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Generating normal numbers over Gaussian integers
by

MANFRED G. MADRITSCH (Graz)

1. Introduction. When considering number systems, one is especially
interested in uniqueness, periodicity and randomness of representations. In
this paper we deal with the last property, in particular, we are concerned
with the distribution of blocks in an expansion. We will call a number normal
in a number system if every possible block of finite size occurs asymptotically
with the same frequency.

For number systems over the reals this has been studied for a very long
time. The quantitative aspect is that almost every real number is normal
with respect to the Lebesgue measure. But we still do not know whether 7
or log 2 is normal in a given base ¢ > 2.

On the other hand, we know how to construct normal numbers. This
started with the construction of Champernowne who was able to show that

0.123456789101112...

is normal in base 10. This idea was successively extended to the integer
part of polynomials over the positive integers by Davenport and Erdés [3]
(polynomials with integer coefficients), Schiffer [24] (polynomials with ra-
tional coefficients), and Nakai and Shiokawa [22] (polynomials with real
coefficients). Finally, it was shown by Madritsch et al. [20] that

0.LFMILF @@L @ILFG)ILF6)] - .

is normal if f is an entire function of bounded logarithmic order and |z|
denotes the expansion of the integer part of x with respect to a given base
q=>2.

In this paper our aim is to generalize the above mentioned construction
of normal numbers to number systems for Gaussian integers. The properties
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of these number systems have been investigated for instance by Kéatai and
Szab6 [14] as well as Grabner et al. [7].

2. Definitions of number systems and normality. We start by
recalling some well-known definitions pertaining to number systems, mainly
following [6].

Let b € Z[i] and let D be a complete set of residue classes modulo b.
Then we call (b, D) a number system (NS) if every z € Z[i] has a unique and
finite representation

/—1
(2.1) 2= dp(2)b",
k=0

where dg(z) = 0 for k > ¢. We call di(z) € D the digits of z.

Furthermore, b is called the base and D the set of digits of the NS. We
let £(z) := max{k : di_1(2) # 0} denote the length of the expansion. If
D =1{0,1,...,|N(b)| — 1} where N(b) denotes the norm of b over Q then we
call (b,D) a canonical number system (CNS).

One of the first who considered the possible bases for a CNS was Knuth
[15], who was able to show that b = —1 £ 7 is a base. Later this was gen-
eralized by Katai and Szabé [14] who proved that b = —n £ 4 with n € N
are all possible bases for the Gaussian integers. This was further generalized
to algebraic number fields and matrix number systems in a series of papers
(see for instance [1, 8, 12, 13, 17, 18, 21, 23]).

In order to define uniform distribution and normal numbers we need
an equivalent for the “reals”. Therefore we will extend our number system
onto C. By Theorem 2 in [14], every v € C has a (not necessarily unique)
representation of the shape

£(v)
v= Y d(MV"  (di(v) € D).

k=—o00

In this context the fundamental domain F' indicates the properties of this
extension. It is defined as all numbers with zero in the integer part of their
b-ary representation, i.e.,

(2.2) F = {76@ ) v =S db, dy eD}.
k>1
It is known (see [8, 10]) that

U #F+a)=cC

a€Z[i]
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and
(2.3) MF +a)N(F +b)=0 (a,b€eZli],a##b),

where A denotes the Lebesgue measure on C.
Then we denote by

o= 1] : de

the integer part with respect to base b. ThlS definition may be ambiguous,
but in view of (2.3), the integer part is well-defined for almost all Gaussian
integers, which suffices for our purpose (we note that one can avoid the
ambiguity by choosing always the greatest or least integer with respect to
the ordering defined below).

We fix a base b and turn to the definition of normal numbers. Let
dy ...d; € D' be a block of digits of length I. We denote by N'(0;dy ...d;; N)
the number of occurrences of this block in the first N digits of 8. Thus

N(O;dy...d;N):=#{1<n<N:dy =dn0),...,d =dpt1-1(0)}.

Now we call 8 normal in (b, D) if for every [ > 1 we have

(2.4) RN(Q) = RNJ(G) = dSUIC)i

1 1
fN(Q;dl...dl;N)—W =o0(1)

where the supremum is taken over all blocks of length I.

By our completion of Q(i) to C we know that there can be more than
one representation for a v € C (see [10, 11, 21]). We call a v € C ambiguous
if

£(v) £(v)
V= Z zbF = Z yib*
k=—oc0 k=—0o0

with zy # yi for at least one k < ¢(vy). These numbers are dealt with in the
following lemma.

LEMMA 2.1 ([19, Proposition]). Let (b,D) be a CNS. Then no number
with an ambiguous representation is normal.

As we want to construct a normal number as a concatenation of digital
expansions of a certain sequence of numbers we have to give an ordering for
the Gaussian integers which will fit our purpose. We set ¢ := N(b) where
N denotes the norm of b over Q and let 7 be a bijection between D and
{0,1,...,q—1} with 7(0) = 0. Then we extend 7 to the Gaussian integers by
setting 7(do+d1b+dab?+- - -+dpb*) == 7(do)+7(d1)qg+7(do) >+ - -+7(dp)¢"
This is essentially a bijection because of the uniqueness of the representa—
tion of every Gaussian integer, i.e., 7(Z[i]) = NU {0} = Ny. Thus for every
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a € ZJ[i] there exists an n € Ny such that 7(a) = n. Now we pull back the
relation < from Ny to Z[i] by
a<b:= 7(a) <7(b), a,belli.
Then the formula z, := 7~ !(n—1) defines an increasing sequence of elements
of Z[i].
For a function f : Z[i] — C we define
O0p(f) == 0(f) = | f(21)]q V) | f(2g)]q U NI G2D) o

This is simply the concatenation of the integer parts of the function values
evaluated on the sequence {zy,},>1 of Gaussian integers. We are now in a
position to state our main theorem.

THEOREM 2.2. Let f(2) = agz® + - + a1z + ag be a polynomial with
coefficients in C. Let (b,D) be a CNS in the Gaussian integers. Then for
every [ > 1,

1 1
—N(0 ;dy ... diy N) — ——
e MO ) = g

where the supremum is taken over all blocks of length I.

< (log N)™1,

3. Preliminary lemmas. The first lemma will help us to rewrite the
asymptotics.
LeMMA 3.1 ([20, Lemma 3.4]). Let {ap}tn>1 and {by}n>1 be two se-

quences of reals with 0 < a, < by, for all n. Suppose that lim,_ . a, # 0
and

Then

As we deal with blocks of a certain length we need information about the
connection of the norm of a Gaussian integer and the length of its expansion.
This connection is described by the following lemma.

LEMMA 3.2 ([7, Proposition 2.6]). Let (b, D) be a number system in the
Gaussian integers and q :== N(b). Then
|6(2) = logg |2 < e
for a constant c, depending only on the base b, where log, is the logarithm
i base q.

In the proof of our main result we will need the discrepancy (see [5, p. 5]
for a definition) Dy (x,) of the first N elements of a sequence {xp}n>1 of
elements in R?. The following result provides an estimate of the discrepancy.
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LEMMA 3.3 (Erdés-Turdan-Koksma inequality, [5, Theorem 1.21]). Let
X1,...,XN be points in R? and T an arbitrary positive integer. Then

DN(Xn)§<2>k<V2+1+ > r(lv) )

0<[Ivlleo<V
For the transformation of an exponential sum into an integral we will
apply the following two lemmas.

Ze(v “Xp)

n

1
N

N
=1

where r(v) = (max{1, |v1|}) - (max{1, |v2|}) for v = (vi,vse) € Z2.

LEMMA 3.4 ([2, Lemma 5.4]). Suppose that F(x1,...,x,) is a real dif-
ferentiable function for 0 < z; < P; < P (j = 1,...,r), the function
OF(x1,...,2,)/0x; is piecewise monotone and of constant sign in each x;
(j=1,...,7) for any fized values of the other variables, and the number of
the intervals of monotonicity and constant sign does not exceed s. Moreover,
suppose that

OF (z1,...,2,)
‘ Oz;
for some 0 < § < 1. Then

Py Pr
Z Z e(F(xl,...,l'r))

x1=0 z,-=0
N 26
= S S e(F(ml,...,xr))dwl...dxr—i—ﬁlrsPr1(3—1— 1_5>
0 0

for some 01 with |61] < 1.

LEMMA 3.5 ([25, Lemma 4.2]). Let F(x) be a real differentiable function
such that F'(x) is monotonic, and F'(x) > m > 0, or F'(z) < —m < 0,
throughout the interval [a,b]. Then

‘lie(F(x))dx‘ < %

In the next lemma we give an application of the preceding ones.

LEMMA 3.6. Let M and N be positive integers with M < N. Let F :
C — C satisfy the conditions of Lemmas 3.4 and 3.5. Then

VN N 3-6
.

e(tr(F(z))) < - + (log N7 /2 + s 13

N(log N)°
M<|z|2<M+N

for any positive real number o. Here tr(x) denotes the trace of an element
x € ZJ[i).
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Proof. This is a generalization of [6, Lemmas 2.1 and 2.2]. In order to
apply the two lemmas above we start by considering squares in the annulus
M<|zP<M+N.Set D, :={z=ux+iy € Z[i] : —v < 2,y < v}. By
Lemma 3.4,

S (P = 30 D eltr(Fla+iy))

2€D, a=—vy=—v
= S S e(tr(F(x + iy))) de dy + 20, sv 1:5.
We take the modulus in order to apply Lemma 3.5:
] 3 e(tr(F(z)))‘ < | ‘ | e(tr(F(x—l—iy)))da:‘dy—|—29131/ i
zeD, —v -V B
< 2v 7112&;/};} _S e(tr(F(z + 1y))) dx‘ + 20, sv s
8v 3—-90
< — 420 .
s — + 201 sv =3

Secondly we tessellate the annulus M < |z|?> < M + N by squares of
side length \/N/(log N)°. We define two sets I and B to consist of the
squares which are completely inside the annulus and those which intersect
the boundary, respectively. Let C; and Cp be their respective contributions
to the sum. There are O((log N)?) squares in I and together with our con-
siderations above we get

N 3—90
Cr < EJrs 1_(S\/N(logN)".

For the boundary we see that there are two annuli of width O(1/M/(log M)?)

and O(y/(M + N)/(log M + N)?) that cover the boundary. By noting that
M < N we get

N
C -,
B log N)7/2

This together with the estimation above yields the result. m

Finally, we need an estimation for a complete exponential sum in the
Gaussian rationals.

LEMMA 3.7 ([9, Theorem 1]). Let f be a kth degree polynomial with
coefficients in Q(i) and q be the least common multiple of its coefficients. If
A(q) is a complete set of residues modulo q, then, for any ¢ > 0,

Y eltr(f(N) < (N ()4,
AEA(q)
where the implied constant depends only on f and €.
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4. Properties of the fundamental domain. In this section we mainly
follow the paper of Gittenberger and Thuswaldner [6]. Let b = —n + i be a
base of a CNS in Z[i]. Then every v € C has a unique representation of the
shape v = a4+ 0b with «, 8 € R. Thus we define the mapping

p:C =R a+pb (a,0).

Since (1,b) is an integral basis we know that o(Z[i]) = Z>.

In order to ease things we use our embedding from above to switch from
C to R2. Then we get the analog in R? for the fundamental domain defined
in (2.2):

Fi=o(F) = {’y € R? ‘ vy = deBfk, di, € ‘P(D)},
k>1

where B is the matrix corresponding to multiplication by b in R? given by

1.2
B 0 1—n .
1 —2n

We refer the reader to [23] for more details.

Now we define for every a € Z[i] the domain corresponding to the ele-
ments of F whose digit representation after the comma starts with the digits
of the expansion of a. In particular, we set

(4.1) Fo =B (F + ¢(a)).

As in the case of normal numbers in the reals we need an Urysohn func-
tion for this fundamental domain of numbers starting with a. In the reals we
use a lemma due to Vinogradov (cf. Lemma 2 of [26, p. 196]); in C, however,
we have to construct a corresponding version of this lemma.

For a € D this has been done by Gittenberger and Thuswaldner in
Section 3 of [6]. As the generalization of their construction to the case of
a € Z[i] runs along the same lines, we only state the corresponding results
and leave their proofs to the reader.

LEMMA 4.1 ([6, Lemma 3.1]). For all a € Z[i] and all k € N there exists
an axis-parallel tube Py, , with the following properties:

(1) 0F, C Py for all k € N,

(2) A2(Pra) = O(u* /|b]*"),

(3) Py consists of O(u¥) awis-parallel rectangles with 1 < pu < |b|?, each
of which has Lebesgue measure O(|b|~2F).

Here we denote by Ao the usual Lebesgue measure on R?.

Gittenberger and Thuswaldner [6] define, for every pair (k,a), suitable
axis-parallel polygons Iy, ,. Then they show that d(IIj q,0F,) < c|b|=* for
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a constant ¢ > 0, where d(-, ) denotes the Hausdorff metric, and set
(4.2) Pro:={2€R?| |z — My alleo < 2¢|b|7}.
As in [6] we denote by Iy, , the interior of IIj, , and define

A2 A)2
(4.3) fa@wy)=75 |V wale+zy+y)dedg,
_Aj2-A)2
where
(4.4) A= 2cpb|7F

with ¢cq > 0 a constant and
1 if (z,y) € Ixq,
Valz,y) = € 1/2 if (2,y) € M,
0 otherwise.
Now f, is the desired Urysohn function for F, in R%. The Fourier analysis
of this function yields

LEMMA 4.2 ([6, Lemma 3.2]). Let fo(z,y) = >_,,, C(m,n)e(mz + ny)
be the Fourier expansion of f,. Then

_QE(G’) = =
(4.5) C(m,n) = { 1 ’ men . 0
pFe(m)e(n), otherwise,

where

1, t=0,
(4.6) c(t) < {

min([t|71, Alt|72), otherwise.

As the proof of this lemma runs along the same lines as that of [6, Lem-
ma 3.2] we omit it.

The coefficient C'(0,0) will correspond to the main term and all others
contribute to the error term. One of our main tools will be Weyl sums which
will be discussed in the next section.

5. The Weyl sum. Throughout this section we denote by f a polyno-
mial with coefficients in C. Thus

f(z) = agz +ag 127+ oz

The following generalization of Lemma 2 of Nakai and Shiokawa [22] will
play a crucial role in the proof of Theorem 2.2.

ProOPOSITION 5.1. Let G > 0 and N > 2. Let s be an integer with
1 <s<dlet H,K; (i =s+1,...,d) be any positive constants, and let
HY, K} be constants such that
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HY > 236%2) £ 953(G + max H;) + s Z K;,
s<isd i=s+1

d
K* > 23(s+2) s+3 ) -
P> +2 (G+83%HZ)+2SIZ K;
i=s+1
Suppose that there are Gaussian integers a; and q; (s < i < d) such that

1< |gi* < (log N)™  and |o; — &< M
q; q,;NZ/2
but there ezist no Gaussian integers as and ¢s with (a& QS) =1 such that
3 log N)
. < 2 ~ K* _ % (7
(5.1) 1< |gs]* < (log N)X5 and o e
Then

| X eltr(f()] < Nllog V)~

|2]2<N
To prove the proposition we need two lemmas. The first deals with ap-

proximation by Gaussian integers.

LEMMA 5.2 ([4, Theorem 4.5]). Given any z = x +iy € C and N € N,

there exist Gaussian integers a and q with 0 < |q|> < N such that
- 2

z—— —_

gl lalvVN

Furthermore we need a lemma which considers the case where s = d,
the degree of the polynomial f, i.e., the leading coefficient is already well
approximable.

LEMMA 5.3 ([6, Proposition 2.1]). Let (h,q) =1 and

a

h
g(z) = 4 2+ ag 2 4tz ag
where (log N)H < |q|?> < N%(log N)~H. Then
) 3 e(tr(g(z)))‘ < N(ogN)"C  with H > 202@ 1 23(d+2),
|2]2<N
In order to apply Lemma 5.3 recursively, we need a tool to rewrite it.

LEMMA 5.4 ([16, Lemma 26]). Let f1 and fa be functions defined on a
finite set M. Then

Yo elfil@) + fol2)) = Y e(fi(@) +270 Y | fal)

zeM xeM zeM
for some 0 with 0] < 1.
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COROLLARY 5.5. Let g(x) = agz? + ag_ 129+ + ayz + ap € C[X].
If there exist h,q € Z[X] such that (h,q) =1 and
H
o B (o5 V)
q| =~ [qINd/?
with (log N)H < |q| < N¥2(log N)~H and H > 291G + 23(4+2)=1 then
‘ 3 e(tr(g(z)))’ < N(log N)~6.
\

z|2<N

Proof. This easily follows from

h| _ (log N)" N2

o,
I Q‘_ g N4/2 —

together with Lemmas 5.4 and 5.3 and

ZH(E-

< N(logN)"¢ + N2 4
Now we can start the proof of Proposition 5.1.

Proof of Proposition 5.1. This proof mainly follows the ideas of Nakai
and Shiokawa in their proof of Lemma 2 in [22].

We consider the different possibilities for s. If s = d, there is nothing to
prove, as this is exactly the case of Corollary 5.5.

Let s < d. We denote by k the least common multiple of gsy1,...,qq-
We have k € Z[i] because the Gaussian integers are a unique factorization
domain. We denote by @Q the integer such that |k|?Q < N < |k[*>(Q+1). By
our assumptions we have

d
1<k < (logN)X with K= > K,
1=s+1
and
N(og N)™® <« Q < N/|k|%.

Now, since Z[i] is a Euclidean domain, for every s € Z[i] there exist
unique ¢,r € Z[i] with |r|> < |k|? such that s = gk + r. Thus there exists a
complete residue system R modulo k& with

Rc{zeZi]:|z| <|kl|}.
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We use this system to tessellate the open disc D := {2 : 2|2 < N} with
translates of R. Let
T:={teZli]: (R+tk)nD # 0},
I:={teT:R+tkC D}.
As there are O(v/N) points on the circumference and O(|k|) points in R we

get
> e =" e(tr(f(tk + 1) + ON |k]).

|z|2<N tel reR

As in the proof of Lemma 2 of Nakai and Shiokawa in [22] we want to
perform Abel summation. Therefore we need an ordering on I. For z,y € I,
define

|z <[yl or

(lzl = ly| and arg(z) < arg(y)).

By the polar representation of every complex number, this ordering is well
defined. Furthermore, we let o : N — I be a bijection such that o(1) = 0,
o(|I]) = max I (maximum with respect to <), and define

T <y & {

o(x) <Ro(y) & z<uy.
Let M = |I|. Then

(5.2) > e ZZ (tr(f(o(n)k +7))) + OKN |k|).

|z|2<N n=1r€R

Now we are ready to perform Abel summation and define for short

d .
Urle) = 30 wlak ) ==l
i=s+1 v
= ail@k+r),  T.(0)=> etr(er(o(n)))).
=1 n=1

By the linearity of the trace tr we get

(5.3) ZZ (tr(f(o(n)k +1)))

n=1reR

_ZZ (tr(Zal n)k +r) ))

reRn=1

—ZZ (tr(Zal n)k +r)" Z Oéi(O'(n)k-f-’l”)i))

reRn=1 i=s+1
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reR i=s+1
M

+ > (e(tr (@ (0(n)))) = eltr(vp(o(n + 1))T (N)]
n=1

M
< S [man)]+ S leltr(wn(a(n)) - etr(@r(o(n+ D) T:m)]
n=1

reR
As the trace is a linear functional we get
d daf
tr =1t
Gt =u($).

Noting that tr(a) < |a| for a € C and |o(n) — o(n+ 1)] <« NY2 for 1 <n
< M, we apply the mean-value theorem to get

d o I
e(tr(un(0(n))) = e(tr(r(o(n+ D)) < [k] Y N2 < k] (lgjv{v)
i=s5+1
where H = max{H; :i=1,...,s}. Thus
(5. 4)
ZZ (tr(f(o(n)k + 7)) <<Z[!T )+ [k e logN Z|T ]
n=1reR reR

If we can show that
N
. T -
then we are done. We may assume that

N

o0 7 Telllog Ny
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We split the estimation of T,.(n) according to whether or not there exist
a and g with (a,q) = 1 such that
(5.7) (log N)™" < |g|* < N*(log )~

and

kSag — a‘ < |qf?,
q

with H' = 23(+2) 1 25¥3(G + H) + sK.
e Suppose there exist such a and ¢q. Then by the definition of H’ together
with (5.6) we get
(logn)" < [q|* < n*(logn) ™",

where b’ = 23(t2) 1 25%2(G + H). Thus an application of Lemma 5.3
yields
N
|k|(log N)&+H
e On the contrary, if there are no such a and ¢ then by Lemma 5.2 there
must exist a and ¢ with (a,q) = 1 and |¢|?> < N*(log N)~"'. Thus by
(5.7) we get

T, (n)| < n(logn)~(¢*+) «

a
Kog — —
q

(log N)~H'/2

1< g2 < (log N)"#"  and
< |¢g|]” < (log N) an q|N5/2

<

Then, however,
|k*q|* < (log N)HHK < (log M)

and thus

(log V)™=
q| = |kI*lgIN®"
which contradicts the assumption on as.

Thus we have shown (5.5). Together with (5.2) and (5.4) we get

Y e(tr(f(2))) <<Z[1TT<M>+rk\ (log V)™ Z\T }wﬁw

Qg —

|z[2<N r€R
N 1
< ;[mmogfv)mff + fogye M| VNI
N
< {log N)©"

and the proposition is proven. m

Now we have enough tools to proceed to the proof of the main theorem.
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6. Proof of Theorem 2.2. The proof of Theorem 2.2 will occupy the
rest of the paper. We split it into several parts.

(1) We start in Section 6.1 by defining several useful parameters, and
we show some connections between them.

(2) Then in Section 6.2 we rewrite the problem into one of estimating
an exponential sum. This sum is finally transfered into one of type
as in Proposition 5.1 or Lemma 5.3.

(3) We consider these sums according to the b-adic length of their ar-
guments. Those of middle length, considered in Section 6.3, pose no
problem. By “middle” we mean that there exists an upper and a
lower bound for the b-adic length of the expansion. For those ar-
guments with a long or short expansion we have to use different
methods in Sections 6.4 and 6.5, respectively.

(4) Finally, we put everything together and get the result.

Throughout the proof we fix N and the block d; ...d;. Furthermore, we
set

l
(6.1) a:= Zdibl_i
i=1

for abbreviation.

6.1. Defining parameters and explaining relations between them. Let m
be the unique positive integer such that

(6.2) > Uf(z) <N <) U(f(zn)),
n<m—1 n<m

where z, := 77 !(n — 1) for n > 1. Furthermore, we denote by M the
maximum norm and by J the maximum length of the (b, D)-ary expansion
of | f(zn)] for 1 <n <m, ie.,

M :=max|z,|?, J:=max/(f(z,))

n<m n<m
These will be of central interest for us.
Now we will use Lemma 3.2 to connect m and M. We get

|log p2 max|z,|*> — f(max z,)| = logp2 M — £(2m)|
n<m n<m

= [logjpz M — [log,2 m]| < c,
M <> m,
where <> means both < and >.

For the connection of M and J we note that |f(z)| <> |z|¢. Thus by
Lemma 3.2 we get
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|logp2 max|f(z,)]? — J|<> |logp2 max|z,|?¢ — J|
n<m n<m

(6.3) = [logy2 M* — J],
M <> |b)?74 < c.
Finally, we get the following relation between M and N:
N =mdJ + O(m) = cogM log, M + O(M),

where ¢ is a positive constant depending on d and b.

Next we want to split the sum on the right of (6.2) into parts where
f(2n) has the same b-ary length. So let I;, I;1q,...,1; C {1,...,m} be such
that

nel; & f(z)) >

To estimate the size of these subsets we define M; (j =1,1+1,...,J) to be
the least integer such that any z € C of norm greater than or equal to M;
has length at least j, i.e.,

M; := max|z|* = max |z,]%
U=z)<j n<|b|2(i—1)

By the same arguments as in (6.3) we get M; <> |b|%/?. Furthermore, we
set

(6.4) Xj =M — M;.

6.2. Rewriting the problem. With the help of the parameters defined
above we can easily rewrite our problem. Let N'(f(z,)) be the number of

occurrences of the block dj ...d; in the b-ary expansion of the integer part
of | f(#zn)]. Then

’Nwzz(f) cdy, N Z N(f(zn) ’ < 2lm.

n<m

Thus it suffices to show that

(6.5 S N = i+ Oy )

n<m

In order to count the occurrences of dj...d; in |f(z,)] properly, we
introduce the indicator function of F, (where a is as in (6.1) and F, is
defined in (4.1)),

1, zeF,,

0, otherwise.

7.() 1) - {
Writing f(zy,) in (b, D)-ary expansion for a fixed n € {1,...,m}, i.e.,
flzn) =ab” +a, b+ +arbtag+a b 4
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with a; € D fori =r,r —1,..., we see that
Z(b_j_lf(zn» =1 < dl...dl::aj,l...aj_b

As every I; (I < j < J) consists of exactly those f(z,) whose (b, D)-ary
expansion has length at least j, we get

S aen= 3 S r(4E)

n<m I<j<J nel;

For every j there may be elements z € Z[i] with |2|? < M; but £(z) > j
By Lemma 3.2, they are only finitely many. Now by Lemma 3.1 we get

= D> 1+ ) 1~ > L

nel; |2n | <M M;<|zn|?<M M;<|zn|2<M

Therefore we can assume that there are no z with £(z) > j and |2|? < M;.

In order to estimate Z(z) we use our considerations of Section 4. Noting
that F, can be covered by a set I, , and an axis-parallel tube P}, o (cf. (4.2)),
we have to consider how often the sequence {b_j_l f (z:n)}ne ;. hits each
of these sets. The first one, I}, ,, is characterized by the Uryso]rjm function
fa(z,y) (cf. (4.3)) and for the axis-parallel tube P}, , we define

&= #{ne Ij;(p<j;§il)> EPka}

Thus for every j € {l,l+1,...,J} we get

(6.6) Zz(ij) Zfa< <w+l>>+0(5)

nel; nel;

We consider both terms on the right hand side of (6.6) separately. Start-
ing with f,, by Lemma 4.2 we get

({10 = 5 et o( 1)

0#£veZ?

where v = (v1,v2) and C(+,-) is defined as in (4.5). We split the sum into
those v with ||Vl < A7! and the rest. For ||v]o > A™! we apply (4.6)
and estimate the e(-) function trivially to get

w0 2 (()

nel;

X 1 J(zn

"
0<[[v]wsA—!

To estimate &; we use the Erdés—-Turdn-Koksma inequality (Lemma 3.3).
By Lemma 4.1 we can split the tube P, , into a family R; of uF rectangles.
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As the discrepancy is defined on a rectangle (cf. [5, p. 5]), by Lemma 3.3 we
get

(6.8) & < Y Xjh(R)+ X;Dx,({n})
RER;

2 1
< X; Z(/\Q +m+ > %

ReR; 0<||hljec <H

L)

By the property (3) of Py, described in Lemma 4.1 and possible over-
lappings of the rectangles in R; we get

2 Mol <|b2>k‘

ReR;
Thus (6.8) simplifies to

oo sexn((f) 5

-
:;e<v-¢<fsﬁz>>>>-

T o<|lv

M

As both exponential sums in (6.7) and (6.8) are of the same shape, we
define for short

(6.10) S(v,j) == Ze(vw(ﬁiﬁ))).

nEIj

Plugging (6.7), (6.9), and (6.10) in (6.6) and subtracting the main part
we get
fz)\ X ka2, 20 p\*
I\ — - — X, A -
2 (bJH o | S\ T E T T\ e

nGIj
k k
+ Y %S(v,jn 3 %S(v,j)-

0<[[v]jeosAt 0<[vlleo<H

(6.11)

In order to transfer the exponential sum from Z? to Z[i] we use the same
idea as Gittenberger and Thuswaldner in [6, p. 335]. Thus let

7(2) := (tr(2),tr(b2)) = Zp(2),

where = = VV? and V is the Vandermonde matrix

)
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V- <p<£j(ﬁ) = v5—17<£].(ﬁ> = tr((m + b)) gﬁf)

where (07,72) := vZ 1. Thus (6.10) transfers to

(6.12) S(vij) = e<tr<@1 + by J; ginl)»

nEIj

< > e (tr ((51 + bi) ‘Zj(ff ) ) )

Mj§|z\2<Mj+Xj

Then

where we have used the fact that |I;] <> X; together with the definition
of X; in (6.4).

We assume that k and H are such that A~!, H < log N, which is possible
since A depends on k (cf. (4.4)). The values of k and H are chosen later
depending on j.

In the following subsections we want to consider the different sums
S(v, j) according to the size of j. We therefore consider separately the three
intervals

(6.13) 1 <j<Il+CjloglogN,
(6.14) I+ Ciloglog N < j < J—C,loglog N,
(6.15) J—Cyloglog N < j < J,

where C; and C,, are sufficiently large constants.
6.3. A first estimation of S(v,j). We start with the j satisfying (6.14).

Assume first that there are two Gaussian integers a and ¢ such that

1
o028 e 2
bi gl T e

(log X;) < |q|* < Xf(log X;)#,

U1 + bvg a

(6.16)

with G = 3 and H = 242G + 23(4+2) Then we apply Lemma 5.3 to get
S(v,j) < X;(log X;)~¢.
Now we show that (6.16) holds for all j satisfying (6.14). Indeed, other-
wise by Lemma 5.2 there are a,q € Z[i] such that
(a,9) =1, 1< g < Xj(log X;)7",
(log X;)™ _ 1
d/2 ST
I X lql

v1 + bvg a
ERLERSCIPN z
b d q

<

We distinguish two cases depending on the size of |q|?. Assume first that
2 < |g|? < (log X;). Then
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1 1

o1+ bvp 1t 1
lal  lq? ~ 2[q]

o Cd| > > (log X;)~#

and therefore
b << |(01 + bU2)ag| (log X;)™ < (log N)(log X;)7,

which contradicts (6.14) for C; sufficiently large.

We denote by ||z]| the distance of the norm of z over Q to the nearest
integer, i.e.,

lz]| := min| \z|2 —nl.
nez
Now if lgf? = 1 then ¢ = 1 and (@ + b52) (b9 )aua]| < X2 (log X;)2H. 1
|(v1 + b62)(b7j)ad|2 > \/?/2 then
b|¥ < | (01 + bog)ag| < log N,

which contradicts (6.14) for C; sufficiently large.
On the other hand, if |(v1 + bua)b T ag| < V/2/2 we get

‘(51 + big)b_jad‘z = ”(51 + bﬁg)b_jadH < X}i(long)_QH,
which implies that
b7 > |(1 + bUa)cwal > X ¢ (log X;) 2,

contradicting our assumption on C, in (6.14).
Thus for j such that (6.14) holds we get

(6.17) S(v,j) < X;(log X;)~¢.
Plugging this into (6.11) yields

f(zn) X; ka2 ME o\

6.18
(6.18) V+ |b]?
TLGI]‘

k

Mo DI }<1v>>

0<[[v[oo<A™!  0<|V]leo <V

Now we can choose k and H so that A™!, H < log N as claimed in our
assumption above. For j as in (6.14) together with the definition of A in
(4.4) we set
(1og X% sl

(6.19)  k:=Cyloglog X;, H:=pFlogX;, A™'= 5
cA

)

for C} an arbitrary constant. Furthermore we define C), > 1 to be such that

Gt = [b]2.



82 M. G. Madritsch
Then for j as in (6.14) we get

S5 - o

TLGI]‘

(6.20)

X.
< Xj((longf1 + (log Xj)72(log log Xj)2) < =,

We will prove the same estimate for smaller and larger j.

6.4. Estimating the exponential sum for long b-ary expansions. We now
concentrate on values of j satisfying (6.15).

In this case we start with the same assumptions for A~ and H as above,
i.e., A7l H < log N. For every j such that (6.16) holds, by Lemma 5.3 we
get

S(v.,j) < Xj(log X;)~¢
If (6.16) does not hold, then for every j in (6.15) with [b]7/¢ < X; < [b]”/,
(6.21)  0< |0y + boo| [b] 7772 < | f/(2)| < |01 4 bUo| |b] 7 77/24
< [T1 + big| |b] 77724 (log N)©-.
We use the inequalities (6.21) to apply Lemma 3.6 with

F= tf((’ﬁl + by) J;gjq)),

m = [0 + bio| b7/, and & = |3, + bUa| [b]~/?(log N)C2. Thus for j as in
(6.15) and for 0 = 2G we get

A/ X X 3—-90
6.22) S(v,j S J X.(log X
(6:22) 50v.J) < T o7 T (o X, S 1=V Xilloe X))
o VKX

|v1 +bos|  (log X;)¢
Plugging this into (6.11) yields

> 7 (5% -

nel;

k 1 (/X5 b7 X
R D S o ) ]

0<[[VlloA~t  O<|lv[lw<H

(6.23)

kE A2 2" K g
X;(pha i
< (“ +H+1+<|b|2>

Now we set
log X + log4C? —
log C,,

Jol*
2ca’

1 b
k —max<1 2 gl ‘), H::Hklong, A=
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This yields

. log|b| k d
Koo b k 2% < X; >1°gcﬂ (M) b/
A% = ) < |b]*F < : , - < .
Jvx ! < [0l |23/ BE C’f Noe
Furthermore,

|01 4 boa| = [(1,0)(v1,v2)" Z 71 > | (v1,02)"| > \Jorva.
Putting all this in (6.23) yields

X
.24 A - =
629 |3 (W) =
log|b|
/X |bli/d 4 X 108 Cu /X Bl L X (log X)) 3
< /X bl ‘b’%/d ( 5 10177 + X (log X;)77)

for j as in (6.15).

6.5. Iterative estimation for short b-ary expansions. We finally consider
the case of j satisfying (6.13). This will be the hardest part, as by our
assumptions on H and A~! we have

|1 + bUa| <> |b)Y.
We adopt the idea of Nakai and Shiokawa [22, p. 278ff] applying Proposi-
tion 5.1 iteratively. If there is no such s as assumed in that proposition, we
will apply Lemmas 3.6 and 3.7.

By the assumption j <1+ Cjloglog N we get
(6.25) b < (log N)Ctloglbl+oll)

We define g to be the polynomial
U1 + b
9(z) == Ty f(2)

with coefficients
U1 + bug

(6.26) ﬂ, = bi (670

Now we start the application of Proposition 5.1. We assume first that
1 < s <d. Then we set

Hy=H;+Cilog|b|+1, Hj =24+ 4 9dt3¢
and define H), H,, and h, (1 <r < d) inductively by
d
Hy =280t 4 0 3(G + Hopq) +2r > H,y,
i=r+1

i=0,1,...,d

H, = H +2(Cylogl|b| + 1),
hy = H* + Cy log [b] + 1.
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Let j be such that | < j <[+ Cjloglog N and there are coprime pairs

ad,qd), - - -, (asy1,gs11) of Gaussian integers such that
( » 4 ), 7( +154s+ ) g
log X ;)"
1< lgf? < Qog Xp)P and o, — 22| < QBXT (o,
qr )(T/2
‘qT| Vi
but there is no pair (as, qs) such that
1 X hs
1< |qs|2 < (long)th and |ag — s < M.
s/2
s |qS‘Xj
We denote the set of all such j by Js.
For every j € Js we have
: U1 + b log X ;)T
1 S |qur| S (logXJ)QH,» and ﬁr o (Ul + UQ)GT S (Og ])T/2
b’ gy |b]qr‘Xj

for s < r < d, but there is no pair (A, Qs) of coprime Gaussian integers
such that

As
Qs
since, if there were such Ag and Qg, we would get
1< [(01 + b02)Qs[* < (log X;)*5 < (log X;)*"*,
and together with (6.25),
VA, | _ (log X)TitCitosbltl —— (log X;)"
UL 0RQs [ T (@ 4 b)Q X T (@1 + b)) Qs X

< (log Xj)H§

1 <|Qs| < (10ng)2H: and < 52
QuIX;

/37“*

g —

which contradicts the assumption that j € Js.
Thus an application of Proposition 5.1 with H;, H and K; = 2H;,
K} =2H; yields
S(v,j) < Xj(log X;)~¢

forall j € J;U---UlJyg.
Now we denote by Jg all positive integers j with [ < j <[+ C7loglog N
and j ¢ J1 U---UJ,. It remains to estimate S(v,j) for such j. To this end,
we will apply Lemmas 3.6 and 3.7.
For j € Jp there exist coprime pairs (a,,q.) of Gaussian integers such
that
ar
dr

< (log Xj)hT

1< |g|* < (log X;)?*  and < 7
|ar | X

(1<r<d).

(678

We set 2, = ap —a,/q for r = 1,...,d, and a = ged(ay,...,aq) and
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q =lem(q, ..., qq). Furthermore, we define ¢, by
ar a

=—c r=1,...,d).
qr q " ( )

Then we can rewrite the exponential sum as follows:

- Zefo )

nEIj
_ k
- 3 (o(mre))
Aer(bitlq)
v
X Z e(tr(WZQk(uq—F/\)k)),
1% k=1

Inel;: pg+r=zn

where r(b/T1q) denotes a complete system of residues modulo »/T!q and
V=01 + boo.

We first consider the second sum. Let Ry = (b"*1q) - {a+ Bi: 0 < a,f
< 1} and let Tp be the set of translation vectors such that Ry tiles 72, i.e
To = {(tV*1q)z : 2 € Z[i]}. Furthermore we set

(6.27) T:={teTo: (Ro+t)N{z,:nel;} #0}.

Then it is clear that |T| < X;|b"T1q|72. Furthermore, let 7 denote the area
covered by the translates corresponding to 7T, i.e.,

T = U(RO +1).
teT

For a fixed A € Ry N Z[i] we get
; e(tr(bﬁrl éﬁk(uq + )\)k>>
< S (n(gt D o ) ).

In€l; : pg+r=zn
neT

Now we want to apply Lemma 3.5 together with the idea in the proof of
Lemma 3.6. Therefore we set

~

Fy(z,y) =€ < <bj+1z'9k (z +iy)g + A) >)
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Then

OF\(x,y OF\( logX P
) ) . 5 B

1/2
< WX] |C]|(10ng) i

As in the proof of Lemma 3.6 we first consider a single square. Set
D, ={z=z+1iy € Z[i] : —v < z,y < v}. An application of Lemma 3.5
yields

Z Fy(z,y) = Z ZFAxy S SF,\($,y)d$dy+O(V).

z+iyeD, rT=—vYy=—v

Now we again want to split 7 into squares. Note that we have assumed
that |I;] = X; and thus we can consider [; as an annulus {z € C : M; <
|z|*> < M}. Thus we choose a o > 0 and tessellate 7 by squares of side
length +/|7T'|/(log|T'|)°. Then we can glue all squares in the interior of 7°

together and estimate their contribution on the boundary to the error term.
Thus we get

T
> By =\\F(z,y)dody + (9<02 :

z+iyeT T (log |T7)) /
Putting everything together yields

w5 )

nEIj

5 ) s o{ )

xer(biq)

ORI (5 oty ) S AP e )

Xer(biq) M;<|z|?<M

where

G(z) == e<tr<lf+1 é ka’f> )

Finally, we define rationals R;/Q € Q(i) fori =1,...,d by

R; v acl

Q b g
Thus estimating the integral trivially and noting that

N@Q) = NW¥ ™ Riqi/a;) <> NV Ria; ') <> N(WTIR;) > N
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we get, by an application of Lemma 3.7,

(6.28)  S(v.j) =Y. e(tr((al +b) J;j@))

TLEI]'

|ij\2 1-1/d+ X; X
< 24 (N e W4

v MO R T Gog )

< XG((N@ ') 7 4 (log X)),
Plugging this into (6.11) yields

f(zn) X;

24k k

< Xj<,ﬂ‘fA2+ Hil + (5’2>
S TD DD SR et (Gl i

r(v)
0<|[VlwSA~T  0<|v]o<H

(6.29)

(1o X)) 7))

Now we set o, k, and H to the same values as in (6.19) and get, together
with (4.4),

log X :)Ck log|b|
o:=G, k:=CiloglogX;, H:= uF log X;, A™l= %,

2ch
for C} an arbitrary constant.
We note that

|51 + b52| = ‘(1, b)(vl, ’Ug)tE_1| <K ‘(Ul, U2)| <K ’I”(V).
At this point we have to distinguish two cases according to the size of d.

e d = 1: By noting that A~ H < log N we get

1 A1yl —14e |01 + bog|
Z v (N@™"™) < Z pl2—e)(G+1)/d
1]
0<||[v[lo<log N 0<||[v|lco<log N
(log N)*
< W

e d > 2: In this case

r(v) ™t < |0 + boa| Tt < [y 4 big| /4.
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This together with A~ H < log N yields

1 1y —1/d e 1
> ( )<N(” v7) < ) 1| C—aG+D)/d

r
0<||V||co<log N 0<||v||co<log N
(log N)?

< A

Therefore in any case

U vty o (log N
> ()(N(v pHhy) < D
0<||v||oc<log N

Putting this all in (6.2 ylelds

( b]—l—l ) |b|21

< x;(og ;)

(6.30)

nel;
(log N)*log X; X; (log N)®
e ) ST

6.6. Putting all together. Now we have reached the final state of the
proof. In order to finish we will put (6.20), (6.24), and (6.30) together and

consider the corresponding intervals, which are described in (6.14), (6.15),
and (6.13), respectively. Thus

Zn X
o Y| r(5E) -k

K S1+ 52+ 53,

1<j<J'nel;
where
X.
s-y X
1<j<7 7
(log N)®
So= > X

1<j<I+Cjloglog N

S3 = > VX (b
J—Cyloglog N<j<J
log|b|

X log Cp . _
# () VR X0 X)),

We easily get

S1 << M.
The second sum is a bit more delicate and simplifies to
(log N)> (log N)®
Sy <K Z M |b|2j/d \b\%(cl loglog N) ’

1<j<i+Cjloglog N
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where we have assumed that C; > 5. For the third sum we have to work a
little more to get
M\ g
. og .
Sy < > \/M\bﬂ/dJr( ) " (VM b7/ + M)

IR
J—Cyloglog N<j<J

log|b|
log Cpy

M
< \/M|b|J/d+< (VM 74+ M) < M.

|b|2J/d
Putting this in (6.31) yields

> X () -

1<j<J'nel,

<ML

N
log N

and the main theorem is proven.
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