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1. Introduction. For an integer x > 1, we denote by P(z) and w(x)
the greatest prime factor of x and the number of distinct prime divisors of z,
respectively. Further, we put P(1) = 1 and w(1) = 0. Let p; be the ith prime
number. Let £k > 4,t >k —2 and 7y; < --- < be integers with 0 < v; < k
for 1 <i <t Thust € {kk—1,k—2}, 7w >k—3and v; =i —1 for
1<i<tift =k Weput ¢ =Fk—t. Let b be a positive squarefree integer
and we shall assume, unless otherwise specified, that P(b) < k. We consider
the equation

(1.1) A= An,d, k) = (n+md) - (n+ nd) = by?

in positive integers n,d, k,b,y,t. It has been proved (see [SaSh03] and
[MuSh04]) that (1.1) with ¢» = 1, k > 9, d 1 n, P(b) < k and w(d) = 1
does not hold. Further, it has been shown in [TSHO06] that the assertion
continues to be valid for 6 < k < 8 provided b = 1. We show

THEOREM 1. Let ¢ =1,k > 7 and d{n. Then (1.1) with w(d) = 1 does
not hold.

Thus the assumption P(b) < k and k£ > 9 (in [SaSh03] and [MuSh04])
has been relaxed to P(b) < k and k > 7, respectively, in Theorem 1. As an
immediate consequence of Theorem 1, we see that (1.1) with ¢» =0,k > 7,
d{n, P(b) < priy+1 and w(d) = 1 is not possible. If k > 11, we relax the
assumption P(b) < pr(k)+1 t0 P(b) < pr)42 in the next result.
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THEOREM 2. Let ¢ =0, k > 11 and d { n. Assume that P(b) < pr(x)42-
Then (1.1) with w(d) =1 does not hold.

For related results on (1.1), we refer to [LaSh08].

2. Notations and preliminaries. We assume (1.1) with ged(n,d) =1
in this section. Then we have

(2.1) n+ v;d= a%.a:%i for1<i<t
with a,, squarefree such that P(a,,) < max(k—1, P(b)). Thus (1.1) with b as
the squarefree part of a,, - - - a,, is determined by the t-tuple (a,, ..., a,).

Further, we write
bi = ay;,  Yi =Ty,
Since ged(n,d) = 1, we see from (2.1) that
(2.2) (bi,d) = (yi,d) =1 for 1 <i<t.
Let
R:{billg’igt}.
LeEMMA 2.1 ([LaShO08]). Equation (1.1) with w(d) =1 and k > 9 implies
that t — |R| < 1.
LEMMA 2.2. Let ¢p = 0, k > 4 and d 1 n. Then (1.1) with w(d) = 1
implies (n,d, k,b) = (75,23,4,6).
This is proved in [SaSh03] and [MuShO03] unless £ = 5, P(b) = 5, and
then it is a particular case of a result of Tengely [Sz08].

LEMMA 2.3 ([SaSh03, Theorem 4] and [MuSh04]). Lety =1, k> 9 and
dtn. Assume that P(b) < k. Then (1.1) with w(d) =1 does not hold.

LEMMA 2.4 ([LaShO8]). Let ¢ = 2, k > 15 and d { n. Then (1.1) with
w(d) =1 does not hold.

LEMMA 2.5. Let =1, k=7 and d { n. Assume that (1.1) holds. Then
(ag,ai,...,as) is different from the following tuples and their mirror images:

(1,2,3,%,5,6,7),(2,1,6,%,10,3,14), (2,1, 14, 3, 10, *, 6),
(%,3,1,5,6,7,2),(3,1,5,6,7,2,%),(3,%,5,6,7,2,1),
(2.3) (1,5,6,7,2, 10), (+,5,6,7,2,1,10), (5,6, 7,2, 1, 10, %),
(6,7,2,1,10,%,3),(10,3,14,1,2,5, %),
(+,10,3,14,1,2,5), (5,2, 1, 14, 3,10, %), (+,5,2, 1, 14, 3, 10).
Further, (ai,...,a¢) is different from (1,2,3,%,5,6), (2,1,6,%,10,3) and
their mirror images.

The proof of Lemma 2.5 is given in Section 3.
The following result is contained in [BBGHO06, Lemma 4.1].
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LEMMA 2.6. There are no coprime positive integers n',d’ satisfying the
diophantine equations

H(o, 1,2,3) =by®,  be{l1,2,3,515},
[100.1,3,4) =by*,  be{1,2,3,6,30},

where [](0,4,7,0) =n'(n' +id")(n' + jd")(n' + 1d').
LEMMA 2.7. Equation (1.1) with ¢ =1, k = 7 is not possible if

(i) a1 = a4 =1, ag = 6 and either a3 = 3 or ag = 2,

) a1 = ag =1 and at least two of ag =2, ag = 6, a5 =5 hold,
) ap = ag = 2, a5 = 3 and either ag =6 or ay = 1,

v) ap = as =1 and at least two of ay =5, as = 6, ag = 2 hold,
) a3 =ag =1, a3 =6 and az = 5,

) ap =a4 =1, a3 =3 and ag = 2,

(vil) ap = a5 =1 and at least two of a1 = 2, a3 = 6, ag = 3 hold.

Proof. The proof of Lemma 2.7 uses MAGMA to compute integral points
on quartic curves. For this we first make a quartic curve and find an integral
point on it. Then we compute all integral points on the curve by using the
MAGMA command IntegralQuarticPoints and we exclude them.

We illustrate this with an example. Consider (ii). Then from z2 — 2% =
n+ 6d — (n+d) = 5d and ged(zg — x1, 26 + 1) = 1, we get either

(2.4) Tg — 1 = 9, 6 +x1=d
or
(2.5) g —x1 = 1, T + x1 = 5d.

Assume (2.4). Then d = 2z + 5. This with n + d = 2 gives

203 =n+2d=n+d+d=a+221 +5=(r; +1)> +4 if ap = 2,

622 =n+4d=n+d+3d=2246x; +15= (z1+3)>+6 if ay =6,

5x2=n+bd=n+d+4d =23 +8x1 +20 = (x1 +4)>  +4 ifaz = 5.
When ay = 2, ag = 6, by putting X = 21+ 1, Y = 6xsz4, we get the quartic
curve Y2 = 3(X2+4)((X +2)? +6) = 3X* + 12X3 + 42X? + 48X + 120 in
positive integers X and Y with X = x; + 1 > 2. Observing that (X,Y) =
(1,15) is an integral point on this curve, we find by using the MAGMA
command

IntegralQuarticPoints([3, 12,42, 48,120}, [1, 15]);

that all integral points on the curve are given by

(X,Y) € {(1,+£15), (—2, £12), (—14, £300), (—29, +1365)}.
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Since none of the points (X,Y") satisfy X > 2, we exclude the case as = 2,
a4 = 6. Further, when ay = 2, a5 = 5, by putting X = z1 4+ 1 and Y =
10x975, we get the curve Y2 = 10(X2 +4)((X +3)2 +4) = 10X* + 60X3 +
170X2 + 240X + 520 on which (X,Y) = (—1,20) is an integral point. It
follows by MAGMA that all the integral points on the curve satisfy X <1,
and also this case is excluded. When a4 = 6, a5 = 5, by putting X =2, +3
and Y = 30m475, we get the curve Y2 = 30(X? + 6)((X + 1)2 +4) =
30X%4+60X3+330X?+ 360X + 900 on which (X,Y) = (0,30) is an integral
point. It follows by MAGMA that all the integral points on the curve other
than (X,Y) = (11,500) satisfy X < 1. Since X > 1, 30|Y and 30 t 500,
also this case is excluded. When (2.5) holds, we get 5d = 21 + 1, and this
with n + d = 22 implies

2(5x2)? = 25(n + d) + 25d=2523 + 10z + 5= (51 + 1)* + 4 if ap=2,
6(5x4)% = 25(n + d) + 75d =257 4+ 30z1 + 15= (521 +3)> +6  if ay=6,
5(5x5)% = 25(n + d) + 100d =257 + 401 + 20=(5zy +4)? +4  if a5=5.

As in the case (2.4), these give rise to the same quartic curves Y2 = 3X* +
12X3 +42X2 +48X +120; Y2 = 10X* +60X3 + 170X 2 4+ 240X + 520; and
Y? = 30X* +60X3 4 330X2 + 360X + 900 when ay = 2, a3 = 6; ay = 2,
as = 5; and aq4 = 6, a5 = 5, respectively. This is not possible.

Similarly all the other cases are excluded. In case (iii), we have n = 223
and obtain either d = 2xy + 3 or 3d = 2xg + 1. Then we use 2aiazz2 =
2(n +id) = (220)? + 2i(2x0 + 3) = (2w + )% + 6i — i? if d = 229 + 3 and
2a;(3z;)? = 18(n + id) = (6x0)® + 6i(22¢ + 1) = (6w + i)® + 6i — 2 if
3d = 2xp + 1 to get quartic equations. In case (vi), we obtain the quartic
equation Y2 = 6 X%+ 36X3 4+ 108X — 54 = 6(X* +6X° + 18X —9). For any
integral point (X,Y) on this curve, we obtain 3 | (X*+6X3+18X —9), giving
3| X. Then ords(X*+6X3+18X —9) = 2, giving ord3(Y?) = ord3(6)+2 = 3,
a contradiction. m

3. Proof of Lemma 2.5. For the proof of Lemma 2.5, we use the
so-called elliptic Chabauty method (see [NB02], [NB03]). Bruin’s routines
related to the elliptic Chabauty method are contained in [MAGMA], so here
we indicate the main steps only, and a MAGMA routine which can be used
to verify the computations is available from the third author.

First consider the tuple (6,7,2,1,10,%,3). Using the equalities n =
—2(n+3d)+3(n+2d) = —22% + 623 and d = (n+3d) — (n+2d) = 2% — 223
we obtain the following system of equations:

—x3 + 323 = 32, 22 — 22 =523

—x3 + 423 =72}, 423 — 623 = 323
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The first equation implies that z3 is divisible by 3, that is, there exists a
z € 7 such that x3 = 3z. By standard factorization argument we get

(V32 4 29) (32 + 22)(122% — 222) = 600,

where § € {£2+ /3,410 + 5v/3}. Thus putting X = z/x5 it is sufficient to
find all points (X,Y") on the curves

(3.1) Cs: 0(V3X+1)(3X +1)(12X%2-2) =Y?,
for which X € Q and Y € Q(v/3). For all possible values of § the point
(X,Y) = (—1/3,0) is on the curves, therefore we can transform them to

elliptic curves. We note that X = z/x9 = —1/3 does not yield appropriate
arithmetic progressions.

I. § = 2+ +/3. In this case C,, /3 is isomorphic to the elliptic curve

Ey, 50 v =2+ (V3 —1)a?+ (6V3 -9z + (11V3 — 19).
Using MAGMA, we find that the rank of E, sz is 0 and the only point on
Cy, 5 for which X € Qis (X,Y) = (-1/3,0).

II. 6 = —2 ++/3. Applying elliptic Chabauty with p = 7, we deduce that
z/xe € {—1/2,—-1/3,-33/74,0}. Among these values, z/zy = —1/2 gives
n==6,d=1.

III. 6 = 10 + 5v/3. Applying again elliptic Chabauty with p = 23 shows
that z/x9 € {1/2,—1/3}. Here z/x9 = 1/2 corresponds to n = 6, d = 1.

IV. § = —10 + 5v/3. The elliptic curve E_ 9,53 1s of rank 0 and the
only point on C_,, 5 5 for which X € Q is (X,Y) = (-1/3,0).

We have proved that there is no arithmetic progression with (ag,as, ...

a6) =(6,7,2,1,10,%,3) and d { n.

Now consider the tuple (1,5,6,7,2,x%,10). The system of equations we

use is

x2 — 322 = —2(x0/2)?, 4ad + 323 = Tx3,

x% + Zx% = 3x§, 393% + :c% = xi.
We factor the first equation over Q(v/3) and the fourth over Q(y/—3). We
obtain

x6+V3x =60, \/_733;6—1% = o],
where

6 € {+1+V3,+£1 — V3,45 +3V3,£5 — 3V3},
g € {£1, (£1 +v=3)/2, (£1 — vV/=3)/2}.

The curves for which we apply the elliptic Chabauty method are
Cs: 30(X+V3)(V-3X+1)(X*+2) =Y,
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defined over Q(a), where a* 436 = 0. It turns out that there is no arithmetic
progression with (ag,a1,...,as) = (1,5,6,7,2,%,10) and d 1 n.
We now make some observations. If

(3.2) u(n +id) + v(n + jd) = w(n + 1d)
holds with 0 <+, 7,1 < k — 1 and integers u, v, w, then

u+v=w and wu+vj=wl.

Therefore
un+ (k—=1—1d)d) +v(n+(k—1-j)d) =wn+ (k—1-1)d)
holds, and vice versa. Therefore any tuple (ag, a1, ..., ag) and its mirror tuple
(ag,...,a1,a0) give rise to the same set of equations. Hence it suffices to
exclude any one of them. Also it suffices to exclude any one of (x,az, ..., ag)
and (ag,ai,...,as,*).
Further, if we define a} = a;/2 if a; is even and a} = 2q; if a; is odd, then

ah,al,....ar) and (ag, a1, ...,ag) give rise to the same set of equations. Let
( 0> “1>» ) Y6 ) ) ’ g q

i, 7,1 satisfy (3.2). If n +id = ai:c?, n+jd = ajzz:?, n+ld = alx% is the one
given by (ao,a,...,as), and n +id = alz?, n + jd = a;-x;?, n+ld = ajz?
the one given by (aj,a},...,a;), then from (3.2) we get

g Y 0 %1 »y Y6/ g

(3.3) ua; 3 + vajx? = wayr;

and

(3.4) ua;x? + va;-x;? = U}CLEJ/‘EQ,

respectively. Since 2alz? = a;y? for some y;, multiplying (3.4) by 2, we
obtain an equation exactly similar to (3.3). Hence if we exclude one of
(af,al,...,a5) or (ap,a1,...,as), the other tuple is excluded.

In view of the above observations and since (ag, a1, .. .,a6) = (1,2, 3, *,5,
6,7) is excluded if (a1, ag,...,a6) = (1,2,3,%,5,6) is excluded, it suffices to
consider the tuples

(ag,a1,...,a6) € {(*,3,1,5,6,7,2),(3,%,5,6,7,2,1),(1,5,6,7,2,*,10),
(%,5,6,7,2,1,10),(6,7,2,1,10,%,3), (x,1,2,3,%,5,6) }.
Already the tuples (ag,a1,...,a6) € {(1,5,6,7,2,%,10),(6,7,2,1,10,%,3)}

are excluded. In the table below, we indicate the relevant quartic polynomi-
als for the remaining tuples:

Tuple Polynomial

(1,2,3,%,5,6) 2041(X +vV—1)(X +3V/-1)(5X? - 3)
(%,3,1,5,6,7,2)  Sa2(X +vV—1)(2X +vV/—1)(5X2 - 1)
(3,%,5,6,7,2,1)  5643(2X + 3v/—1)(X + v/—1)(12X% - 3)
(%,5,6,7,2,1,10)  daa(X +vV—2)(2vV—2X +1)(3X2% 4+ 1)
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4. Proof of Theorem 1. Suppose that the assumptions of Theorem 1
are satisfied and assume (1.1) with w(d) = 1. Let k¥ > 9. By Lemma 2.3,
we may suppose that P(b) = k, implying k is a prime. After deleting the
term divisible by k on the left hand side of (1.1) and using Lemma 2.4,
the assertion for k > 15 follows. Thus it suffices to prove the assertion for
ke {7,8,11,13} with P(b) < k for k € {7,8} and P(b) = k for k € {11,13}.
Therefore we always restrict to k& € {7,8,11,13} and P(b) < k for k €
{7,8} and P(b) = k for k € {11,13}. In view of Lemma 2.1, we arrive at a
contradiction by showing ¢t — |R| > 2 when k € {11,13}. Further, Lemma
2.1 also implies that p 1 d for p < k whenever k € {11, 13}.

For a prime p < k and p { d, let 4, be such that 0 < i, < p and p|n+iyd.
For any subset Z C [0,k) N Z and primes p;, po with p; < k and p; 1 d,

1 =1,2, we define
ter () - (52))
P P2 ’
@:{z’ez; (i_im> # <i_i”2)}.
P p2

) we see that either

v

ﬁ
p p

o (3)(;

or

) )
(4.2) (“) <ZQ> for all i € 7y and ( > ( ) for all i € T.
= ( ) =

We define (M 71,Z) in the case (4.1) and (M, B) = (Z2,Z;) in the
case (4.2). We erte (T1,To, M, B) = (TF, I8, M*, B¥) when T = [0,k) N Z.
Then for any Z C [0, k) N Z, we have

I, CIf, IT,CI;, McMF, BCB

Then from

forallt€Z; and ( )_(a for all 7 € I,
p

and
(4.3) M| > |MF| = (k= |Z)),  |B| = B*| - (k- |Z)).
By taking m = n + vd and 7, = vy — Yi—i+1, we rewrite (1.1) as
(4.4) (m = a1d) -+ (m = ~;d) = by,
The equation (4.4) is called the mirror image of (1.1). The corresponding
t-tuple (a,,...,ay) is called the mirror image of (ay,,...,ay,).

4.1. The case k =7, 8. We may assume that k = 7 since the case k = 8
follows from that of k = 7.

In this subsection, we take d € {2%, p®, 2p®} where p is any odd prime
and « is a positive integer. In fact, we prove
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LEMMA 4.1. Lettp =1,k =7 andd{n. Then (1.1) with d € {2%, p®, 2p*}
does not hold.

First we check that (1.1) does not hold for d < 23 and n + 5d < 324.
Thus we assume that either d > 23 or n + 5d > 324. Hence n + ¢d > 241,
since n > 208 if d < 23. Then (1.1) with ¢ = 0, ¥ > 4 and w(d) = 1 has
no solution by Lemma 2.2. Let d = 2 or d = 4. Suppose a; = a; with i > j.
Then z; — x; = r; and x; + x; = 72 with 7,72 even and ged(ry,72) = 2.
Now from a;z? = n + id > 24i > 4%, we get

ai(xi + x;) (ajz?)'/? + (ajuzrjz)l/2 %+2j _

> > >,

2 - 2 2~

a contradiction. Therefore a; # a; whenever i # j, giving |R| = k — 1. But
[{a; : P(a;) <5}| <4, implying |R| < 441 < k—1, a contradiction. Let 8 | d.
From (2.1), we get (%) = ("g’d) = (%), implying a;’s belong each to exactly
one distinct residue class modulo 8. Therefore |{a; : P(a;) < 5}| < 1, which
together with [{j : a; = a;}| < 2 for a; € R implies |{i : P(a;) < 5}| < 2.
This is a contradiction since |{i : P(a;) <5} > 7—2=15. Thus d # 2%. Let
t—|R| > 2. Then we observe from [LaSh07, Corollary 3.10] that dy = d < 24
and n 4 5d < 324. This is not possible.

Therefore t — |R| < 1, implying |R| > k —2 = 5. If 7|d, then we get
a contradiction since 7 t a; for any i and [{a; : P(a;) < 5}| < 4, implying
|IR| <4 < k—2.1f 3|d or 5|d, then we also obtain a contradiction since
{a; : P(a;) <5} <2, implying |R| <2+1<k—2.

Thus ged(p,d) = 1 for each prime p < 7. Therefore 5|n + isd and
7|n+i7d with 0 < i5 < 5 and 0 < iy < 7. By taking the mirror image (4.4)
of (1.1), we may suppose that 0 < i7 < 3.

Let pr =5, p2 =7 and T = {v1,...,7%}. We observe that P(a;) < 3 for
i € MUB. Since (2) # (2) but (2) = (2), we observe that a; € {2,6}
whenever ¢ € M and a; € {1,3} whenever ¢ € B.

We now define four sets

Tk :{i20§i<k,<i_im>:(i_im): ’
o P1 D2
k . . 1= Up, i —
I__:{’L:OSZ<I€,( >:<
P
I‘i‘—:{zO§Z<k,<Z_Zpl>:1’(Z_2pz>:_1}’
gl P2
Iﬁ+={i:ogi<k,<“%>:_1,<z—%):1}
p1 P2

andlet 7,y =7¢ . NZT,7__=1F_NZI,7,_=7¢_NI,I_,=T1F NI
We observe that 7y =7, UZ__ and Zo =Z4_UZ_. Since a; € {1,2,3,6}

i—j>
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for i € 7y UZy and (%) (l l") (%), e obtain four possibilities III,IIT
and IV according as (g) = (7) =1; (g) ( ) = (g) =1, (%l) = -1
(g) = -1, (%l) = 1, respectively.

{a;:i€Ziy} Hai:i€Z__} H{ai:i€Zi-} {ai:ie€Z_4}

I {1} (3} {6} {2}
11 {3} {1} {2} {6}
1 {2} {6} {3} {1}
v {6} {2} {1} {3}

In case I, we have (%) = (z_p“’) for p € {5, 7}, which together with (%) =1
for a; € {1,6}, (%) = —1for a; € {2,3}, (%) =1 for q; € {1,2} and (%)
= —1for a; € {3, 6} implies the assertion. The assertion for cases I1, I1] and
IV follows similarly. For simplicity, we write A7 = (ag, a1, az, as, a4, as, ag).

For each possibility 0 < i5 < 5 and 0 < iy < 3, we compute Ik+,
ZF_,I% | TF, and restrict to those pairs (is,i7) for which max(|Z}|, |Z5|)
< 4. Then we check for the possibilities I, II,III or IV.

Suppose d = 2p®. Then b; € {1,3} whenever P(b;) < 3. If i5 # 0,1,
then |R| < 2+2 =4, giving t — |R| > 7—1—4 = 2, a contradiction. Thus
i5 € {0,1}. Further, M = { and a; € {1,3} for i € B. Therefore either
IZF| < 1 or |ZF| < 2. We find that this is the case only when (i5,i7) €
{(0,1),(1,2)}. Let (is,i7) = (0,1). We get ZF, = ZF_ =0, IF _ = {4,6}
and ZF | = {2,3}. It suffices to consider cases III and IV, since b; € {1,3}
whenever P(b;) < 3. Suppose III holds. Then by reducing modulo 3, we
obtain 4 ¢ Z, ag = 3 and ay = ag = 1. By reducing modulo 3 again, we
get a1 ¢ {1,7,3} which is not possible since 5 { a;. Suppose IV holds. Then
by reducing modulo 3, we obtain 2 ¢ 7, ay = ag = 1 and ag = 3. We now
get a; € {1,7} and as t — |R| < 1, we get a; = 7. This is not possible since
—1= (1) = ((1_0)5&) = 1. Similarly (i5,i7) = (1,2) is excluded. Hence
d = p® from now on.

Let (i5,i7) = (0,0). We obtain Z% | = {1,4}, Z% _ = {3}, Z% _ = {6} and
IEJF = {2}. We may assume that 1 € Z, as otherwise P(a2aszasazas) < 5
and this is excluded by Lemma 2.2 with k& = 5. Further, i ¢ 7 for exactly
one of ¢ € {2, 3,4}, as otherwise P(ajazasas) < 3 and this is not possible by
Lemma 2.2 with k = 4 since d > 23. Consider the possibilities I1 and IV.
By reducing modulo 3, we obtain 2 ¢ Z, 3|ajas and asag = 2. This is not

possible modulo 3 since —1 = (“33%) = (w) = 1, a contradiction.
Suppose I holds. Then a; =1 and ag = 6. If 4 € Z, then a1 = a4 = 1 and
at least one of ag = 3,a2 = 2 holds, which is excluded by Lemma 2.7(i).
Assume that 4 ¢ Z. Then a1 = 1, ay = 2, a3 = 3, ag = 6, giving a5 = 5

by reducing modulo 2 and 3. Thus we have (a1, ...,as5,a¢) = (1,2,3,%,5,6).
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This is not possible by Lemma 2.5. Suppose 11 holds. Then 4 ¢ 7, ay = 2,
as =1, a3 = 6, ag = 3, giving a5 = 10 by reducing modulo 2 and 3. Thus
(a1,...,a5,a6) = (2,1,6,%,10,3) which is also excluded by Lemma 2.5.

Let (is,i7) = (0,1). We obtain ZF, = IF_ = @, IF _ = {4,6} and
b + = {2,3}. The possibility I is excluded by parity and modulo 3. The
possibility I implies that 3 ¢ Z, a4y = ag = 2 and ay = 3. This is not
possible modulo 3. Suppose IIT holds. Then as = ag = 1 and either 4 ¢ 7,
ag =3 or 6 ¢ Z,ay = 3. By reducing modulo 3, we obtain 4 ¢ 7, as = 3 and
(%) = (%) = 1. This gives a5 € {1,10}, which together with ¢t — |R| < 1
implies a5 = 10. But this is not possible by Lemma 2.6 with n’ = n + 2d,
d = d and (i,7,1) = (1,3,4). Hence III is excluded. Suppose IV holds.
Then agy = ag = 1 and 2 ¢ Z,a3 = 3 by reducing modulo 3. By reducting
modulo 3, we get a5 € {2,5} and we may take a; = 5, as otherwise we
get a contradiction from d > 23 and Lemma 2.2 with k& = 4 applied to
(n+ 3d)(n + 4d)(n 4+ 5d)(n + 6d). This is again not possible by Lemma 2.6
with n’ =n+3d,d = d and (i,75,1) = (1,2, 3).

Let (i5,i7) = (0,3). We obtain Z% | = {4}, 7% _ = {2}, TF _ = {1,6} and
Iﬁ_i_ = (). By reducing modulo 3, we observe that the possibilities I and I11
are excluded. Suppose I] happens. Then ay = 1, ag = 3 and either ag = 2,
1¢Zora;=2,6¢7Z. Ifag=2,1¢7Z,thenas € {1,5}, which gives a5 =1
by reducing modulo 3. This is not possible modulo 7 since —1 = (%) =
(U=2)E=8)) — 1. Thus a; = 2, 6 ¢ T. Then ag = 5, a5 = 10, ag = 14 by
reducing modulo 3, giving (ag, a1, ...,as,a6) = (5,2,1,14, 3,10, x). Suppose
IV happens. Let 1,6 € Z. Then a1 = ag = 1 and either ay = 2 or a4 = 6.
By Lemma 2.7(ii), we may assume that either 2 ¢ Z or 4 ¢ 7. If 2 ¢ 7,
then agy = 6, a3 = 7 and a5 = 5, which is excluded by Lemma 2.7(ii).
Thus 4 ¢ Z, ap = 2 and a5 = 5 since 3 { as. This is also excluded by
Lemma 2.7(ii). Therefore ag = 2, ay = 6 and either 6 ¢ Z, a; = 1 or
1 ¢ Z a6 = 1. Now 7|ag, as otherwise P(ajas...a5) < 5if 1 € 7 or
P(agas...ag) < 5if 6 € Z, and this is excluded by Lemma 2.2 with k = 5.
Further, by reducing modulo 3, we get as = 7, ap = 10 and a5 = 5. Hence
we obtain A7 = (10,%,2,7,6,5,1) or A7y = (10,1,2,7,6,5, ).

Let (i5,i7) = (1,0). We obtain ZF, = {2}, 7F_ = {3}, 7k _ = {5}
and Z* + = {4}. We consider the possibility /. By a parity argument, we
have either 5 ¢ 7 or 4 ¢ Z. Again by reducing modulo 3, either 3 ¢ 7 or
5¢ 7. Thus 5 ¢ Z, giving as = 1,a3 = 3,a4 = 2. Now 5|ay, as otherwise
we get a contradiction from P(ajazazas) < 3, Lemma 2.2 with & = 4 and

d > 23. Hence a1 = 5. This is again a contradiction since —1 = (%) =

(%7(2_0)) = 1. Thus the possibility I is excluded. If I11 holds, then 3 ¢ Z,
ay = 2,a5 = 3,a4 = 1, giving a; € {1,5} and ag = 5. By reducing modulo
3, we get a; = 1. But this is not possible by Lemma 2.6 with n’ = n + 2d,
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d =d and (i,7,1) = (1,3,4). Similarly, the possibilities 11 and IV are also
excluded. If IT holds, then 4 ¢ Z, as = 3, a3 = 1, a5 = 2. Now ag € {1,5}
and by further reducing modulo 3, we get ag = 1. This is not possible by
Lemma 2.6 with n’ =n+2d,d = d and (i,5,1) = (1,3,4). If IV holds, then
2¢ 7, a3 =2,a5 =1,a4 = 3. Then ag € {1,5}, giving ag = 5 by reducing
modulo 3. This is not possible modulo 7.

Let (i5,i7) = (1,1). We obtain ZF, = {2,5}, ZF_ = {4}, IF_ = {0}
and ZF + = {3}. We consider the possibilities 111 and I'V. By parity, we
obtain 5 ¢ Z. But then we get a contradiction modulo 3 since as = 6,
ag = 3 if I11 holds and as = 6, ag = 3 if IV holds are not possible. Next we
consider the possibility I. Then 0 ¢ Z by reducing modulo 2 and 3 and we get
P(agas .. .ag) < 5, which is excluded by Lemma 2.2 with k£ = 5. Let I hold.
Then 3 ¢ 7 by reducing modulo 2 and 3 and ay = a5 = 3,a4 = 1,a9 = 2.
Further, ag € {5,10} which together with reduction modulo 3 gives ag = 5.
Now we get a contradiction modulo 7 from as = 3,a¢ = 5.

Let (i5,i7) = (3,1). We obtain ZF , = {2},7F _ ={0,6}, T} _ = {4} and
I%, = {5}. We may assume that i ¢ Z for exactly one of i € {0,2,4,6},
as otherwise n is even, P(apagasag) < 3 and this is excluded by k = 4 of
Lemma 2.2 applied to (n/2)(n/2+d)(n/2+ 2d)(n/2+ 3d). We consider the
possibilities I and I11. By reducing modulo 3, we get 4 ¢ Z, ag = ag, 3| ag
and agas = 2. This is not possible by reducing modulo 3. Next we consider
the possibility 71. Then 4 ¢ 7 by a parity argument. Further, ag = ag = 1,
as = 3,a5 = 6. This is not possible since 8| x% — x% =n+6d —n = 6d and
d is odd. Finally, we consider the possibility IV. If 2 ¢ 7 or 4 ¢ Z, then
ag = ag = 2, as = 3 and one of as = 6 and a4 = 1. This is excluded by
Lemma 2.7(iii). Thus ag = 6, ag = 1, a5 = 3 and either a9 = 2, 6 ¢ 7 or
ag = 2,0 ¢ Z. Then a1 = 7, a3 = 5 by parity and reduction modulo 3.
Hence A7 = (2,7,6,5,1,3,%) or A7 = (*,7,6,5,1,3,2).

All the other pairs are excluded similarly. For (is,i7) = (0,2), we ob-
tain either A7 = (1,2,3,%,5,6,7) or (5,6,7,2,1,10, %) or (10,3, 14, 1,2,5, %),
which are all excluded by Lemma 2.5. For (is,i7) = (1,3), we obtain A; =
(1,5,6,7,2,%,10), (%,5,6,7,2,1,10) or (x,10, 3,14, 1,2,5), which is not pos-
sible by Lemma 2.5, or ag = a5 = 1 and at least two of a; = 5, as = 6,
a4 = 2 hold, which is again excluded by Lemma 2.7(iv). For (i5,i7) = (2,0),
we obtain A7 = (14, 3,10, %,6,1,2),(7,6,5,%,3,2,1) or ag =ag = 1, ag = 7,
ay = 6, ag = 5, ag = 3 or az = 2. These are impossible by Lemma 2.7(v).
For (is,i7) = (2,1), we obtain a9 = a4 = 1, a3 = 3, ag = 2, which
is not possible by Lemma 2.7(vi). For (i5,i7) = (4,1), we obtain A7 =
(6,7,2,1,10, %,3), which is also excluded. For (i5,i7) = (4,2), we obtain
A7 = (2,1,14,3,10,%,6),(1,2,7,6,5,%,3), (%,2,7,6,5,1,3) or ap = a5 = 1
and at least two of a1 = 2,a3 = 6,ag = 3 hold. The previous possibility is
excluded by Lemma 2.5 and the latter by Lemma 2.7(vii).
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4.2. The case k = 11. We may assume that 11 |a; for some ¢ € {4,5,6}
whenever i ¢ 7, as otherwise the lemma follows from Lemma 4.1.

Let py =5, po =11 and Z = {71,...,7}. We observe that P(a;) < 7 for
i € MUB. Since (2) # (£) but () = (&) for a prime ¢ < k other than
3,5,11, we observe that 3| a; whenever i € M. Since 03 < 4 and |Z| = k—1,
we deduce from (4.3) that |MF¥| < 5 and 3| q; for at least |M*| — 1 elements
i € MF*. Further, a; € {1,2,7,14} for i € B, giving |B| < 5, as otherwise
t — |R| > 2. Hence |B*| < 6 by (4.3).

By taking the mirror image (4.4) of (1.1), we may suppose that 4 < i1y
< 5. For each possibility 0 < i5 < 5 and 4 < i1; < 5, we compute |ZF|, |Z5|
and restrict to those pairs (i5,411) for which max(|Z¥|, |Z4|) < 6. Further,
we restrict to those pairs (i5,411) for which either

(4.5) 3| a; for at least |ZF| — 1 elements i € Z¥,
or
(4.6) 3| a; for at least [Z5| — 1 elements i € Z5.

We find that exactly one of (4.5) or (4.6) happens. We have MF = ZF,
B¥ = 7§ when (4.5) holds, and M* = 7§ B* = ZF when (4.6) holds. If
3| a; for exactly |MP¥| — 1 elements i € M* then B = B* and we restrict to
such pairs (i5,411) for which there are at most three elements i € B* with
P(a;) <2, as otherwise t — |R| > 2. Now all the pairs (i5,711) are excluded
other than

(4.7) (0,4),(1,5),(4,5).

For these pairs, we find that |[B*| > 5. Hence we may suppose that 7 |a; for
some i € B, as otherwise a; € {1,2} for i € B, which together with |B| > 4
gives t — |R| > 2. Further, if |B¥| = 6, then we may assume that 7| a;, 7| a; 17
for some 0 <7 < 3.

Let (i5,i11) = (0,4). Then M* = {3,9} and B* = {1,2,6,7,8}, giving
iz = 0. If 7| agay, then |B| = |B*| — 1 and a; € {3,6} for i € M = MF
but (9322) = (@LM) —1 for iy = 6,7, a contradiction. If 7]as,
then a; € {5,10} for i € {5,10} C T but (‘15“10) (E=2102)) — g 5
contradiction again. Thus 7|ajas and a; € {1,2} for {2,6,7} N B*. From
(%)= (), () =(F) =-1and ( 1) =1, we find that 2 ¢ 7.
This is not possible.

Let (i5,911) = (1,5). Then M* = {4,10} and B* = {0,2,3,7,8,9},
giving i3 = 1. Thus M = M* a; € {3,6} for i € M and |B| = |B*| — 1,
a; € {1,2,7,14} for i € B. Further, we have either 7| apar or 7| azag. Taking
(%) for i € {4,10,0,2,3,7,8,9}, we find that 7|azag and 3 ¢ B. This is not
possible.
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Let (i5,i11) = (4,5). Then M* = {0,6} and B* = {1,2,3,7,8,10},
giving M = MF and i3 = 0. Further, 7|ajag or 7|azajg. Taking (a—;) for
i € MUBF, we find that 7|ajag and B = B*\ {7}. This is not possible since
7Tel.

4.3. The case k = 13. We may assume that 13 |aszasasagaragag, other-
wise the assertion follows from Theorem 1 with £ = 11.

Let p1 = 11, po = 13 and Z = {v1,...,%}. Since (%) # (%) but
() = (3) for ¢ = 2,3, 7, we observe that for 5| a; for i € M and P(a;) <7,
5t a; for i € B. Since o5 < 3, we obtain \/\/lk| < 4 and 5]a; for at least
|IMPF| — 1 elements i € M*.

By taking the mirror image (4.4) of (1.1), we may suppose that 3 < i3
< 6 and 0 < 717 < 10. We may suppose that 113 > 4,5 if 17 = 0,1 respec-
tively, and max(ii1,413) > 6 if ¢33 > 2, as otherwise the assertion follows
from Lemma 4.1.

Since max(|Z¥|, |Z&|) > 5 and |MP*| < 4, we restrict to those pairs sat-
isfying min(|ZF|, |Z5]) < 4, and further M¥ is exactly one of ZF or Z§ with
minimum cardinality and hence B¥ is the other one. Now we restrict to
those pairs (i11,413) for which 5 |a; for at least |[MF| — 1 elements i € MP*.
If 5| a; for exactly |M¥| — 1 elements i € M*, then B = B* and hence we
may assume that |B| = |B¥| < 7, as otherwise there are at least six elements
i € B for which a; € {1,2,3,6}, giving t — |R| > 2. Therefore we now exclude
those pairs (i11,413) for which 5|a; for exactly |M¥| — 1 elements i € M*
and |B¥| > 7. We find that all the pairs (i11,413) are excluded other than

(4.8) (1,3), (2,4), (3,5), (4,2), (5,3), (6,4).

From i3 > 5 if 433 = 1 and max(i11,413) > 6 if 411 > 2, we find that all
these pairs are excluded other than (6,4).

Let (i11,413) = (6,4). Then M* = {0,2,7,12} and B* = {1,3,5,8,9,
10,11}, giving i5 = 1, M = {2,7,12} and 0 ¢ Z. This is excluded by

applying Lemma 4.1 to H?:o(” +d+2i). =

5. Proof of Theorem 2. By Lemma 2.2, we may suppose that P(b) > k.
If P(b) = priiy+1 or P(b) = Pr(k)+2 With pray1 1 b, then the assertion
follows from Theorem 1. Thus we may suppose that P(b) = pr(x)+2 and
Pr(k)+1 |b. Then we delete the terms divisible by Pr(k)+1> Pr(k)+2 on the left
hand side of (1.1), and the assertion for k > 15 follows from Lemma 2.4.
Thus 11 < k£ < 14 and it suffices to prove the assertion for £k = 11 and
k = 13. After removing the i’s for which p|a; with p€ {13,17} when k = 11
and p|a; with p € {17,19} when k = 13, we observe from Lemma 2.1 that
k—|R| <1 and p1d for each p < k.
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5.1. The case k = 11. Let py = 11, ps = 13 and Z = {0, 1, ..., 10}. Since
(1—51) + (%), (%) # (%) but (%) = (%) for ¢ = 2,3,7, we observe that
either 5|a; or 17| a; for i € M and either 5-17|a; or P(a;) < 7 for i € B.
Since o5 < 3, we obtain M| < 4.

By taking the mirror image (4.4) of (1.1), we may suppose that 0 <
i13 < 5 and 0 < 717 < 10. If both 411,413 are odd, then we may suppose that
117 is even, as otherwise we get a contradiction from Lemma 4.1 applied
to H?:o (n +i(2d)). Also we may suppose that max(i1,413) > 4, as other-
wise we get a contradiction from Lemma 4.1 applied to H?:o (n +4d + id).
Further, from Lemma 4.1, we may assume 417 > 4 if max(i11,i13) = 4.

Since max(|Z}|, |Z5|) > 5 and |[MP*| < 4, we restrict to those pairs sat-
isfying min(|Z}|, |Z4]) < 4, and further M¥ is exactly one of Z} or Z§ with
minimum cardinality and hence B¥ is the other one. Now we restrict to
those pairs (i11,%13) for which either 5|a; or 17 |a; whenever i € M. Let
B =B\{i:5-17|a;}. If |B’| > 8, then there are at least six elements
i € B’ such that P(a;) < 3, giving k — |R| > 2. Thus we restrict to those
pairs for which |B’| < 7. Further, we observe that 7 |a; and 7|a;17 for some
ihi+7eBif |B|=T1.

Let (i11,413) = (2,4). Then MF = {1,6,8} and B* = {0,3,5,7,9,10},
giving i5 = 1, 17| ag and P(a;) < 7 for i € B. For each possibility i7 €
{0,3,4,5}, and i17 = 8, we take p; = 7, p» = 17, T = B* and compute Z;
and Zy. Since (2) = (&) for p € {2,3}, we should have either Z; = () or
T = (). We find that min(|Z1],|Z2|) > 0 for each possibility iz € {0,3,4,5}.
Hence (i11,113) =(2,4) is excluded. Similarly all pairs (i11,713) are excluded
except (i11,113) € {(4,2),(6,4)}. When (i11,413) = (3,5), we get MF =
{2,7,9}, giving 5 |azar, 17| ag and hence it is excluded. When (i11,713) =
(1,4), we obtain M* = {5,9} and B* = {0,2,3,6,7,8,10}, giving either
5|as, 17| ag or 17| as, 5| ag. Also i7 € {0, 3}. Thus we have (i7,i17) € {(0,5),
(0,9),(3,5),(3,9)} and apply the procedure for each of these possibilities.

Let (i11,i13) = (6,4). Then M* = {0,2,7} and B* = {1,3,5,8,9,10},
giving i5 = 2, 17| ap and P(a;) < 7 for i € B. For each possibility i7 €
{1,3,4,5}, and 417 = 0, we take p; = 7, p» = 17 and Z = B*. Since (2) =
(%) for p € {2,3}, we observe that either 73 = () or Zo = (). We find that
this happens only when i7 = 3 where we get Z; = 0 and Z, = {1,5,8,9}.
By reducing modulo 7, we get a; € {1,2} for i € {1,8,9} and a5 € {3,6}.
Further, by reducing modulo 5, we obtain a; = ag = 1, ag = 2, a5 = 3,
a; =4, ajp = 7, and this is excluded by Runge’s method as in [MuSh03].
When (i11,i13) = (4,2), we get M* = {0,5,10} and B* = {1,3,6,7,8,9},
giving 5| apasaip and i17 € {5,10}. Here we obtain i;7 = 10, i = 3 where
7, = (0 and Zo = {1,6,7,8,9}. This is not possible by Lemma 2.2 with k =4
applied to (n + 6d)(n + 6d + d)(n + 6d + 2d)(n + 6d + 3d).
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5.2. The case k = 13. Let py = 11, ps = 13 and Z = {0, 1, ..., 12}. Since
(1—51) + (%), (%) # (%) but () = (4) for ¢ = 2,3,7, we observe that
either 5|a; or 17| a; for i € M¥ and either 5-17|a; or 19|a; or P(a;) <7
for i € B*. Since o5 < 3, we obtain |M¥| < 4.

By taking the mirror image (4.4) of (1.1), we may suppose that 0 < i3
<6 and 0 <417 < 10. We may assume that 11,413,417, %19 are not all even,
as otherwise P(H?:o azi+1) < 7, which is excluded by Lemma 4.1. Further,
exactly two of 411,413,417, %19 are even and the other two odd, as otherwise
this is excluded again by Lemma 4.1 applied to Hfzo(n +i(2d)) if n is odd
and Hfzo(n/2 + id) if n is even. Also exactly two of i11,413,417,719 lie in
each set {2,3,4,5,6,7,8} and {3,4,5,6,7,8,9}, otherwise this is excluded
by Lemma 4.1.

Since max(|Z}|, |Z5|) > 5 and |[MP*| < 4, we restrict to those pairs sat-
isfying min(|ZF|, |Z5]) < 4, and further M¥ is exactly one of ZF or Z§ with
minimum cardinality and hence B* is the other one. Now we restrict to
those pairs (i11,413) for which either 5|a; or 17 |a; whenever i € M. Let
B' = B¥\{i:5-17|a;}. If |B'| > 9, then there are at least six elements i € B’
such that P(a;) < 3, giving k — |R| > 2. Thus we restrict to those pairs for
which |B'| < 8. For instance, let (i11,413) = (0,0). We obtain M* = {5,10}
and B* = {1,2,3,4,6,7,8,9,12}, giving i5 = 0, i1y € {5,10}, B’ = B* and
|B¥| = 9. This is excluded.

Let (i11,413)=(1,1). Then M*¥={0,6,11} and B¥={2,3,4,5,7,8,9,10},
giving i5 = 1, 437 = 0. This is excluded. Similarly (i11,713) € {(1,3), (2,4),
(3,5),(4,6),(6,4),(7,5),(8,6)} are excluded where we find that 17 is of the
same parity as ¢11,%13-

Let (i11,713) = (4,2). Then M* = {0,5,10} and B* = {1,3,6,7,8,9,
11,12}, giving 5| ag, 5| a1p and i17 = 5. Further, for i € BF, we have either
19|a; or P(a;) < 7. Also 7|a; and 7 |asg, as otherwise k — |R| > 2. We now
take (i7,i17) = (1,5), p1 = 7, p» = 17, T = B* and compute Z; and Z,.
Since (£) = (&) for p € {2,3}, and (1—79) = (%’), we should have either
|Z1] =1 or |Z3| = 1. We find that Z; = {3,9,11}, Zo = {6,7,12}, which is a
contradiction. Similarly (i11,i13) € {(5,3),(8,4)} are also excluded. When
(i11,113) = (5, 3), we find that i17 = 6 and iy € {0,2}, and this is excluded. =

6. A remark. We consider (1.1) with ¢ = 0, w(d) = 2 and the assump-
tion ged(n,d) = 1 replaced by d t n if b > 1. It is proved in [LaSh07] that
(1.1) with ¢» = 0, b =1 and k > 8 is not possible. We show that (1.1) with
1 =0, k> 6 and w(d) = 2 is not possible. The case k = 6 has already been
solved in [BBGHO6]. Let k£ > 7. As in [LaSh07] and since d { n, the assertion
follows if (1.1) with ¢y =1, k > 7, w(d) = 1 and ged(n, d) = 1 does not hold.
This follows from Theorem 1.
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