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1. Introduction and main results. Consider the g-exponential func-
tion

(1.1) Z N qg —1)

which is an entire function in the complex z-plane for any g € C, |q| > 1. It
is not difficult to adapt the classical proof of the irrationality of

|
e=2
n=0
to the case of the number E,(1) for an integer ¢ > 1. Indeed, assuming, by

contradiction, that E,(1) = r/s for certain positive integers r and s, we see
that the real number

(1.2) qu—l—sZH (¢ —1)

n=0j=n+1

ﬁq—l < anlqa—1>sznyzk+11(qj—l)

n=k+1

is integral (according to the left-hand side representation) and positive (be-
cause of the right-hand side representation), hence it is at least 1, for any
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integer £ > 1. On the other hand,

o0

> 1 s 1

S - < —

k

nzzkﬂ [T (@ — 1)  gFF —1 4o
2s

_ 0 ask 00

leading to a contradiction.

The above proof is based on the simple observation that truncations
of the series defining F,(1) (see the intermediate term in (1.2)) provide
rational approximations that are good enough to deduce the irrationality
of the number in question. This argument has been generalized in vari-
ous ways. For example, this truncation idea lies at the heart of Mahler’s
method [13] of proving the algebraic independence of values of the series
satisfying certain, quite restrictive, functional equations. In the same pa-
per [13], K. Mahler posed a transcendence problem for values of the series
that form a solution to more general functional equations. This problem
remains unsolved until today, with the sole exception of values of quasi-
modular functions [14]. In particular, only irrationality and linear inde-
pendence results are known so far for values of the g-exponential func-
tion.

Recently, J.-P. Bézivin [1] proposed a new approach for the study of
arithmetic properties of values of certain ¢-series. Among other things, he
managed to prove the non-quadraticity of values of the so-called Tschakaloff
function

(13) Tq(z) _ qun(nJrl)/QZn
n=0

at non-zero rational points if ¢ = p/o € Q satisfies v := log|g|/log|o]
> 14. Furthermore, he proved the irrationality of these values if v >
28/15 = 1.866. .., and thus extended considerably the possible values of ¢
in the earlier irrationality results [18], [2]-[5], where v > (3 + v/5)/2 =
2.618.... It is interesting that Bézivin’s approach was also an implicit gen-
eralization of the truncation idea. The method of [1] was applied to the
g-exponential function by R. Choulet [6], who could not prove the non-
quadraticity of its values, but improved the bound 7 > 7/3 of the ear-
lier irrationality result of Bundschuh [2] for E,(z) to v > 2. He also im-
proved the above bound v > 14 in Bézivin’s non-quadraticity result for
T,(z) to v > 14/3 and the bound > 28/15 in the irrationality result to
v > 28/17.

The aim of this article is two-fold. First of all, we further generalize
Bézivin’s method [1] to prove non-quadraticity results for values of the ¢-
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(1.4) F(z) = Z T

that include the Tschakaloff function and the g-exponential function as spe-
cial cases (A = 0 and A = 1, respectively), and we further extend the values
of ¢ giving irrational values for Fy(z;\). Secondly, in our proofs we use a
more direct method than the p-adic approach used in [1] and [6]. This al-
lows us to perceive the additional arithmetic information which can hardly
be seen from the p-adic considerations.

, gl >1
quj ’

We state our results in the following two theorems.

THEOREM 1. Let q = po/o € Q with |q| > 1, and let o and X satisfy
a#0,\¢q"° and o ¢ —\g>>°. If

12672 .
. gy — 327694460 if A =0,
_ log|o| 4772 — 72+/3Im Lig(e )
log o] 277

=0.43104241... if A#0,
52 — 184/3Tm Lig(e27V=1/3) fAz
then o, A, and p = Fy(a; A) in (1.4) cannot all belong to a quadratic exten-
sion of Q. In particular, if o and X\ are rational then Fy(o; ) is neither
rational nor quadratic.

In the case that A # 0, the above result is entirely new, while its special
case A = 0 improves Choulet’s bound v > 14/3 considerably.

The next theorem gives improvements for the above mentioned lower
bounds of 7 in the irrationality results.

THEOREM 2. Under the hypotheses of Theorem 1, if

25272 .
=1.53237645... if A=0,
_ log o] S 17372 —72\/§ImL12(627rﬁ/3)
N log|o| 2772

=1.80828115...  if A#0,
1672 — 94/3 Im Lip (e27V=1/3) s

then o, A, and p = Fy(a; X) in (1.4) cannot all be rational.
Since the function F(z; \) satisfies the functional equation
Flgz) = (= + NF() + (1 - \),

the irrationality of the values of F,(z;A) at non-zero rational points not
in —\g%>° follows from [17] if \ is a rational number and \ ¢ ¢Z>° and a
rational number ¢ satisfies v > 7/3 for A € ¢#<0 and v > 2 + /2 otherwise.
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Sections 2—4 prepare for the proofs of these theorems. In Section 2, we re-
view Bézivin’s construction, applied to our more general context. It involves
in particular the introduction of a sequence (v,)nez, the Hankel determi-
nant of which plays a fundamental role. This determinant is a polynomial
in ¢ and two other variables. Propositions 1 and 2 in Section 3 address the
power of ¢ which appears in this Hankel determinant as a polynomial factor,
while an asymptotic upper bound for the Hankel determinant is found in
Proposition 3. Finally, Proposition 4 in Section 4 detects large amounts of
cyclotomic factors (in ¢) in the Hankel determinant. All these ingredients
are put together in the proofs of Theorems 1 and 2 in Section 5.

2. Review of Bézivin’s construction. The general idea of Bézivin’s
method [1] refers to a function

@) FE) =Y a@”  al=1 22Dy )=y
n=0

an(q)
forn =1,2,..., where b(-) is a polynomial (in general, a rational function)
over a number field. Let a € C. One takes the coefficients v,, appearing in
Flaz) — Fla =
(2.2) (2)_1() = Zovnan(q)zn
n=»

and forms the Hankel determinant

2.3 Vo= det i)

(2.3) n Ogi,j‘%n—l(vzﬂ)

Then one has to provide an analytic upper bound for |V,,| and, under the
assumption that both @ and p = F(«) belong to a certain algebraic number
field K, an arithmetic lower bound, in order to find them contradictory; this
shows that the assumption on a and p cannot be true.

Before going into the details of the construction, note that relation (2.2)

may be written in the form

[e.e] o0
Yo an(@a" —p=(2=1) ) vnan(q)2"
n=0 n=0
o0
= —vo + Z(vn—lan—1<Q) - 'Unan(Q))Zna
n=1
yielding
(2.4) vo=p—1, vy, =v,_1bp(q) —a" forn=1,2,....

Hence, by induction, we easily arrive at the formula

(2.5) on=n]] b0 =S ok I bila)-
j=1 k

=0 j=k+1
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REMARK 1. Since we shall make use of it later on, we point out that
formula (2.5) also holds for negative n (that is, if we extend the sequence
(vp,) to all integers n by letting the recurrence (2.4) hold for all integers n)
under the conventions

o Sl Expr(k), n>m,

Z EXpI’(k‘) = 0, n=m,

k=m — S Expr(k), n<m,
and

- 1=} Expr(k), n>m,

H Expr(k) =< 1, n=m,

h=m 1/ 1105 Expr(k), n<m.

Assuming that b(-) in (2.1) is a polynomial of degree s, formula (2.5)
shows that, for positive integers n, V,, is a polynomial in u, «, and ¢ of
degree at most n in p, n(n — 1) in «, and

Tl 9i(2i + 1 sn(n—1)(4n +1
2D snn =+

(2.6) ;

1=0

in ¢ (cf. [1, Lemma 2.4]). Formula (2.5) may also be written as

j=1 k=0 j=1
= an(g)™ - (Y arl@)at =Y axlg)a®)
k=0 k=0
o0 e8] k
@ S agat= S
O 2 0 2 T )

showing that the above v,’s are nothing else but tails of the series u =
S22 g ax(q)a® (normalized by the factors ay,(q)1; cf. the intermediate part
of (1.2)). This fact somehow explains why the determinant in (2.3) is ex-
pected to be “small”.

Our basic example (1.4) corresponds to the choice b,(¢) = ¢" — A, for
a fixed algebraic number A. In this case, we have a,(q) = [[r_,(¢" — \) 7%,
and the Hankel determinant V,, is also a polynomial in A of degree at most
n(n — 1). The choice b,(q) = ¢ (that is, A\ = 0), yielding the Tschakaloff
function (1.3), was the illustrative example of the method in [1], while the
choice b,(q) = ¢" — 1 (when A = 1) results in the g-exponential func-
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tion (1.1). In [6], Choulet treated both the Tschakaloff and g-exponential
cases.

We replace the argument of Bézivin and Choulet by a more direct ap-
proach (see Sections 3-5 below); in particular, we do not require the non-
trivial p-adic techniques used in [1] and [6], thus making our proofs more
“concrete” and elementary. An essential gain, which allows us to succeed in
proving the non-quadraticity of the values of (1.4), is due to extraction of
cyclotomic factors in the factorization of the Hankel determinant (2.3); this
is explained in Section 4.

3. Determinant calculus. Define the (g-)order of a Laurent series

f(@) =X pez ng” as
ord f(q) = ordy f(q) = min{n : ¢,, # 0}.
The g-binomial coefficient [’}g]q is defined by

k 1=¢")1—-g¢)--(1-q)
0 it £ <O0.
Moreover, we adopt the usual notation for shifted g-factorials, given by
(a;qQ)m = (1 —a)(1 —aq)--- (1 —ag™ ') if m >0, and (a;q)o := 1.
Specializing b;(¢) = ¢/ — A in (2.4), where A & ¢%>9, we consider the
sequence defined by

(3.1) vo=p—1, v, =(¢" —Nvy—1 — ",

where

(3.2) h= anlqw

We follow Remark 1 in requiring the recursive relation to be valid for all
n € 7Z. This does not, in fact, work if ¢ — A = 0 for some integer n < 0.
However, since the only places where we need the extension of (3.1) to
negative integers is in Remark 2 and in the proof of Proposition 2, in a
context where A\ = 0, we do not have to worry about these exceptional
cases.

Let AV denote the backward shift operator acting (solely) on the index of
the sequence (vy, )nez, that is, Nv, = v,_1. Introduce the difference operator

[m} B (1—gmA—g™h)---(1=gm " k>0,

-1

(3.3)  Dy=(-M;qu(aN;qh = [[(T+ (A= )" N = Aag® N?),
k=0

where 7 is the identity operator.
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LEMMA 1. Forn € Z and | > 0 we have

l
(3.4) Dy = '™ [l

s
s=0
Proof. By the g-binomial theorem (cf. [9, Ex. 1.2(vi)])

LqU%“)(—a)Svn_l_s.

(3.5) (1+2)(1+gz) (14" 'z = ¢ [’Z] 2
£=0 q

we can write

D= 3 3D [1] ncapeme

k1=0 ko=0

Hence, what we want to prove is

(3.6) ZI: zl: ¢()+(2) [’fll]qHJqul(_a)%n_kl_kz

1=0k2=0

kol

l
l I—s+1
_ l(n—1 s
anbY qu( ) (—a) on_is

s=0
for n € Z and [ € Ny. For [ = 0, 1, this equality can be readily verified.

We now assume that (3.6) is valid for some [ > 1 and all n. Substituting
n — 1 and n — 2 instead of n, we get

(3.7) ZI: zl: g(3)+(2) |:kfl:|q|:kl2:|q)\kl(_a)k20n_kl_k2_1

k1=0k2=0

l
l I—s+1
:ql(nll)Z[ :| q( 2 )(_a)svn—l—s—la
s=0 o q
respectively
l l
[ l
(3.8) Z Z q(k21)+(k22) |:k :| |:k: :| )\kl(—a)k2vn_kl_k2_2
k1=0 k=0 1 q 2 q

l
g l l—s+1 s
:ql(n 1-2) |: :| q( 2 )(—Oé) VUn—1l—s—92-
=0 § q

S

Next we form the linear combination
(3.9) (3.6) + (A — a)¢ - (3.7) — Aag? - (3.8).

We claim that the left-hand side of (3.9) is equal to the left-hand side of (3.6)
with [ replaced by [+ 1. To see this, we rewrite the left-hand side of Ag'-(3.7)
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in the form

(310) A Z > A N P SR

=0 ko=0

I2P L {k1—1]q[k2]qw(_a) et

k1=0ko=0

we rewrite the left-hand side of —aq’ - (3.7) in the form

pa) ot X 3] [} ] v

k1=0 k2=0
+1 I+1

- Z qu ko+14+ (%) + (kz)[kﬂ [k2l_1] Nt ()20, e g,

k1=0 k2=0

and we rewrite the left-hand side of —\ag? - (3.8) in the form

(3.12) —)\aqzlz Z (7 [kl]q[kl?] AL (—a)*20, g o

k1=0ko=0
I+1 I+1 { I

= qu k1) + (k1) + (%) +('2) b1 ] [bl ]A’“( )"0 gy -

k1=0ko=

By summing the left-hand side of (3.6) and the right-hand sides of (3.10),
(3.11), and (3.12), we obtain indeed the left-hand side of (3.6) with [ replaced
by | + 1, after little simplification.

We now turn our attention to the right-hand side of (3.9), that is, to

l

[ l—s41

ql(nil) Z |:S:| q( 2 )(_a)s(runflfs + ()\ - Ck)'l)n,l,S,1 - )\avnflfsz)-
s=0

By (3.6) with [ = 1 and n replaced by n — | — s, this is equal to

l s+1 o
(n— Z)Z[ :| a)sqn l—s l(qvnfl—sfl _Oé’l)nflfsfg).

It is not difficult to transform this into the right-hand side of (3.6) with [
replaced by [ + 1. =

As a corollary, for [ > 0 and n > 2] — 1 we get
(3.13) ordg Dyvy, = l(n —1).
Moreover, we have

q_l(n—l)'DlUn}q=0 - (_a)lvn—gl’tFO'
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REMARK 2. In the proof of Proposition 2 below, under the hypothesis
A = 0, we require the estimate
ordg Dyvy, > l(n—1) ifn<2l—1,

which complements (3.13) and also follows from Lemma 1. This estimate
is valid for negative indices n as well: recall that the definition (3.1) of our
sequence (vp)nez in the case A =0 and a # 0 results in

Vopo1=q" (v +a™"),

whence ordg v_, = n—1for n > 1, implying the desired estimate for negative
indices.

PROPOSITION 1. Let A # 0, and let the sequence vy, be given by (3.1).
Then the Hankel determinant V;, = deto<; j<n—1(vit;), viewed as an analytic
function (in fact, a polynomial) in q, o, A, and p, admits the representation

V, = Odn(nfl)/Z)\n(nf2)/4()\ _ ()\ + CM),U,)n/Q . qeo(n) + O(qeo(n)+1)
if n is even, and
V, = an(n—l)/2)\(n—1)2/4(u — 1A= A+ a)p) /2. geo) L O(geom+1)

if n is odd, where

(3.14) eo(n) = M7= 13(” =2 _ (g)

In particular, its q-order under any specialization of «, X\, and p is at
least eg(n).

Proof. We act on the ith row of the matrix (vi4;)o<i j<n—1 by the opera-
tor Do, fori =n—1,n—2,...,1,0 (in this order!). By definition (3.3) we
have a sequence of elementary row operations, hence the new matrix with
entries a;; = D\j/2 vi+j, 0 < 4,5 < n — 1, has the same determinant V,.
According to (3.4),

wms= {1 [3) - (1)

and for a permutation 7 of {0,1,...,n — 1} we have
n—1 - n—1 i
0SS [ IS

1=0 1=0 1=0

We claim that the minimal value of the latter expression is equal to (g) and
is attained, e.g., for 7(0) > 7(1) > --- > 7(n — 1). To see this, first observe
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that, if [i1/2] > [i2/2] and ji > ja, then

o o o2

Hence we necessarily have 7(0) > 7(i) and 7(1) > 7(¢) for all i > 2. In other
words, the 2-element set {7(0),7(1)} is {n — 1,n — 2}. Continuing in this
manner, we obtain {7(2),7(3)} = {n—3,n—4}, {7(4),7(5)} = {n—5,n—6},
and so on. It follows that indeed, for any permutation 7, we have

n—1 n—1 i ; [n/2|—-1 n

d iy =Y {2J [J + ) in—1-2i+n—2-2i)= <3>
i=0 i=0 i=0

Moreover, the coefficient of the minimal power g™~ (n=2)/6

determinant of the “anti-diagonal” matrix

is equal to the

O Un—2 Un—1

Un—1 Un

(3.15)

(=) vn—2—2  (—a)'vn_2-1

(=)' vn—2-1 (—) 'vn—

0

evaluated at ¢ = 0. Here, if n is odd, the left lower angle of the matrix
contains just the 1x 1-matrix (—a)™~1/2yq. Let us compute the determinant
of a 2 x 2-box in (3.15) assuming ¢ = 0 throughout. For n > 0, the explicit
expression (2.5) for v, with b;(¢) = ¢/ — A = — ) yields

n n 1- (_a/)\)n—i-l
Hence,

—_a)! _ A\
det ( Oé) Un—21—2 ( Oé) Un—21—1 _ an—l(i)\)n—Ql—l <'LL<1 + O[> . 1> ]
(—) vp_gim1 () vy A
Therefore the desired coefficient of ¢™("~1)(=2)/6
n/2—1
IT @' 027200 = (+ a)w))
1=0
if n is even, and to

in V,, is equal to

() 2—1) ] @ N0 (A a))

if nis odd. =
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PROPOSITION 2. Let A = 0, and let the sequence vy, be given by (3.1).
Then the Hankel determinant V,, = deto<; j<n—1(vitj), viewed as an analytic
function (in fact, a polynomial) in q, a, and p, admits the representation

(3.16) V, = (—1)Mn+2)/8n(5n=2)/8 n/2  geo(n) 4 g (ge0(m)+1y
if n is even, and
(3_17) V, = (_1)(n—1)(n—3)/8a(n—1)(5n+1)/8K(n_1)/2 . qeo(n) + O(qeo(n)—f—l)

if n is odd, where the sequence K, = K, (o, u) is defined in (3.20) below,
and
(3.18) coln) = {n(n —2)(bn —2)/24 zfn z:s even,

nin—1)(5n —7)/24 if n is odd.
In particular, the q-order of Vi, under any specialization of o and p s at
least ep(n).

Proof. This time we act on the ith row of the matrix (vit;)o<i j<n—1,
fori=n—1,n—-2,...,1,0, by the operator D;,, where [; = min{3, Ln/QJ }.

Again, these are elementary row transformations because D; = (aN;q);
in (3.3) for A = 0. For the entries a;; = Dj,v;4; of the resulting matrix,
whose determinant is V,,, we have e;; = ordga;; > [;(i + j — l;), with

equality occurring when ¢ 4+ j > 2[; — 1 (cf. Remark 2). This fact and the
fact that the sequence (I;) is non-decreasing imply, for any permutation 7
of {0,1,...,n— 1}, that

n—1

(3.19) ZeMZZZ (1 +7() —1;) >Zln—1—l =eo(n),
=0 i=0

for eg(n) defined in (3.18). To get equality in (3.19), the following two con-

ditions should be satisfied: (a) for each ¢ we have i + 7(i) > 2[; — 1, imply-

ing 7(i) > 2|n/2| —i—1for i > |n/2|, and (b) for i < |n/2| we have

(i) =n—i—1.

In the case of n even, condition (a) gives us 7(i) > n—i—1 for i > n/2,
which in view of condition (b) is possible if and only if 7(i) = n —i—1
for each ¢ = 0,1,...,n — 1. Therefore, the unique anti-diagonal product
(—1)™n=1)/2 H?;ol @ n—1—i provides the lowest power g"(n=2)(Bn=2)/24 iy the
determinant det(a;;)o<i j<n—1, implying (3.16).

If n is odd, conditions (a) and (b) take the form

7(i))=n—i—1 fori=0,1,...,(n—3)/2,
T(i)) >n—i—2 fori=(n-1)/2,...,n—1.

n—1)(5n—7)/24

In this case the coefficient of the lowest power ¢"( in V,, is equal
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to the determinant of the matrix

(_a)ovn—l
0 (—a)'vn_3
(_a)(7L73)/2,U2
0 (—a) ln/21y, 4 (_a)tn/% Vo
" (—a) Ln/2] 4, (_a)Ln/2JU1 O

(,Q)Ln/wvil e :
(70()“1/%1)0 (70&)Ln/2JULn/2J

evaluated at ¢ = 0. It is clear that the non-vanishing of the coefficient will
follow from the non-vanishing of the determinant

0 v_1 o 0 W w—1
o v o —1 —
det . ’ 1 = det a
v_1 : 7
Vo e e Unen)/2/ | p—1 ... ... —an=h/2
= (_1)("—1)(71—3)/8[((”_1)/27
where
n—= 1 — —a2 —a
poop—1 - —an!
(320) K, = Ku(a,p) = det poop—1 g2
0 poop—1

Summarizing we have (3.17), and the proposition follows. =

REMARK 3. Generically, the power ep(n) in (3.18) is exact. Indeed, the
determinant K, is not identically zero, since it is trivially non-zero for « = 0
and pu # 1. In fact, we can also write down explicit formulas for K, since
the sequence satisfies the linear recurrence

Kpio=(p—1—ap)Kny +ap’K, forn=01,...,
Ko=p—1, K =(u-1)>+au
To find an (asymptotic) upper bound for our Hankel determinant

OSi,jegn—l(vH_])’
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where
>
(3.21) Up = k , forn=0,1,...,
k=n+1 Hj:n+1(q] - )

we will use the difference operator

!
(3:22) D= (aq 'Nig ) = [[(Z - ag”*N).
k=1
REMARK 4. The operators (3.3) and (3.22) are directly related by

Divy = 4" &) Dy, 4,
where [ > 0 and n € Z. This is seen by applying the g-binomial theorem
(3.5) to (3.22), and by comparing the result with (3.4). Equivalently,
Dyv, = ¢ Dy, .

LEMMA 2. Let q, a, X be complex numbers with |q| > 1, o # 0, and A
not a (positive) power of q. Then, for 0 <1 <mn,

l p— .
B < { WEC i a0,
~ g ™es™ if A=,
where C and Cy are positive real numbers not depending on n and 1.

Proof. Let first A # 0. From (3.21), it is easy to see that we can find
a real number C' > 1 (depending on ¢, o and A, but not on n), such that
|v,| < C™FL Making use of the g-binomial theorem (3.5), of the fact that

k] =],

(following from the polynomiality in g of [}] g+ the coefficients being non-
negative integers), and of our observation in Remark 4, we have

1Dy, | = \CJ’(é)fl(nH)’Dzanrl\

I I
_(H1Y_y SN ko[ 1
<lal GO ) S]] el

k1=0 la] ko=0 la]

1+1 =1 . .
< Jgl D= TT (10 + A fal) (1 + [ [al)
j=0

< Jql&) e (L4 AL+ o),
which, in view of [ < n, is exactly in line with the first assertion of the
lemma.
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In the case A = 0, we can proceed in the same way. The only difference is
that the above sum over k; reduces to just the summand for k; = 0. Hence,

we obtain
l

~ _ (%Y _in k l
Buoal <1a-3 S IO || ] el
]

ko=0
—("H-in +l+1l_1 j
< g~ ) LTI+ ol )
3=0

< |q’flflncn+l+1(1 + |O[|)l7
which is exactly in line with the second assertion of the lemma. =

PROPOSITION 3. Let the sequence vy, be given by (3.21). Then, asn tends
to oo, the Hankel determinant V,, = deto<i j<n—1(viy;) is asymptotically

(3.23) v < Ll ep(0m?) if A0,
T e exp(0(n?) if A=0.

Proof. Acting by means of the operator D; on the ith row of the matrix
(vit+j)o<i,j<n—1 (this results in elementary row operations according to (3.22))
we get the matrix (a;j)o<i j<n—1 With entries a;; = ZSiij, whose determi-
nant is equal to V;,.

Let now A # 0. Writing &,, for the symmetric group on {0,1,2,...,n—1},
we have

n—1 n—1
V| < nl max E) I Divigr(y| < n!Pel%S}i g |q|(2) (Z+T(z))zci (i

n—1 )
< exp(0(n?)) [ lg) =17,
1=0

where, to pass to the last line, we used again the fact that the permutation
achieving the maximum sends ¢ to n —¢ — 1 for ¢ = 0,1,...,n — 1. This
implies the first claim of the proposition.
On the other hand, if A = 0, then
n—1 n—1

= — (i1 (4))i T () +1
|Val < n! max H) [ Divicr(iy| < ! max H) Flmaaie
7= =

n—1
< exp(O(n?)) [T =17,
i=0
implying the second claim of the proposition. =

REMARK 5. Using an analytic method for the (entire) generating series
Y oo Unz", Choulet [6, Lemmas 3.3 and 3.4] proves estimates that may be



Non-quadraticity of values of g-series 257

informally summarized in our setting as follows:

2n3+0(n?) if A =0,
(3.24) ordy Vp, >

as n — o0,
in®+0(n?) ifA#£0,
and
—n3/240(n?) if A =0,
(3.25) V| < |q\_ 3/340(m?) as n — 00.
g /B0 i A 20,

Therefore, our Propositions 1-2 sharpen the estimate (3.24) of Choulet,
while our Proposition 3 provides a different proof of (3.25). (Strictly speak-
ing, Choulet did not arrive at the better estimate in (3.25) for the case
A = 0 himself; this had been done earlier by Bézivin [1] using elementary
considerations.) On the other hand, it is Choulet’s method that suggested
to us the form of the difference operators (3.3) and (3.22).

4. Cyclotomic factorization. We now turn to the general Hankel de-
terminant (2.3) with the sequence (v,,) defined in (2.4) and (2.5). Let us fix
the notation

o(g)= [[ (@—e VY, i=12...,
1<5<i
ged(5,0)=1

for the cyclotomic polynomials.

PROPOSITION 4. For any integer | in the range 1 <1 < n/2, the Han-
kel determinant V,, = deto<i j<n—1(vitj), where the v,’s are given in (2.5)
with bj(q) = b(¢’) for a polynomial b(-) of arbitrary degree, is divisible by
1(q) ™), where

(4.1) es(n) :S QZ;J + L’TZD

=0

REMARK 6. From (4.1), it is straightforward to compute a compact
formula for e;(n), namely,

_ i —9 0 if 0 <j < 2I,
ei(n) = (n=j)(ntj=2) +{ . 1 _J.

3l j—21 if21<j<3l,
(In other words, j/(30) is the fractional part of n/(30).) In particular,

_ M - (n—1)2/3 ifn=1 (mod 3),
61(”)—{ 3 J_{n(n—Z)/3 otherwise,

es(n) = V”‘GWJ .

where n=j (mod 3I).
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Proof of Proposition 4. We have to do some preparatory work first, be-
fore we are in the position to embark on the “actual” proof of the divisibility
assertion in the proposition. The central part of this preparatory work is the
identity (4.10).

Changing notation slightly, recall that, for n > 1, we have

Un = b(qn)vn—l - anv

with b(z) = = — A. (In fact, the subsequent arguments hold for any func-
tion b(x). That is why we shall write b(-) below instead of its explicit form
which is of relevance in our context.) Hence, for n > 1 > 1, we have

-1 -1 j—1
(4.2) Up = Up_y H b(g" ) — Z o™ H b(g" k).
k=0 j=0 k=0
If we write
j—1
q) =[] o "
k=0
for non-negative integers j, the recurrence (4.2) takes the form
(4.3) U = v Bi(n,q) — Za" JP (n,q).

Fix a positive integer [ and a prlmltlve {th root of unity (. For integers
J,t,n with 7.t > 0, set

(4.4) O (n) = ditpj(n,q) .
! dq q=¢
In particular, we have
1 ift=0
4.5 PY(n) = { ’
(45) 0 (n) 0 ift>1.

For j > 1, we have

@6 gPmd= Y ,H jq

tot-+tj_1=t tol -+t

Applying the Faa di Bruno formula (cf. [7, Sec. 3.4]; but see also [8, 11])
we get

dt k
4. —b(¢"™
(@7 g
= til b(m) (qn_k:) n-— k qn—k—y Y
Z omaleeomy! I_I v ’
mi1+2mo—+---+tmi=t v=1

where m = mq + -+ + my.
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It is straightforward to see that equations (4.4)—(4.7) imply that, for any
non-negative integers j and ¢, the quantity Pj(t)(n), as a function of n, is
an [-quasi-polynomial of degree at most ¢, where an [-quasi-polynomial of
degree at most t is a sequence of complex numbers (Q(n))nez of the form

t
Q(n) = ay(n)n”,
v=0

the sequence {a, (n) }nez being l-periodic for each v (cf. [16, Sec. 4.4]). We de-
note the set of all I-quasi-polynomials of degree at most ¢t by Q; = Q;(l). Fur-
thermore, note that if Q(n) € Q;, with ¢t > 0, then Q(n) — Q(n —1) € Q;_1.
These facts will be used repeatedly.

Our next observation is that the sequence (Pl(o) (n))nez is constant, where

PO n) = P(0) = TT42L b(ck). We let

-1
B =B =[] b(ch).
k=0

Clearly, B is independent of the particular choice of the primitive {th root
of unity (.
Now we introduce the difference operators

F=T—-BN' and ¢=7-dN,
where Z and N have the same meaning as earlier. Clearly, the operators F
and G commute.

It is easy to check, using elementary facts of difference calculus, that, for
any Q(n) € Qy, we have

(4.8) G (Q(n)a") = 0.
For non-negative integers m and n, let

vﬁ”)zzamv” )

dq™ q=¢

By differentiating both sides of (4.3) m times, and by subsequently substi-
tuting ¢ = ¢, we obtain for n > [ > 1 the equation

m -1
a9 =3 (M)A - XA e
v=0 =0

We now claim that for an arbitrary Q(n) € Q;, for non-negative integers
t and m, and for any integer n > (2t + 3m + 2)I, we have

(4.10) FLE2mALGHmEL ()M =

We prove this claim by a double induction: the external induction is over m,
while the inner induction is over t.
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We start by proving (4.10) for m = 0, by induction over t. We put m = 0
n (4.9), and rewrite the resulting equation in the form

-1

F) = =3 B m)a".
j=0

We apply the operator G on both sides. By (4.8), this implies
FG(v") =0,
which in turn implies
FG(Qn)v) =0
for any [-periodic function Q(n), since the operators F and G are both
polynomials in A, This is exactly (4.10) for m =t = 0.

Now assume that (4.10) is proved for m = 0 and for ¢t — 1. If Q(n) € O,
with ¢ > 0, then (4.9) implies

-1
FQm®) = B(Q(n) — Q(n — ), ZQ PO

After application of F'G!T! on both sides, we obtain
FHGHQm) = BGFGH(Qn) - Qn — D)o

-1
= > FGHH QP ().

The summands in the sum over j vanish because of (4.8), while the first
expression on the right-hand side vanishes because of the induction hypoth-
esis. (Recall that Q(n) —Q(n—1) € Q;—1.) This proves (4.10) for m = 0 and
arbitrary t.

Now we assume that (4.10) is proved for 0,1,...,m — 1 and arbitrary ¢.
For m > 0, we write ( as

4.9)
o () So e

V=0 j=0
We apply F2™G™+1 on both sides, to obtain
)

f2m+1gm+1(
m—1
m m—ur— m—v v m—v)+v m—v v
_ <V>]_— Lp(m—v)+2v+1g(m—v)+ +1(Pl( )(n)vgjl)
v=0

Z 2mgm+1 )(n)an—j)‘

=0
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Again, the summands in the sum over j vanish because of (4.8), while the
first expression on the right-hand side vanishes because of the induction
hypothesis. This establishes (4.10) for m and ¢ = 0.

In order to prove (4.10) for m and arbitrary t, we use again induction
over t. We already know that (4.10) is true for ¢t = 0. Assume that (4.10) is
true for ¢ — 1. We multiply both sides of (4.9) by @Q(n), and we apply F on
both sides. The resulting equation can then be written in the form

m—1

]:(Q(n)vﬁlm)) = B(Q(n) —Q(n — l))vnn_l% + Z <7Z>Q(n)Pl(m—u) (”)UELV—)Z

v=0
-1
= > Q)P (n)a" .
j=0

After application of Fi+2mGt+m+1 on both sides, we arrive at

FHEmHLGHMEL (O () (m)) = BGFHIMGE™(Q(n) — Q(n — 1))v m%)

n—
m—1

n Z (T) j_-m—y—1]_—(t+m—u)+2u+1g(t+m—u)+u+1(Q(n)Pl(m—V) (n)v&)l)
v=0
-1
_ Z ft+2mgt+m+1(Q(n)P](m) (n)an—j)‘
§=0

Again, by (4.8) and the induction hypothesis, the right-hand side in this
identity vanishes. Thus, (4.10) is completely proved.

We are now ready to treat the Hankel determinant V,,. In fact, we need
(4.10) only for ¢ = 0. (For the proof, it was however necessary to play
with ¢.) What (4.10) says for ¢t = 0 is that, for m > 1 and n > (3m — 1)I,
the polynomial (in q) Wy, = (T — BNY)? 1T — o! N')™,, satisfies

o9
St =0, 0<j<m-1,
4 q=¢
for any choice of the primitive Ith root of unity . Hence, we have
(4.11) Q@)™ | Wi -

This reasoning also shows that for the polynomial

Winm = (T — BNY!™(T — ol NHY™, = (T — B./\/'l)wmm = Wmn — B i
we have

(4.12) P1(q)™ | W,

as long as n > 3ml.
For n — 1 >4 > 2l we apply the operator (Z — BN)2i—(T — o! M)k,
where l; = | (i+1)/(31) ], to the ith row of the Hankel matrix (vit;)o<i j<n—1,
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and subsequently, for n — 1 > j > 3I, we apply the operator (Z — BN")?™
x (T — a'NY)™i, where m; = [j/(3l)], to the jth column. The resulting
matrix has entries

Weig)i+s ifi<2landj> 3l
We(ij),i+; Otherwise,
where

(i, j) =li+m;=[(@+1)/3D)] + [i/(3D)],
with the convention that wq, = v,. As earlier, since the above operations
correspond to row and column operations, the determinant of the resulting
matrix is still equal to V,,.
In view of (4.11) and (4.12), it remains to observe that, for an arbitrary
permutation T,

n—1 n—1 . . n—1 . .
S i+ (@) [} i+1 i\
yoero-S (|5 [%]) S (5] [5]) -
This completes the proof of the proposition. =

Propositions 1, 2 and 4 may be summarized as follows: The Hankel de-
terminant (2.3) of the sequence (3.1) admits the factorization

(4.13) Vi = An(q) - Va,
where
(4.14) An(q) = ¢ ] 2i(g)™
>1
and the exponents eg(n),e1(n),ea(n),... are given by very simple formulas.
Since
log |2(q)|

=pl)+0(1) asl— o
et =)+ 0()

and

n2

ei(n) = O(l) as n — oo uniformly in [ > 1,
the asymptotic behaviour of A, (q) as n — oo is governed by the degree of

the polynomial,

log | A, (q)]

4.15
(4.15) log |q]

~deg A, =ep(n) + Z el(n)e(l) asn — oo.
=1

The following lemma enables us to determine the asymptotic behaviour
of the sum on the right-hand side of (4.15) as n — oo.
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LEMMA 3. Let a and c be real numbers with 0 < ¢ < a. Then, as n — o0,

> el Zn:VZZdJ 22 = agE O log” m).

>1

Proof. By interchanging summations, we have

(4.16) gﬂl)g VJFCZJ ZZ V +CZJ

=0 I=1

Writing X (z) = >, ¢(l), the expression (4.16) can be rewritten in the
form -

22 ((m=) (=) 22 (m)

=0 m=1 =0 m=1

Using Mertens’ classical asymptotic formula (cf. [10, p. 268, Theorem 330])
3 2
Y(x) = —% +O0(zlogx) asz — oo,

we obtain the following asymptotlc estimate for (4.16):

) Za:c ZJrZC):/aJ (7T2mn2_c)+0<il<:§n>) +o(1)
_ z”: (i’;f i mml—cy + O(ilog? n)> +0(1),

i=[a—c] m=1

which immediately implies the assertion of the lemma. =

Using formula (4.1) for ¢;(n) and the asymptotics from Lemma 3, we

obtain
o0

(4.17) Z er(n)e(l) = 0.05301135n  as n — oo,
=1
where the exact value of the constant in (4.17) is
NS 1 5 TImLiy(e*™V"1/5)
72 —= (3m—1)2 54 w2/3 '

Summarizing our findings from Propositions 1 and 2, as well as from
(4.15) and (4.17), we have the following result for the asymptotic degree
of A,(q).

PROPOSITION 5. Let A, (q) be defined as in (4.14). Then, as n — oo,
log |An(q)]

~ deg, A,(q) ~ Bn?,
log [q] 0 4nl0)
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where

B

5  ImLiy(e27V-1/3) { 5/24 if A =0,
- 54 723 1/6  if X #0.

REMARK 7. If A is a root of unity, expected formulas for the exponents
of the cyclotomic factors of V), obey a different law. To write them down in

the (g-exponential) case A\ = 1, we represent the polynomial A,, from the
factorization (4.13) in the form

A, = qeo(n) H(ql _ 1)51(71)'

1>1

Then
(4.18) €;(n) = 2max{0,n — 21},
which, together with (3.14), implies that, in the case A = 1, we have
n(n —1)2/4 if nis odd,
n?(n —2)/4 if n is even.

deg A,, = {

It is of definite interest to prove also these formulas for the cyclotomic ex-
ponents.

5. Arithmetic ingredients. In this section we provide the proof of
Theorems 1 and 2. It rests on Propositions 3-5, and two additional auxiliary
results, given in Lemmas 4 and 5 below. The first one says that, under certain
arithmetic constraints on the complex parameters «, A and q, if we generalize
our sequence v, to v, (z), where vo(x) = x — 1 and

(5.1) Up(x) =vp—1(x) - (¢" = A) —a”™ forn=1,2,...,
then the corresponding Hankel determinant
(5.2) Va(z) = ogif:}%tnﬂ(viﬂ(%))

is non-zero infinitely often, while the second establishes a (crude) asymptotic
upper bound for it. The reader should note that v, (x) becomes our previous
v, defined in (3.1) if x = u, where p is given by (3.2). Hence, if x = pu, the
Hankel determinant V,,(x) becomes our earlier Hankel determinant V,.

LEMMA 4. Let a, \,q,z be complex numbers with o # 0, X ¢ q%>0, and
a ¢ —\g?>°. Then there are infinitely many positive integers n such that

Vo(z) # 0.
Proof. Writing the relation (5.1) for the generating series

o0

G(z) = Gu(z) = Zvn(x)z”

n=0



Non-quadraticity of values of g-series 265

we arrive at

o0
G(z) =vo(z) + 2(gG(qz) — A\G(2)) — Z a”z"
n=1
= 2(qG(qz) — \G(2)) + = — Ty
Equivalently,
1
5.3 14+ A2)G(2) — qzG =z — .
(53) (14 X2)G(2) — 42Glg2) =2 — ———
We claim that this equation does not have a rational function solution unless
a € —A\g%>0. Indeed, if z = 1/8, z = 1/(¢B), ..., z = 1/(¢""'3) are poles
of G(z), for some k, then z = 1/(¢f), z = 1/(¢*B), ..., z = 1/(¢"B) are

poles of G(qz). Hence, the only way that this is possible in (5.3) is that the
factor 1+ Az cancels the pole z = 1/ of G(z), while the term —1/(1 — az)
on the right-hand side cancels the pole z = 1/(¢*3) of G(qz).

By a result of Kronecker (see [12, pp. 566-567] or [15, Division 7, Prob-
lem 24]), the fact that the series G(z) is not a rational function of z implies
that infinitely many terms of the sequence V,,(x), where n = 1,2,..., do not
vanish. =

LEMMA 5. Let fi,a, \,q be complex numbers with & # 0 and |q| > 1.
Define the sequence (Un)n>0 by (5.1) with x = [i, o replaced by &, and A
replaced by A, and let V,, = deto<; j<n—1(0it;) be the corresponding Hankel
determinant. Then

[Val < [g[27*/3+00) a5 — oo,

Proof. From (2.5) with « replaced by @, u replaced by f, and with

bj(q) = ¢ — A, we see that

2 2
[0n] < [g™ /2400

Hence, we have

n—1 n—1

7 < nl <l (i-47(0))2 /2+o((i47(1))?)
[Va] < n! max ]1 [9i+(5)| < ! max l;[o lq]

n—1
< nl T lgl /2ot < fqpPr/s+et),
=0

as desired. m

We are now finally in a position to prove Theorems 1 and 2. Our proof
simplifies the p-adic approach of Bézivin [1] and Choulet [6].

Proof of Theorems 1 and 2. Let ¢ = po/oc € Q, || > 1 and o > 1.
Furthermore, let v = log g/log|o| (7 = oo if ¢ € Z). Let us now assume
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that all the numbers o, A and p = F;(o; A\) are algebraic and write K =
Q(a, A, p), and d = [K : Q.

In considering V,, we write, as before in (4.13), V,, = A, V,, and note
that, as n — oo, we have

(5.4) Vo] < |q|—An3+o(n3)’
(55)  degAu(g) =Bn®+o(n®),  |An(g)| =g,
where
3 27y/—1/3
A:l, B:ﬁ_lmh?(e ) i) =0,
2 216 23
(5.6) } T ImLig(eT)
AZ*? Bzi_mue lf)\?éoa
3 27 723

by Propositions 3 and 5. On the other hand, by Lemma 5, for all K-
conjugates Vnm of V,, we have

|V7£Z}| S |q|cn3+0(n3)7 Z = ]‘7"‘7d?

where C' = 2/3. (Of course, for ¢ = 1, that is, in the case where Vil = Vo,
we have a better estimate in (5.4).) Clearly, A, (q) remains invariant under
conjugation, whence, by (5.4) and (5.5), we have

(5.7) Vol = (V] < [g ~A+BIm 4% ag i — o,
and, for i =2,...,d,
(5.8) V] < g @B et as n — 0.

We know that V;, is a polynomial in ¢, o, A and p with integer coefficients,
hence also V;,. Since the degree of V;, in each of i, A, a is at most n? (see
the paragraph containing (2.6)), the same is also true for V,. On the other
hand, by (2.6), we know that the degree in ¢ of V,, is at most 2n3/3 + o(n?),
whence we are able to find a positive integer 2(n), with log 2(n) = o(n?),
such that

(5.9) o OB Q(n)V, € Ly,

where Zy denotes the ring of integers of K. If V, # 0, then the product of
all K-conjugates of the K-integer in (5.9) is a non-zero integer. Therefore,
by (5.7) and (5.8),

d
13)]‘[0(0—3)”3 (V1] < o] C=B)a° exp(o \V|H|V[Z

< ‘U‘(C—B)dn3’q‘—(A—i-B)n?’-i-(C—B)(d 1)n3 exp(o(ng))

< |O_‘(A+C)n3Q—(A+C—d(C—B))n3+o(n3) < Q{(A+C)/'y—(A+C—d(C—B))}n3+O(n3).
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If

1
5.10 —
(5.10) :
then the above inequality implies that V,, = 0 for all large n, contradicting
Lemma 4. The reader should note that (5.10) can only hold if

A
(5.11) A+C—-d(C—-B)>0 or equivalently, d < C—_Fig’

(A+C)— (A+C —d(C - B)) <0,

in which case we have
- A+C
77 A+ C—d(C-B)

From (5.6) it follows that the only values of the degree d = [K : Q] satis-
fying (5.11) are d = 1 and d = 2. Theorems 1 and 2 then follow from (5.12)
with d = 2 (in Theorem 1) and d = 1 (Theorem 2) by using the values of A
and B from (5.6), and C =2/3. =

REMARK 8. We have a strong feeling that the method used in this work
potentially makes it possible to deduce irrationality measures for the values
of Fy(o; A) in the cases when the number in question is irrational by Theo-
rem 2. The only problem, which we are not able to overcome, is to establish
the required density of non-vanishing of the determinant V;,(x) in (5.2) for
a given x. More precisely, in our proof of Theorems 1 and 2 we use the fact
(see Lemma 4) that V;,(x) # 0 infinitely often, and this is (more than) suf-
ficient for a quantitative irrationality, respectively, non-quadraticity result.
We expect that a stronger assertion is true, which would then indeed yield
irrationality measures for values of Fy(c; A). Namely, for a given z € C and
the sequence vy, (x) defined in (5.1), there should exist two positive constants
c1 and ¢y, with ¢; < ¢o, such that for any m > 1 one can find an index n in
the range c;m < n < com for which the Hankel determinant V,(z) in (5.2)
does not vanish. (In fact, we need this statement only for rational values of x,
but this does not seem to be easier than the general case.) The belief in this
statement rests upon the fact that the sequence v, (x) is “highly structured”
(for instance, it is a solution of the simple recurrence relation (2.4) or (5.1)
with general x; cf. [1] and [6]); hence V,,(z) should admit a certain structure
as well. In fact, it was pointed out by the anonymous referee that in the case
A = 0 of the Tschakaloff function, V;, = V,,(p) is non-zero for all n if ¢ > 1
and o > 0. This follows from Lemma 2.2 in [1], which provides in this case
the expression

2 o\ 1t ,
D DI SHN € RO

1<j1 < <jn 4

(5.12)

where w; = ¢ 7UTV/2 s, = 77 and V(sj,,...,s;,) is the Vandermonde
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determinant built on s;,, ..., s;,. The proof of this result is based on the tail
expression (3.21) of v, = v, (1) and does not work for V,,(x) with = general.
This fact clearly supports our expectations above, although it is not enough
for irrationality measures.
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