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On the abc conjecture in algebraic number fields
by

K. GYORY (Debrecen)

To Professor W. M. Schmidt on his 75th birthday

In our paper we obtain new, effective results (cf. Theorems 1 and 2
in Section 3) towards the truth of the uniform abc conjecture in number
fields. Our theorems improve upon the earlier estimates established in this
direction. Our Theorems 1 and 2 are deduced from some recent explicit
results of Yu and the author [24] (cf. Theorem A in Section 2) concerning
S-unit equations. Our proofs (cf. Section 4) depend ultimately on the best
known estimates for linear forms in logarithms of algebraic numbers.

1. The abc conjecture in Z. For positive integers a, b and ¢, we define
the radical N(a,b,c) of a, b and ¢ by

N(a,b,c) Hp

plabe
paprime

Thus N(a,b,c) is the greatest square-free factor of abe.
THE abc CONJECTURE. For any & > 0, there is a constant C., which

depends only on €, such that for every triple of positive integers a, b, c
satisfying

(1.1) a+b=c and gcd(a,b)=1
we have
(1.2) ¢ < C.(N(a,b,c))t*e.

This conjecture was first formulated by Oesterlé [36] and Masser [31] in
1985. The conjecture has a very extensive literature. It was pointed out that
the exponent 1 + ¢ is best possible in (1.2). Further, some refinements and
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more explicit versions were formulated; see [1], [2] and [17]. The conjecture
has many profound consequences; cf. [1], [6], [9], [13], [16], [19], [28], [29],
[34], [35], [37], [43], [47], [48] and the references given there.

Although the conjecture seems completely out of reach, there are some
effective results towards its truth. By means of the theory of logarithmic
forms Stewart and Tijdeman [43] and Stewart and Yu [44], [45] obtained
upper bounds for ¢ as a function of N(a, b, ¢). The best known upper bounds
are due to Stewart and Yu [45].

Let P(n) denote the greatest prime factor of a positive integer n with
the convention that P(1) = 1. Further, denote by log; the ith iterate of the
logarithmic function with log; = log. In [45] Stewart and Yu proved that if
a, b, ¢ are positive integers which satisfy (1.1) then

(1.3) 10gc<p/Ncllog3N*/10g2N*
and
(1.4) logc < CQNl/g(lOg N)?’7

where p’ = min(P(a), P(b), P(c)), N = N(a,b,c), N* = max(N,16) and
c1, co are effectively computable positive absolute constants. Furthermore,
Chim Kwok Chi [12], following the proof of (1.3), has proved (1.3) with
Cc1 = 710.

2. S-unit equations in number fields. Let K be an algebraic number
field of degree d with class number h and regulator R. Let Mg denote the
set of places on K, S, the set of infinite places, and § a finite subset of Mg
which contains So,. Let s be the cardinality of S, py,...,p; the prime ideals
corresponding to the finite places in S, N(p;) the norm of p;, i = 1,...,¢,

P = max N(p;),

and Rg the S-regulator of K (see e.g. [11]). Then we have (cf. [11, (18)])

t
(2.1) Rg=igR][log N(p:),
i=1

where ig is a positive divisor of h. As usual, Og and O% will denote the ring
of S-integers and the group of S-units of K, respectively. If in particular
S = Se, Og is just the ring of integers Ok and O% the unit group O} in K.

For any v € Q*, we denote by h(v) the absolute logarithmic height of ~.
For brevity, we write log* a for max(loga,1) if a > 0.

Let o, € K* with H := max(h(«a),h(8),1), and consider the S-unit
equation

(2.2) ar+pPfy=1 inz,ye€ O
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Equations of this type have a great number of applications; cf. [14], [22],
[23], [24], [41] and the references therein.

Equation (2.2) has only finitely many solutions. The first explicit upper
bounds for the heights of the solutions of (2.2) were given by the author
[20], [21] by means of the theory of logarithmic forms. Later several authors,
including Kotov and Trelina [27], Schmidt [40], Sprindzuk [42], Bugeaud and
Gyéry [11], Haristoy [25] and Gyéry and Yu [24] derived effective bounds
for the solutions by using logarithmic form estimates.

Bugeaud and Gyéry [11] derived the bound

(2.3) max(h(z), h(y)) < C1PRs(log* Rs)*H

for the solutions of (2.2) with C = c3(cqds)®®, where c3,¢q4 and c5 are
explicitly given positive absolute constants. Gy6ry and Yu [24] improved
this to

(2.4) max(h(z), h(y)) < CoPRg(log* Rg)H,

where (5 is of the same form as Cy but with smaller absolute constants cs,
c4 and cs.

Bombieri [3] and Bombieri and Cohen [4], [5] have developed another
effective method in Diophantine approximation, based on an extended ver-
sion of the Thue—Siegel principle, the Dyson lemma and some geometry of
numbers. Bugeaud [10], following their approach and combining it with es-
timates for linear forms in two and three logarithms, derived the following
bound for the solutions of (2.2):

(2.5)  max(h(z), h(y)) < C3P(log* P)Rgmax(CyP(log* P)Rg, H),

where C3 and C4 are of the same form as C; and C5, but the absolute
constants in C3 and Cy are larger than the corresponding ones in Cj.

In some applications, the parameters depending on S play a crucial role.
The bounds occurring in (2.3)—(2.5) contain the factor s*, and this is the
dominating factor in terms of S whenever ¢ > log P.

The following theorem provides a bound for the solutions which does
not contain any factor of the form s® or t!. This fact will enable us to
improve upon the earlier effective results obtained in the direction of the
abc conjecture.

Let r denote the unit rank of Ok, and let

0 if =0,
cg =1 1/d if r =1,
29er!ry/r — 1logd if r > 2.
Further, let
R = max(h, cgdR).
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THEOREM A (Gy6ry and Yu). If t > 0, then all solutions x,y of (2.2)
satisfy

(2.6) max(h(x), h(y)) < erhR(log* R)R'™(log* R)(P/log* P)RsH,

where
o7 = (213A32d)t(r + 1)47"+13A5210r+64dr+5(10g*(2d))6'

If in particular t > 0 and r = 0, the bound in (2.6) can be replaced by

t
(2.7) csht*2(log* h)(P/log* P) {H log N (p;) }H
i=1
with
cg = 210t+22t3'5dt+2(10g*(2d))3.
Further, if t = 0, one can replace the bound in (2.6) by
(2.8) coR(log" R)H,

where
cog = (r + 1)79232042) Jog (27 + 2)(d log*(2d))>.

In Section 4 we shall deduce Theorem A from Theorems 1 and 2 of Gyéry
and Yu [24].

In the special case K = Q, Theorem A implies the following. Let A, B,
C and a, b, ¢ be non-zero rational integers such that

(2.9) Aa+Bb+Cc=0

and max(|4|, |B|,|C|) = H, |abc| > 1, where both A, B, C' and a, b, ¢ are
relatively prime.

COROLLARY. We have

(2.10) log max(|al, |b], |¢|) < 2'%+22¢4(P/log* P) ( H logp) log" H,
plabe

where P = P(abc) and t denotes the number of distinct prime factors of abe.

3. The abc conjecture in number fields. Keeping the notation of
Section 2, let again K be an algebraic number field of degree d with ring
of integers Ok and unit rank r. Let Ag be the absolute value of the dis-
criminant of K, and let My denote the set of places on K. For v € Mk,
we choose an absolute value | |, in the following way: if v is infinite and
corresponds to o : K — C, then we put |a|, = |o(a)|% for a € K, where
d, = 1 or 2 according as o(K) is contained in R or not; if v is a finite place
corresponding to a prime ideal p of O, then we put |a|, = N(p)~ "% for
a € K\ {0} and |0|, = 0. Here, for a # 0, ord, o denotes the exponent of p
in the prime ideal factorization of the principal fractional ideal («).



The abc conjecture in algebraic number fields 285

We define the height of (a,b,c) € (K*)3

(3.1) Hy(a,b,¢) = [ max(laly, [Blo, [c].)-
veEMg

Further, the radical of (a b,c) € (K*)3 is defined as

(3.2) (a,b,c) HN yordep,

where p is a rational prime with pZ = p ﬂZ, and the product is over all finite
v such that |aly, |bly, |c|y are not all equal. Finally, we denote by Pk (a,b,c)
the greatest factor N(p) in (3.2).

There have been several proposals for generalizing the abc conjecture to
algebraic number fields. In 1987, Vojta [47] proposed a very general conjec-
ture and, as a consequence, suggested the first number field version of (1.2).
Later, Vojta’s version was refined by Elkies [13], Broberg [7], Granville and
Stark [18], Browkin [8] and Masser [32]. The following version is due to
Masser [32].

UNIFORM abc CONJECTURE IN NUMBER FIELDS. Let K be an algebraic
number field of degree d, and Ag the absolute value of its discriminant.
Then for every € > 0 there exists Ce, depending only on €, such that
(3.3) Hg(a,b,c) < CHAgNg(a,b,c))tTe
for all a,b,c € K* which satisfy a +b+c = 0.

We note that (3.3) is best possible in terms of e. Further, the upper bound
is uniform in the sense that it has good behaviour under field extensions.
In particular, for K = Q this general conjecture reduces to the classical abc
conjecture formulated in Section 1.

The effective results concerning S-unit equations can be used to obtain
weaker but unconditional and effective bounds for Hg (a,b,c). Let
(3.4) a+b+c=0, wherea,b,cec K",

Further, let S be the smallest subset of Mg containing S, such that v € §

for every finite place v for which |aly, |b|y, |c|, are not all equal. Then
x=—ajc, y=-bjc

is a solution of the S-unit equation

(3.5) r+y=1 inz,ye 0

Now having a bound for h(x) and h(y), we can derive a bound for Hg (a, b, ¢).
Surroca [46], using the bound (2.3) due to Bugeaud and Gyéry [11],
derived from (3.4) the estimate

(3.6) log Hg (a,b,c¢) < ((c10dAg)** Nk (a, b, c)le)d7
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where c19, ¢11 and c12 denote effectively computable positive absolute con-
stants.

The inequality (3.6) could be derived with smaller absolute constants
from the explicit version of (2.4), established by Gyéry and Yu [24]. From
our Theorem A we can, however, deduce better bounds for Hg(a,b,c) in
terms of Nk (a,b, c).

For later applications, we prove Theorem 1 below in a completely explicit
form, with as good constants ci13, c14 as possible.

THEOREM 1. Ifa,b,c € K* satisfy (3.4), then
(3.7) logHg(a,b,c)
< Clgﬂi(/Q(lOg* A )31 (P/log* P)Nleialog" Ax-+19.210g; N*) /logy N*
where

P = Pg(a,b,c), N = Ng(a,b,c), N*=max(N,16),

223 ifd=1,
227 ifd=2 andr =0,
C =
) 29848 (log* d)° ifr=1,
(7“ 4 1)5r+14210r+74dr+8(10g 2d)8 ifT' > 2’
and
12.4 ifd=1,
14.7 ifd=2 and r =0,
Cl4 = .
7.4d ifr=1,

2.9dlogd ifr > 2.
If in particular S = Sx (i.e. if a/c,b/c € Oj;), then

(3.8) log Hic(a,b,¢) < c15A42 (log* Ac)?,

where
c1s = (r + 1)2rH924042) (g 1og* (2d))*.

Our Theorem 1 can be compared with Corollary 2 of Gyory and Yu
[24], where it is additionally assumed that a, b, ¢ are S-units for some finite
subset S of M. Further, instead of Ng(a,b,c), the product, Ny, of the
distinct prime factors of N(py---p;) is considered in [24], where p1,...,p;
are the prime ideals corresponding to the finite places in S. However, Ny
can be arbitrarily large relative to Nk (a, b, ¢). Finally, apart from a common
proportional factor of a, b, ¢, in [24] max(h(a), h(b),h(c)) and not Hg (a, b, c)
is estimated from above. On the other hand, we note that a weaker version
of our Theorem 1 can be deduced from Corollary 2 of [24].

The following theorem is a consequence of Theorem 1. It provides a
considerable improvement of (3.6) in terms of Nk (a,b,c).
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THEOREM 2. Let a,b,c € K* witha+b+c¢ =0, and N = Nk(a,b,c).
Then for every € > 0, we have

(3.9) log Hy (a,b,c) < cigN'Te,

where c16 = c16(d, Ak, €) is an effectively computable positive constant which
depends only on d, Ax and €. Further, if

N > max(exp exp(max(Ag,e)), A%a),
then
(3.10) log Hy (a,b,¢) < c17(Ax N)'™e

with an effectively computable positive constant ci17 = ci7(d,€) depending
only on d and €.

A comparison of the special case K = Q of Theorems 1 and 2 with
(1.3) and (1.4) is in order. Theorem 2 implies that if a, b and ¢ are coprime
positive integers such that a + b = ¢, then, for every € > 0, we have

(3.11) loge < c16N1Te,

where N denotes the product of the distinct prime factors of abc, and cig
is now an effectively computable number which depends only on e. This
estimate is slightly weaker than (1.4). One of the reasons of this difference
is that we obtained (3.11) as a special case of (3.9), while in [45] the authors
gave a direct proof for (1.4) and (1.3) and utilized some specific properties
of Z, e.g. that a + b =c and b > a imply 2b > ¢ > b.

In this special situation Theorem 1 gives

loge < 2% (P/log* P)N653 logg N* /logy N* ’

where P = P(abc) and N* = max(N, 16). This is comparable with (1.3).

The abc conjecture presented in Section 1 requires an upper bound for ¢
in terms of £ and N only. Baker [1], [2] and Granville [17] formulated such
refinements which involve also the number, ¢, of distinct prime factors of
abc. The Corollary in Section 2 implies in this direction that if a, b, ¢ are
coprime positive integers with a + b = ¢ then

(3.12) log ¢ < 2192244 (P /log* P) H log p,

plabe
whence, using P < N and [] . logp < (log N/t)t,
(3.13) log e < (219722 /¢ =4) N (log N)*
follows.

In general (3.12) gives a better upper bound for ¢ than (1.3) with ¢; =
710. For example, if a = 112, b = 325273, ¢ = 22123 then a+b = ¢ (de Weger)
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and the bound in (1.3) is > 2490 while the bound in (3.12) is < 2!%°. In
this example 2100122¢4 > 293 i5 the dominating factor.

4. Proofs. Before proving our Theorems 1 and 2, we deduce Theorem A
from Theorems 1 and 2 of Gy6ry and Yu [24]. We note that the proofs of
Theorems 1 and 2 in [24] depend on the logarithmic form estimates due to
Matveev [33] and Yu [49].

Proof of Theorem A. First suppose that ¢ > 0. We apply Theorem 2 of
[24] to our equation (2.2). Let x, y be a solution of (2.2). Then, using the
notation of Theorem 2 in [24], there are o, 01, 02, 03 in OF such that

(4-1) T =001, Yy = 002, —1=o003
and
(4.2) max h(o;) < B/2.

3

Here E denotes the bound occurring in (2.6) resp. (2.7) in our Theorem A.
In fact, in [24], (4.2) is proved with a slightly smaller bound. However, using
(2.1), we can choose here E as an upper bound. It follows now from (4.1)
and (4.2) that

h(o) < E/2,

whence, by (4.2), we get max(h(z),h(y)) < E.
For t = 0, Theorem 1 of [24] gives (2.8) immediately. =

Proof of the Corollary. Denote by S the set of places on Q which consists
of the infinite place and the finite ones corresponding to the prime factors of
abc. Then (2.9) implies that z = —a/c, y = —b/c is a solution of the S-unit
equation

(A/C)x+ (B/C)y = 1.
Here max(h(A/C),h(B/C)) < log* H. Further,
log max(|al, b, |c[) < max(h(a/c), h(b/c)).

On applying now the bound (2.7) in Theorem A to this solution z, y, (2.10)
follows. m

Proof of Theorem 1. We shall use, in refined form, some ideas from the
proof of Corollary 2 of Gyéry and Yu [24].
Consider the relation

(3.4) a+b+c=0 witha,bce K",

and choose S as in Section 3, i.e. let S be the smallest subset of Mg contain-
ing S, such that v € S for every finite place v for which |aly, |b|y, ||, are
not all equal. Let pi,...,ps be the prime ideals corresponding to the finite
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places of S. Then x = —a/c, y = —b/c is a solution of the equation (3.5)
z +y =1 in S-units x, y. Then, by our Theorem A, we have

max(h(z),h(y)) < Ep,

where Ej denotes the bound with the choice H = 1, which occurs in (2.6),
(2.7) or (2.8), according ast > 0,7 > lort > 0,r = 0 or t = 0, respectively.
Using the product formula, we infer that

Hg(a,b,c) H max(|a/c|y, |b/c|y, 1)

veEMK
< [ mex(la/els,1) J] max(jp/cly,1).
vEMEK vEM K
Hence it follows that
(4.3) logHg(a,b,c) < Y logmax(|a/cly,1) + Y logmax(|b/cly, 1)
veEMK vEMK

= d(h(z) + h(y)) < 2dEj.

We shall now give an upper bound for Ey in terms of the parameters
occurring in (3.7) and (3.8), respectively. First consider the case ¢t = 0. The
case d = 1 being trivial, we assume that d > 1. We use the fact that
(4.4) hR < A2 (log" Ag)* 1,

which follows from a result of [30]. For K = Q and K = Q(1/—3) this is
obviously true, because then h = R = 1. In the remaining cases (4.4) follows
from (2) of [30] and from

(4.5) wg < 20dlogyd if d > 3,
where wg denotes the number of roots of unity in K. Since @ (wg ) divides d,
where @ denotes Euler’s function, (4.5) immediately follows from Theo-
rem 15 of [39].

We have (log X)? < (B/2)BX¢ if X >0, B > 0 and ¢ > 0. Using this
we infer that
(4.6) (log* Ag)¥' < (d — 1)1 AY2,
Hence in view of (4.4) and h > 1 we get

R < AP (log* A )™ ! < d?Ag.

Thus we obtain
(4.7) log" R < dlogd + log" Ax < 2d(log™ d)log* Ag.

Here we utilized the trivial observation that

(4.8) A+B-= <1

1 B)AB for A,B >0
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(which will also be needed later) and that Ax > 3 if d > 1. Now (4.4) and
(4.7) give
(4.9) R(log* R) < 2d(log* d) A}/* (log* A ).
If we take into consideration that
93-2(r+2)+1 log(2r +2) < 24(r+2)

(2.8) and (4.9) imply (3.8).
Next consider the case t > 0. First assume that r > 1. It follows from
(2.1) that

¢
(4.10) Rg < hR]Jlog N (p:).
i=1
We have Ry > 0.2052; (cf. [15]). Hence we infer from (4.4) that
(4.11) R < clgA%Q(log* AK)d_l,

where ¢1g = max(cgd, 4.88). Now (4.4) and (4.11) imply that
(4.12) h2R?(log* R)R(log* R) < 4d*cig(log clg)Aiﬂ(log* Ag)3dL,
Here we have used the fact that

logeis + 0.5+ (d — 1) /e < 1.32d log c;13.

We shall now estimate from above the product Hle log N(p;). Denote
by Np the product of the distinct prime factors of N = Nk (a,b,c), and by
to the number of these primes. By assumption ¢ > 0, hence tg > 0. Further,
it follows that t < dtg and

(4.13) No < N < N§.
Let
N§ = max(No, 16).

Then obviously Nj < N*. It follows from explicit estimates of [39] and [38]
that
to < 1.5log No/logy Ny,

whence
(4.14) t < 1.5d1og N/log, N*.
We have [['_, N(p;) < N*. Hence it follows that
t t
log N
(4.15) [[es o0 < (57

It is easy to check that

-1
1Og(dlogl\f) (dlogN) Sl-
t t e
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If now logy N* < 1.5¢e, then

logy N* log, 16 1.
082 V' e (108210 _15¢ N g6/
logs N* logs 16" log(1.5¢)
whence
dlog N\ [dlog N\ ! logz N*
(4.16) log [ 228 o8 <19.16 283"
t t logy N*

Otherwise, if logy N* > 1.5¢, then using (4.14) we get
dlog N - logy N S
t 1.5

€,

which implies that

dlog N\ [(dlog N -1 logy N* logy N* -t
1 <1
Og( t >< t > = Og( 15 15

<15 logs N*
logy N*
This proves that (4.16) holds in both cases. But we infer from (4.16) that
dlog N log N log; N*
tlog 280 ) < 19.16d 28 983 T
t logy N*
Together with (4.15) this gives
t
1 * *
(417) HlOgN(pz) < E N19-16dlogz N /logy N )
i=1

We recall that ¢7 denotes the constant occurring in Theorem A. We write
c7 = ¢k - ¢, where

(4.18) 6,7 — (213'32d)t, 0/7/ — (’l" + 1)4r+13.5210r+64dr+5(10g 2d)6.

We now distinguish two cases. First let » > 2. Then d > 3 and Ag > 23
(see e.g. [26]). It is easy to see that logcig < 1.3dlogd and hence

(4.19) 8d3clciglog erg < (1 + 1)P 1410 T gr+9 (190 29)8,

Further, it follows from (4.11), (4.18) and (4.14) that

(4_20) (C/7R>t < (213'32dc18A}</2(10g AK)d—l)l.BdlogN/logz N*
< N15dlog(21332deis Al* (log Ak )41) /logy N*

Using (4.6), (4.8), d > 3 and Ax > 23, we infer that

log (2132 de1s AV (log A )™ 1) < 5.11dlog d + log A
< 1.9332(dlog d) log Ak.
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Hence

(421) (C;R)t < N2.9d2(logd)logAK/log2N*.

Thus, (2.6), (4.3), (4.12), (4.17), (4.19) and (4.21) imply (3.7) for r > 2 with
c13 = (r+ 1) T8 (169 29)®  and 14 = 2.9d log d.

Next consider the case r = 1. Then 2 < d < 4, Ag > 5 (cf. [26]),
c¢ = 1/d, c1g5 = 4.88 and % = 291°d%(log 2d)°. Hence

8d3clciglog g < 2%d” (log 2d)°.
Further, by means of (4.6), (4.8), d < 4 and Ag > 5 we infer that
log(213‘32d018A}(/2(log AK)d_l) < 7.11d + log A < 4.92dlog Ag.

Thus
(C;R)t < N7.4d2 log Ak /logy N* )

This implies as in the case r > 2 that (3.7) holds with ci3 = 2%d®(log d)°
and c14 = 7.4d.
Finally, assume that » = 0 when d = 1 or 2. Then, by Theorem A,
t
2dEy = cgh!**(log™ h)(P/log™ P) [ [ log N (p:).
i=1

Further, (4.4), (4.6), (4.8) and (4.17) imply (3.7) with c13 = 227, ¢14 = 14.7
ifd=2andr=0,and ¢;3=2%, c;u=124ifd=1. u

We now deduce Theorem 2 from Theorem 1.

Proof of Theorem 2. We first prove (3.10). By assumption
(4.22) N > max(exp exp(max(Ag,e)), Ai(/s).

This implies that
log" Ag <logs N*.

Hence
(4.23) d(014 log* Ax + 19.210g3 N*) < c19 10g3 N*

with ¢19 = d(c14+19.2) which depends only on d and can be given explicitly.
Using the fact that r+1<d, P < N,

(log* AK)sd—l < (Sd)iid—lA%Q’
and, by (4.22), Ax < N°/2, we infer from (3.7) and (4.23) that
(4.24) log Hy (a,b, ¢) < coAp N He/2Herologs N7 /logy N
with some effectively computable cog depending only on d. If now
c19logg N*/logy N* < /2,
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then (4.24) implies (3.10). Otherwise, it follows that N < Ny(d, €) with some
effectively computable Ny which depends only on d and €, and (4.24) gives
again (3.10) with another effectively computable cy7.

Finally, if (4.22) holds, (3.9) follows at once from (3.10). Otherwise, if
(4.22) does not hold, (3.9) is an immediate consequence of (3.7). m
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