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Tame kernels of quintic cyclic fields
by

X1A Wu (Nanjing)

1. Introduction. The structure of the tame kernels of algebraic number
fields has been investigated by many authors, e.g., [1], [2], [4], [5], [7], [10],
[11], [12] and [15]. In particular, J. Browkin gave some explicit results for
cubic cyclic fields with only one ramified prime in [1], and H. Zhou investi-
gated the structure of tame kernels of cubic cyclic fields with two ramified
primes in [15].

In the present paper, we investigate quintic cyclic fields. Let F' be a quin-
tic cyclic number field, and G its Galois group. It is well-known that KoOp
is the tame kernel of F. We know that KoOp is a G-module, and we often
use this fact to study the structure of KoOp.

The paper is organized as follows. In Section 2, we give some results
about the structure of the class groups CI(Op) and Cl(OFp2). In Section 3,
we use these results to investigate the 2-primary part of KoOp. We determine
the elements of order 2 in KsOp explicitly and we prove that 4 divides the
2irank of KoOp for i > 2. In Section 4, we use the G-module structure
of KoOp and apply reflection theorems to investigate the g-primary part of
K>Op for odd gq. In particular, we prove a theorem, similar to the main result
in [15], which confirms Browkin’s Conjecture 4.6 of [1]. Finally, we assume
that in F' there is only one ramified prime p, p > 11. It is easy to see that
p =1 (mod 10) and F' is the unique quintic subfield of the cyclotomic field
Q(¢p). We use the well-known Birch-Tate conjecture to compute the order
of K9Op, and deduce that 5| #K2Op.
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2. Structure of the Sylow g-subgroup of the class group. Let F
be a quintic cyclic field. Let A, be the Sylow g-subgroup of the class group
Cl(OF) of F for a prime number ¢, and let 7 be a generator of the Galois
group T := Gal(F/Q). If B is a group, we denote its order by |B|. For any
element a € Ag, let (a) denote the cyclic group generated by a.

LEMMA 2.1. Let a € Ay with ¢ # 5. If a # 1, then a, Ta, 2a, T3a, Tta
are all distinct.

Proof. Let 7% = a. If 7%a = 79a with 0 < i < j < 4, it is easy to see
that a = 7a = 7%a = 73a = 7%a. Hence

o =a-1a-7%a- 720 mta = Normp/g(a) = 1.
Since ¢ 15, it follows that a = 1, a contradiction. m

Let By be a subgroup of A,, and By ~ 7)q'Z, i > 1.

LEMMA 2.2. For g =2, 3 or 4 (mod 5), we have By N 7(By) = 1.

Proof. (1) If By ~ Z/qZ, then any a € By with a # 1 is a generator
of By. If 7(a) € By, then

7(a) = a' € By, 7%(a) = a"’ € By, (a) = a"’ € By, (a) = a" € By.
By Lemma 2.1 the orbit of every a # 1 has five elements in B;j. Therefore
q=|B1| =1 (mod 5), a contradiction.

(2) When By ~ Z/q'Z, and i > 2, consider an element a of By with a # 1.
If the order of a is ¢/, 1 < j < i, set B} := <aqj_71> ~ Z/qZ. 1f 7(a) € By,
then 7(a) = a®, 0 < s < ¢/ —1, ¢ s. Hence 7(a? ') = a? s € B,. This is
a contradiction to (1), so 7(a) ¢ B;. =

Since 7° is also a generator of the Galois group for i = 2, 3,4, we know
that
(2.1) BiN7t(B) =1, 1<i<4.

LEMMA 2.3. Let ¢ = 2 or 3 (mod 5). By (2.1) we can set B = By X
73(B1). Then BN7(B1) =1 and BN 713(B;) = 1.

Proof. (1) When By ~ 7Z/qZ, consider an element a of By with a # 1. If
7(a) € B, then 7(a) = a® - 72(a)!. If s or t is zero, this contradicts (2.1). It
follows that 0 < s,t < q¢— 1. Then

(a) = 7 (r(@)) = (0 - 7*(0)) = 7*(a)" - 7 (a)
= 7(a)" - r

S

3
»
S

B

SO
T3(a)1+t — aft(1+s) . TQ(Q)sft(lth) € B.

It is easy to see that if 1 +t # ¢, then 73(a) € B.
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If 14+t = g, then 73(a)'* = 1. We obtain ¢ |t(1+s) and q|s —t(1 +1¢).
But the two conditions cannot hold at the same time. Therefore 73(a) € B.

It follows that 74(a) = (a - 7(a) - 7%(a) - 73(a)) "' € B.

Let v be an element of B with v # 1. We know that v = a® - 72(a)? with
0<s,t<qg—1. Then

7(v) = 7(a)® - 73(a)t € B, 72(v) = 7%(a)® - 7*(a)! € B,
W) = 73(a)® - o’ € B, () = 7(a)® - 7(a)! € B.
By Lemma 2.1 the orbit of v has five elements. Hence,
¢ = |B| =1 (mod 5).

But the order of ¢ mod 5 is 4, a contradiction. Therefore 7(a) ¢ B.

In a similar way, we can prove that 73(a) ¢ B.

(2) When By ~ Z/in and ¢ > 2, consider an element a of By with a # 1.
If the order of a is ¢/, 1 < j <1, set

B = <aqj_1> ~7/qZ and B' = B} x1%(B}).

If 7(a) € B, then 7(a) = a®- 2(a)t, 7(a? ") = a? ' . 72(a)? 't € B’ and
0<s,t<¢ —1,q1s-t; by (1) this is a contradiction. We conclude that
7(a) ¢ B. In a similar way, we can prove that 73(a) ¢ B. =

LEMMA 2.4. Let ¢ = 2 or 3 (mod 5). By Lemma 2.3 we can set B =
By x 7(By) x 72(B1). Then BN73(By) = 1.

Proof. (1) When By ~ 7Z/qZ, consider an element a of By with a # 1. If
73(a) € B, then
(a) = (a-7(a)-7%(a) - 73(a)) " € B.
For any element v € B with v # 1, we know that
v=2a®-7(a) 7%a)* and 0<st,k<q-—1.
It is easy to see that
r(v) e B, t2(v)eB, 7(v)eB, 7v)eB.
The orbit of v has five elements. Therefore
¢ =|B| =1 (mod 5).
But the order of ¢ mod 5is 4, a contradiction.
(2) When By ~ Z/q'Z, i > 2, for any a € By, a # 1, if the order of a
isg?, 1 <5<, set
B, = (" Y~7/qZ and B = B, x7(B}) x 2(B}).
If 3(a) € B, 73(a) = a* - 7(a)t - 7%(a)*, then
Tg(aqi_l) =¥ ' -T(a)qj_lt-TQ(a)qj_lk €B,0<s,t,k<¢ —1, qfs-t-k.

By (1) this is a contradiction. Hence 73(a) ¢ B. =
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LEMMA 2.5. A, is the Sylow g-subgroup of the class group Cl(OF), where
F is a quintic cyclic field, and q # 5. We know that A, is a finite abelian

q-group, and
Ay~ @Z/q“iZ
for some integers a;. Let f be the order of ¢ mod 5 and let
ng = number of 1 with a; = a,
rqe = number of i with a; > a.

Then
ng =7, =0 (mod f).

Proof. This follows from [13, Theorem 10.8|. =

From the above results, we can easily deduce the following.

THEOREM 2.6. Under the above notation, the following results hold:

(1) If ¢ =2 or 3 (mod 5), then A; = By x 7(By) x 7(By) x 73(By) for

some subgroup By of Ag.
(2) If ¢ =4 (mod 5), then Ay = By x 7(By) for some subgroup B, of A.

The same results hold if we replace Op by the ring Opo = Op[1/2] of integers
of F localized at 2.

Proof. (1) It is sufficient to show that if
(2.2) A= Z)q L XT)GT % - x L)q'Z
for some ¢ > 1, then
Ay = By x 7(By) x 73(By) x 73(By)
for some subgroup B, of A,.
When g = 2 or 3 (mod 5), the order of ¢ mod 5 is 4. Let n be the number

of Z/¢'Z’s in (2.2). From Lemma 2.5 it follows that n = 4t for some ¢ > 1.
Let By be a subgroup of A, with By = Z/q'Z. Then by Lemma 2.4,

Aq = Bl X T(Bl) X TQ(Bl) X 7'3(31) X Aq1
for some subgroup Ay of A,. It is easy to see that
(2.3) Ap 2 7Z/¢T xZ)qT % - x Z/¢'Z,

and the number of Z/¢'Z’s in (2.3) is 4(t — 1).
Let By be a subgroup of Ay with By & Z/q'Z. Then from Lemma 2.4
we know that

Ag1 = By x 7(Ba) x 72(Ba) x 73(B2) x Ay
for some subgroup Ago of A4, etc. until
Ag—1) = By x 7(By) x T3(By) x 73(By),
where By is a subgroup of A,;_1) with By = 7)q'Z.
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Set By = By x -+ x By. It is easy to see that
A, = By x 7(B,) x 7%(B,) x 73(By,).

(2) When ¢ = 4 (mod 5), the order of ¢ mod 5 is 2, and the proof is
similar to that of (1).
In a similar way, we can obtain the last statement. m

3. The 2-primary part of the tame kernel. For an arbitrary number

field F', we have (see [12])
2-rank KoOp =11 + g2 — 1 4+ 2-rank Cl(OF2),

where 71 (resp. g2) is the number of real (resp. dyadic) places of F'.

When F' is a quintic cyclic field, we have

1 if 2 is inert in F,
92 = {5 if 2 splits in F.
In this case,
5 if 2 is inert in F,

(3.1) 2-rank KoOp = 2-rank Cl(OF2) + { 0 if 2 splits in F.

Hence we have the following lemma:
LEMMA 3.1. The 2-rank of KsOp is odd.

Proof. From (3.1) and Theorem 2.6 we obtain 2-rank KoOp = 1 (mod 4).
The desired result is immediate. =

With the above results we can determine elements of order 2 in KoOp
explicitly.

By [12, Theorem 6.3| the group B = {a € F* : {—1,a} = 1} has the
property that 2-rank(B/F*?) = 1. Hence B = F*2 U 2F*2.

By [3], there exists a Minkowski unit €1 in F' such that &1, 2 = 7(e1),
e3 = 72(e1), and g4 = 73(e1) are fundamental units of F, where 7 is a
generator of the Galois group T' = Gal(F'/Q). Changing sign if necessary, we
may assume that Ne; = 1. Then

(=1, -1}, {-1,e1}, {-1,7(e))}, {1, 7%(e1)}, {~1,7%(e1)} € K20

By the last statement of Theorem 2.6, there are independent generators
of the group 2Cl(OF32) of the form Cl(p;), Cl((p;)), CL(T%(p;)), CL(T3(p;)),
j=1,...,t, where 4t = 2-rankCl(OF2), and p; are prime ideals satisfying
p; 1 2. It follows that pjz = (), for j = 1,...,t. We may assume that
N~; > 0. Then Nv; = Np? = (Np;)* € F** € B.

It follows that

{_1’7j}7 {_177_<7j)}7 {_177_2(’)@)}7 {_177_3('7]')} € K20 for J=1...,t
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If 2 splits in F', then (2) = p-7(p)-72(p)-73(p)-7*(p), and if the class Cl(p)
in Cl(Op) has order r, then p” is principal, p” = (v) and Ny = N(p") =
2" € B. It is easy to see that

(LA =L AL (M} AL (1)} € K20p.
If 2 is inert in F', consider the elements
(3.2) —21,51,Tgel),7'2(51),7'3(51),712,7'(71);
(), T ()5 T(0), T (0), T ().

If 2 splits in F', consider the elements
—1,¢e1, 7—(51)7 7—2(51)7 7_3(61)7 1, T(’Yl)? 7—2(71)7 7_3(71)7 SERE)
Vts T(’Vt); T2 (%5)7 T3(fyt)7 7> T(f)/)? 7-2 (7)7 7-3(,7)'

In both cases, the elements are multiplicatively independent modulo B =
F*2U2F*2 then by (3.1) we obtain the following result:

(3.3)

THEOREM 3.2.

(1) If 2 is inert in F, then the elements
{_17_1}7{_1751}7{_177-(51)}7{_1772(51)}7{_1773(61)}7

{_17 ’Yj}a {_17 T(Wj)}a {_13 7_2(’7j)}7 {_17 T3(7j)}7
where j = 1,...,t, are independent generators of the group o KoOp.

(2) If 2 splits in F, then the elements
{_17_1}7{_17{51}7{_177(61)}7{_177—2(61)}7{_1773(51)}7
{~Lah{-L L {-L 72N} -1V} {-L}
{_1’7-('7j)}a{_LTQ(’VJ')}?{_LTS(VJ)},

where j = 1,...,t, are independent generators of the group o KoOp.
From the above we obtain
2-rank Cl(Op) = 2-rank Cl(OF2)
when 2 is inert in F', and
2-rank Cl(Op) = 2-rank Cl(Op32) + 4

when 2 splits in F', since the class Cl(p) generates in CI(Op) a direct sum-
mand of an even order.

From the above discussion, we deduce the following.

THEOREM 3.3. Let i > 2, and denote by r the 2-rank of KyOp.
Then 4 |r.

~ Proof. Let ¢ be an element of order 2t of KoOp with ¢ > 2. Then b :=

" is an element of order 2. Hence b = {=1,a}, where a is the product of
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some elements in (3.2), respectively in (3.3),

(34) a= (=D -e]' -7(e1)® 72(e) )™ A T(7)"
t
-7 ()* H ST ()" T () T ()

and the exponents ko, s1, s2, 53, 54, 11,12, 13, t4, U1, Uz, u3j, us; are 0 or 1.

It is easy to see that 7(c), 72(c), 73(c) also have order 2°. It is sufficient
to prove that b, 7(b), 72(b), 73(b) are all distinct, or equivalently, a, 7(a),
72(a), 73(a) are multiplicatively independent modulo B.

We have proved above that the norms Ney, Ny, Nvy; belong to B. Hence

(&) = (&-7(€) - 72(&) - (€))7t (mod B), where £ = e1,7,7;. Hence from

(3.4) we get

(3.5)  7(a)
Y.t

(-1 )ko (e1)™ -T2 (e1)*2 - T2 (1) - (17 ()T (1) 7 (1)) T

()R (e ()T ()T ()
L™ 0 720 - Cyr )03 ™) (o B

If T(a) = a (mod B), then by the multiplicative independence of the elements
modulo B, they must appear in (3.4) and (3.5) with exponents of the same
parity. Therefore,
s1 = —s4 (mod 2),
S9 = 81 — 84 (mod 2),
s3 = s9 — s4 (mod 2),
sS4 = s3 — 84 (mod 2).
From an easy computation we get
$1 = 892 = 83 = 84 =0 (mod 2).
In the same way we get
t1 =ty =tz =t4 =0 (mod 2),
u1j = ugj = uz; = ug; =0 (mod 2).
That is, a € B, b = 1. Since b is an element of order 2, this is a contradiction.

Hence 7(b) # b.

In a similar way we can show that

b#7b), b#Tb), T(b)#7T, T(b)#T3h, T(b) £ T

It is easy to see that ¢, 7(c),7%(c),73(c) are all distinct. This proves the
desired result. m
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THEOREM 3.4. If there are k elements in the set {e1,7v,7; : 1 < j < t}
which are not totally positive, then

4-rank KQOF < 2-rank KQOF - (4k + 1).

Proof. If an element 8 € F* is not totally positive, then applying the
five real Hilbert symbols of F' to {—1, 3}, we conclude that {—1, 3} is not
a square in Ko F'. In particular, {—1, —1} is not a square. If 3 is not totally
positive, then 7(3), 72(3) and 73(3) are also not totally positive. The desired
result follows. =

4. The ¢g-primary parts of tame kernels for an odd prime ¢

4.1. Notation. In this section, we use the same notation as in [1]. Let
g be an odd prime number, (, a primitive gth root of unity, and G :=
Gal(Q(¢q)/Q). Then

G={o,:1<a<q-—-1},
where 0,((;) = (7. The mapping (Z/q)* — G, a + 04, is an isomorphism.
For a fixed primitive root h modulo ¢, the automorphism ¢ := o gener-
ates G.

Let w be the g-adic Teichmiiller character of the group (Z/q)*. Then, for
1<a<q-—1, the value w(a) € Zy is uniquely determined by the conditions
w(a)? ! = 1 and w(a) = a (mod ¢q). It is well known that, for 0 < j <
q— 2, W’ are all irreducible characters of G = (Z/q)*. The corresponding
primitive idempotents of the group ring Z,[G] are

1 = 1 =
(41) g =—") wlafo,' = — Zw(h)kja_k, 0<j<qg-—2
g—1 g—1

a=1 k=0
In particular, eg = q%N’ where N=1+0+40%2+ - +0972 = No(e,)/o 18
the norm element in the group ring Z,[G].

For a Z4[G]-module M we have
eiM = {m € M : 5,(m) = w(a)!m},

and we obtain a decomposition of M into a direct sum of Z,[G]-submodules:
q—2 q—2
M=FeM=NMa&@eM.
Jj=0 Jj=1
The group 1, of gth roots of unity has the natural structure of a Z,[G]-module.
We define the action of G on u; ® M by
((@m)"=¢"®m", where (€ g, me M, 7eq.

Obviously,
(4.2) (kg ® M)© = e0(pg @ M).



Tame kernels of quintic fields 191

By [1] we have
(4.3) eopg @ M) = pg ® gq—2M.

4.2. The q-rank of KoOp. In the following we always assume that F =
F({,), and g does not ramify in F', where F' is a quintic cyclic field. Denote
by A : Cl(Og) — CI(Og[1/q]) the homomorphism induced by the imbedding
Or — Og[1/q], and let A = Ag be the Sylow g-subgroup of CI(Og). Then,
by the surjectivity of A, A(A) is the Sylow g-subgroup of CI(Og[1/q]).

Since A is a g-group on which G = Gal(Q((,)/Q) = Gal(E/F') acts, we

have
A=A
=0
LEMMA 4.1. For j # 0 the mapping X : ;A — €;\(A) is an isomor-
phism.

Proof. See the proof of [1, Lemma 4.1]. m

LEMMA 4.2. Let S" be the set of ideals of F which divide q and which
split completely in E = F((y). Then S is empty.

Proof. Since the extension F'/Q is of odd degree, the result follows from
[1, Lemma 4.2]. u

THEOREM 4.3. Let E = F((;). Then
g-rank KoOp = g-ranke, 2Ap.
Proof. There is an exact sequence
0 (14, ® CUOB[/a))® — KsOp/q — i —0

(see |7, Theorem 5.4| and [4]). By (4.2), (4.3) and Lemma 4.1 we conclude
that

(g © CUOEIL/q) = g ® 242 A,
The proof is completed by applying Lemma 4.2. =

THEOREM 4.4. Let F' be a quintic cyclic field and let T be a generator of
the Galois group Gal(F/Q). Then the following results hold.

(1) If ¢ =7 (mod 10) or ¢ = 3 (mod 5),

4| ¢'-rank K2Op, i > 0.
(2) If g =4 (mod 5), then

2| ¢'-rank KoOp, i > 0.

Proof. (1) It is easy to see that the order of ¢ mod 5 is 4. Let B be the Sy-
low g-subgroup of KsOp and set V = Bll_l/Bll. Define r; = ¢'-rank KoOp.
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Then r; = dimgz/,zV and V has ¢"* elements. Let v be any element of V'
with v # 1. If 7(v) = v, then
V¥ = or(0)7?(0) 7% (0)7 (v) = j(tr(v)),

where j is induced by the inclusion Q C F' and tr is the transfer homomor-
phism of Ks. It is well known that K7 = 7Z/27. Therefore, v> = 1. But
q 15, hence v = 1, a contradiction. It follows that the orbit of every v # 1
has five elements, hence ¢" =1 (mod 5). Therefore 4 | r;.

(2) In this case, the order of ¢ mod 5 is 2, and the result follows from the
proof of (1). m

THEOREM 4.5. Under the same assumption as in Theorem 4.4, the fol-
lowing results hold.

(1) If g =7 (mod 10) or ¢ =3 (mod 5), then
Syl,(K20p) = A" x 7(A) x (A" x 3(A)
for some subgroup A’ of the Sylow q-subgroup of K2Op.
(2) If g =4 (mod 5), then
Syl,(K20p) = A" x 7(A')
for some subgroup A’ of the Sylow q-subgroup of K2Op.

Proof. The result follows easily from the proofs of Theorem 4.4, and of
Lemmas 2.2-2.4. u

Let E' = Q({y), and denote by A’ the Sylow g-subgroup of Cl(Op/) =
Cl(Z[¢4]). By the theorems of Herbrand and Ribet (see [6, Chapter 15, §3]),
we know that e,_2A4’ = 1 for every odd prime number g¢.

THEOREM 4.6.
(1) If ¢ =7 (mod 10) or ¢ = 3 (mod 5), and ;A" =1 for some j with
0<j7<qg—2, then
4| qi—ranksjA, i > 0.
In particular, 4 divides the ¢'-rank of gq—2A.
(2) If g=4 (mod 5), and ;A" =1 for some j with 0 < j < q — 2, then
2| qi—ranksjA, i > 0.
In particular, 2 divides the ¢'-rank gq—24A.

Proof. (1) Let 7 be a generator of the Galois group T := Gal(F/Q) =
Gal(E/Q(¢q))- Since ¢ # p, it follows that ¢ and 7 commute, and conse-
quently 7" acts on the group €;A for all j with 0 < j < ¢ — 2. Since the order
of ¢ mod 5 is 4, and Ng/q,)(e;A4) C ;4" = 1, by the proof of [13, Theo-
rem 10.8] the result is immediate. The last assertion follows from ¢,_9 A" = 1;
then by Theorem 4.3 we also conclude that 4 divides the ¢g-rank of KsOp.
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(2) The proof is similar to that of (1). By the last statement and Theo-
rem 4.3, we also find that 2 divides g-rank KoOFp. =

4.3. Reflection theorems. In this section we apply reflection theorems
to prove some estimates of g-rank KoOp. We extend the above notation as
follows.

Let L be the maximal unramified and elementary abelian g-extension of
E with the Galois group H := Gal(L/E). Then the Artin reciprocity map
gives an isomorphism of G-modules A/q — H.

By Kummer theory, L = E(Bl/ 7), where B is a subgroup of E* contain-
ing E*1. Set By := B/E*1. Let b € By (or more accurately b mod E*? € By).
Since E(b'/9)/E is unramified, (b) = a? for some ideal a of O ([13, Exer-
cise 9.1]). Changing b by adding an element of E*? leaves the ideal class of a
unchanged. Moreover, By is isomorphic to the dual H of H as a G-module.
Therefore we have a homomorphism of G-modules

¢:By—4A={acA:a? =1},
such that ¢(bE*?) = Cl(a).
THEOREM 4.7 (see |2, Theorem 3.1]).
g-ranke; A = g-ranke,_;By.

Let Ug be the group of units of O, and denote by Uy, its subgroup of
units u satisfying
u =27 (mod ¢(1 — ¢,))

for some x € Op. Such an element w is called a singular primary unit. It is
easy to see that U}, C Uj, and by [2, (3.1)] we know that ker p = Uj,/U%.

THEOREM 4.8. We have
grankes(Up/UL) < g-rank KoOp < grankesAp + grank e (U /UL).
Proof. See the proof of [1, Theorem 5.3]. m

Theorem 4.8 gives some estimates of the g-rank of KsOp in terms of the
g-rank of some subgroups of the class group and of the group of singular
primary units (modulo gth powers) of the field E = F({;). Unfortunately,
for large prime numbers ¢, the degree of E/Q, equal to 5(¢—1), is large, and
it is difficult to determine its class group and the group of units, and the
action of the Galois group Gal(F/Q) on them. We are going to show that in
certain cases E' can be replaced by its proper subfields.

For a fixed primitive root h modulo ¢ set w(h) = (4—1 € Ly, and t =
(g —1)/2. Then o! is the complex conjugation on E and Ng/p+ =1+ o,
where ET is the maximal real subfield of E.
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LEMMA 4.9 (see [1, Lemma 5.4]). Under the above notation we have
g2 =0 Ng/g+ for some g € Z,;[G].
Suppose that ¢ =1 (mod 10), and let

4
1 .
m =g > et for j=0,1,2,3,4,
=0

where 7 is a generator of T' = Gal(F/Q) = Gal(E/Q((,)). Then ng, n1, 12,
13, N4 are primitive idempotents of the group ring Z,[T']. Hence

4
(4.4) €9 = 25277]'
7=0

in the group ring Z¢[G x T]. Set r = (¢ —1)/10. For j = 0,1,2,3,4, let
T; be the subgroup of G x T generated by o; and o"/7~!, and denote by
E; the subfield of E which is fixed by Tj. Then #1; = 10, E; C ET, and

(E; : Q) = (¢ —1)/2 = t. In particular, Ey = Bl = Q(¢y) ™ is the
maximal real subfield of Q((,).

LEMMA 4.10. Under the above notation we have
eanj = 05 - Ng/g,
for j =0,1,2,3,4 and some p; € Z4|G x T).

Proof. From the computation used in [1, Lemma 5.5] we easily obtain

r—1 4
£9m)j = @(ngga‘m> (]Z(:)ggg—rj) -Ng/g,- =

For every subfield L of E we define U}, to be the group of singular primary
units in L. Then

U, =UpNL and NE/LU}; CU;.
By the proof of Lemma 5.6 in [1], the natural inclusion U; — U}, induces
an injection
U, /UL — Uy /UL for ¢ > 5.
From the above we get inclusions of elementary abelian g-groups
Ner(Ug/Ug) € UL/UL € Ug/Ug,
hence, acting by €2, we obtain
(4.5)  grankeaNg,(Up/UL) < grankes(Ur /U}) < g-rank ey (U /UE).

LEMMA 4.11. Let Ly, Lo, Ls, Ly be subfields of E, and set Ly = LoL3Ly
N Ly. Suppose that Ly, Lo, L3, Ly are proper subfields of L1LoLsLy, and that

/ . . . .
ULilLigLigmLu/UZHLQL%QLM = 1 fOT' {217227Z377'4} = {1727374}
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Then the mapping

Up, /UL, x UL, /UL, < U, /UL < UL, /UL, = UL 11,0,/ UL 1y 1514
given by (u1,ug, us, uq) — uiuguguy is injective.

Proof. Suppose that uy € Uy, , uz € Uy, uz € Up,, ug € Uy, satisfy
(4.6) ujugugug = u?  for some u € U, 1,14L,-

Let r = (L1LaLsLy : L1) | (E : Q) = 5(¢ — 1). We have

(

NL1L2L3L4/L1 uy) = uj,

Npborsia/i(u2) = Npypyn,/n,(u2) € Upy = UL C U},
) = Niyryna/00(us) € Uy =Uf C U},
) = )

(

(
NpiLonsLa L, (U3

( Niyrany/no(us) € Upy = UEO cuy,,

Nriorsna/n, (ua
Niyronana/in(uh) = (Npyynara0, (w)? € UY

Consequently, from (4.6), we know that uf € U} , so uy € U , since g 1 r.
In a similar way we get ug € Uz2, us € Ug3, Ug € Uz4. Hence the mapping
under consideration is injective. m

By Lemma 4.11 the restricted mapping
e2(Uz, /UL,) x e2(UL, JUL,) x &2(Ut,/UL,) x e2(Uy, /UL,)
- EQ(UIL1L2L3L4/UEI/1L2L3L4)

is injective. Hence, under the assumption of Lemma 4.11, we have

4
(4.7) Z g-rank 52(Uij/Ugj) < g-rank 52(U£1L2L3L4/U51L2L3L4)
j=1
< q—ranksg(Ug/U%).

Combining (4.4), (4.5), (4.7), Theorem 4.8, Lemma 4.10 and the proof of
[1, Theorem 5.8|, we obtain the following result.

THEOREM 4.12. Let Ej be the subfield of E fized by the group
T;= ("7 oY, j=0,1,2,34.

Then
Jnax, g-rank e2(Ug, /Uq ) < g-rank KoOp
<j<
4 4
< Z g-rank e2Ap; + Z g-rank EQ(UIEj/U%j).
=0 =0

Moreover, if UJ/‘JilEz'QEigﬂEu /Uf%ilEi2Ei3ﬁE¢4 =1 for {i1,i2,13,14} ={1,2, 3,4},
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and the class number of the field Q(¢,) is not divisible by q, then
4
Z g-rank sg(Uij/U]%j) < g-rank K2Op
j=1

4 4
< Z grankesAp; + Z g-rank 52(U1/Ej/U1%j)-
j=1 J=1

5. Orders of tame kernels. In this section, we assume that in F' there
is only one ramified prime p, p = 1 (mod 10). We know that F' is the unique
quintic subfield of the cyclotomic field Q((p).

By the Birch—Tate conjecture, we can compute #KoOp. The conjecture
states that whenever M is a totally real number field,

(5.1) #EK200 = w2 (M)|Cu(=1)],
where (ps is the Dedekind zeta function of the field M, and

wo(M)=2 ] 1™,

[ prime

where n; is the largest integer n such that M contains Q((n + CZTLI), the
maximal real subfield of Q({;n). The conjecture is known to be true when
M is abelian over Q and is known to be true in general up to a power of 2.
(See [8], [9] and [14].)

Let M ™ denote the maximal real subfield of a number field M. For every
quintic cyclic field F', we have wy(F') = 24, with one exception:

LUQ(F) =5-24 for F = Q(C11)+.

Now, we return to quintic cyclic fields F' with only one ramified prime
p > 11. In the following, we use two methods to compute |(r(—1)].

1) The Dedekind zeta function (r(s) of the field F' is defined by the Euler
product

o w0 (-2 I8 L0

q splits qis inert

From simple computations, it can be seen that |d(F)| = p* and I'(-1/2) =
—24/7. By the functional equation we obtain
pG
—1)| = |——=——= CFr(2)|.
(1) = |~ 1 ()
Consequently,

3p°
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From (5.2) we know that 1 < (z(2) < ¢(2)°, where ((s) is the Riemann zeta
function. Hence

3
(5.3) 5% < #K20F <

4710
2) The Dedekind zeta function of an abelian number field F' is the product

of L-series:
3) = H L(Sv X)7
X

where x runs through the linear characters of the Galois group Gal(F/Q).

Let g be a primitive root modulo p. Then the subgroup H = (g°) of the
group (Z/p)* = (g) has index 5, and there are four nontrivial cosets ¢/ H for
j=1,2,3,4.

In our case, there are four nontrivial Dirichlet characters ;, where

1 6
27.34p‘

¥ if a (mod p) € g*H, k =0,1,2,3,4,
Xj(a) = .
0 ifpla

Hence,
4
H (5, X5)-

The generalized Bernoulli number BQ,X corresponding to a Dirichlet char-
acter x of conductor f is defined by

f .
By = """ Zx(j)Bn<J>,
j=1 !

where B, (X) is the nth Bernoulli polynomial.
Applying the formula (see [13, Theorem 4.2])

L(_17X) = _BQ,X/27

and ((—1) = —1/12, we get

1 4

—1)=—— Bsy ..
gF( ) 192 j_l 27XJ

Hence
LA
#1608 = < [[ Ba,-
j=1
It is easy to compute B, (see [13, Exercise 4.2(a)]):

,X] Z XJ
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For k = 0,1,2,3,4, we define T}, := {i:1<i<p—1,i (mod p) € g*H}

and
Z i

ZETk

Since i € T}, iff i = ¢°* (mod p) for some r with 0 < r < (p —6)/5, it
follows that

2k;p6/5 kl_ 21
Sty =t L o )
1€Ty,
since g1 = 1 (mod p). Thus the S}, are integers, and in the ring Z[(5] we

have the congruence
Bay; = S0+ 81+ 52+ S3+ 84 (mod (1 —(5)).
Consequently,

4
8# K20k = [ [ Ban, = (So+ S1+ Sz + S3 + S4)* (mod (1 - ¢5)).

j=1
Since both sides of the congruence are integers, we get
(5.4) 8#K20p = (So + S1 + Sz + S3 4+ S4)* (mod 5)

- < - — Lo 1))4 (mod 5).

THEOREM 5.1. Ifp=1 (mod 10), then 5| #K20p.

Proof. When p = 11, since wa(F) = 5 - 24, from (5.1) we know that
5| #K20p.
When p > 11, since p = 1 (mod 10), from (5.4) we see that 5| #K20F. u

THEOREM 5.2.
lim #K>0p =
p—00

Proof. This follows from (5.3). =
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