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Simultaneous Pellian equations with a single or no solution
by

ALAIN ToGBE (Westville, IN) and Bo HE (Neijiang)

1. Introduction. A system of simultaneous Pellian equations is a sys-
tem of Diophantine equations of the form

(1.1) ar? —by? =61, cy? —dz? =6,

where a, b, ¢, d, §1, 02 are nonzero integers, and ged(ab, §;) = ged(ed, d2) = 1.
In 1969, Baker and Davenport [1] used the theory of linear forms in log-
arithms of algebraic numbers to solve equations (1.1) in the particular in-
stance (a, b, c,d,01,d2) = (1,3,8,1,—2,7). Since then, many systems of si-
multaneous Pell equations have been studied.

Many authors have obtained upper bounds for the number of solutions
of (1.1) (see for example [2], [21], [22], [3], [7]). In 1996, Ono [17] remarked
that the existence of only trivial solutions of the system of simultaneous
Pellian equations

(1.2) 2wy =2 byt =1
is a consequence of the related elliptic curve
y? = x(z +a)(z +b)

having Mordell-Weil rank zero over Q. Two years later, Bennett [2] proved
that the system of simultaneous Pell equations (1.2) has at most three pos-
itive integer solutions, where a, b are two distinct positive integers. In 2002,
Yuan [21] strengthened this result by proving that these equations have at
most two solutions in positive integers (x,y, z) if max{a, b} > 1.4-10%". This
result was sharpened by Bennett—Cipu-Mignotte-Okazaki [3] by removing
the above condition.

Progress has been made in the study of some particular cases giving at
most one positive solution (see [10], [20], [6], [23], [12], [4], [19], [11] and
[14]). Moreover, very recently, Li, Xia, and Yuan [13] studied a special case
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of system of simultaneous Pellian equations
{ (m + 0)x? —my? = ¢,
y? —bz? =1,

where 6 =1 or 4, and 2¢m if 6 = 4. They proved that equations (1.3) then
have at most one solution in positive integers (z,y, z).

In this paper, we consider an extension of the above problem. In fact,
we study the system of simultaneous Pellian equations
(1.4)  (m+82*>—my? =6, y* —b22 =1, &€ {£l,+2 +4},

where min{m, m + 0} > 1, and 2{m if § # £1. Our main result is the
following.

(1.3)

THEOREM 1.1. Equations (1.4) have at most one solution in positive
integers (x,y, z).
From Theorem 1.1, we get the following result.

THEOREM 1.2. For any positive integer m and § € {£1,+2,+4}, the
system of simultaneous Pellian equations

(1.5) 22 —mdz® =y? — (m+0)dz* =1
has at most one positive integer solution (z,y, z).

In fact, if we multiply the second equation of (1.4) by m and add the

resulting equation to the first equation of (1.4), we obtain

(m + 8)z* — mbz? = m + 6.
Taking b = d(m + ¢) and simplifying by m + §, we obtain (1.5). Moreover,
when d has the form 2/p? where p is an odd prime, we can deduce that
equations (1.5) have at most one positive solution (zx,y,z). Theorem 1.2
generalizes a theorem of Walsh [19] on equations (1.2). He proved this result
for the special case m =1 and § = 1.

The organization of this paper is as follows. In Section 2, we recall or
prove some useful results following the work independently done by Yuan
and Walsh. The proof of Theorem 1.1 is given in Section 3 by applying a
result due to Walsh [20]. Finally, in Section 4, we study a particular case. In
fact, we assume b = b'|[4m/0 + 4| with ¥/ € {1,2,p} where p is an odd prime
and we determine all solutions to equations (1.4).

2. Some lemmas. Let n = min{m, m + d}, i.e.
m ifo=1,2,4,
(2.1) n = )
m+6 ifd=-1,-2 -4,
where 2tm if 0 # +1. Then equations (1.4) can be rewritten as
(2.2) (n+c)x? —ny? =¢, ce{l,2,4},
(2.3) y? —b2=1(if6=c) or a?—bz2=1(if 6 = —c).
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In fact, when § = —1,—2, —4, one can interchange = and y to obtain equa-
tions (2.2) and (2.3). Therefore if (x, y, z) is a solution of (2.2) and (2.3) when
0 =1,2,4, then (y, z, z) is a solution of (2.2) and (2.3) when § = —1, —2, —4,
and vice versa.

We consider the following result of Yuan [22].

LEMMA 2.1. Let x1y/a+1y1Vb be the smallest solution of ax®—by* =0,
with § € {1,2,4}. Then every positive integer solution (z,y) of this equation
can be given by

(2.4) rvatyvh _ <$1\/a+y1\/5>"’ n >0,
Vs Vs
with 2¢n if min{a,b} > 1 orif (a,d) # (1,1),(1,4).
We put N = 4n/c. Then equation (2.2) becomes
(2.5) (N +4)z* — Ny* = 4.
Let us consider
_/NTA+VE __ /NFI-VF
2 ’ 2

By Lemma 2.1, every positive integer solution (x,y) of (2.2) or (2.5) can be
represented as

(2.6)

a,  n>0,2tn.

avVN+4d+y/N
. =

Moreover, let 5 = a?. Then [ is the smallest solution of the equation
(2.7) 22% — N(N +4)y* = 4,
where 7 =1 or 2 when NV is odd or even respectively.

Now let y= v1+u1 Vb be the smallest solution of the equation v? —bu?=1.
For integers j, k,1 > 1 with 24, we define the sequences {7T}}, {W;}, {Vi},
{Ug}, {v} and {w;} by

(2.8 e TivVN + 4+ W;V/N

. - 2 9y
Vi + U/ N(N +4)

2. b=

(2.9 g ¢ ,

(2.10) A= v + Vb

Notice that (V,U) = (z,y) if 2¢ N, and (V,U) = (2z,y) if 2| N.
The following lemma lists some properties of Lehmer sequences. They
are true not only for ({V4}, {Ux}), but also for ({7} },{W;}) and ({v}, {w}).
LEMMA 2.2. Let d = ged(m,n) for some integers m and n.

(1) If Uy # 1, then Uy, | Uy, if and only if m|n.
(2) If m > 1, then Vy,, | Vi, if and only if n/m is an odd integer.
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(3) ged(Unm, Uy,) = Ug.
(4) ged(Vin, Vi) = Vg if m/d and n/d are odd, and 1 otherwise.
(5) ged(Up, Vi) = Vg if m/d is even, and 1 otherwise.

Proof. See Lemma 2.1 of [23], [20], or Lemma 2.2 of [13]. =

One can see that if we extend the above sequences to negative indices,
the definition is still effective. In fact, we have

T_n = Tn? W—n = _Wn7 V—n = Vn7 U—n = _Un7 Vep =Up, U—n = —Un.

LEMMA 2.3. Let ko, ki, ko, p € Z with ki, ko,p > 0. If k; (1 =0,1,2) are
all odd and ko = 2pk1 + ko, then

(1) Topky+ko = (—1)PTk, (mod Tk, );
(ii) Wopki+ko = Wi (mod W,).

Proof. (i) If 24p, then
o 2Pk1+ko + 52pk1+k0 + ak‘o + ako

T + T =
2pk1+ko ko \/m
(apk1+ko 4 apk1+ko)(apk1 4 aplﬁ)
= N+ 4 = V(pkl-l-ko)/QTpkl'
Therefore Topk, 1k, = —Tk, (mod Tk, ).
If 2| p, we have
T T a2rkitko  G2pkitko _ nko _ ko
2pk1+ko ko \/m
(apk1+/€0 _ aph-l—ko)(apkl _ ap/ﬂ)
= = NWpier+ko Upk1/2'

VN +4
From Lemma 2.2(1), we have Uy, | Uy, 2 and by (2.8) and (2.9), we get
Ukzl = Tk’l Wkl- Thus T2pk:1+k0 = Tko (mod Tkl)-
(ii) The proof is similar to that of (i). We have

o2rkitko _ G2pkitko _ ko 4 Gko

VN
(apk1+k0 + apk1+k0)<apk1 _ apkl)

VN
If 2Tp, then W2pk1+k0 — Wko = ka1+k0)/2kal. As qu | kal, we have
Wopky+ko = Wi, (mod Wy, ). If 2| p, then

Wopky+ko = Wro = (N + 4)Tpky 4 ko Upie, /2-

Therefore, we get the same result. =

Wka‘l-i-k‘o - Wk‘o =

Now we assume that positive integer solutions of (2.2) and (2.3) exist.
Let (z1,y1,21) be the positive solution with the smallest z1, and (x2, Y2, 22)
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be any other solution. Then there exist positive integers j;, I; (i = 1,2) with
21 j; such that
(2.11) xT; — Tji, Y; = Wj

The following result is similar to Lemma 2.4 of [23] and Lemma 2.4 of [13].
In [22], Yuan proved that for positive integers ko, ki, ka2, p, we have
Vapky ko = Uk, (mod vy, ). We use it and Lemma 2.3 to get

Yi O Ty = vy, 25 = Uy,.

77

LEMMA 2.4. In the notations of (2.11), we have

vilye, J1lje, and li|lo.
Furthermore, ja/j1 and la/ly are odd integers. This implies x1|xo and
21| 2.
Define

(2.12) R

Topr1 i A=1,
2%k+1 —

Wope1 if A= —1.
Then from the definition of o and (2.8) we obtain

VN +2+2)
LEMMA 2.5. We have (RS, )2 = 1= (N + 2 — 2)UUp1.

Proof. Since a + \a = /N + 2 + 2), we get
(Rgz)H)Q L <a2k+1 + )\a2k+1>2 L a2 4 GAkt+2 4oy
VN +2+2)\ N +242)
a2 L2 (N p ) gk L Bk (34 )
N +2+2) N +2+42)
(ﬁk-&-l _ Bk—&-l)(ﬁk _ Bk)
N+ 242\
N(N +4) gk 3k ghtl _ Bt
T N+2+20 /N(N+4) NN +4)
= (N +2 =2\ UpUpy1. w
DEFINITION 2.6. Let {U} be defined by (2.9). If there is a prime factor

p of U}, that does not divide U; for all 1 < j < k — 1, then we say that p is
a primitive prime factor of Uy.

A
(2.13) Rék)-i-l =

-1

Notice that there are two (slightly) different definitions of primitive prime
factor. According to the definition in [5], p should not divide N (N +4) and
Uj for all 1 < j < k — 1. This was used in [23] and [13]. But the above
definition is enough for our proof.
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LEMMA 2.7. For k > 1, U, has a primitive prime factor p except for
B =(1++5)/2 and k = 6. Moreover, p| Uy if and only if k |k

Proof. See Lemma 2.4 of [20]. =

The following result is an adaptation of Lemma 2.5 of [20]. One can get
it from some results on AX? — By* = 1,4 due to Ljunggren [15], Cohn [8],
[9] and the first author [18].

LEMMA 2.8. Let 7 =11if 24N, and 7 = 2 if 2| N. Then for any positive
integer A, there is at most one positive solution (x,y) to the equation

2% — N(N +4)y* = 4
with y = Au® for some integer u, except in the following cases:
(1) N=1, A=1, in which case y € {1,122},
(2) N =336, A=1, in which case y € {1,6214%}.
(3) N=d?—2, A=1, in which case y € {1,d*}.
Proof. Take M = N + 2, X = 7z, and Y = y in Lemma 2.5 of [20].

Moreover, if N is even, one can take N = 2M — 2, and if N is odd, N =
M—2.u

Next, we recall the following result due to Ljunggren [16].
LEMMA 2.9. The Diophantine equation
zt —py? =1,

where p denotes any odd prime, has no solutions in positive integers x and
yif p#£5and p#29. When p =5 or p =29 there is only one solution,
ie. (z,y) = (3,4) and (z,y) = (99, 1820) respectively.

3. Proof of Theorem 1.1. In this section, we will prove the main
theorem of this paper. We assume that (x1,y1,21) is the positive solution
with the smallest positive z1, and (z2,y2, 22) is any other positive solution
of equations (2.2) and (2.3). Then there exist positive integers j;,; (i = 1,2)
with 21 j; such that

(3.1) T; = Tj Yi = Wj

We notice that j; > 1, otherwise 77 = W; = 1. This implies {; =1, v, =1
and z = 0. Let j; = 2k;+1 (i = 1,2) with 0 < k1 < ko. From (2.3) and (3.1),
we have T22,€1__~_1 —1=0bz2or I/I/'QQ,%_H —1 = bz?. Using (2.12) and Lemma 2.5,
we get

i i Y O Ty = vy, 25 = Uy,

2

(3.2) b2 = (RS 1) — 1= (N +2—2\)Uj, Ug, 41,
2

(3.3) b2} = (RS 1) — 1= (N +2— 2A)Uj,Upyi1.
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From Lemma 2.4, we have 21 | 22, so (3.2) and (3.3) give
2
(3.4) UkyUky 1 _ <Z2 > .
Ukl Uk1+l 21
Before discussing the above equation, let us express Uy (1 < k < 6) using
the recurrence relation Ugyo = (N + 2)Uyy1 — Uy, for k > 1:
U =1,
U2 =N + 2,
Us = N? + 4N + 3,
Us = N34+ 6N?+ 10N +4,
Us = N*+8N3 + 21N? + 20N + 5,
Us = N° + 10N* + 36 N* + 56N? + 35N + 6.
First, we assume that N =1, k; =5 or 6. If ky = 5, then Uy, 41 = 144 =
2% .32 By Lemma 2.7, Up, has a primitive prime factor p, so that Uy, | U,
or Uy, |Ukyt1. If Uy, | Ug,, since ged(Ug,, Ug,+1) = 1, equation (3.4) im-
plies the existence of positive integers s and t such that Uy, /(144Uy,) = s,
Uk2+1 = t2 or Uk2/(16Uk1> = 82, Uk2+1/9 = t2 or Uk2/(9Uk1) = 82,
Uyr1/16 = t2 or Uy, /U, = %, Ug,41/144 = t2. The above cases give
us Ug,+1 = U. Using Lemma 2.8 and U; = 1, one can see that Uy, = 144
and ko = 5. This contradicts the fact that k1 < ko. If Uy, | Ugy+1, then
ko = 6. This is impossible. In the same way, if k; = 6, we also get a contra-
diction.
Assume now N >1or N =1, k; # 5, 6. If k; > 1, by Lemma 2.7, Uy,

and Uy, 41 have primitive prime factors p and q respectively. By Lemma 2.7
again, equation (3.4) implies that

(3.5) (k‘1|k‘201"]{31|/€2—|—1) and (k?1—|—1|k‘201"]{32|k‘2—|—1).

If k&; = 1, then Us has primitive prime factor ¢, and properties (3.5) also
hold. Moreover, since j; | j2, we have

(3.6) 2%y + 1| 2ks + 1.
Note that ged(Ug,, Uk,+1) = 1 by Lemma 2.2(3). Then properties (3.4) and

(3.5) give us the following four cases:

(3.7) () Upys1/ (U, Uy 41) = 8%, Up, = 12,

(3.8) (i) Upy/ (Ui, Ugy41) = 57, Ugy1 = 12,

(3.9) (i) Uy /Up, 41 = 82, Ugys1/Un, = t2,
(3.10) (iv) Uy, /Uy, = 52, Upyi1/Upy 41 = t2.

CASE (i). Since (V,U) = (N+2,1) is a solution of V?—N(N +4)U? = 4,
using equations (3.7) one can see that the equations
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(3.11) 222 — N(N +4)y> =4, y=1u?

have two solutions v = 1 and u =t > 1. By Lemma 2.8, we obtain N =1,
336, or d? — 2.

e If N = 1, then we get ¢t = 12. Therefore, equations (3.11) imply
x? — 5y? = 4. Any solution (z,y) is given by

s+yv5  (3+V5\F
- (057)
The solution with y = 144 implies ks = 6. On the other hand, the first
equation of (3.7) gives us ki(k1 + 1) | k2 + 1 = 7. This is impossible.

o If N = 336, then ¢t = 6214. From Uy = N3 + 6N? + 10N + 4 = 62142,
we obtain ko = 4. Since ki(k1 + 1) |k2 + 1 = 5, we can find no positive
integer kj.

o If N =d? -2, then t = d. From Uy = N + 2 = t?, we get ky = 2. But
there is no positive integer ky satisfying k1 (k1 + 1) | k2 + 1 = 3.

CASE (ii). This is similar to Case (i). By Lemma 2.8, the second equation
of (3.8) implies N = 1, 336, or d*> — 2.

o If N =1, then ko + 1 = 6. We have already discussed this case and it
is impossible.

o If N =336, then ko + 1 = 4. But k1 (k1 + 1) | ko = 3 is also impossible.

o If N = d? — 2, then ko + 1 = 2. But there is no integer k; such that
0 < ki < ks.

CASE (iii). From (3.9), we have
(3.12)  Up,y1 = As?, U, = As3, Uy, = Bt}, Up,41 = Bt3
for some positive integers A, B, s1, $2, t1, to such that s = sa/s1 and t = to/t;.
If k141 = ko, from (3.6) we get 2k +1 | 2k; 43, which is impossible. Therefore
we consider k1 + 1 < kg. Thus Uy, < Ug41 < Uk, < Ugy41. But from
Lemma 2.8, A= B=1and N = 1, 336 or d*> — 2. Then Uy, Uk, 11, Uk,,
and Uy,11 are all perfect squares. This leads to a contradiction.

CASE (iv). From (3.10), as in Case (iii), we have
(3.13) Uy, = As?, Uy, = As2, Up,y1 = B2, Up,y1 = Bt2.
Since k1 < ko, from Lemma 2.8 we have A = B = 1 and N = 1, 336,

or d?> — 2. We get a contradiction as before. This completes the proof of
Theorem 1.1.

4. A particular case. Now we consider equations (1.4) with
(4.1) b=V|4m/5+4|, Ve {1,2,p}

Then we have the following result.
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PROPOSITION 4.1. If equations (1.4) have a solution (x,y,z) with the
condition (4.1), then UpUg1 = b 2% when either

N=Vd>-2, Ve{l,2,p}, k=1, z=d,
or

N=17 V=5 k=2 2z=12
or

N=9799, ¥ =29 k=2 z=180180.

Proof. Suppose a positive integer solution (x,y, z) of (1.4) exists. Then
there are positive integers j,! with 24 j such that

(4.2) x=T;, y=W;, yorx=v, z=u.

If j =1 then z = 0. Let j = 2k+1 for k£ > 0. From (2.3) and (4.2) we obtain
T3, —1=0bz" or Wi, —1=0bz% Using (2.12) and Lemma 2.5, we get
b2 = (RS, )2 = 1= (N +2 — 2\)UUp1. Thus

(4.3) (N +2 =2\ UpUpy1 = V]4m /5 +4)2%, ¥ € {1,2,p}.

We recall that N = 4n/c, n = min{m, m + §} and ¢ = |4|.
If § € {1,2,4}, then equations (1.4) give us the first equation in (2.3)
and n = m, ¢ = §. Thus we need to consider I/V22,€+1 — 1 = bz?. By the

definition of Ré?ﬂ in (2.12), we have A = —1. Therefore one can see that
N+2-2 =4m/c+4=[4m/5 +4].
If 0 € {—1,—2,—4}, then equations (1.4) give us the second equation

in (2.3) and n = m — ¢, ¢ = —4. Thus we need to consider Tj, | — 1 = bz?
and A = 1. Therefore we also obtain

N+2-2 =4(m—c)/c=4m/c—4 = [4m/d + 4].
Then equation (4.3) implies

(4.4) UpUpsr = 0'2%, 0 €{1,2,p}.

By Lemma 2.2(3), we have gcd(Uy, Ug+1) = 1. So we obtain either
(4.5) Up=5s%  Uppp = V12,

or

(4.6) U, =Vt Uy =52

where z = st, s,t € N.

If equations (4.5) hold, then from Lemma 2.8 one can see that Uy = s
implies k = 1, except for N = 1, 336, or d?> — 2. First, we suppose k = 1.
Then from the second equation of (4.5) we have Uy = N + 2 = b't2. Thus
N = b't? — 2 with b’ € {1,2,p}. Second, we suppose k > 1 and we discuss
the following three cases.

2
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e If N =1, then U}, is a perfect square when k = 6. But b't*> = Ukt1 =
U =(N+ 2)U6 — Us = 377 = 13- 29 is impossible.

o If N = 336, then k = 4. The fact that b't?> = Uy, = Us = N* 48N> +
21N? + 20N + 5 = 13051348805 = 5 - 11 - 19 - 109 - 149 - 769 also leads to a
contradiction.

o If N =d?—2, then k = 2 and s = d. Therefore, from b't? = Uy, =

Us = N? +4N +3 = (N +2)? — 1, we have
(4.7) dt—vt? =1, Ve{1,2,p}
It is easy to see that (4.7) has no positive integer solution when o = 1. If
b = 2, then (4.7) implies d = 1, t = 0, which is impossible. If ¥ = p, then
by Lemma 2.9, equation (4.7) has a positive integer solution if and only if
either b =5, (d,t) = (3,4), or b’ = 29, (d,t) = (99, 1820). Since z = st, we
get z = 12 or 180180 respectively.

Now we suppose equations (4.6) hold. In a similar way, Uy1 = s implies
k =0, except for N =1, 336, or d*> — 2. But k = 0 leads to a contradiction.
Now we discuss the following three cases when k& > 0.

eIf N=1,then k+1=6. But ¥'t? = U, = Us = N* + 8N3 + 21N? +
20N + 5 =55 =5-11 gives a contradiction.

o If N =336, then k+1 =4. Thus b't>? = U, = U3 = N2+ 4N +3 =
114243 = 3 - 113 - 337 is impossible.

o If N =d?—2, then k + 1 = 2. Then from b't?> = U; = 1, we get b’ =
and t = 1. This is also impossible. »

Finally, we use Proposition 4.1 to prove the following result which is a
particular case of Theorem 1.1.

THEOREM 4.2. If p is an odd prime and b =1 |4m /6 +4|, b’ € {1,2,p},
then the system of simultaneous equations (1.4) has no positive integer so-
lution (x,y, z), except in the following cases.

(1) If (8,b") # (£1,1),(%1,p), then there is a positive integer d such
that
{ S(Wd*>—2)/4  if >0,
s 2 +2)/4 if §<0,
and equations (1.4) have one solution

(z,y,2) = (|4m/5 + 1|, [4m/é + 3|, d).

(2) If (m,0,b) = (7,4,55), then the solution is (z,y,z) = (71,89,12); if
(m,d,b) = (11, —4, 35), then the solution is (z,y,z) = (89,71,12).
(3) If (m,6,b) = (9799,4,29 -9803), then the solution is

(z,y,2) = (96049799, 96069401, 180180);
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if (m,0,b) = (9803, —4,29 -9799), then the solution is
(z,y, 2) = (96069401, 96049799, 180180).

Proof. Suppose that there exists a positive integer solution (z,y,z) of
equations (1.4) with the condition (4.1). From Proposition 4.1, we have
UpUpyr = 22 0 € {1,2,p} and N = 4n/|§| = b/d* — 2, 7 or 9799, where
n = min{m, m + ¢}.

First, let N = ¥'d?> — 2. If 6 > 0, then n = m, thus m = §(b'd*> — 2) /4.
We have £ = 1 and z = d by Proposition 4.1. From > = bz? + 1 we
obtain g =V |Am /5 + 422 +1 = (4m/6 +4)22 + 1

=V d*+2)d* + 1 = (bd* +1)%
Thus we have y = /d? + 1 = 4m/§ + 3. Consequently, we get the solution
(x,y,2) = (4m/6 + 1,4m/6 + 3,d).
If § <0, then n = m+4, thus m = —6(V'd*> —2) /4 —§ = —§(b/'d* +2) /4.
In a similar way, knowing that § +m > 1 we have
y? =V]4m/6 + 4]22 + 1 = (4m/(=6) —4)2*> + 1
=V Vd®>—2)d* +1=d*>—1)>2
It follows that y = v’d>—1 = 4m/(—3)—3, and we get the solution (z,y, z) =
(4m/(—=0) — 1,4m/(—6) — 3,d). This proves the first exceptional case.
Finally, let N = 7 or 9799. Since N = 4n/|d|, we have |§| = 4. Notic-

ing k = 2, by direct computations, it is easy to get the second and third
exceptional cases. This completes the proof of Theorem 4.2. m
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