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The narrow class groups of some Z,-extensions
over the rationals

by

Kuniakl Horie (Hiratsuka) and MiTsuko HORrIE (Tokyo)

1. Introduction. Let p be an odd prime number. Let Z,, denote the ring
of p-adic integers, and B, the Z,-extension over the rational field Q, that
is, the unique abelian extension over QQ in the complex field C such that the
Galois group Gal(B.,/Q) is topologically isomorphic to the additive group
of Z,. As is well known, the p-class group of By is trivial (cf. Iwasawa [I]).
Let us choose a prime number [ which is a primitive root modulo p?. It is
shown in [H1], through the study of circular units in B, that the [-class
group of B, is trivial if

p=3 or [> (p — 1)<,0(P - 1) log(plogp),

~ 2log?2
where ¢ denotes the Euler function. Furthermore, in case p = 5 or p = 7, the
triviality of the [-class group of B, is proved in [H2] by arguments similar
to and more precise than those of [H1]. In this paper, using some results of
[H1, H2], we shall first prove the following result with the help of a personal
computer.

THEOREM 1. Let [ be, as above, a prime number which is a primitive
root modulo p?. If p =11 or p = 13, then the l-class group of Buo is trivial.

Now, for any algebraic extension K of Q in C, we let O denote the ring of
algebraic integers in K, 7 the ideal group of K, and C the ideal class group
of K in the narrow sense, that is, the quotient group of Z modulo the group
of principal ideals a® in Z for all totally positive elements o of K; C is also
called the narrow class group of K. The natural homomorphism of C; onto
the ideal class group of K induces, for every odd prime ¢, an isomorphism of
the g-primary component of C onto the g-class group of K. The 2-primary
component of C'y is called the 2-class group of K in the narrow sense or,
simply, the narrow 2-class group of K. After discussing the parity of certain
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kinds of class numbers together with a basic criterion by Washington [W1]
for such study, we shall secondly prove the following result, still with the
help of a (personal) computer in the case p = 13.

THEOREM 2. When p < 13, the 2-class group of B in the narrow sense
18 trivial.
The proof of the above theorem, as well as that of Theorem 1, is essen-

tially based upon the analytic class number formula. Most of our computa-
tions are done with Mathematica.

REMARK 1. A classical theorem of Weber implies the triviality of the
narrow 2-class group of the Zs-extension over QQ, Zo being the ring of 2-adic
integers.

REMARK 2. Apart from our proof of Theorem 2, when p = 11 or p = 13
so that 2 is a primitive root modulo p, assertion IV of Armitage and Frohlich
[AF] shows that Theorem 1 implies Theorem 2.

At the end of the paper, we shall briefly explain how to show, for p < 487,
the triviality of the narrow 2-class group of the subfield of B, with degree p.

2. Proof of Theorem 1. For each integer v > 0, let B, denote the
subfield of B,, with degree p“, and h, the class number of B,. Let n be
any positive integer, which will be fixed throughout the paper. Since the
prime ideal of B,,_; dividing p is totally ramified in B,,, we know from class
field theory that h,_1 divides hy,, i.e., h,/h,—1 is an integer. Now, for each
positive integer a, we denote by K, the cyclotomic field of ath roots of unity:

K, = Q(e%ri/a)‘
Let v be the number of distinct prime divisors of (p—1)/2, and let ¢1,..., gy
be the prime powers > 1 pairwise relatively prime such that

p—1

R 2
Let V' denote the subset of the cyclic group (62”/ (p_1)> consisting of

eﬂ’iul/g1 . eﬂ'iu,,/gl,
for all v-tuples (uq,...,u,) of integers with 0 < uy < g1, ..., 0 < uy < gp.
It is naturally understood that V' = {1} if p = 3. Taking the ring Z of
(rational) integers, let ¥ denote the set of maps

z2:V—-{ueZ|0<u<2l}
such that, for some & € V,
L12(§) or z(£) >0
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according to whether [ > 2 or [ = 2, and that
I12(&) forall¢ e V\{£}.
We put
M = max‘ﬁ(z z(€)€ — 1),

1914
Lev

where 91 denotes the norm map from K,_; = Q(e2™/(P=1) to Q. We easily
see that M is a positive integer.

LEMMA 1. If [ divides hy,/hy—1, then
—1 n+1
pt < M, l<p log P anT).
2log?2 us P
Proof. This follows from [H1, Lemma 4] and [H2, Lemma 2|. =

Let p be a prime ideal of K,_; dividing p. Let I be the set of positive
integers a < p"*! for which a = ¢ (mod p"*!) with some & € V. Let §
denote the family of all maps from I to {0,[} and, for each a € I, let &,
denote the family of maps j : I — Z such that min(l — 2,1) < j(a) <[ and
that j(b) =0 or j(b) =1 for every b € I \ {a}. Given any u € Z, we then let

Palu) = {(J}y) € &, x %‘ ST (" + 1)j(b) +y(0))b = u (mod pn+1)}’
bel

> (@™ +1)5(0) + y(B))b = u (mod p™*) .

bel

Qu(u) = {(j,y) € § x &,

In the case [ > 2, we put
s(u) = Z( 3 (—1)Zrer GO+ o0 ()
acl (j,y)€Qa(u)
_ Z (_1)Zb€1(j(b)+y(b))+j(a)m>’
(4,9)€EPa(u)

where, for each integer r relatively prime to [, 7 denotes the positive integer
smaller than [ such that 7 =1 (mod [); in the case [ = 2, we put

s(u) = Y (1Qa(w)| = [Pa(u)]),

a€el

where, for each finite set W, |W| denotes the number of elements of W.
Lemma 3 of [H2] can now be restated as follows:

LEMMA 2. If there exist integers ¢ and d satisfying
c=d (mod p"), s(c) # s(d) (mod 1),
then I does not divide hy/hy—1.
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To prove Theorem 1, let us first consider the case p = 11. Take any z € ¥
and put

a=Y 2HE-1, o => 2 -1

gev v

Let 0= 67”‘/57 so that V = {17 0, Q27 93, Q4} It fOHOWS that
3

a=2(1) =1 —2(e") + ) (2(0") + (=1)*'z(g")e",

u=1
_ 4 1++/5
la?€Zo+o07Y, o+ot= 5

Let A and B be the integers determined by
o> = A+ B(o+01).
Then
A= (2(1) = D(2(1) = 1+ 2(0%) — 2(0%)) + 2(0)2(e")
+2(0)% = 2(0)2(0%) + 2(0°)* + 2(0%)? — 2(0%)2(e") + 2(")?,

A2 (A 2
m(a):|aa'\2:A2—|—AB—B2:54—(2—B> :

In particular, the former equation above implies A > 0, because

M) =12+ (2(1) = 1) + 2(e?)?

_ 20 +2(e)?
- . ‘
Hence, noting that
2(0)* — 2(0)2(0”) + 2(0°)* < 417,
2(0%)? — 2(0%)z(0") + 2(0")? < 4P,

we have

N(a) < Z (5(412))2 = 500*.

This gives
M < 5000%.
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Let S be the set of the following pairs of integers:

(1,2), (1,7, (1,13), (1,17), (2,2), (2,7),
(2,13), (2,17), (2,19), (2,29), (3,2), (3,7),
(3,13), (3,17), (3,19), (3,29), (3,41), (4,7),
(4,13), (4,17), (4,19), (4,29), (4,41), (4,61),
(5,7), (5,13), (5,17), (5,19), (5,29), (5,41),
(5,61), (5,73), (5,79), (5,83), (6,13), (6,17),
(6,19), (6,29), (6,41), (6,61), (6,73), (6,79),
(6,83), (6,101), (7,17), (7,19), (7,29), (7,41),
(7,61), (7,73), (7,79), (7,83), (7,101), (7,107),
(8,29), (8,41), (8,61), (8,73), (8,79), (8,83),
(8,101), (8,107), (8,127), (9,61), (9,73), (9,79),
(9,83), (9,101), (9,107), (9,127), (9,139), (9,149),
(9,151), (10,101), (10,107), (10,127), (10,139), (10,149),
(10,151), (10,167), (11,167), (11,173)

By simple calculations, we find that the inequalities

) 117+t s
n 4 :
11" < 5000%, 1< log2 log< - sin 11>

hold if and only if (n,l) € S. Hence Lemma 1 implies that (n,l) € S if [
divides hy,/hp—1.
Assume now that (n,l) € S. For each r in {1,2,3,4}, let b, denote the
integer such that
by = 21" (mod 111, 0 < b, < 11771,

Since 2 is a primitive root modulo 11"*!, we can take as p the prime ideal
of Kjo = Q(p) generated by 11 and by — o. We then have

I= {17 bla b27 b37 b4}

In view of Lemma 2 and [H2, Lemma 1], it suffices for our proof to find
integers ¢ and d which satisfy

c=d (mod 11"),  s(c) # s(d) (mod ).
By using a (personal) computer, we have computed s(u) for suitable integers

u after the determination of P,(u) and Qq(u) for all @ € I. When n > 4 but
(n,l) # (4,61), the computations show that

s(1)=1, s(1+11") = -1

Furthermore,
s(1)=0, s(1+3-11%) = —1, if (n,1) = (3,2);
s(1)=1, s(1+3-11%) = -2, if (n,1) = (2,2).
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Results for the other cases of (n,l) are given in the following table:

(n,1) s(1)  s(1+11") | (n,0) s(1)  s(1+117)
(4,61) —21 —48 | (2,19) 69 61
(3,41) —31 36 | (2,17) 21 -3
(3,20) 24 17 | (2,13) 45 21
(3,19) 5 52| (2,7) 25 —922
(3,17) 5 5 | (1,17) —257 203
(3,13) -5 29 | (1,13) 56 12
(3,7) 1 2 | (w7 23 ~32
(2,29)  —36 103 | (1,2) ) 9

We thus obtain the conclusion for p = 11.
Let us next deal with the case p = 13. Take any z € ¥ and put

a=Y 261, o =) 2 -1

eV Eev
Clearly, M(a) =

vV ={1,0,0%
Let further

|/ |2, Let o = ie*™/3, so that

3_ . 4_

2mi/3 ;4
:Z7 Q € /7

-0, 0", -0"}, —o io* = o.
_ 2 _ 2 4
al*Z(l)_l—i_Z(g )7 CLQ*Z(Q)—*—Z(Q )a
ag = 2(i) + 2(—¢°),  as=2(0) + 2(—0").
Then
o = aj + az0” + asi + agio,
o =a; + a294 —asl — a4ig4.
We therefore see that
N(a) = |(a1 + a20%)? + (a3 + as0*)?)?
< (la1 + a20** + |az + as0*|?)?
= (a% —ajag + ag + ag — asaq4 + ai)Q.
Since a% —ajag + a% < 1612 and a% — azay4 + ai < 1612, it follows that
N(a) < (321%)?

= 21074,

Hence we have
M < 21074,
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On the other hand, let S be the set of the following pairs of integers:

(1,2), (1,7), (1,11),  (2,2), (2,7), (2,11),
(2,37),  (3,2), (3,7), (3,11),  (3,37),  (3,41),
(3,59),  (4,7), (4,11),  (4,37),  (4,41),  (4,59),
(4,67), (4,71,  (5,7), (5,11),  (5,37),  (5,41),
(5,59),  (5,67),  (5,71),  (5,97),  (6,11),  (6,37),
(6,41),  (6,59),  (6,67),  (6,71),  (6,97),  (7,37),
(7,41),  (7,59),  (7,67),  (7,71),  (7,97),  (7,137),
(7,149),  (8,37),  (8,41),  (8,59),  (8,67),  (8,71),
(8,97),  (8,137),  (8,149),  (8,163),  (8,167),  (9,59),
(9,67),  (9,71),  (9,97),  (9,137),  (9,149),  (9,163),
(9,167),  (9,193),  (9,197),  (10,137), (10,149), (10,163),
(10,167), (10,193), (10,197), (11,223), (11,227), (11,241)

Simple calculations show that (n,[l) € S if and only if

6 13n+! T
13" <2104 1< ] —
log 2 o8 T sin 13

Lemma 1 therefore implies that (n,l) € S if | divides hy,/hy—1.
Suppose (n,l) to be in S. Let b; be the integer such that

by = 2" (mod 13"*1), 0 < by < 13",
For each r € {2,3,4,5}, let b, denote the integer such that
by = (—=b1)" (mod 13"1), 0 < b, < 13"+

165

Since 2 is a primitive root modulo 13”1, we take as p the prime ideal of

K2 = Q(p) generated by 13 and b; — o. We then see that
I= {17 b17 b27 b3a b47 b5}

By Lemma 2 and [H2, Lemma 1], it suffices to find integers ¢ and d which

satisfy
c=d (mod 13"), s(c) # s(d) (mod ).

Using a computer as in the case p = 11, we have computed s(u) for suit-
able integers u. When n > 4 but (n,l) # (5,71), (5,67),(4,71), (4,41), the

computations yield

s(1)=1, s(1+13") =-1.
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Results for the other cases of (n,l) are given in the following tables:

(n,1) s(1)  s(1+413™) (n,0) s(1) s(1+5-13")
(5,71)  —48 1 3,7 1 0
(5,67) —31 1 32 0 -5
(4,71) 181 -8 (2,2) 1 2
(4,41) 12 -1 1,2) 13 26
(3,59) 84  —133

(3,41) 13 —80

(3,37) 143 -9

(3,11) -9 3

(2,37) 14 266

(2,11) —107 55

(2,7) 6 —34

(1,11) 16 101

(1,7) 48 4

Thus our proof is completed.

3. Some lemmas. In this section we give some preliminary results for
the proof of Theorem 2. Let t be the positive integer such that 2! is the
highest power of 2 dividing p— 1. Let k be the subfield of K,, with degree 2¢,
whence k is an imaginary abelian extension over Q. For each integer u > 0,
we denote by h,, the relative class number of the composite kB,,.

LEMMA 3. The class number of B, in the narrow sense is odd if and
only if h., is odd.

Proof. Let p be the unique prime ideal of B,, dividing p. Since kB, is
an abelian 2-extension over B,, and since no prime ideal of B,, other than p
is ramified in kB, but p is fully ramified in kB,, a well-known argument
of [I] tells us that the class number of kB, is odd if and only if the class
number of B,, in the narrow sense is odd (cf. the proof of Washington [W2,
Theorem 10.4]). On the other hand, kB, is a cyclic extension over Q so that,
by Hasse [H, Satz 45|, the indivisibility 2 1 h;, means that the class number
of kB,, is odd. Therefore, the lemma follows. m

REMARK 3. As is seen from the above proof, Lemma 3 still holds even
if one replaces B,, by any intermediate field of the extension kB, /B,,.

Let X be the set of primitive Dirichlet characters of order 2! with con-
ductor p, so that all Dirichlet characters in X are odd. Let ) be the set of
primitive Dirichlet characters of order p” with conductor p"*!. Since kB,
does not contain i and since the unit indices of kB, and kB, _1 are equal
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to 1, the analytic class number formula implies that

hy 1 RN

n o~
W) 18 (—W 3 W(a)a),
YEXPED a—1
where p = p or p = 1 according to whether p — 1 is a power of 2 or not
(cf. [H, §36, (3)]). Furthermore, the right hand side of (1) is known to be an
integer: h,,_, | h; (cf. [H, Satz 32]).
Let R be a set of positive integers smaller than p such that

Rn{p—alaeR}=0, RU{p—alacR}={1,....,p—1}

Given any integer u > 0, let R, denote the set of integers b for which
=1 =1 (mod p»*!), 0 < b < p**!, and b = a (mod p) with some a € R.
It then follows that |R,| = |R| = (p — 1)/2, because, for each a € R, there
exists a unique b € R, with b = a (mod p). Obviously, Ry = R. Take any
positive integer m < (n+ 1)/2:

n>2m—1>1, ie, n—m+1>m>1.
For each integer a not divisible by p, let a4 denote the integer such that
as =a (mod p" ™), 0<a, <pt ™,
and let a* denote the integer such that
aa* =1 (mod p™), 0<a* <p™.

To state the following lemma, we note that, for any ¢ € ), (1 + p*~™*1)
is a primitive p"th root of unity.

LEMMA 4. Let v be a Dirichlet character in Q). Assume that 2P~ # 1
(mod p™tl), ie., Kym contains the decomposition field of 2 for the abelian
extension KpBoo /Q, and that, for some integer ¢ not divisible by p, the
algebraic number

3 b(e) " ((be)s)

b WA prmlaT —1

is relatively prime to 2. Then the integer h, /h, | is odd.
Proof. Let x be any Dirichlet character in X. We put

n+1

1K o
0= _W Zl xY(a)a, w=1y(1+p" +1)-

The field in C generated by the images of x and 9 over Q is Kyt,» and, by
[H, Satz 32|, (w — 1)© is an algebraic integer. Let ¥ denote the trace map
from Kot ,n to Kot,m. The argument in the first part of [W1, §IV] then shows
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that

‘Z(@Z)(C)_ n m Z w w(bXUJ bC))

bERn S
(cf., ip pafticular, [W1, (**)]). Let i be the integral ideal of Kot,m generated
by e™/2""" — 1, so that, in Kot pn,

x9((be)«) = P((be)«) (mod i)

for each b € R,,_,,,. Therefore,

c)~1 C) .
Tp(e) Hw—-1)0) =p" ™w—-1) > ey (b0 (110q .

We see as well that i is the product of all prime ideals of Kyt,m dividing 2.
Hence, by the assumption, any prime ideal of Kyt,m dividing 2 does not
divide (w—1)©; indeed, it remains prime in Kyt,». Thus the norm of (w—1)6
for Ky,n /Q is an odd integer. We can now deduce from (1) that h, /h,_,
is odd. =

We may omit 1(c) ! in the statement of Lemma 4, while we should note
that ¥ (c/) "1 ((b')) is a p™th root of unity for any (b, ) € Ry_m X Z with
p 1 . Further, not only do we have {a* | a € Rypp—1} = {b* | b € Ry}
but also R may be replaced, from the start, by the set of positive integers
a’ < p such that a’a = 1 (mod p) for some a € R. Thus Lemma 4 gives us
the following.

LEMMA 5. Let ¢ be any primitive p™th root of unity. Assume that 2P~ #
1 (mod p™*1Y) and that, for each map f from R,,_1 to the set of non-negative
integers smaller than p™,
O

a€ERm—1

1s relatively prime to 2. Then h;/h;_l s odd.
Let us give one more result.

LEMMA 6. Let ¢ be any primitive p™th root of unity, u any integer,
N any positive integer, and p any map from {1,...,N} to Z. Assume
that 2P~1 #£ 1 (mod p"+1) with a positive integer r < m and that

N
ZC“(C) =0 (mod )
c=1

with a prime ideal | of K, dividing 2. Then

> ¢ =0 (mod 1),
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where ¢ ranges over all positive integers not exceeding N such that u(c') = u
(mod p™~").

Proof. Let T be the trace map from K,= to K,-. By the hypothesis,
[ remains prime in K,» and so

N
(e)—u) u —
T<;C“ )g =0 (mod ).

However, for each positive integer ¢ < NNV,
T(CH(C)*“) — pm*TCH(C)*“ or T((”(C)*“) =0

according to whether u(c) = u (mod p™~") or not. Thus the lemma is
proved. =

4. Proof of Theorem 2. To prove Theorem 2, we suppose that p < 13,
and hence 2P~1 # 1 (mod p?). The integer m of the preceding section will
still be used. For each integer v > 0, let C, denote the ideal class group
of B, in the narrow sense. Then the ideal class group of By, in the narrow
sense is canonically isomorphic to the direct limit of C,, for all integers u > 0
with respect to the natural homomorphisms C,, — C, for all (u,u') € ZxZ
with 0 < u < «/. On the other hand, k is an abelian 2-extension over Q in
which no prime number other than p is ramified. This fact implies by [W2,
Theorem 10.4] that the class number of k is odd, whence hg, the relative
class number of k, is odd. Therefore, by Lemma 3, it suffices to prove that
h,, /h,,_ is always odd.

When p = 3 or p = 5, the assertion 2{h, /h,_; is part of more general
results in [W1] but is proved very simply as follows. For p = 3, letting m = 1
and R = Ry = {1}, we obtain the assertion immediately from Lemma 5 (cf.
[W1, §IV]). For p =5, we let m =1 and R = {1,2}. Let ¢ be any primitive
5th root of unity. Then, for any map f from R = Ry to {0,1,2,3,4},

¢H@ 1 )—f(1) 4 | +2
€= =g =P+ IO+ 1)),
aER
Since 2 remains prime in Ks, we easily see that the above algebraic integer
is relatively prime to 2. Hence Lemma 5 implies that h; /h,_; is odd (cf.
[W1, Proposition 3]).
Let us deal with the case p = 7. Take {1,2,4} as R so that R; =
{1,18,30}. We let m = 2 first, and remark that Q(v/—7) is the decomposi-
tion field of 2 for K7/Q. Let ¢ be any primitive 49th root of unity. Then

f(a) 1 F(18)—f(1) f(30)—f(1)
Z i :Cf(l) +C 18 +< 30
aeRlC—l ¢—1 ¢e—1 ¢V -1
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for any map f: Ry — {0,...,48}. Assume now that
L, e, e

C <18 <30

is not relatively prime to 2 with mtegers c1, Cg in {O, ...,48}, that is,
DY
a€Qo acQ1 a€Q2

is not relatively prime to 2, where

Qo = {O, 18,30,48}, Q1 = {61,61 +1,¢14+30,¢1 —I—31},
Qs = {CQ,CQ +1,c04+18,¢c0 + 19}.

It is useful to treat the elements of Qy U @1 U Q2 modulo 7; for each pair
(u,w) in {0,...,6} x {0,1,2}, we put

Qu(u) ={a € Qy | a=u (mod 7)}.
Since the cardinality of each @, (u) is 0 or 1, the above assumption implies
by Lemma 6 that

Z!Qw )| #1, e, Z\Qw )| €{0,2,3}

for every integer win {0,...,6}. This condltlon is satisfied only when ¢; =5
(mod 7) and ¢z =4 (mod 7), and then
Qo(0) ={0}, Q1(0) ={c1 +30}, Q1(1) ={c1 + 31}, Q2(1) = {c2 + 18},

) =
Qo(2) = {30}, Q2(2) ={c2+19}, Qo(4) = {18}, Q2(4) = {2},
Q1(5) = {1}, Q2(5) ={ca+1}, Qo(6) = {48}, Q1(6) = {c1 + 1}
In particular, we see from Lemma 6 that neither 1 + ¢1+30 nor (48 + ¢at!
is a unit, which means that
1= CCI+307 <48 — <01+1;

but these equalities obviously contradict each other. We therefore find that

Cf (@)
>

a€ER; Ca —1

is relatively prime to 2 for any map f : Ry — {0,...,48}. Hence, by
Lemma 5, h;/h;fl is odd whenever n > 2m — 1 = 3.

We next let m = 1, still with R = {1,2,4}. Let ¢ be a primitive Dirichlet
character of order 49 with conductor 73, and put w = 9(50). Then w is a
primitive 7th root of unity. In the case n = 2, putting ¢ = 172 = (1+ 73)/2,
we have

Y()M(e) = v(2)Y(25) =w,  Y(e)T((180):) = Y(18) =
¥(e)T((30¢).) = ¥(30) = w',
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so that

v(e) (b)) 1
2 w(bc —1 W41

Therefore Lemma 4 shows that h, /h7 is odd. In the case n = 1, noting that
w = Y"(8), we have
3

w
Zwb* 1 w+1

beR

and hence Lemma 4 shows as well that hy /by is odd. The conclusion for
p = 7 is thus proved.

Assertion IV of [AF] implies that, if h,, is odd and the order of 2 modulo
p is even, then h, is also the class number of B,, in the narrow sense. Hence,
as already remarked in the introduction, the conclusion of Theorem 2 follows
from Theorem 1 when p = 11 or p = 13; nonetheless, for this case, we shall
give another proof of Theorem 2 without using Theorem 1 but along the
same lines as in the case p < 7.

We now suppose that p = 11. Let R = {1,2,4,5,8} and let £ be any
primitive 11th root of unity. Let us consider the congruence

(2) —+Z€2w7_150(mod2)

with integers ¢1, ¢, c3, ¢4 in {0,...,10}. Since
3
¢ +v Zga (mod 2),
w=0
3

¢ [IE€@ +1) =7+ %7+ 69% (mod 2),

w=1

we find that (2) is equivalent to the congruence

10

Z£a+561+5+601+7+581+9+562 +£C2+1 +€C2+4+€C2+8+503 +€C3+8+£C4

=5

¢ =0 (mod 2).
Hence, setting co = 0,...,co = 10 successively in the above, we see without

difficulty that (2) holds if and only if
(3) (c1,c2,¢3,¢4) = (5,8,6,7) or (c1,c2,c3,¢4) =(7,6,1,8).

ow, let m = 2. Let e a primitive th root of unity such that
Now, 1 2. L b imitive 11%th f uni h th
(M = ¢, and note that Ry = {1,27,81,112,118}. Then, for any map f :
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Ry —{0,...,120},
f@)—f(1)
fa ¢
> = (e X )
a€ERy

where (1,2,3,4) = (112,81, 118, 27). We assume that there exist integers d,
da, ds, dy in {0,...,120} satisfying

1 1 (e
() §—1+wz_:lgw—1

For each w € {0,1,2,3,4}, define a set @, of non-negative integers as fol-
lows. Let )y denote the set of
PO

beR1\{1}
for all maps € : Ry \ {1} — {0,1}. If w > 1, let @, denote the set of
do+ >
beR1\{w}
for all maps € : Ry \ {w} — {0,1}. Given any u € {0,...,120}, we then put
QL(u)={a€Qy|a=u(mod11)},
Q% (u) = {a € Qu | a =u (mod 11%)}.

Direct computations show that the cardinality of each Q2 (u) is 0 or 1, and
that the cardinality of each Ql (u) does not exceed 2, whence

Z\Q )| < 10.

Furthermore, 2 remains prime in K;;2, and (4) is equivalent to

4
Z Z ¢* =0 (mod 2),

w=0a€EQ

=0 (mod 2).

which, together with Lemma 6, gives

4
> Y ¢*=0 (mod 2).

w=0a€Qw(u)

Therefore, in view of the form of the 112th cyclotomic polynomial, we obtain

4
> Q% (u)] = 0 (mod 2).
w=0
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Consequently,
4
Z QL (u/)| =0 (mod 2)  for every u’ € {0,...,10}.
w=0
This implies that
4
>3 =0 (mod 2),
w=0a€EQy
that is,
4 4
1 de 1 de
—1—2 5w = +ZA750(mod2).
E-1 w:lf -1 &-1 wzlﬁw—l
Hence it follows from (2) that there exist integers ¢}, ¢4, ¢, ¢j in {0,...,10}
satisfying

dy = 11¢,, + ¢,  for every w € {1,2,3,4}.
Therefore, by (4),

(5) 1+§4:£CZUT< ¢ >=0(mod 2);
§-1 = (r-1) ’

here T" denotes the trace map from K2 to Kiq, so that

1 11
7(4—1>:f—1

and, for each positive integer a < 10,

SR = 1)_1m
TQ—J_TQ;:%—l‘g—r

Since (3) is equivalent to (2), let us first consider the case (c1,co,c3,¢4) =

(5,8,6,7). In this case, (5) is written as
1 -2 ch+1 ch cy—3
IS L
£-1 -1 ¢g_1"e8_1" 61

Hence, again by the equivalence of (2) and (3),

=0 (mod 2).

(cy,ch,ch,cy) = (7,7,6,10) or (c},ch,c5,cy) =(9,5,1,0).
We thus deduce that

(dl, dg, d3, d4) = (82, 85, 72, 117) or (dl, dg, d3, d4) = (104, 63, 17, 7).



174 K. Horie and M. Horie

However,

1 <~82 N C85 N C72 N Cll?
<_1+<112_1 C81_1 C118_1 C27_1

(H Cal_l)gc” (mod 2),

a€ERy

1 N C104 N <63 N CU N C7
C_l <112_1 C81_1 4118_1 427_1

= (IT oty ¢ (moa2),

b/
0,3,4,5,7,14,16,23, 25,26, 29, 32, 33, 36, 37, 38, 39, 42, 43, 47, 48, 49, 50, 58, 62, 63,
64, 65,67,68, 71,73, 75,76, 79,82, 84, 85, 86, 90, 92, 93, 95, 96, 101, 102, 106, 107

a€ERy
where b ranges over the integers

and b’ ranges over the integers

0,2,11,13, 15,17, 19, 20,21, 27, 30, 31, 32, 36, 41, 42, 43, 44, 45, 46, 51, 53, 55,
57,60, 62, 64, 68, 69, 72, 74,75, 77,79, 80, 82, 88, 89, 90, 92, 97, 102, 104, 107

We are therefore led to a contradiction, whence the case (c1,c2,c3,c4) =
(5,8,6,7) does not occur. In the case (c1,c2,c3,c4) = (7,6, 1,8), as (5) means
1 56/1*1 é-c’273 50/371 €c2+2
=0 d?2
E1 e 11 e g ey U med

and as (2) is equivalent to (3), it follows that
(¢, ch, ) = (6,0,7,5) or (c,ch, c5,cy) =(8,9,2,6),

so that
(dl, dg, dg, d4) = (73, 6, 78, 63) or (dl, dg, d3, d4) = (95, 105, 23, 74);
but we have
1 C73 Cﬁ C78 <63

<_1+<112_1+<81_1+4118_1+CQ7_1

(T my) ¢ moa 2
a€ERy b

1 C% <105 C23 474
C_l+C112_1+c81_1+cl18_1+€*27_1

= (H o 1) D¢ (mod ),

a€ERy
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where b ranges over the integers
0,2,3,4,5,7,9,11,12, 13,14, 16, 17, 18, 22, 23, 25, 28, 29, 30, 31, 35, 42, 46, 49, 50, 51, 52,
53, 54, 55, 56,57, 58,60, 61, 63, 65, 66,68, 73,74, 75, 81, 82, 83, 86, 90, 93, 94, 97, 98, 99,
100, 104, 105, 106, 109,

and b’ ranges over the integers

3,10,12, 13,14, 18, 19, 20, 22, 24, 25, 26, 27, 30, 32, 34, 46, 50, 51, 55, 56, 57, 62, 64, 65, 66,
68,69, 71,78, 80, 81,82, 83,85, 86, 90, 92, 94, 96, 99, 101, 102, 103, 104, 105, 106, 107, 109.

We thus conclude from the above contradiction that (4) is not satisfied by
any 4-tuple (di,ds,ds,dy) of integers in {0,...,120}. Hence, in virtue of
Lemma 5, hy, /h,_; is odd if n > 3.

We next let m =1, R = {1,2*,4*,8%,16*} = {1,3,6,7,9}, and so R =
{1,3,9,40,94}. Let £ be any primitive 11th root of unity as before, and let
1Y) be a primitive Dirichlet character of order 121 with conductor 113 such
that &€ = ¢(122) = ¢11(12). When n = 2,

_ 1 p(94)  w(3) | v(40) | ¥(9)
g:;lfb* TeiteoitEoi e T e
Furthermore, whether n = 1 or not,
Pre) 1 Wie)  tE)  wl(T)  9t(9)
O R R I S R

beRr

We know, however, that ¢(3) = 1. Hence, by the equivalence of (2) and (3),
Lemma 4 shows that h,, /h,_; is odd even if n =2 or n = 1.

We finally deal with the case p = 13. Let R = {1,2,3,4,6,8}, let &
be a primitive 13th root of unity, and let U denote the set of the following

5-tuples of integers:

(5,6,5,1,4), (3,7,1,2,4), (4,7,1,3,4), (5,7,2,3,4),
(5,7,5,1,5), (3,6,1,2,5), (4,6,1,3,5), (5,6,2,3,5),
(10,0,5,6,5),  (9,10,7,6,5),  (9,0,5,7,5), (10,10,7,7,5),
(12,8,0,2,6),  (2,6,1,2,6), (12,9,0,3,6),  (11,9,0,4,6),
(9,10,8,6,6),  (10,10,8,7,6),  (12,10,0,3,7),  (11,10,0,4,7),
(9,9,8,6,7), (10,9,8,7,7),  (3,4,0,10,7),  (2,4,0,11,7),
(8,9,8,6,8), (5,11,9,6,8),  (5,12,9,7,8),  (4,12,9,8,8),
(3,5,0,10,8),  (2,5,0,11,8),  (2,6,0,12,8),  (12,8,1,12,8),
(9,7,9,1,9), (8,7,9,2,9), (5,0,9,7,9), (4,0,9,8,9),
(10,8,1,11,9),  (11,8,1,12,9),  (9,8,9,1,10),  (8,8,9,2,10),
(5,11,8,3,10),  (8,9,9,3,10),  (10,7,1,11,10), (11,7,1,12,10),
(2,11,7,2,11),  (3,11,8,2,11),  (4,11,8,3,11),  (2,10,4,4,11),
(10,7,2,11,11), (11,4,4,11,11), (11,7,2,12,11), (10,4,4,12,11),
(2,10,7,2,12),  (3,10,8,2,12),  (4,10,8,3,12),  (2,11,4,4,12).
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Using a computer, we can check that integers ¢, ¢, c3, ¢4, ¢5 in {0,...,12}
satisfy

&_1 Zé}” ’ =0 (mod 2)

if and only if (c1, ¢2, ¢3, ¢4, c5) belongs to U.

Now, let m = 3. Let ¢ be a primitive 133th root of unity such that
(13 = &, with & a primitive 169th root of unity such that &3 = ¢&. We
note that 2 remains prime in K;33, Ry = {1,418,1160, 1161, 1540, 1958},
and for anymapf:R2—>{O,...,133—1}

f() f(1)>

Z : f(1)< ZCw_l

where (1,2,3,4,5) = (418,1161, 1958, 1160, 1540). Assume the congruence

1
(6) C_l+wz

to be satisfied by non-negative integers dy, da, d3, d4, d5 smaller than 133.
Putting dy = 0, let Q,, denote for each w € {0,...,5} the set of the integers

do+ > b

beR2\{w}

=0 (mod 2)

for all maps € : Ro\{w} — {0, 1}. Let u range over the non-negative integers
smaller than 133. We then put

Q2% (u) = {a € Qu | a = u (mod 13%)},
Qi (u) ={a € Qu | a=u (mod 13°)}.

As in the case p = 11, we see that each |Q3 (u)] is 0 or 1 and that no |Q2 (u)|
exceeds 2. Hence not only is (6) equivalent to

Z Z ¢* =0 (mod 2)

w=0a€Qw

but also we have

Z\cf )| <12,

Lemma 6 therefore shows that

5
D 1R ()| = 0 (mod 2),
w=0
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which implies that

(7) Z Z €5 =0 (mod 2), Z Z £¢ =0 (mod 2).

w=0a€Qw w=0a€Quw
Since the second congruence above gives

£2°du giodu
51_1 Z w—l §1—1 Z =0 (mod 2),
there exist 1ntegers dl, b, W di, didy, dy, dl, dg in {0,...,12} such

that (d},d,, ds, d)y, d5) belongs to U and
dw = 13d), + d,, (mod 13%)  for every w € {1,...,5}.
Hence, by the first congruence of (7),
2vd, id,,
521_1-1—1;51 52 =0 (mod 2).
The trace map from Kj32 to K3 transforms the above into
5 L2w(dl+k(dy,))

1 &
+ 22— =0 (mod 2),

fl -1 Z 51 -1 ( )

where, for each integer ¢, k(c) = 0 or k(c) = 1 according to whether ¢

is divisible by 13 or not. Thus there exists a 5-tuple (c1, c2,c3,¢4,c¢5) in U

satisfying

w=1

dl + k(d),) = ¢y (mod 13)  for every w € {1,...,5}.
In particular,
5 ,w(13(cw—r(dl))+d,)

52_1-1-252 &1 =0 (mod 2).

However, for any given (¢}, ch, s, ¢y, &), (¢], 4, ¢, ¢, cf) € U, we can check
by computer that
1 5 ;(13(0”—/@(0 o)) tCh)
52_1+wz::1 &1 £ 0 (mod 2).
This contradiction shows that no 5-tuple (d1,ds,ds,dy,ds) of integers in
{0,...,13% — 1} satisfies the congruence (6). Hence, by Lemma 5, h,, /h._,
is odd if n > 5.
We now let m =1, R ={1,5,7,9,10,11}, and so

Ry = {1,239,5051, 7627, 7628, 23749}

Let & be any primitive 13th root of unity as before. Let ¢ be a primitive
Dirichlet character of order 134 with conductor 13° such that & = ¢(14-13%),
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whence , ,
&1 =91 +13%) = ¢ (1 +13%) = 9" (14).
We then see that, in the case n = 4,
by 1 5051 7628 239 7627 23749
S bl) 1 w(05]) | G(I68) | b(289) | u(T6) | $(28719)
-1 & -1 & -1 & -1 & -1 -1 -1

bER; 1
in the case n = 3,

Z P13(by) 1 N P13(657)

Se -1 -1 g1

P13(1037)  13(239)  13(1036)  13(1779)
-1 T a-n g T

in the case n = 2,

132 132 132 132
i YRS S il 10 Bl 5 B L0

S -1 -1 g1 & -1 -1
P!1¥(22) 1% (89)
16 1 32 1 ’
1 1

and in any case,

P01 () o) | wE)  ¢9) | (1)
ggl*—1_§1—1+531+§;‘1+5§1+ +

-1 g -1
Furthermore,
P13(1779) = 15 (89) = (¢87)°,  w(7627) = (£1°)%,  ¥(23749) = (%)°,
PI¥(9) = (€192, 1) = ().

Therefore, viewing the elements of U, we know from Lemma 4 that h,, /b,
is odd if n < 4. Consequently, the theorem is completely proved.

5. Final remark. Let H denote the class number of B; in the narrow
sense. By class field theory, H must be odd when the narrow 2-class group
of B is trivial. For each integer a relatively prime to p, we define an integer
v(a) by

1—a” ! =pu(a).
The following assertion does not need the assumption 2P~ 2 1 (mod p?).

PROPOSITION. Assume that m = 1, and take any primitive pth root C of
unity. Then H is odd if and only if
e
b _
beR C 1
1s relatively prime to 2.
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Proof. Let 1 be a primitive Dirichlet character of order p with conductor
p? such that ¢(1+p) = (. Let x be any primitive Dirichlet character of order
2t with conductor p, that is, ¥ € X. As in the proof of Lemma 4, we have

1 .
o Y@= 2 (mod i),
2p ¢
a=1 beR
where i denotes the integral ideal of Ko, generated by /2" _ 1. Since i

is the product of all prime ideals of Ky, dividing 2, it then follows from (1)
that hy /hy is odd if and only if

¥(b)
Z Cb* -1

beR

is relatively prime to 2. Furthermore, for any b € R, an integer b’ with
¢ = (b) satisfies (1 4+ p)”®=1) = v~ (mod p?), i.e., ¥ = v(b) (mod p).
Hence Lemma 3, together with the fact 21 b, proves the proposition. =

By means of the above proposition, we have checked by computer that,
if p <487, then H is odd.

Now, take any prime number ¢ different from p. Let F' be the decompo-
sition field of ¢ for the abelian extension K,B.,/Q. Note that F' is of finite
degree and that the case ¢ = [ is none other than the case F' = Q. It is
shown in [H3] that, if ¢ is sufficiently large with the degree of F' bounded,
then the g-class group of B, is trivial, whence ¢ does not divide h,, the
class number of B,. This result implies that the primes ¢’ for which the
q'-class group of B, is trivial distribute with natural density 1 in the set of
all prime numbers. On the other hand, we have not found any example of
(p,n) such that h, > 1. Hence the question arises whether the ideal class
group of By, is trivial (cf. also J. Buhler, C. Pomerance and L. Robertson
[BPR], J. P. Cerri [Ce], H. Cohn [Co], T. Fukuda and K. Komatsu [FK], and
[H1]). Moreover, in connection with our results on the narrow class group
of By, it might be an interesting problem to find whether H is always odd.

References

[AF] J. V. Armitage and A. Frohlich, Classnumbers and unit signatures, Mathematika,
4 (1967), 94-98.
[BPR] J. Buhler, C. Pomerance and L. Robertson, Heuristics for class numbers of prime-
power real cyclotomic fields, in: High Primes and Misdemeanours: Lectures in
Honor of the Sixtieth Birthday of Hugh Cowie Williams, A. van der Poorten
(ed.), Fields Inst. Comm. 41 (2004), 149-157.

[Ce] J.-P. Cerri, De leuclidianité de Q(\/2+ V2+v2) et QW2 ++V2) pour la

norme, J. Théor. Nombres Bordeaux 12 (2000), 103 126



180 K. Horie and M. Horie

[Co] H. Cohn, A numerical study of Weber’s real class number calculation I, Numer.
Math. 2 (1960), 347-362.

[FK] T. Fukuda and K. Komatsu, Weber’s class number problem in the cyclotomic
Zo-extension of Q, Experiment. Math., to appear.

[H] H. Hasse, Uber die Klassenzahl abelscher Zahlkérper, Akademie-Verlag, Berlin,
1952; Springer-Verlag, Berlin, 1985.

[H1] K. Horie, Ideal class groups of Iwasawa-theoretical abelian extensions over the
rational field, J. London Math. Soc. (2) 66 (2002), 257275 (“i4(b) = 17 in line
11 on page 260 should be “i2(b)? = 17).

[H2] —, Primary components of the ideal class group of the Zp-extension over Q for
typical inert primes, Proc. Japan Acad. Ser. A Math. Sci. 81 (2005), 40-43.

[H3] —, The ideal class group of the basic Zp-extension over an imaginary quadratic
field, Tohoku Math. J. 57 (2005), 375-394 (“p — 1”7 in line 7 on page 391 should
be “p(q)”; so “(p — 1)f” in lines 16, 20 on page 389 and in lines 9, 11 on page
391, along with “f(p — 1)” in line 19 on page 391, should be “p(q)f” (cf. also
[H4, §41)).

[H4] —, Primary components of the ideal class group of an Iwasawa-theoretical abelian
number field, J. Math. Soc. Japan 59 (2007), 811-824.

[0 K. Iwasawa, A note on class numbers of algebraic number fields, Abh. Math. Sem.
Univ. Hamburg 20 (1956), 257-258.

[W1] L. C. Washington, Class numbers and Zp-extensions, Math. Ann. 214 (1975),
177-193.

[W2] —, Introduction to Cyclotomic Fields, 2nd ed., Grad. Texts in Math. 83, Springer-
Verlag, New York, 1996.

Department of Mathematics Department of Mathematics

Tokai University Ochanomizu University

1117 Kitakaname, Hiratsuka 2-1-1 Otsuka, Bunkyo-ku

Kanagawa 259-1292, Japan Tokyo 112-8610, Japan

E-mail: horie.mitsuko@ocha.ac.jp

Received on 24.1.2008
and in revised form on 31.5.2008 (5619)



