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1. Introduction. The aim of this article is to propose generalizations of
Stickelberger’s theorem for higher dimensions. Using these results, we study
annihilators for some cusp forms of weight 2. We address certain correspon-
dences, given by sums of Hecke correspondences and defined over Drinfeld
modular varieties. This article is motivated by the works of Anderson and
Coleman [Anl], [C].

Let P! be the projective line scheme over F,, P*\ {oo} = Spec(F,[t]) and
let I = p(t)F,[t] be an ideal in Fy[t] with deg(p(t)) = d + 1. There exists
an abelian Galois extension, K¢°/F,(t), with group G ~ (F,[t]/I)*. These
fields are Carlitz extensions and are cyclotomic fields in the case of function
fields (see [Cal).

Let us consider the S-incomplete L-function evaluator (S := |I| U {oc})

[ -t

z€|PL\S
7, € G being the Frobenius element for z € [P!|. This Euler product can
be expressed as
(EhEGI h) ' Zd+1

Q(a) + =10

Q(z) being a polynomial in Z[Gy][z] of degree d. If one writes Q(z) =
Z?:o 7; - 2 with v; € Z[Gy], then the correspondence

d
S (B « T(y)
=0

is trivial on Spec(K7°® K¢°). This is proved for S = {0, 1, 0o} in [C] and for
general S = {?,00} in [Anl]. This result is analogous to the function field
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112 A. Alvarez

case of Stickelberger’s theorem. Here, F(Fri) denotes the (transposed) graph
of the Frobenius morphism, Fr’, and I'(y;) is a sum of graphs of elements
of G1. For arbitrary smooth curves analogous results can be found in [Al2].

These trivial correspondences give an annihilating polynomial for the
operator given by the correspondence I'(Fr) acting on the Q[G]-module
H'((Y°)z Qi), and this yields proofs of the Brumer-Stark conjecture in the
function field case ([Anl], [C], [H1], [Ta], [Al2]). Y° denotes the Riemann
variety associated with K7°/F,.

Here, we study the Euler products

1
H = T(m)-z™
2 —1)/2 Z ’
z€[PL\S l—of z+qof 22—+ (=1)ng("=D/2g% . zn m>0
where T'(m) and o} are Hecke correspondences over certain modular Drinfeld
varieties of dimension n, ETIL%O For the notation, see Section 2.2.
We prove

THEOREM 1. The correspondence
T(nd) + [(Fr) * T(nd — 1) 4 --- + D(F™1) « T(1) + I(Fre™)
is trivial (= rationally equivalent to 0 as cycles) in Sfloé’ X STILO,S

Here % denotes the product of correspondences. This result for n = 1
gives us Stickelberger’s theorem for cyclotomic function fields, [Anl]. To
prove it, we study the isogenies of Drinfeld modules, as given in [Gr2].

The schemes 57{0%0 are affine schemes over Spec(F,[t,1/h(t)]), and h(t)
is a polynomial which depends on I. We set & (Ioo) = 5219,0 ®F,[1) Fq(t)-
Moreover, £(Ioo) is a smooth affine curve which is defined over K7°, and
E(Ioo) denotes the associated projective curve over K;. Theorem 1 has the
following consequence:

LEMMA. T(2d) +T(2d — 1) 4+ --- + T(1) + I'(Id) annihilates the group
Pic(€(10)).

It seems to be a Stickelberger theorem for the affine modular curve
E(Io0) over K7°.

There exists an arithmetic subgroup, I'7o, of Gla(Fy[t]) such that if
we denote by 2 the Drinfeld upper half-plane and by M,  the smooth
projective model of the algebraic curve associated with 2/17, then

MFIOO = g([oo) ®K}>o C,

C being the algebraic closure of the completion of Fy(t) at co. As usual, cusp

forms of weight 2 (and type 1) for I'/o, are given by HO(Mp,__, 011\7[ /C)'
It

Here we follow the notation and results of [GR]. For the definition and study
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of cusp forms, the readers are referred to the works of Gekeler, Goss or the
Habilitationsschrift of Gebhard Bockle.

From the above lemma we obtain an additive version of Stickelberger’s
theorem for n = 2:

THEOREM 2. If the group Pic(E(10)) is infinite, then there exists a cusp
form of weight 2 (and type 1) for I'ioo that is annihilated by T'(2d)+T(2d—1)
e T(1) + 1.

Here T(]) is the linear operator given by the j-Hecke operator acting on
the cusp forms of weight 2 (and type 1).

From Theorem 1, we also obtain ideal class group annihilators for cyclo-
tomic function fields in the spirit of Stickelberger’s theorem. We prove that
the correspondence

fj[r(wd—w (X el Iaw)]
i=0 monic q(t)€F[t]

(Iq(t))=1,deg(q(t))=i

is trivial on Spec(K7°® K7°). Here I'(q(t)) denotes the graph of the element
of G associated with the class of ¢(t) in (IF4[t]/1)*, and ¢(q(t),n) is the
number of submodules N C F,[t]*" such that

Folt]™" /N 2= Fy[t]/q1(t) & - - & F[t]/gn(t)

with the product of the invariant factors ¢i(t)---gn(t) equal to ¢(t). This
latter result can also be obtained in a more direct way by using the Euler
product of Section 2.4 and Anderson and Coleman’s results ([Anl], [C]).

Bearing in mind the analogy between Drinfeld varieties in positive char-
acteristic and modular curves for number fields, I believe that the interest
of this work is the possible translation of our results to modular curves.

List of notations

[, is a finite field with ¢ elements (¢ = p™).

® denotes ®p, .

Op1 denotes the ring sheaf of the scheme P!.

R is an [F-algebra.

R* denotes the group of units in the ring R, and Fr the Frobenius

morphism.

}P’}Q denotes P! ® R.

e If S is a finite set of geometric points of P', then AS denotes the adele
group outside S, and O° the adeles within AS without poles.

e If M is a vector bundle over P!, then M (k) denotes M ®0,, Op1 (koo),

ke Z.
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e If f: X — X is a morphism of separated schemes, then I'(f) denotes
the (transposed) graph of f, I'(f) = {(f(z),z) : x € X}.

e |P!| and |I| denote the geometric points of P! and Spec(F,[t]/I), re-
spectively.

2. Elliptic sheaves and Hecke correspondences. Euler products.
In this section, except for Proposition 2.3, all results are valid for any
smooth, geometrically irreducible curve over F, provided with a rational
point oo, although we only consider the projective line curve.

2.1. Elliptic sheaves. In this section we recall the definition of elliptic
sheaves and level structures over an ideal I C Fy[t] ([BISt], [Dr2], [LRSt],
[Mul]).

DEFINITION 2.1. An elliptic sheaf of rank n over R, E := (Ej,ij,7), is
a commutative diagram of vector bundles of rank n over IP’}?(, and injective
morphisms of modules {ip }pen, 7

i1 ’i2 7;n71 in
El E2 PN En
,[:D' ,L'U' 7:0'
o 0 o 1 n o
EO El U En—l

(here EY denotes (Id x F')*E}), satisfying:
(a) deg((E})s) = j for any s € Spec(R).
(b) Ejin = E;(1) for all j € Z. We can assume that the ij are natural
inclusions.
(c) Ej+7(E]) = Ejt for all j.
(d) a*(E;/E;_1) is a rank-one free module over R, o being the natural
inclusion oo x Spec(R) — Pk

REMARK 1. From these properties, it may be deduced that h°(E;) =
n+j and h'(E;) =0, j > —n ([BISt], [Dr2)).

Moreover, it is seen that for the R-module H(PL, E;) (j > —n), there
exists a basis {s,7s,..., 7" 7ls} with 7s := 7((Id xF)*s) and 7hs :=
7((Id xF)*rh=1 . s).

DEFINITION 2.2. An I-level structure, ¢, for the elliptic sheaf (Ej,i;,T)
is an I-level structure, ¢;, for each vector bundle E; compatible with the
morphisms {i;,7}, i.e., tjy1,7-45 = ¢jr and tjp1,r -7 = (Id XF)*(¢5,1). We
denote by (F,¢r) an elliptic sheaf with an I-level structure.

Recall that an I-level structure for a vector bundle E; over IP’}% is a surjec-
tive morphism of modules E; — (B(R[t]/I))®", where (3 : Spec(R][t]/I) —
IP’}{ is the natural inclusion.



Ideal class group annihilators 115

The elliptic sheaf (Ej,i;,7) defined over R gives a 7-sheaf, R{r} =
DX R-7" (1-b=107-7). One can identify
n+j7—1 .
H(Ph. Ej)= @ R-7's,
i=0

and in this way R{7} is isomorphic to the graded R[t]-module

U HO (PR, E;(3)).

i=0

REMARK 2. By taking the determinant of (E,¢;) we obtain an elliptic
sheaf of rank 1, (det(E;),det(i;), det(r)), with an I-level structure det(c).
This determinant is studied in detail in [Ge].

The 7-sheaf associated with (det(E;),det(i;), Tqet) is

R{Tqet} == @ R- Téet?
=0

with 78, = 7' AT A AT (3> 0). Moreover, A" R{T} = R{7aet}
as R[t]-modules.
We denote det(E;) by Lj, so deg(L;) = j; recall that deg(E;) = j.
ProrosiTiON 2.3. With the above notations, if v, — r1 > n then
TUAT2A AT € HY (PR, Ly —).
Proof. Since
T (LAT2TEA AT = 7 A T2 A AT € HY (PR, Ly, )

with 0 <7y < -+ < r,, it suffices to prove the result for r; = 0.
We proceed by induction over r,. For r, = n, we have to prove that

LAT2Z A AT" € HY (P, Lo).
Since t-a, =ag+ a1 -7+ ---+ 7" for some a; € R, there exists ¢ € R with
IAT2A - ATV =c- (LATZA--- AT,
Recalling that 0 < ry < --- < n, we conclude that
LAT2A - AT € HOY (P, Lo).
Now assume that the assertion is true for k < r,. Set r,, = [ + n. Thus,
IATA AT
=1A-- - ATTIA(t-ap T —apT™ T+ ag oAl oy an,lTr"_l).

Since
LA ATV AT € HYPL, Ly, ) fori>1,
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because
1,...,7=1 7™ e HO(PL, B, _p),

it suffices to prove that
(t-an—ag) - (LA--- ATt A7) € HOPL L, ).

Set k := max{r, —n,rp—1}. If n <k then we use the inductive assump-
tion, because k + 1 < r,. When &k < n — 1, it suffices to prove that

(t-an—ag) - (IA--- AT 2A" Yy e HOPL L, ).
This is true because r,, —m > 1. =

2.2. oo-Level structures. We shall now define level structures at co € P!
over elliptic sheaves of rank 1. To do so, we take into account the results of
[Anl, 6.1.1]. We take t~! as a local uniformizer at coc.

The composition of the epimorphism

Op1 (k) — Op1(k)/Op1 (k — 1)
with the isomorphism
Op1(k)/Op1(k — 1) 2 Op1/Op1(—1)
induced by multiplication by t'=* gives us an co-level structure over Op: (k).

DEFINITION 2.4. We define an oo-level structure for a rank-1 elliptic
sheaf, (Lj,i;,7), over R to be an oo-level structure (Ly, tx) such that the
diagram

L§ ——— Ly(1)
(+) \ lw
Y (RItY /¢ REY))

is commutative. Here, v : Spec(R[t7!]/t 'R[t7!]) — PL is the natural in-
clusion.

We denote by &L and £[°° the moduli of elliptic sheaves with I-level
structures (E,¢r) and with I + oo-level structures, respectively. Here to
give an oo-level structure for E, 1o, is to give an oo-level structure for the
rank-1 elliptic sheaf det(E). Henceforth, we denote by (E, t7+) the element
(B, i1, t00) € EL°. There exists a morphism, 2z : £I°° — Spec(F,[t]), called
the zero morphism, that is defined by

2(E, t10o) = supp(Eo/7(EZ,)) = supp(det(Ey)/Tger (det(E-1)7)).

Bearing in mind the antiequivalence between elliptic sheaves and Drinfeld
modules, one can construct a ring B. of dimension n such that Spec(B!)
= &I For these results see [Drl], [Dr2], [Lm], [Mu].
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For n =1, it is not hard to obtain a ring B{OO such that
Spec(B{™) = &%
Moreover, the morphism of forgetting the oo-level structure
E> — &
is étale outside |I|. In the following remark we calculate B> explicitly.

REMARK 3. We consider the rank-1 Drinfeld module ¢, = a7 +t, defined
over Fy[t,a]. We shall now study what an oo-level structure for the Drinfeld
module ¢ is.

Let us consider a rank-1 elliptic sheaf, (L;,i;,7), associated with ¢, and
let 1o be an oo-level structure for (Lj,ij, 7). We have the morphisms of
modules

loo : Lo — Fy[t, a][t 7]/t ' F,[E, a].

We choose s with H’(Lg) = (s). Note that s is a generator of the line
bundle Lg. We set t(s) = A, and hence

17, s L§ — Fyla, t][t™ 1/t 71 F[a, 1]
gives 17 (s) = M. Also,
t™ oo s Lo(1) — Fy[t, al[t™ 1/t Fya, 1]

is such that t=1 - 1o(7(s)) =t 'rs = a~!, because t - s = a- 75 +1- s and
t-t71 =0 as element in

Fyla, ][t71)/t 7 F,[a, T].

Therefore, the above diagram is commutative if and only if A = XA - a
Thus, we can choose 5 := \-s € H°(Mp) such that to.(5) = 1. Therefore
t-5 = 7s+1, and we obtain the Drinfeld module ¢, = 7+ isomorphic to ¢;.
It is not hard to see that B® = F,[t].

We set I = p(t)F,[t], where d + 1 is the degree of p(t). Then

bpry = cat™ -t aT+p(), o €Flt].

-1

We have B{*® = F,[t,p(t)~!, 8] with 6 an element of an algebraic closure of
F,(t) satisfying

Gpy (8) = 01 - £ 187 + ()8 = 0,

and ¢y () # 0 with h(t) a proper divisor of r(¢). The I-level structure for
(Lj,i4,7) is given by

11(8) = Gr1(8) + dpa(O)t + -+ + dpo (0t € Fy[f, 0][t]/p(t)

The morphism Fy[t] — B{>® (¢t — %) gives us the Galois extension
K7 /F,(t) with group (F q[tl/ 1)
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By considering
det(E,¢r) := (det(E),det(¢r)),
and the determinant morphism det : L — &I, we obtain

Ioco _ oI IToo
£l = £l wgr €1,

and therefore £ is an affine scheme of finite type over F,. It is smooth
because the projection &! Xel Ele — gl is étale since &/ — &/ is also
étale. Note that £{> is defined over P!\ (|I| U 00).

2.3. Hecke correspondences. We consider J; C --- C J,,, a chain of ideals
of Fy[t] coprime to I, and S = |I| U {oco}.
Let (E, t1o0) be an elliptic sheaf defined over R with level structures on

I and on oo and with zero outside |J;1|. We denote by STILOI?M the moduli

scheme

£, xp1 (B \ 1),

where the fibered product is obtained from the zero morphism z : £/ — P!
and the natural inclusion P!\ |J;| < PL.

We denote by

T(J1s. oy Jn) CENG X EX
the Hecke correspondence which is given by the pairs
[(Ea Lfoo)v (Ev ZIoo)] S gr,llj?]” X gr,llj?]lp
E being a subelliptic sheaf of E such that for each s € Spec(R) we have
Es/Es ~k(s)[t]/J1 @ -+ D k(s)[t]/ -

The I + oo-level structure, t7o0, defined over E is the composition 7« - 0,
o being the inclusion £ C E.

We shall now describe the Hecke correspondences in an adelic way. To
do so, consider (E,71+) defined over an algebraically closed field K.

We denote by

Lol I I
T, T2 ¢ gnj?hl X gnj?hl — gnjf}l‘

the natural projections. There exists a bijection between the sets:

7T1<772_1(E,Z]oo) N T(Jl, ce Jn)), 7T2(7T1_1(E,Z]OO) N T(Jl, ce Jn)),
and Fg[t]-modules M and M,

M CF,[t]*" C M
with
Folt]™" /M ~ M /Fo[t]™" ~Fy[t]/Jy & - & Fy[t]/Jn.

These sets have the same cardinality, which we denote by d(Ji, ..., J,).
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In the following proposition, Chtfm 2| denotes the stack of shtuckas of
rank n with zeroes outside |J;| and level structures over I (see [Lf]).

PROPOSITION 2.5. The Hecke correspondence T(J1,...,J,) is a closed
subscheme of STILOl‘fm X Sﬁf}ﬂ. Moreover, the morphisms 1,7y restricted to

T(J1,...,Jpn) are étale morphisms. We denote these restrictions by 71,7,
respectively.

Proof. Consider the morphism ¢ : £ TIL W Chtfl" 7| defined by

(B, ur) == ((BE-1 5 Eo & E%4),up)
(see [Dr3, p. 109]). The Hecke correspondences I (g) defined in [Lf, Sec-

tion I, 4] are closed substacks in ChtTIL’Uﬂ X Cht{t,\hl' Let g € Gl,(A%) be
such that

P05 19(B"0%) =Foltl/ I & -+ & 1)/ I
as modules. In this way,
T Ty, . Jn) = (e x ) T (g)
is a closed subscheme of &L x &L, where T!(Jy,...,J,) denotes the Hecke
correspondence
(Too X Too)(T(J1, -+ Jn)) CER 1 X En 1)

. cloo
Moo+ €77

Now, T'(J1,...,Jy) is the closed subscheme given by the pairs
(B, t100), (B, T100)] € (Moo X Too) T (1, ..., J)

— & fl 1] being the morphism of forgetting the co-level structure.

such that det(e)
€ —
det(B)——"— det(E)

e
W (RE/ETIRET)

is commutative. Here det(g) : det(E) — det(E) is the determinant of the
injective morphism given between the elliptic sheaves o : E < E.
Because
TH( 1y Jn) = T™(g) Xopyt

I
n,|J1 gn7|J1|,
and since the projections p; : I'™(g) — Cht{z,uﬂ (i = 1,2) are étale mor-
phisms, we see that the two projections from TI(Jl, ooy dy) to 57{ gy are

étale morphisms. We conclude that 71,7y are étale morphisms because
I I
T(J1,yeoosdn) =T (J1,. .., Jn) xg{l,lm gnffhl'

They are morphisms of degree d(Ji,...,J,). »
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The formal sum of Hecke correspondences gives a commutative ring
where the product is the composition of correspondences. This ring is iso-
morphic to the commutative ring

Ce(K\Gln (A%)/K)

of Z-valued compactly supported continuous functions on Gl,,(A%), invariant
under the action of K := G1,,(0°) on GI,,(A®) on the left and on the right.
The product is the convolution product. This isomorphism sends the corre-
spondence T'(J1,...,Jy,) to the characteristic function of the open compact
subset

Gln(os) ' (/J'J17 o 7/J’Jn) ' Gln(OS)7

with p;, € AS given by the element g;(¢) such that J; = ¢;(t)F,[t], and
with (s17,, ..., p,) denoting the diagonal matrix in G1,(A°) with diagonal
(:U'le ce 7:“’Jn)'

We denote by T'(m) the correspondence defined by the formal sum of
the Hecke correspondences T'(J1,...,J,), where 3" | dimg, Fy[t]/J; = m.

As in the number field case, one can consider Hecke correspondences as
operators on the abelian group of formal sums of [y [t]-submodules, N, of
rank n of Fy(t)®" (= lattices of Fy(¢)®™). One defines

T(Ji,...,Jn)(N)=>_N,
where N runs over the submodules of N satisfying:
N/N ~TF,[t])J1 & - D F[t]/ Jn.

In this way T'(m)(N) = > ycny N, where dimg, N/N = m.
A more rigorous presentation of this section can be found in [Lf] and [Lm].

2.4. Euler products. A generalization to the non-abelian case of the S-
incomplete L-function evaluator at s = 0 (cf. [H1], [Ta]) is studied in [H2].
In this section we address this issue in another way.

Here, & é ?ﬁfﬂ| denotes the moduli scheme of elliptic sheaves of rank n with
level structures over I and oo and with zero outside |P!|.

Let z € [P!|\ S (S = |I|U{oo}) and let t, be a local uniformizer for z.

We consider the diagonal matrix

(Hws 5 s 1, .., 1) € GlLy(AS),
{1z being the adele in AS that is 1 over each place of |PY|\ S U {z} and t,

over x. We denote by a]x» , 1 < 7 < n, the Hecke correspondence over Eé O|1(fﬂ\

given by the characteristic function of

GLa(0%) - (Hws 2 przs 1, - 1) - Gl (09).
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In the following lemma, for ease of notation we assume that deg(z) =1
and t; is a local parameter for z; m, is the maximal ideal associated with x.

One can find a proof of the next lemma in [Sh, Th. 3.21]. More or less,
we repeat that proof.

LEMMA 2.6. We have
1

1—0%-z2+qo% 22— 3% 23+ + (=1)ng"(n=D/2g2 . 21

where

T‘”(m) C 51{?\](})”“ X géj]cfnq
denotes the sum of the Hecke correspondences T'(mL!, ... ,ml») with r; >
ce2>2rp>0andr+ -+ =m.

Proof. We model this proof after [Ln]. It suffices to prove that for each
r € N we have “Newton’s” formulas

P:=T%r)—T%(r—1)-0f +qo5 - T*(r—2) —---
+ (_1)nqn(n—1)/2Tx(,r - n) . Uﬁ -0
by setting 7%(0) = 1 and T*(l) = 0 for | < 0.
To accomplish this, we consider Hecke correspondences as operators over
the formal abelian group of lattices, NV and N being lattices with N C N,
dimp, N/N = r and N/N concentrated over x. We shall prove that the

multiplicity of N in the formal sum P(N) is 0.
We have 07 (N) = > N', where N’ runs over the sublattices of N with

j
N/N' ~F,[t]/my & - & Fy[t]/m,
or, equivalently, the vector subspaces of codimension j of N/m, - N.
Set h := dimp, N/(m, - N + N). The number of lattices N’ such that

N C N’ is given by the number of F,-vector subspaces in N/(m, - N + N)
of codimension j. This number is given by the g-combinatorial number

<h> _ =1 -
il (¢ =1)---(¢—1)
for j < h, and (?)q := 0 for either j <0 or j > h.

We conclude the proof bearing in mind the relation

0, v () () o

I have taken this formula from [Lm, Appendix D] (cf. [Ma]). =
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THEOREM 2.7. Set
L* = 1 .

H L* = ZT(m)-zm.

z€|P\S m>0

Then

_ Proof. It suffices apply the above lemma bearing in mind that if J; and
J1 are coprime ideals in [ [t], then

T(J1,yeoosdn) T J1,eo s dn) =TTty ey dn - Jp). m

3. Isogenies and Hecke correspondences. Here, we study the iso-
genies between Drinfeld modules (= elliptic sheaves) [Gr2] to establish the
relation between these isogenies and the above Euler products.

3.1. Isogenies for elliptic sheaves

DEFINITION 3.1. An isogeny, @, of degree m € N between two elliptic
sheaves with I-level structures (E, (7o), (F,7100) and oo-level structures for
det(E) and det(E) is a morphism of modules &; : E; — E;yp,, for each i,
with Im(®;) ¢ Eiym_1, preserving the diagrams that define the elliptic
sheaves and their level structures.

If £ and E are defined over R, then to give an isogeny ¢ : £ — E
of degree m is equivalent to giving a morphism of 7-sheaves ¢ : R{7} —
R{7} such that if 7(7) is a monic polynomial with deg_ (r(7)) = j then
degz ¢(r(7)) =m+j.

LEMMA 3.2. Let M and N be vector bundles of rank n over IP’}Q, and
with = a rational point of P*. If f : M — N is a morphism of modules such
that its restriction to k(x)

fik@er : Mig@)or = Nk@)or
s an isomorphism, then f is injective.

Proof. Assume that z is the rational point 0 € P'. We have the exact
sequence

0K —MLN.
If we prove that K(p,\{s0})or = 0 then we conclude the proof. Let

—

0—>I/€—>Mi>]v
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be the completion of the above exact sequence along the ideal ¢R[t]. By
hypothesis, fix(z)or is an isomorphism. One deduces that f is also an iso-

morphism and hence K = 0, since

Specmaximal(R[[tH) =0x Spec R):

and in view of the Nakayama lemma. If we prove that the natural morphism
g: K — K is injective we are done. By the Krull theorem, if g(a) = 0 then
there exists 1+t - ¢(t) € R[t] such that (1 +t-¢(t)) - a = 0. However, the
homothety morphism given by 1+t -¢(t) over R[t] is injective and therefore
it is also injective over M, because M is locally free. Hence, a = 0. u

maximal (

LEMMA 3.3. In the above notation, if ¢ is an isogeny of degree m < nd
between (E,i100), (E,T100) then @ is injective, and it is the only isogeny
between these elliptic sheaves with level structures. Moreover, there exists a

mazimal r € N (r < nd) such that ¢(R{7}) C R{T}-7".

Proof. We can assume that the elliptic sheaves are defined over an [Fy-
algebra R. In this way, the injectivity is deduced from the above lemma. We
denote by I indiscriminately the ideal in F,[t] and the ideal sheaf in Op:.

Let @ be another isogeny; @ — @' defines a morphism Ey — I-E,,4. Since
Ejy is generated by its global sections, and since deg(I - E,,4q) = —n, because
deg(I) = d+ 1, we have h°(I - E,,4) = 0. Hence & = &'.

The last assertion of the lemma is evident. m

We consider |Pq|,q, the subset of geometric points of P; of degree less
than or equal to nd. Let &€ 7{ CE”\ . denote the moduli scheme of elliptic sheaves

of rank n with level structures over I and oo and with zero outside |P!|,4.

LEMMA 3.4. With the above notations, the set

T - 1 1
[(E, L[oo), (E, L[oo)] S 5nj?p1|nd X njc]fbllnd

such that there exists an isogeny of degree m < nd between (E,t100) and
(E,T100) with v = 0 is given by the correspondence T(m) C Eﬁfm . X

Ioo
n:lpl‘nd.

Proof. Tt is clear that a pair in T'(m) defines an isogeny of degree m
with the required properties. Moreover, Lemma 3.3 asserts that there only
exists one isogeny of degree m < nd between two elliptic sheaves with I-level
structures. With this result, one deduces that if (E,t7o) and (E',¢}) are
subelliptic sheaves with level structures of (E, 7+ ) by two different isogenies
of degree m, then (E, i) is not isomorphic to (E’, ).

On the other hand, if @ : (F,i1/00) — (E,7/00) is an isogeny with
r = 0 and degree m, then by the serpent lemma we have isomorphisms
(Id X F)*(Ei1m/®:(E;)) ~ Eivm/Pi(E;) for each integer i. Since the zeroes
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of the elliptic sheaves considered are of degree > nd, we have

Eism/®i(E;) ~ R[t])J1 & -+ & R[t]/Jn,
where J; C- - - CJ, are ideals in F,[t] coprime to I with Z?:o dimp qA /Ji=m.
Here, we have assumed that (F, (1) and (E,7s) are defined over R. m

; > IToo Too
COROLLARY 3.5. The subset of pairs (e, €) € EnPring X Enlprlg SUCh

that there exists an isogeny of degree nd is given by the correspondence
T(nd) + I'(Fr) * T(nd — 1) 4 --- + D(Fe™ 1) « T(1) + ['(Fr™).

Here, F(Fri) is given by the graph of the ¢'-Frobenius morphism, and %

denotes the product of correspondences.

Proof. The elliptic sheaf associated with the 7-sheaf R{7} -7 is

[(Id x Fr)"]*E.

In view of the two last lemmas, the corollary is deduced from the fact that
between Ey and [(Id x Fr)"+7]* E_; there is no injective morphism for j > 0,
because deg(Fp) = 0 and deg[((Id x Fr)"*/)*E_j] = —j. =

3.2. Trivial correspondences. In this section we shall prove that the cor-
respondence of the above Corollary 3.5 is trivial.

PROPOSITION 3.6. Let M be a vector bundle over IP’}% of rank n and de-
gree 0 where h°(M(—1)) = hY(M(—1)) = 0, and with an I-level structure v;.
Then H(PL, M) is a free R-module of rank n, and M ~ H°(PL, M) ® Op,.

Proof. If x € Spec(F,[t]/I) is a rational point, then h®(M(—z)) =
hY(M(—x)) = 0. Bearing in mind the morphism given by the z-level struc-
ture ¢, : M — (k(x) ® R)™, we obtain an isomorphism

M/M(—z) ~ (R[t]/mg)*".
Therefore, by taking global sections in the exact sequence of Op, ® R-modules
0—-M(—z) > M — M/M(—z)—0
we conclude the proof.
The argument is valid when Spec(F,[t]/I) does not have rational points,

because N is an R-free module if and only if N ® Fya is an R ® Fq-free
module. =

If (M,7;) is an I-level structure then we denote by (M(d),z;(d)) the
I-level structure over M (d) obtained from 7; by considering the natural
inclusion M C M(d). Recall that co ¢ |I].

LEmMA 3.7. If (M,t1),(M,c1) are level structures over R, where M
and M satisfy the conditions of the above proposition, then there exists a
morphism of vector bundles, h : M — M(d), such that the diagram
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M(d)

\ izj(d)
(B(R[t]/1))*"
1s commutative.

Here h is said to be a morphism between (M, ¢;) and (M(d),7;(d)).

Proof. 1If we choose a base {s1,...,s,} for H'(PL, M), then H%([) :
HO(M) — (R[t]/I)®" has the associated matrix

Ao+ Art+ -+ Agt?,

where A; are n X n-matrices with entries in R.

‘We have
d

H(Ph, M(d)) = ) H (B, ) - £
i=0
Moreover, bearing in mind that deg(l) = d + 1 we also have

HO®Y, 31(a) "L (Rl /1y,

because h°(I - M(d)) = 0. Thus, H°(h) must satisfy
HO(h) = Ag+ -4+ Ag-t4:= (H(17)) 7' - (Ag + At + - - + Agt?),

where A; are n X n-matrices with entries in R. We conclude the proof by
invoking the above proposition. =

The same arguments of Lemma 3.3 allow us to deduce that A is unique.

By Remark 1, if E is an elliptic sheaf of rank n, then Fj satisfies the
conditions of Proposition 3.6.

Let us consider the elliptic sheaves, defined over R, with I-level structures
(E, 1), (E,T100) and oo-level structures for det(E) and det(E).

LEMMA 3.8. Let h : (Eo,t01) — (Fo(d),70,1(d)) be the morphism be-
tween vector bundles with level structures given in Lemma 3.7, and let too,
Iso be level structures at oo over det(E) and det(E), respectively. Then
there exists an isogeny @ : (E,t100) — (E,l100) of degree nd with g = h
if and only if det(h) is a morphism for the level structures (det(Ep),too),
(det(Eo(d)), Too) (i-€. Too - det(h) = too), and the morphism of R[t]-modules
given by h, ha : R{T} — R{T}, satisfies

deg-(ha(1)) <n—2+nd, ..., deg-(ha(t" %)) <n —2+nd.

Proof. The direct implication is trivial.
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We prove the converse. Since h is a morphism for the I-level structures

(Eo, to,r) and (Eo(d),%0,1(d)), we have
ha(T) =T - ha(l),...,ha(7"" ) =7 - ha(r"?) € I - R{7}.
Moreover, since deg(I) = d + 1, if (7) # 0 € R{7} - I then deg;(r(7)) >
n(d + 1). Thus, by the hypothesis of the lemma we deduce that
ha(t) =T -ha(l)="---= hA(Tn_l) -7 hA(Tn_Q) = 0.

Therefore, ha(7!) =7/ - ha(rF) for j +k=iand 1 <i <n— 1.

Now, we prove the equalities
() degr(ha(1)) =nd, dego(ha(r)) =nd+1, ...,

deg-(ha(7" ™)) =nd +n — 1.

We consider the determinant elliptic sheaves det(E) and det(E) and their
7-sheaves R{Tqet} and R{T4et}, respectively. We see that

[det(ha) - Taget — Taet - det(hA)](LAT A --- ATV2 A7

is an element of R{74e} of degree < nd + 1. However, by hypothesis det(h)
is a morphism for oo-level structures for elliptic sheaves and therefore this
element is of degree < nd.

Because ha(7) = 7 - ha(ri™!) for 1 < i < n — 1, the above element of
R{T4et} is equal to

RA(T)A -~ AhA(T" Y)Y ATha -7 =T - ha)(7™ 7).

Since deg;(ha(7" 1)) <nd+n—1and ha(r?) =7 - ha(l) for 1 <i <
n — 1, we have the inequalities
deg-(ha(1)) < nd,deg:(ha(T)) <nd+1,...,deg-(ha(t" 1)) < nd+n—1.

But Fo(d)/h(Ep) is not concentrated at oo, because I, - det(h) = 1o and
Toos Loo are surjective morphisms, and hence the equalities (x) follow.
Using Remark 2, since

ha(T) A+ A hA(Tn_l) Nlha-T—T- hA](Tn_l)
is an element of R{7qe} of degree < nd, we have
deg-lha -7 —7-hal(7" ) <nd+n—1,
and we conclude that [ha -7 —7 - ha](7"71) = 0, because
[ha -7 =T -hal(7" ) e R{7} - I
and deg(I) = d+ 1. Thus, ha : R{7} — R{7} is an isogeny of degree nd. =
LEMMA 3.9. Let X = Spec(A) be a smooth, noetherian scheme of di-

mension 2n. Let Z1 + --- + Z, be an n-cycle in X such that the Z; are
different irreducible closed subschemes of dimension n in X. If the closed
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subscheme Z := Z1y U ---U Z, is given by an ideal generated by n elements
aly...,an € A, then the n-cycle Z1 + - - - + Z, is rationally equivalent to 0.

Proof. Let J be an ideal in A. We denote by Z(J) the cycle associated
in X with the closed subscheme given by J. The prime ideal in A given by
Z; is denoted by P;. Thus,

Z(PN---NP)=2Zy+ -+ Z,.

Consider the ideal (ag,...,ay) in A generated by ag, ..., a, and let Q1N
-+ N @ be a minimal primary decomposition of this ideal. If Y7,..., Y}
(k < h) are the irreducible components of the closed subscheme in X given
by (as,...,a,), then dimY; > n+1. We may assume, reordering the indices,
that Z(Ql) =Yi,..., Z(Qk) =Y.

By taking the localization with respect to F;, one obtains

(A/Q1N---NQn)p;,
which is a local ring of dimension 1 because dimY; > n + 1 for all j. From
the equality of rings
A/QiN---NQp+ (a1)=A/PN---NPF,
one obtains
(A/Q1N---NQp+ (a1))p, = (A/F)p,.

Therefore, (A/Q1 N --- N Qp)p, is principal and hence an integral domain,
and therefore there exists a unique @, (I; < k) with @;, C P;. If we denote
by Pj,..., P, the Ps with Qj CPj,...,Q; C Py, (j < k), then within
the n + 1-dimensional scheme Z(Q;) =Y;

is given by the zero locus of a1, which proves that Z; +- - -+ijj is rationally

equivalent to 0 on X. This yields the conclusion, because Z; + --- 4+ Z, =
k

S (Zy A4 2w

THEOREM 3.10. The correspondence
TP .= T(nd) + I'(Fr) « T(nd — 1) + - - - + D(Fr™ Y « T(1) + I'(Fx"™)
is trivial (= rationally equivalent to 0 as an n-cycle in €£ﬁ%l|nd X gflj%ﬂnd)'

Proof. In view of Corollary 3.5 and Lemma 3.8, this correspondence is

given by the zero locus in n regular functions in 57{0\?E”1| L X 850‘]%“ .
We are under the hypotheses of the above lemma because the projection
on the first entry, T(r) — &I TP1],q0 s an étale morphism and therefore T(r)

is smooth. Moreover, by Lemma 3.3, if 4,7 < nd and ¢ # j then
TP« T(nd — i) N T(FY) « T(nd — ) = 0. =
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3.3. Some explicit calculations. One can make explicit calculations by
using the antiequivalence between elliptic sheaves and Drinfeld modules
([Dr2], [Mu]) and by using the explicit calculation of the global sections s,
([All, Remark 3.1]), in terms of the I-torsion elements of the Drinfeld mod-
ules. For n = 1, calculations are made in [An2] and in the spirit of that work
in [Al3, Example 2, p. 21] and in [Al2, 3.2].

We begin with the following example.

EXAMPLE 3.11. Weset n =1, 1 = p(t)F,[t], p(t) = (t—a1)--- (t —ag+1)
with a; # a; for i # j and a; € Fy. Let (L, 4;,7) be the rank-1 elliptic sheaf
defined over Carlitz’s cyclotomic ring K{° = F,(f)[6], with § an element of
an algebraic closure of [F,(t) satisfying

Gpry(0) = 89 -+ 10 + p(F)5 = 0,
where ¢ is the Drinfeld module ¢y = 7 + ¢ (Remark 3 of Section 2.2).
Let us consider the Joo-level structure, t7o, for (L;,ij, 7). We have
vy Lo — K{‘x’[t]/p(t)

p(t)
t—a

too : Lo — KTt 1 /¢ 71

with 1o0(s) = 1. Here Ly = s - Op1 ® K{*, Pp(t)/(t—a;)(0) = J; and the m;
are obtained from the equality

given by t700(s) = m1dy + -t md+15d+1%> and

1 m m
R 1 + - +¢
p(t) t—a

- agy1’
We shall obtain the element of K> ® K{* whose divisor is
T(d) + I'(Fr)*T(d—1) + -+ T(Fr? )« T(1) + I'(Fr?).
Let m; and mo be the natural projections
Spec(K{® @ K1) — Spec(K1>).

The morphism h of Lemma 3.7 applied to the rank-1 line bundles with an
I-level structure, 7 (Lo, ¢r) and 75 (Lo(d),¢r), is given by

1@l p(t) dar1®1  p(t) .
+.--4+m ToS.
11®517§—Ox1 d+11®(5d+1t—ad+1

By Lemma 3.8, one must require that

h(mis) =

Taloo(R(T]8)) = T 1o (] S).
By the definition of oco-level structures,

nel da+1 ®1
++m —_—,
1® 6, d 1 ® daq1

Tatoo(R(m78)) = 11
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which is the leading coefficient of the polynomial
0 ®1 t 1) ®1 t
my 01 POy, e p(t)
1®51t—a1 1®(5d+1t—ad+1
Since t700(s) = 1, the element sought is

N ®l1 dg+1 ®1
m +tmgp —— —
1® 01 drt 1® g1

1.

ExXAMPLE 3.12. Now, we consider the easiest non-abelian case with n=2,
I = tF,[t]. Let ¢ = ac? + bo +  be a Drinfeld module of rank two defined
over the ring

B = (Fyfa, a0, 0,7, r()~")/a+b+1— 1)),

with ¢,(1) =0, I'" — I' # 0 and ¢(I") = 0. Here r(t) is the product of the
monic polynomials of degree less than or equal to 2. Let (Mj,i;,7) be the
rank-2 elliptic sheaf associated with ¢, and let t;5, be an Ioo-level structure
for (Mj,i;,7) given by

ur s Mo — (B[] /)% =~ (B3>)®?
with t700(s) = (1, ') and t70(78) = (1, 1'?). Recall that
My =s-(Op ® Bi*®) @ 75 (Op @ B®).
The oo-level structure
loo : Det(Mpy) — Bi®[t1]/t71
is given by too(s A Ts) = a.
Let m; and 7o be the natural projections
Spec(BL*® @ BE*) — Spec(BL>®).
The morphism h of Lemma 3.7 applied to the rank-2 vector bundles with

an I-level structure, 7j(Mo, ¢r) and 75 (Mo, ) (here d = 0), is given by the
matrix product

—1
b 1 1 1 1
" \ler 1ere I'el Il

By Lemma 3.8, one must require that deg(ha(1)) = 0, where
ha: By ® By*{r} — B;® ® By>{r}

is the restriction of h to P!\ {oo}. By considering the second entry of D((l)),
this condition is

s =1l -1IN Y r'el—-1T)=0.
We must now impose that

Taloo(det(h) (T (s A Ts))) = T tioo(T] (s A TS)).
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Since to(s A TS) = a, we have
Taloo(det(h) (7] (s A Ts))) = Det(D) - (1 ® a),
and
T loo(T](SATS)) =a® 1.
Thus we obtain the element
sk =M1 -INI1-I)"1"—awadl.

The final result is that the diagonal subscheme of Spec(B4>® ® B1>) is
the zero locus of the ideal generated by * and sx.

4. The additive case: n = 2 (annihilators for cusp forms of
weight 2). In this section, we shall follow the notation set out in the in-
troduction. The set of cusps is (o) \ £(Icc). We denote by C°(Ioo) the
divisor class group on &(Ioo) whose support lies among the cusps. As in the
introduction we follow the notation and results of [GR]. For the definition
and study of cusp forms, the readers are referred to the works of Gekeler,
Goss or the Habilitationsschrift of Gebhard Bdockle.

We now prove a lemma which is the counterpart for n = 2 for Stick-
elberger’s theorem. For n = 1 this is a result of Anderson and Coleman

([Anl], [C]).

LEMMA 4.1. The correspondence T'(2d) +T(2d—1)+---+T(1) + I'(Id)
annihilates the group Pic(E(1o0)).

Proof. This lemma is proved by using Theorem 6.1 below, and the fact
that the divisor group, D°(€(I00)), of the affine curve £(Ioco) defined over
K7° is a subgroup of the group of Weil divisors of 5217]’]%1'%. Recall that 5217‘?[?,,1'2(1
is a smooth variety of dimension 2. =

Note that the Hecke correspondences operate on the cusps. Thus, the
above correspondence gives a group endomorphism C°(Ioo) — C%(Ioc). We
denote by Sa(d), Sa(d) and S4(d) the group endomorphisms given by

T(2d)+T(2d—-1)+---+T(1)+ I'(1d)
on the groups Pic?(£(I0)), Pic(£(Ioc)) and CO(Ioo), respectively.
Let us consider j*, the pull back of the line bundles over £(Ioo) by the
natural inclusion ~
Jj:E€Uoo) — E(Ic0).
We assume that B
§* : Pic®(E(Io0)) — Pic(£(I0))
is surjective, which is the case, for example, if among the cusp points &(Ioo)\

E(Io0) there exists a rational point over K7°. If this does not occur then it
suffices to replace Pic(€(Ioc)) by Pic®(£(I0)).
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LEMMA 4.2. If Pic(E(I00)) is an infinite group, then Ker(Sa(d)) is also
infinite.

Proof. 1If Coker(S) is not finite then the proof is finished, since C°(Io0)
is a finitely generated group. Thus, we can assume that Ker(S5(d)) and
Coker(S)(d)) are finite groups.

From the serpent lemma applied to the commutative diagram

5%

0 — C%(Ioo) —= Pic®(E(I0)) —— Pic(£(Io0)) — 0
(d

o0&
J(Sé(d) J{sz\ ) J/S2(d)
0g "

0 — C%(IToo) — Pic?(&(Io0)) —— Pic(E(Io0)) — 0
one obtains an exact sequence
Ker(S}(d)) — Ker(Sa(d)) — Pic(E(Ioc)) > Coker(S}(d)).

This completes the proof since Ker(S5(d)) and Coker(S5(d)) are finite groups
and by hypothesis, Pic(€(/o0)) is infinite. =

THEOREM 4.3. If the group Pic(E(lo0)) is infinite, then there exists a
cusp form of weight 2 (and type 1) for I'ioo that is annihilated by T'(2d) +
T2d—-1)+---+T(1)+1d.

Proof. We denote by J the Jacobian of the curve £(Ioo) over K?°. Thus,
the correspondence Sy(d) gives an endomorphism of this Jacobian. By the
last lemma, this endomorphism cannot be an isogeny. Accordingly, the mor-
phism induced on the tangent space T¢(J) of J at the zero element,

So(d) : To(J) = To(J),

is not injective. This yields the assertion because T¢(J) is the dual of the

space of 1-holomorphic differential forms, H°(E(Ico), Q%( 10o)/ KOO)’ and the
o)/ A

space of cusp forms of weight 2 (and type 1) is identified with

HO(MFIooWQlMFI /C) = HO(E(IOO),Q% ®K}’° C.u

(Io0)/K° )

5. Ideal class group annihilators for cyclotomic function fields.
We consider 51[7C|>]?Dl|nd = Spec(B{®). The construction of B{* is detailed in
Section 2.2, Remark 3, and is essentially as follows:

Let ((Lj,ij,7), tIso) be an element of Sﬁ]‘ﬁl‘nd. To construct B>, we can
fix a global section s of Ly such that ¢t -s = A - s+ 7s and to(s) = 1.
Hence, Spec(B{®°) represents the pairs (¢,¢s), with ¢ a rank 1-normalized
Drinfeld module and ¢; an I-level structure for ¢. B{*® is considered in
[Anl] and [C] and is obtained from the I-torsion elements of a normalized

Drinfeld module. The “zero” morphism £/ Pilna Spec(IF[t]) gives a Galois
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extension K7°/F,(t) with group (F,[t]/I)*. We denote by Y° the proper
smooth curve associated with 511 TI?’1| v
We consider the Hecke correspondence

T(Ji,- 5 dn) CES,

Ioo
lna = €n,|P1]na’

which is of degree d(.Ji,...,J,) over the second component. Let J be the
product of ideals

T(J) denotes the Hecke correspondence on 81 Pl given by J.

There exist actions, T'(Ji, ..., Jp)* and T'(J)*, of these correspondences
on the functors Pic(€! NN ,) and Pic’(Y7°), respectively. These functors are
defined over the category of Fy-schemes. Recall that the projections

1,79 :T(Jl,...,J ) SI|IP1|nd
are étale. In this way it is possible to define T'(Jy,..., Jy)* = (T2)« - 7]

REMARK 4. Consider the morphism det : 5 . Then

Brla — LB e
T(J1,. .., Jn) det*[D] = d(J1, . .., Jn)det*T(J)*[D],

where [D] is the class of a divisor D on 51 TI?HI p

The above equality is proved bearing in mind the projection formula for
the rational equivalence of cycles; that 7o is an étale morphism of degree
d(Ji,...,Jy); and that given e := (E, 1150) € EL* we have

To[T(J1, ..., Jn) N (det ™ (det(e)) x £, )] = det™ (T(J)* det(e)),
T(Jy, -5 Jn) O (det™ (det(e)) x E155, ) =5 ' [det™ (T(J)* det(e))].

LEMMA 5.1. The correspondence
nd—1i

Dy =3 I(F) « [ S ( 3 d(Jl,...,Jn))T(J)]
=0

JCF,t] J1CCn
J+I=Fy[t],deg(J)=i [li—y Je=J

is trivial on Y7° X Y7° up to vertical and horizontal correspondences.

Proof. It suffices to consider a curve Z — 57{7??1' . such that the mor-
phism composition

det

9:Z = E3a — E1 B

is not constant. By the above remark, (det)* - (D})* = (T7")* - (det)*. Since
T} is rationally equivalent to zero, (g)«(g)* - (D7})* is trivial on Y° x Y up
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to vertical and horizontal correspondences, but by the projection formula,

(9)«(9)" - (D7)* = m - Dy

with some m € N. This yields the assertion, since the ring of correspon-
dences, modulo horizontal and vertical ones, is without Z-torsion. =

We consider J = ¢(t)F,[t] with ¢(¢) monic. Then T'(J) is given by the

graph, I'(q(t)) of the automorphism of 511 T]gll , Obtained from the action of

q(t) € (Fy[t]/1)*. Recall that to obtain B{° we have fixed a global section s
of Lo such that t-s = A-s+7s, and too(s) = 1. In this way, T'(J) = I'(¢(t)).
By Section 2.3, if we set J; = ¢;(t)F,[t], then

pa(t),n) = Y d(J,..,dn)
HZ:le:J

is the number of submodules N C F[¢]*™ such that
Fo[t]*" /N = Fyt]/a1(t) & - - @ Fy[t]/qn(t),

with the product of the invariant factors ¢;(¢) - - - ¢-(t) equal to ¢(t). There-
fore, if we consider p(t)F,[t] = I, then the following corollary can be deduced
from the Euler product of Theorem 2.7 and Anderson and Coleman’s results

([Ant], [C]).

COROLLARY 5.2. The correspondence

5 rE (Y ela(t),n) - I(a(t)))|
i=0 monic q(t)EFq[t]

(p(2),q(t))=1, deg(q(t))=i

is trivial on Y7° X Y7° up to vertical and horizontal correspondences.

EXAMPLE 5.3. We can check this result for n = 2 and p(t) = t(t — 1).
Let Kf@_l)/Fq(t) be the Galois extension of group (F[t]/t(t —1))*.
One has
plt—a,2) =q+1, p((t—a)(t—P),2) =¢" +2q+1,
p(t—a)’,2)=¢"+q+1,  ot*+at+b2)=¢"+1

with t? +at+b € Fy[t] an irreducible polynomial and «, 3 € F, o # 3. Thus

2

(= D [rEE > #(a(t),2) - T(a(1))) |

i=0 monic q(t)€F[t]
(t(t-1), (1)) =1, degq(t))=i
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is
I(F?) +(q+1) Y I(Fr)« Lt —a)
a#0,1
+(+20+1) > T((t—a)(t—p))
{Q,B}CF(]
«a,3#0,1
a#p

+(@+q+1) ) I((t—aw)?)
a7#0,1

+(¢* +1) > I(t* + at 4 b),
a,bel,
t24at+birreducible

and grouping terms, we have

I'(Fr) * [F(Fr) + Y I - a)]

a#£0,1

—}—q[z F(t—a)] * [F(Fr)+ 3 F(t—a)}

a#0,1 a#0,1

+ (q2+1)[ Y I(t-a)t-8)+ > F((t—a)2)+ZF(t2+at+b)].
{a7ﬂ}CFq 01750,1
Oé,,67£071
o
Now, bearing in mind that the last summand is

@+1) > I,
9&(Fq[t]/t(t=1))*
which is a trivial correspondence, we conclude that (x) is also trivial because
the correspondence

rEy+ Y TIt-oa

a€Fy\{0,1}

is trivial on Ky 1) @ Ky 4, (see [C)).

6. The above results without oo-level structures. With minor
changes in the above results one can obtain similar results but over the
modular varieties S,{. The results obtained match, for n = 1, the classical
Stickelberger theorem over Z (see [Anl], [C], [Grl] and [Gr2]).

To obtain these results it suffices to replace in Lemma 3.8 the condition
imposed on h to be a morphism of oco-level structures, by the condition

deg-(ha(t") =T - ha(t"™ ) <n—1+nd.
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And now in Corollary 3.5 one allows pairs, [(E,¢t), (E,7s)], given by an

isogeny for I-level structures, @ : (E, i) — (&,7r), such that oo can be in
supp(E£/®(FE)). Thus, one obtains:

THEOREM 6.1. The correspondence
T(nd) + [[(Fr)+I(Id)] * T(nd — 1) + -+ + [D(F"H) + - 0 (Id)] * T(1)
+ [C(Fr"™) + D (Fr"=Y) . 4 T(Fr) + I(1d)]
is trivial (= rationally equivalent to 0 as an n-cycle) in ETIL"Pﬂnd X SYIL,IIP’l\nd'
From the last theorem one has, for n = 2:

LEMMA 6.2. The correspondence
T(2d)+2T(2d—1)+---+2dT(1) + (2d + 1)I'(1d)
annihilates the group Pic(E(I)).

THEOREM 6.3. If the group Pic(E(1)) is infinite, then there exists a cusp
form of weight 2 (and type 1) for I'r that is annihilated by

T(2d) +2T(2d — 1) 4 - -- + 2dT(1) + (2d + 1)I'(Id).
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