≤ x, fx(p+ 1) + gx(p+ 2) = k) =
(logαβ)k

αβk!

for every fixed k = 0, 1, 2, . . . . If k = 0 we have

#

{
p ≤ x

∣∣∣∣
p+ 1 has no prime factors in the interval (ψf (x), ψα

f (x)]

p+ 2 has no prime factors in (ψg(x), ψ
β
g (x)]

}

∼
x

αβ log x
as x→ ∞.

Example 2. Let

fx(p) = gx(p) =

{
1 if log x < p ≤ (log x)2,

0 otherwise.

The Theorem implies that

lim
x→∞

νx(p ≤ x, fx(p+ 1) + gx(p+ 2) = k) =
(log 4)k

4k!

for every fixed k = 0, 1, 2, . . . . In case k = 0, we get

#

{
p ≤ x

∣∣∣∣
p+ 1 and p+ 2 have no prime factors

in (logx, (log x)2]

}
∼

x

4 log x

as x→ ∞. If k = 1 we have

#

{
p ≤ x

∣∣∣∣
exactly one prime in (logx, (log x)2]
divides p+ 1 or p+ 2

}
∼
x log 4

4 log x

as x→ ∞.
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3. Auxiliary lemmas

Lemma 1 ([4]). For every real-valued additive function h, every real num-

ber b and every integer a,

νx(p ≤ x, h(p+ a) = b) ≪

(
4 +

∑

q≤x
h(q) 6=0

1

q

)−1/2

.

Lemma 2 ([5, Theorem 3.7]). The inequality

π(x, d, v) :=
∑

p≤x
p≡v mod d

1 ≪
x

φ(d) log x
d

holds uniformly for all x ≥ 2 and integers d, v with (v, d) = 1, 1 ≤ d < x.

Lemma 3 ([1]). Let K be a positive real number. Then there exists a real

number L such that uniformly for all x ≥ 2,
∑

d≤x1/2(log x)−L

max
(d,v)=1

∣∣∣∣π(x, d, v) −
lix

φ(d)

∣∣∣∣ ≪
x

(log x)K
.

Lemma 4. Let fx and gx, x ≥ 2, be two sets of strongly additive func-

tions such that fx(p), gx(p) ∈ {0, 1} for all primes p and

(5)
∑

q≤x

f 1

q
+

∑

q≤x

g 1

q
≤ c1.

For positive integers l let

β(l, x) :=
1

π(x)

∑

p≤x

(fx(p+ 1) + gx(p+ 2))

× (fx(p+ 1) + gx(p+ 2) − 1) . . . (fx(p+ 1) + gx(p+ 2) − l + 1).

Then

(6) β(l, x) ≪l c
l
1 + cl−1

1 + · · · + c1 + 1.

Proof. We have

β(1, x) =
1

π(x)

∑

p≤x

(fx(p+ 1) + gx(p+ 2)) =
1

π(x)

∑

p≤x

( ∑f

q|p+1

1 +
∑g

q|p+2

1
)

=
1

π(x)

∑f

q≤√
x

π(x, q,−1) +
1

π(x)

∑

p≤x

∑f

q>
√

x
q|p+1

1

+
1

π(x)

∑g

q≤√
x

π(x, q,−2) +
1

π(x)

∑

p≤x

∑g

q>
√

x
q|p+2

1.
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Since ∑

q>
√

x
q|p+a

1 ≤ 1

for p ≤ x and for a = 1 or 2, Lemma 2 and the condition (5) imply that

(7) β(1, x) ≪ c1 + 1.

Assume now l ∈ N, l ≥ 2. It follows from the known combinatorial
equalities that

(8) β(l, x) =
1

π(x)

∑

p≤x

fx(p+ 1)(fx(p+ 1) − 1) . . . (fx(p+ 1) − l + 1)

+
1

π(x)

∑

p≤x

gx(p+ 2)(gx(p+ 2) − 1) . . . (gx(p+ 2) − l + 1)

+

l−1∑

k=1

(
l

k

)
1

π(x)

∑

p≤x

fx(p+ 1)(fx(p+ 1) − 1) . . . (fx(p+ 1) − k + 1)

× gx(p+ 2)(gx(p+ 2) − 1) . . . (gx(p+ 2) − (l − k) + 1).

The strong additivity of fx and gx implies that

fx(p+ 1) . . . (fx(p+ 1) − k + 1)gx(p+ 2) . . . (gx(p+ 2) − (l − k) + 1)

=
∑f

q1|p+1

∑f

q2|p+1
q2 6=q1

. . .
∑f

qk|p+1
qk 6=q1,...,qk−1

∑g

qk+1|p+2

∑g

qk+2|p+2
qk+2 6=qk+1

. . .
∑g

ql|p+2
ql 6=qk+1,...,ql−1

1

= k!(l− k)!
∑f

q1...qk|p+1
q1<···<qk

∑g

qk+1...ql|p+2
qk+1<···<ql

1,

where the last double summation is extended over all collections of primes
q1, . . . , qk, . . . , ql, q1 < · · · < qk, qk+1 < · · · < ql such that fx(q1) = · · · =
fx(qk) = gx(qk+1) = · · · = gx(ql) = 1. Continuing the equality (8), we have

(9) β(l, x) =
l!

π(x)

l∑

k=0

∑f

q1<···<qk≤x1/(l+1)

∑g

qk+1<···<ql≤x1/(l+1)

∑

p≤x
q1...qk|p+1

qk+1...ql|p+2

1+R,

where

R = Ol

(
1

π(x)

l∑

k=0

∑

p≤x

( ∑f

q1...qk|p+1
q1<···<qk

qk>x1/(l+1)

∑g

qk+1...ql|p+2
qk+1<···<ql

1 +
∑f

q1...qk|p+1
q1<···<qk

∑g

qk+1...ql|p+2
qk+1<···<ql

ql>x1/(l+1)

1
))
.
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Since ∑

q>x1/(l+1)

q|p+a

1 ≪l 1

for p ≤ x and for a = 1 or 2, we have

R≪l β(l − 1, x).

On the other hand, for any positive integers k1, k2,

(10)
∑

p≤x
k1|p+1
k2|p+2

1 = π(x, k1k2, v),

where v is the only integer for which

v ≡ −2 mod k1, v ≡ −1 mod k2,

and 1 ≤ v ≤ k1k2 − 1. Therefore, according to the estimate of Lemma 2, we
have

β(l, x) ≪l β(l − 1, x) +

l∑

k=0

∑f

q1<···<qk≤x1/(l+1)

∑g

qk+1<···<ql≤x1/(l+1)

1

φ(q1 . . . ql)

≪l β(l − 1, x) +

( ∑f

q≤x1/(l+1)

1

q
+

∑g

q≤x1/(l+1)

1

q

)l

.

Using the condition (5), we obtain

(11) β(l, x) ≪l c
l
1 + β(l − 1, x).

The estimates (7) and (11) now imply the inequality (6).

4. Proof of Theorem. Necessity. The condition (H) implies that
there exists a vanishing function α(x) such that

lim
x→∞

xα(x) = ∞

and

(12) lim
x→∞

(log x)

( ∑f

xα(x)<q≤x

1

q
+

∑g

xα(x)<q≤x

1

q

)
= 0.

Let f̂x and ĝx be two new sets of strongly additive functions defined by the
equalities:

f̂x(q) =

{
fx(q) if q ≤ xα(x),

0 if q > xα(x),
ĝx(q) =

{
gx(q) if q ≤ xα(x),

0 if q > xα(x).
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For every positive ε,

(13) νx(p ≤ x, |fx(p+ 1) + gx(p+ 2) − f̂x(p+ 1) − ĝx(p+ 2)| > ε)

≤ νx(p ≤ x, |fx(p+ 1) − f̂x(p+ 1)| > ε/2)

+ νx(p ≤ x, |gx(p+ 2) − ĝx(p+ 2)| > ε/2)

≤ νx(p ≤ x, ∃q | p+ 1 : fx(q) 6= f̂x(q))

+ νx(p ≤ x, ∃q | p+ 2 : gx(q) 6= ĝx(q)).

The first summand of the right hand side above does not exceed

1

π(x)

∑f

xα(x)<q≤x+1

∑

p≤x
q|p+1

1 ≤
1

π(x)

∑f

xα(x)<q≤x+1

∑

n≤x
q|n+1

1

≪ (log x)

( ∑f

xα(x)<q≤x

1

q
+

1

x

)
.

An analogous estimate holds for the second summand of the right hand side
of (13). Thus

(14) νx(p ≤ x, |fx(p+ 1) + gx(p+ 2) − f̂x(p+ 1) − ĝx(p+ 2)| > ε)

≪ (log x)

( ∑f

xα(x)<q≤x

1

q
+

∑g

xα(x)<q≤x

1

q
+

1

x

)
.

Hence (12) and the weak convergence condition (2) imply that

(15) νx(p ≤ x, f̂x(p+ 1) + ĝx(p+ 2) < u) ⇒
x→∞

Πλ(u).

It follows that

lim inf
x→∞

νx(p ≤ x, f̂x(p+ 1) = 0)

≥ lim inf
x→∞

νx(p ≤ x, f̂x(p+ 1) + ĝx(p+ 2) = 0) = e−λ.

Therefore, according to Lemma 1,
∑f

q≤xα(x)

1

q
≤ c2,λ.

Similarly
∑g

q≤xα(x)

1

q
≤ c3,λ.

Hence, applying Lemma 4, we get

(16) β̂(l, x) ≪l,λ 1,
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where

β̂(l, x) =
1

π(x)

∑

p≤x

(f̂x(p+ 1) + ĝx(p+ 2)) . . . (f̂x(p+ 1) + ĝx(p+ 2) − l + 1).

From the weak convergence (15) we infer that, for every k ∈ {0} ∪ N,

1

π(x)

∑

p≤x

f̂x(p+1)+ĝx(p+2)=k

1 =
λk

k!
e−λ + εk(x).

Let us fix l ∈ N and choose K > l + 2. Using the estimate (16) we obtain

β̂(l, x) =
K∑

k=l

k(k − 1) . . . (k − l + 1)
1

π(x)

∑

p≤x

f̂x(p+1)+ĝx(p+2)=k

1

+
1

π(x)

∑

p≤x

f̂x(p+1)+ĝx(p+2)>K

(f̂x(p+ 1) + ĝx(p+ 2)) . . .

. . . (f̂x(p+ 1) + ĝx(p+ 2) − l + 1)
f̂x(p+ 1) + ĝx(p+ 2) − l

f̂x(p+ 1) + ĝx(p+ 2) − l

=
K∑

k=l

k(k − 1) . . . (k − l + 1)
λk

k!
e−λ + εK,l(x) +O

(
β̂(l + 1, x)

K − l

)

= λl +Oλ

(
λK+1

(K + 1 − l)!

)
+Ol,λ

(
1

K − l

)
+ εK,l(x).

From this equality it follows that

(17) lim
x→∞

β̂(l, x) = λl

for every fixed positive integer l. If l = 1, from (17) we have

lim
x→∞

β̂(1, x) = λ.

On the other hand,

β̂(1, x) =
lix

π(x)

∑f

q≤xα(x)

1

φ(q)
+

1

π(x)

∑f

q≤xα(x)

(
π(x, q,−1) −

lix

φ(q)

)

+
lix

π(x)

∑g

q≤xα(x)

1

φ(q)
+

1

π(x)

∑g

q≤xα(x)

(
π(x, q,−2) −

lix

φ(q)

)
.

In view of Lemma 3, it follows from the last two equalities that

(18) lim
x→∞

( ∑f

q≤xα(x)

1

φ(q)
+

∑g

q≤xα(x)

1

φ(q)

)
= λ.
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If l = 2, from (17) we have

(19) lim
x→∞

β̂(2, x) = λ2.

The value of β̂(2, x) can also be written in the following way:

(20) β̂(2, x) =
1

π(x)

∑

p≤x

f̂x(p+ 1)(f̂x(p+ 1) − 1)

+
2

π(x)

∑

p≤x

f̂x(p+ 1)ĝx(p+ 2) +
1

π(x)

∑

p≤x

ĝx(p+ 2)(ĝx(p+ 2) − 1)

=
2

π(x)

∑f

q1<q2≤xα(x)

∑

p≤x
q1q2|p+1

1 +
2

π(x)

∑f

q1≤xα(x)

∑g

q2≤xα(x)

∑

p≤x
q1|p+1
q2|p+2

1

+
2

π(x)

∑g

q1<q2≤xα(x)

∑

p≤x
q1q2|p+2

1 =: S1 + S2 + S3.

According to Lemma 3,

S1 =
2 lix

π(x)

∑f

q1<q2≤xα(x)

1

φ(q1q2)
+

2

π(x)

∑f

q1<q2≤xα(x)

(
π(x, q1q2,−1) −

lix

φ(q1q2)

)

=

(
2 +O

(
1

log x

)) ∑f

q1<q2≤xα(x)

1

φ(q1q2)
+O

(
1

log x

)
.

Similarly

S3 =

(
2 +O

(
1

log x

)) ∑g

q1<q2≤xα(x)

1

φ(q1q2)
+O

(
1

log x

)
.

Finally, using (10) and Lemma 3 once again, we see that S2 can be written
as

S2 =
2

π(x)

∑f

q1≤xα(x)

∑g

q2≤xα(x)

q2 6=q1

π(x, q1q2, v)

= 2

(
1 +O

(
1

log x

)) ∑f

q1≤xα(x)

∑g

q2≤xα(x)

q2 6=q1

1

φ(q1q2)
+O

(
1

log x

)
.
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From (19), (20) and the expressions for S1, S2, and S3, we have

lim
x→∞

(
2

∑f

q1<q2≤xα(x)

1

φ(q1q2)
+2

∑f

q1≤xα(x)

∑g

q2≤xα(x)

q2 6=q1

1

φ(q1q2)
+2

∑g

q1<q2≤xα(x)

1

φ(q1q2)

)

= λ2.

Hence

λ2 =

( ∑f

q≤xα(x)

1

φ(q)
+

∑g

q≤xα(x)

1

φ(q)

)2

−
∑f

q≤xα(x)

1

φ2(q)
− 2

∑

q≤xα(x)

fx(q)=gx(q)=1

1

φ2(q)
−

∑g

q≤xα(x)

1

φ2(q)
+ ε(x).

The last expression and the equality (18) imply that

(21) lim
x→∞

(
maxf

q≤xα(x)

1

φ(q)
+ maxg

q≤xα(x)

1

φ(q)

)
= 0.

The relations (3) and (4) now follow from (18), (21), and (12). The necessity
is proved.

5. Proof of Theorem. Sufficiency. Assume that the conditions (3),
(4) and the additional condition (H) are satisfied. Let α(x) be the same

vanishing function and f̂x, ĝx be the same strongly additive functions as in
the previous section. According to (14), it is enough to prove (15).

Put

ψx(t) =
1

π(x)

∑

p≤x

eit(f̂x(p+1)+ĝx(p+2))

for x ≥ 2 and t ∈ R. Because for all r ∈ {0} ∪ N and L ∈ N,
∣∣∣∣e

itr − 1 −
L∑

l=1

(
r

l

)
(eit − 1)l

∣∣∣∣ ≤
(

r

L+ 1

)
|eit − 1|L+1,

we have

(22) ψx(t) = 1 +
L∑

l=1

β̂(l, x)

l!
(eit − 1)l +O

(
β̂(L+ 1, x)

(L+ 1)!
|eit − 1|L+1

)

for all positive integers L.
If l is fixed and x is sufficiently large, arguing as in (8) and (9), we obtain

β̂(l, x) =
l!

π(x)

l∑

k=0

∑f

q1<···<qk≤xα(x)

∑g

qk+1<···<ql≤xα(x)

∑

p≤x
q1...qk|p+1

qk+1...ql|p+2

1.
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The use of (10) enables writing β̂(l, x) as a sum of two sums:

β̂(l, x) =
l! lix

π(x)

l∑

k=0

∑f

q1<···<qk≤xα(x)

∑g

qk+1<···<ql≤xα(x)

qk+1,...,ql 6=q1,...,qk

1

φ(q1 . . . ql)

+
l!

π(x)

l∑

k=0

∑f

q1<···<qk≤xα(x)

∑g

qk+1<···<ql≤xα(x)

qk+1,...,ql 6=q1,...,qk

(
π(x, q1 . . . ql, v) −

lix

φ(q1 . . . ql)

)

=: S4 + S5.

We have

S4 =

(
1 +O

(
1

log x

)) l∑

k=0

(
l

k

)( ∑f

q≤xα(x)

1

φ(q)

)k( ∑g

q≤xα(x)

1

φ(q)

)l−k

(23)

+ max

{
maxf

q≤xα(x)

1

φ(q)
, maxg

q≤xα(x)

1

φ(q)

}

×Ol

((
max

{
1,

∑f

q≤xα(x)

1

φ(q)
,

∑g

q≤xα(x)

1

φ(q)

})l−1)
.

By Lemma 3,

(24) S5 = Ol

(
1

log x

)
.

The conditions (3), (4), and (H) immediately yield (18) and (21). These
equalities together with (23) and (24) now imply that

lim
x→∞

β̂(l, x) = λl

for every fixed positive integer l. Hence applying (22), we have

lim sup
x→∞

|ψx(t) − eλ(eit−1)| = lim sup
x→∞

∣∣∣∣
∞∑

l=L+1

λl

l!
(eit − 1)l

∣∣∣∣ +O

(
(2λ)L+1

(L+ 1)!

)

= Oλ

(
(2λ)L+1

(L+ 1)!

)

for all real t. Letting L→ ∞, we obtain

lim
x→∞

ψx(t) = eλ(eit−1)

and this implies the weak convergence (15). The Theorem is proved.
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