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Algebraic relations between
special values of multiple sine functions

by

HIDEKAZU TANAKA (Tokyo)

1. Introduction. The algebraicity of a product of division values of
the double sine function Sa(a, (1,7)) at o € Q + Q7 (see [KW], [S], [Tang])
is very interesting from the viewpoint of Kronecker’s Jugendtraum for a
real quadratic field. We expect the similar situation for division values of
multiple sine functions. In this paper, we study algebraic relations between
special values of multiple sine functions. Recall that the multiple sine func-
tion Sy(z, (w1, ...,w,)) is defined by

Se(x, (Wi, .., wr))
(=t

= H (n1w1+~--—|—nrwr+x)< H (n1CU1+"'+anJ'r_.’L')) ,

ni,...,nr >0 ni..,nr>1
where [] denotes the regularized product of Deninger [D]:
d
A= —— A8 .
H exp< ds Z —o)
AEA A€ §=

We refer to [KoKu], [KuKo], [KW] for the details of the theory of multiple
sine functions. We write S, (x, (1,...,1)) = S,(z) for simplicity.

THEOREM 1. Let m be a positive integer. Then

m—1

[T Semr() %D =1,

k=0

5(r) = { 1 ifr is odd,

0 ifr is even.

THEOREM 2. Let
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Then
[r/2]-1
H Sy k er/12+k( )(121)

[r/2]4+6(r)—1
< I Ses(1/2) VT GG — o
k=0
THEOREM 3.

(1) S3(1,(1,1,1/2))7%85(1)* = 2,

(2) Sa(1,(1,1,1,1/2)) 7108, (1)"0 = 2,

(3) Ss(1,(1,1,1,1,1/2))712885(1)85,(1)%2 = 32,

(4) Se(1,(1,1,1,1,1,1/2))2%085(1)3895(1)%*® = 128.

REMARK 1.1. Kurokawa and Koyama [KuKo, Lemma 3.2] calculated
Sy(1). For example, we have

sa(1) = i) = exo ().

501 = e 573 60) — ot ).

5 ¢(5)
1) = 23— 2,
Sa(1) = exp 505 <) - )
Moreover, the value S, () at @ € Q—Z was obtained in [Tana, Theorem 1.1].

k
Set wy, := (W, ...,w) for a positive integer k.

THEOREM 4. Let m be a positive integer. Then

Som(m, (1,,,7,n)) = Sam(m, (L, 771,,))
REMARK 1.2. Put m =1 in Theorem 4. Then

Sa(1,(1,7)) = Sa(1, (1,7 )~ L.
In fact, following Koyama, Kurokawa, Tangedal and Wakayama (see [KoKu,
(4) or (5) of Theorem 1], [KW, Lemma 2.2], [Tang, Lemma 6] for details)
we have

52(17 (1>T)> :\/F
THEOREM 5. Let r > 2 be an integer and 7 > 0 be algebraic irrational.
(1) One of the numbers Sy(t+1,(1,_1,7)), t =1,...,7r —1, is transcen-
dental.
(2) One of the numbers S,((t+ 1)1 +1/2,(1,_1,7)),t=1,...,r =1, is
transcendental.
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(3) One of the numbers Hév:_ll Sy(t+k/N,(1,_;,7)),t=1,...,r — 1,
is transcendental. In particular, one of the numbers S,((2t +1)/2,

(1,_4,7)),t=1,...,r — 1, is transcendental.
(4) Let 6 = 1,7. Then one of the numbers S,((1+71)/2 + td, (1,_1,7)),
t=1,...,r—1, is transcendental.

REMARK 1.3. When r = 2, Theorem 5(1) is a result of Kurokawa and
Wakayama [KW, Theorem 1.2].

THEOREM 6.

(1) Let n > 2 be an integer. When T > 0 is algebraic irrational, the
number S2(1/2 4+ nt, (1,7)) is transcendental.

(2) Letn >1 and N > 2 be integers. When T > 0 is algebraic irrational,
the number [[n_," Sa(k/N+n, (1,7)) is transcendental. In particular,
Sa2(1/2 +n, (1,7)) is transcendental.

THEOREM 7. Let ni, ny be non-negative integers, not both zero. When
T > 0 is real quadratic irrational, So((1 4 7)/2 + ny + net, (1,7)) is tran-
scendental. When nqy = 0 or ng = 0, this holds for any algebraic irrational
7> 0.

THEOREM 8. When 7 > 0 is rational, the values in Theorems 6 and 7
are algebraic.

Theorem 1.2 of [KW] is shown via the Gelfond—Schneider theorem (see
[Bak, Theorem 2.1]). In the same way we prove Theorems 6 and 7.

2. Proofs of Theorems 1-4

Proof of Theorem 1. First we show that for any non-negative integer k,
k
(2.1) Se(@) = [[ il — kD10,
1=0

We recall the quasi-periodicity of multiple sine functions (see [KuKo] for
details):

LEMMA 2.1 ([KuKo, Theorem 2.1(a)]). Forj=1,...,r,

ST(:U7 (w17"'7w7’))
2.2 Se(x +wi, (w,...,wp)) = )
( ) ( J ( 1 )) Sr_l((L', (wl,...,wj_l,wj_,_l,...,wr))

where we put So(zx,-) = —1.
When k£ = 1, from (2.2) we have

Sp(x —1)

Sp(x) = S a@-1



126 H. Tanaka

Inductively suppose (2.1) holds for k. Then using (2.2) we have

{Salw = (k+1))So1 (@ — (k+1) V0

:w

Sp(x) =

N
i
o

Sp(@ — (k 4+ 1)Se_(ern)(z — (k+ 1))
k

x [ Sr-ile — (k + 1)) V')
o |
x I Sreici (@ = (k+ 1) 0)
=0
= Sp(x — (k4 1)S,— (o) (& = (b + 1))V
k
x T Sr-sla = (ke + 1)) VIG5
k+1l:l k+1
=] Sr-slx — (k+ 1)V CE),
=0

Hence we obtain (2.1). Put r = 2m, x = m and k = m —1 in (2.1) to obtain

m—1

SQm SQm l ( 1)( )
=0

By the definition of the multiple sine function, we see that

Hnl,...,n2m>0(n1 + -+ ngy, +m)
Som(m) = = -1
Hnl,...,ngmzo(nl + -+ nom +m)

Hence, Theorem 1 is proved. =
Proof of Theorem 2. First, we recall a lemma.

LEMMA 2.2 ([KuKo, Theorem 2.1(c)]). Let N > 2 be an integer. Then

N-1

(23) H ST<I€1W1+-A[-—|—]€7~W7"(w17“"wr)> —N.

k1, kr=0
(klv"'sz)7é(07"'70)

Putting N =2 and w; = --- =w, = 1 in (2.3), we get

f[ S, (k/2)(k) = 2.
k=1
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Therefore,
[r/2] [r/2]46(r)

I[Iso& T sa- 1/2)(=5) = 2.
=1 =1

From (2.1) we have

HST k’ 1)kl 1)7

S(1—1/2) = H S(1/2) V),
k=0

Hence,
[r/2] 1-1 o [r/2]+6(r) 1—1 .
H H S,«_k(l)(—l)k(m)( ) H H S. 1/2 DRI = 2.
=1 k=0 =1 k=0

This formula can be rewritten to give the formula of Theorem 2. m

EXAMPLE 2.1 (Application of Theorem 2).

(1) Sa(1/2)% =

(2) S3(1) 53(1/2)452(1/2) t=2,

(3) 54(1)°84(1/2)855(1/2)* = 2,

(4) S5(1)"°84(1)7°85(1/2)1054(1/2) 712 95(1/2) = 2,
(5) S6(1)*85(1)71°S6(1/2)*295(1/2)7*284(1/2)° =

Proof. Putting r = 3,5 in Theorem 2, we obtain (2) and (4) immediately.
Putting » = 2 in Theorem 2 yields

Sy(1)Sa(1/2) =
and putting m = 1 in Theorem 1 gives
Sa(1) =
Hence, (1) is proved. Similarly, put » = 4 and r = 6 in Theorem 2 to get,
Su(1)7S5(1) 184 (1/2)885(1/2)* = 2,
Se(1)3185(1)7178,4(1)S6(1/2)3285(1/2)328,4(1/2)5 =
Putting m = 2 and m = 3 in Theorem 1, we see that
(2.4) Sa(1)S3(1) 7" =1,
(2.5) S5(1)S5(1)~254(1) =
This yields (3) and (5). =

Proof of Theorem 3. We prepare a lemma.
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LEMMA 2.3. Let l, N be positive integers. Then

N-1
ST(xa (lr—b l/N)) = H ST(x + lk/Nv (lr—lv l))
k=0
Proof of Lemma 2.3. Using
CT’(Sa:E7 (lr—lal/N)) = Z ($+TL1—}—-~—|—TL7«,1—|—ZTLT/N)_S

ni,...,np >0

N—-1
=> > (@+IE/N+ng+-+ng+1in)"

k=0 n1,...,n->0

we have
I o+ +nma+in/N+a)!
N1yeeeyp >0
N-1
=1 I m+-+n_s+in +a+ik/N)""
k=0 n1,...,n->0
From

H (n1+--+np—1+In, /N — :E)_l

N1,y Mr 21

= H (ni+-+n,_1+In,/N+r—1—x+1/N)~!

n1,...,np>0

N—-1
=I] I (u+-+natin+r-1-z+i(k+1)/N)""
k=0 n1,...,n->0

N

—1
=1I I (mu+-+na+in+r—1-2+I(N-k)/N)"
k=0 n1,...,n->0

N-1

= I e+t +in —a—1k/N)!
k=0 ni,....,nyr>1

we obtain Lemma 2.3. =

Put x=1,1=1and N =2 in Lemma 2.3 to obtain
(26)  S(1L,(L_1,1/2)) = S:(1)8:(3/2) = 5, (1)S,(1/2) S, 1(1/2)7",
where we used the quasi-periodicity of multiple sine functions:

(2.7) S,.(3/2) = S.(1/2)S,_1(1/2)~ 1.
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Now we show (1) of Theorem 3. When r = 3, from (2.6) and Example
2.1(2) we see that

S5(1,(1,1,1/2)) = S5(1)S2(1/2) "1 {255(1) ~3S2(1/2)} /4.
Since (see Example 2.1(1))
S5(1/2) = V2
we obtain (1) of Theorem 3.

Next we show (2) of Theorem 3. When r = 4, from (2.6) and Example
2.1(3) we see that

Sa(1,(1,1,1,1/2)) = Su(1)85(1/2)71{254(1) 785(1/2)*}%,
Hence, using Example 2.1(2) we have
Sa(1,(1,1,1,1/2))% = 284(1)S5(1/2) ™" = 254(1)*{255(1) > S2(1/2)} .
Applying (2.4) we obtain (2) of Theorem 3.

Next we show (3) of Theorem 3. From (2.6) for » = 5 and Example 2.1(4)
we see that

Ss(1,(1,1,1,1,1/2))
= S5(1)S1(1/2) 71 {255(1) 71254(1)°Sa(1/2)"253(1/2) T }/1C.
Hence, using Example 2.1(2) & (3) we have
S5(1, (1,1,1,1,1/2))'0 = 285(1)84(1)7S4(1/2) *S5(1/2) !

= 255(1)S4(1)°S5(1/2) 7 {254(1) ®S5(1/2)"} /2
= 21/285(1)54(1)%55(1/2) 73
— 21285 (1) 84 (1)8{285(1)*Sa(1/2)} %1
= 27%/885(1)54(1)%55(1)/4.

Applying (2.4) we obtain (3) of Theorem 3.
Finally, we show (4) of Theorem 3. From (2.6) for » = 6 and Example
2.1(5) we see that

Se(1,(1,1,1,1,1,1/2))
= S5(1)S5(1/2) 1 {256(1)*55(1)'755(1/2)*54(1/2) 0}/,

Hence, using Example 2.1(2) & (3) we have

Se(1,(1,1,1,1,1,1/2))% = 256(1)%S5(1)1°S4(1/2) ¢
= 256(1)755(1)"*{254(1) 0 53(1/2)"} ¥/
= 21/485(1)295(1)1°94(1)%/255(1/2) 3
= 21/485(1)285(1)1254(1)7/2{285(1) 73 55(1/2)} 3/
= 277/855(1)285(1) 12 54(1)7/4.

Applying (2.5) we obtain (4) of Theorem 3. =



130 H. Tanaka

Proof of Theorem 4. Using the homogeneity (see [KuKo] for details)
Sy(cx, (cwr, ..., cwr)) = Sp(z, (Wi,...,wyr))
and the construction of S5, we obtain

ng( (7m7zm)) - ng(m/’l', (lva_lm)) - ng(m, (lm7L_lm))_1' u

3. Proofs of Theorems 5—8. First, we show Theorems 6-8. We express
certain special values of double sine functions via products of usual sine or
cosine functions.

LEMMA 3.1.

(1) Let n be a positive integer. Then

n
S2<2—|-7’L7', 17)—\/§g2mslw7 ,

SQ<1J;T+nT 1,r > - Qi_[l <2cos< >) -

=1

l:odd
and
2n—1 —1
147 I
Sg( 5 +n,(1,7)>— l]:[l <2€05<2T>> .
l:odd

(2) Letn>1 and N > 2 be integers. Then

§52<§+n ) f]j'[jjnol(%m( ( +1)>>_1.

(3) Let ni, no be positive integers. Then

2711—1 —
+7 nin Lhm1
52 (2 + ny + noT, (]., T)> = (—1) 1n2 | | (2 COS<2 7'))

=1
11 : odd

2no—1 lT[' —1
X H <2cos< 2 >) .
lo=1

la: odd

Proof. From the quasi-periodicity of multiple sine functions we have

52@ + o, (1,T)> _ 5, (; (1,7)) Zi'gsl <; + h) N
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n—1 -1
1+ I+7
SQ( 2T+nT,(1,T)>:H5'1< 5 +l7‘) ,

=0
k k bk -1
52<N +n, (1,T)> =9 ¥ (1,7)) lHO Sh <N +1, (ﬂ) ,
1+71 mal 147 -1
52( 5 +n1+n27,(177))=hli[051< 5 +l1,(7))

na—1 147 -1
X S l ,
H 1< 9 +n + 27‘)

1o=0

Sg<1;”,(1,7)> ~ 1.

Since Si(x) = 2sin(mz), which is obtained from Lerch’s formula [L], and by
the homogeneity of multiple sine functions we obtain

1
Sh < + l7'> = 2cos(InT),

where we used

2
S1<1+2T+lr> =2c05<(25+21)”7>,
Sl<§+l,(7)> :zsinC(]’\“fﬂ»,
51<1+r +zl,(7)> :2cos<(2l12—:1)ﬂ>’

S1 <142_T +nq + lQT) = (=1)"2 cos<(2l2—2|—1)7r T>.

Hence (3) of Lemma 3.1 is proved.
Now we show N_1

k];[l S, (’3";1 (wl,wQ)> _ VN

In fact, by the definition of Sy we have
Sg(x, (wl,WQ))SQ(wl +wy — 1, ((.dl,(dQ)) =1.
Let x = kw;/N. Then

N-1 ko
= S1 <w1 - Nl,(wl)>-
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This gives
N-1 2 N-1
k k
(H Sg(ﬁ,(wl,w2)>> = HQSin(Nﬂ')ZN.
k=1 k=1
Hence (2) of Lemma 3.1 is proved.
When N = 2, we have

So(w1/2, (w1, ws)) = V2,

which was obtained by Koyama and Kurokawa [KoKu, Theorem 1(2)]. More-
over, from the homogeneity of multiple sine functions and

2n—1 —1
1+7 lm
Sg( 5 +n7,(1,7)> = ll_[l <2COS<2T>> ,

l:0dd
we have
2n—1 —1
1+7 Im
1 = 2 — .
5’2( 5 +n, ( ,7’)) ll:ll ( cos<2T>>
[:odd
Thus, we obtain (1) of Lemma 3.1. =
LEmMMA 3.2.
(1) Let n > 2 be an integer and 7 € Q — Q. Then
n—1
H cos(In7) ¢ Q.
1=0

(2) Let n be a positive integer and 7 € Q — Q. Then

2n—1 l 2n—1 l
H cos<;r T) ZQ and H cos<277r_) Z Q.
I=1

I odd I odd
(3) Letn >1 and N > 2 be integers and 7 € Q — Q. Then
N—1n-1
(n(k _
H H Sln(T (N +l>> g Q
k=1 (=0

(4) Let ny, ny be positive integers and T # 0 be quadratic irrational.

Then
2n1—1 ll?T 1 2no—1 lgﬂ' o
H cos (2 7_> H coS (2 T) Z Q.

=1
11 :odd lo: odd
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Proof. First we prove (1). Suppose otherwise. Put ¢ = ™7. Then
n—1
[[d+ahHeq
=0
Hence there is a Q-algebraic equation for q. However, the Gelfond-Schneider
theorem (see [Bak, Theorem 2.1]) gives ¢ = (—1)" € Q. The contradiction
proves (1).
Next we prove (2). Suppose otherwise. Put ¢ = e2 7 or ¢ = e2r. Then
2n—1
II @+ahHeq

=1
l:odd

Similarly, this gives a contradiction. _
Next we prove (3). Suppose otherwise. Put ¢ = e~+. Then
N—-1n-1
H H(qk+1N _ q—(k+lN)) cQ.
k=1 [=0
Similarly, this gives a contradiction.
Finally, we prove (4). Since 7 is a quadratic irrational number, there are
integers N, M such that 7 = 1. Suppose otherwise. Put ¢ = ezntr . Then

M T
2n1—1 2no—1
IT @ +¢™) ] @2+ ") et
=1 la=1
l1:0dd lo :0dd

Similarly, this gives a contradiction. =

Proofs of Theorems 6 and 7. The theorems follow from Lemmas 3.1
and 3.2. u

Proof of Theorem 8. When « is rational, sin(an), cos(ar) € Q. Hence
Theorem 8 follows. =

Proof of Theorem 5. We prove (1) of Theorem 5 by induction on r =
2,3,.... When r = 2, from the result of Kurokawa and Wakayama [KW,
Theorem 1.2] we see that S3(2, (1, 7)), is transcendental. Assume that one
of the numbers S, (¢t +1,(1,_;,7)), t =1,...,7 — 1 is transcendental. Then
from the quasi-periodicity of multiple sine functions for k =3,...,r + 1 we
have

ST‘-‘rl(kv (lr’T))ST-‘rl(k - 17 (lrvT))il = Sr(k; - 17 (lrfl’T))il'

So, one of the r numbers S, 1(t +1,(1,,7)),t =1,...,r, is transcendental.
Similarly, from Theorem 6(1) & (2) and Theorem 7 we have (2), (3) and (4)
of Theorem 5 respectively. =
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