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Fourth power mean of character sums
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ZHEFENG XU and WENPENG ZHANG (Xi’'an)

1. Introduction. Let ¢ > 3 be an integer and x be a Dirichlet character
modulo g. The character sums
N+H
> x(a)
a=N+1
play an important role in number theory. Pélya [5] and Vinogradov [6]
proved the inequality

> (@] < ey
a=1

when g = p is a prime. Actually, the above inequality holds with the constant
c¢=1.D. A. Burgess [1] obtained the mean value estimate

k h 9
Z‘Zx(nij)‘ < kh,

n=1 m=1
where h is any positive integer. For fourth power moments, he specified the
problem to the case of ¢ = p, and proved (see [2])

P h
> 3| S wtn )| <o
x#xo n=1 m=1

For general modulus ¢, he summed the mean value over all primitive char-
acters and obtained (see [3])

P h
SNS wntm)| < se (),

x mod g n=1 m=1
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where > 44
ulo ¢ and 7(n) is the Dirichlet divisor function.

In order to obtain an asymptotic formula for higher moments of character
sums, the authors [7] studied the 2kth power mean of the even primitive
character sums over the quarter interval [1,¢/4), and obtained the following

sharper asymptotic formula:

S

x(—=1)=1 a<q/4

J(\* [\ 2F2 1\ 261 1— k!
Y2 - e
plg P2q

where ZX( 1)= ; denotes the summation over all primitive characters mod-
ulo ¢ such that x(—1) = 1, ¢ is any fixed positive number, J(q) denotes
the number of primitive characters modulo ¢, and le g denotes the product
over all prime divisors p of ¢; finally C}), = m!/nl(m — n)!.

Unfortunately, the methods used in [7] only work for the case of primitive
characters. For a general nonprincipal character modulo ¢, they are not
efficient.

denotes the summation over all primitive characters mod-

The present work deals mainly with the fourth power mean of the non-
principal character sums over the interval [1,q/4) by using the properties
of Dedekind sums, Cochrane sums and Dirichlet L-functions, and obtains a
sharper asymptotic formula for it. We prove the following:

THEOREM. Let q > 5 be an odd integer. Then we have the asymptotic
formula

1

4 21¢ p p Jrl - p3a—1 21
Z\Z ><<a>! = +0(¢**),
256
X#X0 a<q/4 1 1 o +

where € is any fixed positive number and I denotes the product over all

pllq
prime divisors p of q with p®|q and p**1 {q.

For k > 3, how to get an asymptotic formula for Zx;ﬁxo | Za<q/4 X(a)\%
is an open problem.

2. Some lemmas. To prove the theorem, we need the following lemmas.

LEMMA 1 (see [4]). Let ¢ > 3 be an odd number. For any nonprincipal
character x modulo q, we have

(g—1)/2

1 2
> ot = 155 )

a=1 a=1



Fourth power mean of character sums 33

LEMMA 2 ([7, proof of Lemma 3]). Let g > 5 be an odd integer and x be
a Dirichlet character modulo q such that x(—1) = 1. Then

la/4] Y(4) 4q
> x(a) = g > axxa(a)
a=1 a=1

where x4 1s the primitive Dirichlet character modulo 4.

LEMMA 3. Let q be an odd number and x be a primitive Dirichlet char-
acter modulo q such that x(—1) = —1. Then

[a/4] — q
—x(2) -2
> = MEGEE S
q
a=1
Proof. We only prove the lemma in the case of ¢ =1 (mod 4). A similar
argument yields the same result for ¢ = 3 (mod 4). From the properties of
the Dirichlet character modulo ¢, we can write

q—1
9 ax(@)
a=1
(g—1)/4 (29—2)/4 (3¢g—3)/4 q—1
= dax(4a) + Z dax(4a) + Z dax(4a) + Z dax(4a)
a=1 a=(q+3)/4 a=(2q+2)/4 a=(3q+1)/4
(g—1)/4 (g—1)/4
= dax(da) + > (4a+q—1)x(da—1)
a=1 a=1
(g—1)/4 (g—1)/4
+ ) (da+20-2)x(da—2)+ > (da+3q—3)x(4a —3)
a=1 a=1
q-1 (g—1)/4 B
= Y ax(a) + x(4)g x(a -
a=1 a=1
(4=1)/4 (4-1)/4 )
+2x(M)g > xla—2-3)+3x(4)q x(a—3-14).
a=1 a=1
Note that 4 = % (mod q) if ¢ =1 (mod 4). So from (1), we have
q—1 -1 (3¢—3)/4
(2)  4x(4))_ax(a) = Z ax(a) = x(®)g > xla)
a=1 a=1 a=(2q+2)/4
(2¢—2)/4 (g—1)/4

—2x(4)g > x(a)=3x(@g > x(a)

a=(¢+3)/4 a=1
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q—1 (2g—2)/4 (¢—1)/4

=> ax(a) —x(H)g > x(a) —3x(4)q x(a)
a=1 a=(q+3)/4 a=1
q—1 (g—1)/2 (¢-1)/4

=> ax(a) - x(®)q Y x(a) —2x(4)q x(a),
a=1 a=1 a=1

where we have used the equality x(—1) = —1 and

(29—2)/4 (3g—3)/4
Yo o xl@=- > xl.
a=(q+3)/4 a=(2q+2)/4

Now, from (2) and Lemma 1, we get

q—1
4x(4) ) ax(a)
a=1
-1 q—1 (g—1)/4
=Y ax(a) — (x(2) = 2x(4) Y _ax(a) —2x(9)g Y x(a)
a=1 a=1 a=1
That is,
(¢—1)/4 _ q—1 _ q
XM =X@) =2y XA mX(@) -2
> o) =T E S e o 2 axla)

LEMMA 4 (see [8]). Let g > 3 be an integer with (h,q) = 1. Denote by
S(h,q) the Dedekind sum

s =G5

a=1
where
x —[z] —1/2 if x is not an integer,
(z) = o
0 if x is an integer.
Then
1 d? 5
Stha) = Do 2o X(MILLP,
™4 d|q ¢( ) x mod d
x(=1)=-1
where the last sum is over all Dirichlet character modulo d with x(—1) = —1,

and L(s, x) is the Dirichlet L-function corresponding to x.



Fourth power mean of character sums 35

LEMMA 5. Let q be any odd integer with ¢ > 3 and x be a Dirichlet
character modulo q. Then for any integer m > 0, we have the identity

q

> x| Y )|

x mod q r=1
x(—1)=-1

4

q
/
=q'o(q) Y > p(d)u)Y ~ S©2™r,q/d)S(r,q/1),
dlq g r=1
where p(n) is the Mébius function and the last sum is over all integers r
with 1 <r < gq and (r,q) = 1.

Proof. First we define the Cochrane sum C(h, q), which was first intro-
duced by Professor Todd Cochrane during his visit to Xi’an in October 2000,

T a0

a=1

Note that
q

q
/ c c 1 .
> x(o) (()) => x(e) < - 2) =0 if x(—1)=1.
c=1 q c=1 q

Then from the orthogonality relation for Dirichlet characters modulo g, we
can write

o cen= ()

it =, {ZX()«q))} - {éx(amas)((f))}
x(=1)=-1
55 2, m(oG)
x(=1)=-1
- 7 P X<“>(;;'rx<r>)2,
x(—1)=-1

where we have used the fact that Y 7_, x(r) = 0 if x is not the principal

T
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character modulo q. Now the identity

a, 1 q,
W X oregCe = m mzd (@] > )

q
x(=1)=-1

follows from (3) immediately.
On the other hand, from the definition of C(a,

q 7 q _
/ / 1 ([T
Y C@2"a,q)Cla,q) = > > ((q))(
= a=1 r=1
7 q _ _ q
20 6)l(6)p
r=1 s=1 q a=1
A OIAMESIO)
r=1 s=1 q a=1 q q
In the last step we have used the fact that if (s,q) = 1 and a runs through a

q
reduced residue system modulo ¢, so does Sa. Therefore, from the definition
of Dedekind sums S(h, q) and the identities

q/d
Z = Zu(d)z and S(r,q) = S(F,q)
s=1 d|q s=1
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=> ) uld)p ZS "r,q/d)S(F,q/1)

dlg g
=> > udn ZS "7, q/d)S(r, q/1).
dlg g

Now Lemma 5 follows from (4) and (5). =

LEMMA 6. Let u and v be odd integers with (u,v) = d > 2, and x°
and X9 be the principal characters modulo u and v, respectively. If r(n) =
> din xX2(d)x0(n/d), then for any integer m > 0 we have the identity

11 %=
i r(2™n)r(n)  (3m+5)7* pluv PPt )
n? B

2
72 I1 ]%
1 pld

n=1

(n,d)

Proof. Noting that r(n) is a multiplicative function, we can write

(6) Z r(2mn2)r(n)

< (m . . <20
:(r(2m>+2( +Jtlj1)(]+1)> 3 71(2)'

j=1

After some simple calculation, we get

i(m+j+l)(j+1) ~ 2lm+53

(™) 47 N 27

j=1

Moreover,

by using the Euler product formula. Note that

1 if plu, pfo,

(Oc) Oé+1 lpruvp'fUu
T =

P 1 ifptu plo,

0 if plu, pv
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for any positive integer « and prime p. Hence,

> r2(n) ( 22 32 )
“T1(1+5+5+-
DI [ (P

n=1 ptuv
n,d)=1
( 2{31 P72
xH<1+p2+p+~-->H<1+2+4+-~ >
plu plv
pfv plu
Let
2 2
S=1+ 5+ 5+
It is clear that
1\? 1
() 3
2 2 _ 1%
Therefore,
00 r2(n) 1 -3 1 p2 p2 -1
(8) Z 2 :H == 1+ H 2 _ H 2 _
n P P p°—1 p©—1
(nnd:)1—1 ptuv pluv pld
,21’77,_ pF£2
_27¢4(2) 11 (»* = 1) H( P’ >_1
80¢(4) L p(p? +1) L\ p? —1
pluv pld
_ ﬁ (p2 - 1)2 H p2 -
128 221y LA\p2 -1/ 7
pluv pld

where we used the identities ((2) = 72/6 and ((4) = 7*/90. Now from
(6)—(8), we get the assertion.

LEMMA 7. Let u and v be odd integers with (u,v) = d > 2, and x° and
XY be the principal characters modulo u and v, respectively. Then for any
integer m > 0 we have the asymptotic formula

> X@MILA, Q) PILL, xx0)

x mod d
x(—1)=-1 (-1
[ S
(3m + 5)71'4 pluv prip
= 1 ) + O (d°).
72 . 2m+1 HpQLil

pld
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Proof. For convenience, we put

Ay, x)= > x(n)r(n),

N<n<y

where N is a parameter with d < N < d* and 7(n) was defined in Lemma 6.
Then from Abel’s identity we have

Lo =S X("Z”(”

)
n=1
_ 3 Xt

1<n<N

_l’_

T Ay, x)
S Y2 dy.
N

Hence, we can write

9 > x@MILE @ PIL, o)

M
= Z X(2m)< Z y(nl)r(nl)_FOSOA(y;y) dy>
x modd 1<n1 <N m N Y
x(—1)=-1
% x(n2)r(n2) OOA(%X)
(1Sn22:§N n2 +1§, y? dy)
_ m X(n1)r(m) x(n2)r(n2)
- ¥ en( 3 (5 )
x(—1)=-1
m X(n)r(n1)\ (T Ay, x)
3 (3 SR (1A )
x(—1)=-1
m x(n2)r(n2)\ (T Ay, X)
= 3 (3 el (1 A0 )
x(=1)=-1
o (€ A, X) T Ay, x)
e 3 en(§ ) (1)
x(=1)=-1

= My + My + M3 + My.

Now we shall calculate each term in the expression (9).
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(i) From the orthogonality of Dirichlet characters we can write

(10) M, = Z (Z X(n)r ”1>< Z x(n2)r n2>

x mod d 1<ni1<N 1<no<N

x(=1)=-1

) wriny) o) 5oy

1<T‘L1<N1<TL2<N 1<TL1<N1<TL2<N
2mno=n; (mod d) 2mno=n; (mod d)

n1n2

For convenience, we split the sum over ni or ny into the following cases:
(a) d <np < N,d/2™ <ny <N; (b)d<n; <N,1<ny <d/2m™—1; (c)
1<n1 <d—1,d/2"<ny < N;(d)1<n; <d—-1,1<mny <d/2™—1. So

we have
Z/ Z/ r(ny)r(ng)
ning
d<n1<Nd/2m<na<N
2Mno=n (mod d)

r(sid+ 11)r(sed + l2)

<o) Y, Z Z
1<51<N/d 1<s5<2mN/d l1=1 ly=1 (s1d + 1) (s2d + o)

l2=l1 (mod d)

[(s1d+11)(s2d + 11)]°
< ¢(d) Z Z Z (s1d+11)(s2d + 11)

1<s1<N/d1<s3<2mN/d ;=1

#(d) [(s1d +1)(s2d + 1)°
< )L P
1<s1<N/d 1<s5<2mN/d
<m d°

and
o(d) ' r r(n)r(ng)
: Z Z 1 2

nin
dSTLlSNlSnQSd/Qm—l 12
2mno=n1 (mod d)

<LPd) > N ) R

1<r<N/d1<no<d/2m—1

¢(d) ' r r(n)r(ne)
M)T2) o e
> 2 2 T <4
1<n1<d—1d/2m<ny<N
2Mng=n; (mod d)

and also

where we have used the estimate r(n) < n®.
For the case 1 < n; <d—1,1 < ng < d/2™ — 1, the solution of the
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congruence 2™ny = ny (mod d) is 2™ng = ny. Hence,

¢(d) ' v r(m)r(ng)

DD .
1<n; <d—11<ny<d/2m—1
2mno=n1 (mod d)

d ’ r(2™n rr( 2’"
- QQSW(LJF)I Z ( 22) = 2m+1 Z ) Om(de)

n
1<no<d/2m—1 2

Now from Lemma 6, we immediately get

By Y

anLQ
1<n1 <N1<TL2<N
2mno=n; (mod d) H (2pz;1)2
. (3m+5)7r4 d p|uvp (P*+1) B
= g 00 "+ Onl)
p-1
pld

Similarly, we also get the estimate

DD

1<n1<N1<no<N
2mno=—n1 (mod d)

Sy oy by oy

1<ni1<N1<na<N 1<ni1<N1<n2<N
2Mno+n1=d 2Mno+ny1=Ild,[>2

mrnrd— (N Ena)/d] M (g )r (Mo
<<¢(d)zw Z 3 27 (n1)r (M)

2
n(d — —
< ( ldny — n?

n1n2

n1n2

1< <N I=[ny /d]+2

[(N+n1)/d]
9(d) (n(d—n)f* | $(d) <~ ns (Id — my)?
<m E - ) ) Iy 2
1< <N I=[ny /d]+2 1

El€

Ly d°.

L d° + d€§:§:

ni1=11[0=1
Then from (10)-(12), we have

[T $rls

3m+5)w pluv Pt c

(13) M%2WLM)]]ﬁ+%M)
p?-1

pld
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(ii) Note the partition identity

A, x) = DY x(m)xSn) > x(m)xd(m)

n<\/y m<y/n

+ 3 xmdm) 3 XN
m<\/y n<y/m

— Y x(mxan) D x(m)xp(m)
n<vN m<N/n

— D xm)xdm) Y x(n)xh(n)
m<vVN n<N/m

= (3 xdm) (2 xmxim)
n<\/y n<\/y

+ (2 xmEm) (X xmdm))
n<v'N n<vN

Applying the Cauchy inequality and the estimates for character sums

SIY ) =] T am

‘ 2

x#x0 N<n<M x#x0 N<n<M<N+d

2 _ ¢*(d)

—o@) > -] Y wm| =%
N<n<M<N+d N<n<M<N+d

and the identity

> xmxhn) => udxd > x(n),

N<n<M dlu N/d<n<M/d
we have
2
1) > JAwxP<v Y. > ) > xm)xo(m)
x mod d n<,/y xmodd m<y/n
x(—1)=-1 x(—1)=—1

i Y Y | x|

m</y xmodd n<y/m

x(—-1)=-1
Y| xndm] <[ 3 i
xmodd n<,/y n<\/y

x(—1)=-1
< yd**e.
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Then from the Cauchy inequality and (14) we can write

(e.o]

(15) My = Z X(2m)< Z X(nl)r(n1)> <S A(:U;X) dy>
xmodd 1<mi <N M N Y
x(=1)=-1
e—loo 1

< > oait| 7( > !A(y,x)l) dy

1<n1<N N Yy x(—1)=-1
o0 d3/2+8\/27 Jd3/2+e
<<NE]§7 yz dy<<N1/2 €

(iii) Similar to (ii), we can also get
d3/2+a

(16) Ms < S

(iv) By the same argument as in (ii), and noting the absolute convergence
of the integrals, we can write

T Ay X Ay,
(1) Mi= Y X(Qm)<g (y2><) dy><§ (y2x) dy)
x mod d N Y N Yy
x(—1)=-1
o0 o0 1
{1V X [AEIAG Ol dydz
N N y x mod d
x(—1)=-1
0o 1 0o 1 12 s
<I50500 2 Mer) (X AeoR)
Ny N x mod d x mod d
x(=1)=-1 x(—1)=-1
T 1/2 2
<<<Sz( 2. \A(y,x)|2) dy>
Ny x mod d
x(=1)=-
ood1+g 2 d2+€
< <§V y3/2 dy) SN

Now, taking N = d*, combining (9)—(17) we obtain the asymptotic formula
of Lemma 7.

LEMMA 8 ([9, Lemma 5]). Let p be a prime, and « and (3 be nonnegative
integers with B > «. Then
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(P*-1)
>y P
¢(d) :
T8 dalpe d(d1)9(d2) Il
pld
1)2 1
= ple (L+y) — g | (0= %% 0° —p?)
1+1+2% (p-12@*+1)

where d = (d1,da) denotes the greatest common divisor of di and da.

LEMMA 9. Let g be any odd integer with ¢ > 3, and x be a Dirichlet
character modulo q. Then for any integer m > 0, we have the asymptotic
formulas

)3t

Xmodq
x(—1)=-1
(p+1)3 1
~ (83m+5)¢*¢*(q) H pP +1) pgml O (™)
- T72.2mHl 1 "
ol + +
and
4q 4 (p+1)3 o 1
488 211 ~3a—T
‘ZTX(T)‘ = 7(]%4((]) 1T % +0m(¢°F).
xmod4q r=1 |lq D p?
x(—1)=-1

Proof. We only prove the first formula; the second one can be proved by
the same method. From Lemmas 5 and 4 we have

(18) (2™ ‘er ‘
. nfqul
= ¢'(0) .S u@n() S 5(2"a,q/d)S(a.q/1)
dlq llq a=1
D) WICIOD D E5 Do DERCLATAN
dlg lq a=1 ulg/d x mod u
x(*1)=*1
l v?
< (=3 Y X(@IL(1, )P
<7T2q o o(v) e )
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LDIDD ii?.im

dlg llq ulg/d vIQ/l

X Z Z Z x1(2™a)x2(a)|L(1, x1)PIL(1, x2) *.

xi1modu  ygmodv a=l1
x1(—1)=—1x2(-1)=-1

For each character y; modulo u, it is clear that there exists one and only one
¢1 | w with a unique primitive character Xé , modulo g such that x; = Xél 2.

Similarly, we also have yo = ngxg, where ¢9 |v, and XZ2 is a primitive
character modulo go. Noting that u|q and ¢ |k, from the orthogonality of
Dirichlet characters we have

(19) S e Z L (@2 (@)] I, (@)x2(a)]
a=1 a=1

{ if 1 = g2 and xj, = x2,,
otherwise.

Let dy = (u,v). If 1 = ¢2 and qu = 722, then Xélxgl is also a character
modulo d;. So from (18), (19) and Lemma 7 we get

e Y x|

x mod q
x(—1)=-1
2 2,2
7°9°(q u“v
— TS S w3 S
T ¢(u)d(v)
dlg g ulg/dvlq/l
XY XML ) P ) P
x mod (u,v)
x(fl)—*l

Zzzzud;,zz( Ydlu?v?

dlq llg ulg/dvlq/l

1 55
(Sm + 5)7['4 pluv P+l
Uz W) TE

pl(u.v)

3m+5 d l dlu 1) pluv
- - 79. 2m+1 ZZ Z Z a ZE)(;ﬁ (v) qb((u’U))lj

dlg llg ulg/dwv|q/l

+ Om(q6+€).
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For any multiplicative functions f(u) and g(v),

SO @ Y 3 fwg(e)

dlg g ulg/dvlq/l
=TI Y rwg) =20 3 3 fwgl) +0* >0 3 flwg(w)
g ulp™ vlpe ulpe=tvlp®

u|pa—1 ,U|pa—1
Now from Lemma 8 and the identity

1)\2 1 1)2 1
30 (1+5) ~ pPedt 2. a3 (1+5) ~ pe?
145+ 1+1+5
12 1 —
B IR Gt Ot 5 Mt 0.
1+ 45 (p=1)2(p* +1)
2
:p3a+1(1—117) < (p+1) _1>
L+ 2+ \(@+1p* p*
we get

ZZ Z Z /L d (l dlu v? (z)((u’v))p\uv

 ouw)ov) P
dlg llg wulg/dvlg/l p>—1
pl(u,v)
(ri-1)°
L S
= IS Swainn 3 5 o ol e
o - ¢(u ¢ ) M -2
p*|lq ~d|p> l|p> ulp®/d v|p® /1 p—1
p1l(u,v)
éngl) - 311
— p(p=+1 p‘**
99*(q) [ ] G

p*llg
Now Lemma 9 follows immediately from (20) and (21).
LEMMA 10. Let ¢ > 2 be an odd integer. Then

4q 4
> ’bem(b)’
xmodq b=1
x(=1)=1
XF#X0

‘ibx(b)’4_256 Z |1_X(2)|4‘ibx(b)‘4,
b=1

xmod4qg b=1 x mod q
x(—1)=—1 x(—1)=-1
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Proof. Let X9 denote the principal character modulo 4. Then

(22) szmmf

xmodgqg b=1
x(=D=1
XFX0

::2\%mﬁ—§j§ﬁwﬁ-

xmod4qg b=1 xmodq b=1
x(=1)=-1 x(=1)=-1

For the inner summation in the second term, we have

4q 4q
D bxxd) = Y bx(d)
b=1

bi
(b,2)=1
q q q
=2 Z bx(b) + Z +4q2x +2¢ Z x(b)
(b,2)=1 2lb 5 B
q
=2 bx(b) +2¢) _ x
= b=1
2b
q (qfl)/2
=2 bx(b) +2x(2) > x(b).
b—1 b=1

Now from Lemma 1, we have

bem (4—4x(2) ) bx(b).

b=1

Combining this with (22), we get the lemma.

3. Proof of the theorem. In this section we complete the proof of the
theorem. From Lemmas 2, 3 and 10, we can write

4 1 4 4
Z ‘ Z X(a)‘ = 8ig Z ‘Zaxxz;(a)‘

X#X0 a<q/4 xmodgq a=1
x(=1)=1
XFX0
1 g 4
o 2 124X - X@PY ax(a)
q x mod g a=1

x(—1)=-1
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1 4q 4 1 4 4 4
— 2 [a@] - X ) ];axw\

q

xmod4q a=1 xmod g
x(—1)=-1 x(—1)=-1
1
+ 16 4 Z |2 +X X ‘ ‘Zax ‘
q x mod q
x(—1)=-1

4q
— 2 o]

xmod4q a=1

x(—1)=-1
1
— 4 12x(2) + 12%(2) — 24 (4
* Tog >[40+ 12x(2) + 12x(2) — 24x(4)
x mod q
x(=1)=-1
il 4
~ 24%(4) — 4x(8) — 4X(8)4x(16) + 4%(16)]| " ax(a)
a=1
Noting that
q 4 q 4
>oxe )| = X xem )|
x mod ¢ r=1 x mod g r=1
x(=1)=-1 x(=1)=-1
from Lemma 9 we get
1
4 21¢%(q pp +1 B p3“‘1 24e
Z\ > x(a)] = +0(¢2+).
2
X#X0 a<q/4 56q 1+ +

This completes the proof of the theorem.
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