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1. Introduction. Before providing a historical perspective on the study
of primitive divisors of Lehmer numbers, we define some notation.

DEFINITION 1. Let z € C and w € C be such that w?> — z = 0.
We define z = |z|exp(v/—1larg(z)), where —m < arg(z) < m, and w =
|w| exp(v/—1arg(w)), where —7/2 < arg(w) < 7/2.

DEFINITION 2. A Lucas pair is a pair (o, 3) of algebraic integers such
that a4+ # and af are non-zero coprime rational integers, and 3/« is not

a root of unity. A real Lucas pair is such that («, ) € R x R. A complex
Lucas pair is such that (o, §) ¢ R x R.

DEFINITION 3. A Lehmer pair is a pair («, (3) of algebraic integers such
that (a+3)? and af3 are non-zero coprime rational integers, and 3/« is not
a root of unity. A real Lehmer pair is such that (a2, 3%) € Rx R. A complex
Lehmer pair is such that (a2, 3%) ¢ R x R.

DEFINITION 4. Given a Lucas or Lehmer pair, we define

L= (a+p)? k= k(&),
M = b, 772{1 if/ﬁzl'(modél),
2 otherwise,
¢ = M max{L —4M, L},
where k() is the squarefree kernel of .

DEFINITION 5. Given a Lucas or Lehmer pair, we define a Lehmer se-
quence (up)22 by

(o, ) a — [" (n) 1 ifn=1 (mod 2),
Up = Up X = —— n)=
n nAT as(m) — ge(n)’ 2 if n=0 (mod 2).
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In 1930, Lehmer [11] introduced the sequences (uy)32 . He showed that
his sequences had similar divisibility properties to those of Lucas [12] se-
quences, and he used them to extend the Lucas test for primality.

DEFINITION 6. A Lehmer number is a term of the Lehmer sequence
(un)pZo-

DEFINITION 7. A real Lehmer triple is a triple (n,a, 3) corresponding
to a Lehmer number u,(«, 3) and such that (a, 3) is a real Lehmer pair.

DEFINITION 8. A complex Lehmer triple is a triple (n, «, ) correspond-
ing to a Lehmer number u,(«, 3) and such that («, ) is a complex Lehmer
pair.

We note that Lehmer numbers satisfy the following recurrence relation:
u =0, w=1, wus=1,
ty = (14 (vV=1)""tsin(mn/2)(L — 1))up—1 — Muy_2, n >3,
and hence that Lehmer numbers are rational integers.

DEFINITION 9. A primitive divisor of a Lehmer number u,, = u,(«, 3)

is a prime number p which divides u,, but does not divide the product
(0 — ) ?ug -+ un 1.

The first general result about the existence of primitive divisors of Leh-
mer numbers is attributed to Zsigmondy [30], and dates back to 1892. In
1904, Birkhoff and Vandiver [3] rediscovered Zsigmondy’s result. In 1913,
Carmichael [4] extended Zsigmondy’s result to include in particular the Fi-
bonacci sequence. After a long break corresponding to the period dominated
by the two world wars, the study was revived in the 1950’s by Ward [29],
who extended Carmichael’s result to real Lehmer triples, and Durst [5], who
continued Ward’s work. Motivated by Ward’s remark that nothing appears
to be known for complex Lehmer triples, in the 1960’s, Schinzel published
a series of papers extending Ward’s and Durst’s results to complex Lehmer
triples. In particular, Schinzel [15] showed that given a Lehmer pair, there
exists a constant n(«, ), depending on « and [, such that if n > n(«, ),
then w,(c, §) has at least one primitive divisor. Later, in 1974, Schinzel
[20] showed that, rather surprisingly, the constant n(«, ), depending on «
and 3, may be replaced by an absolute constant n;. In 1977, Stewart [23]
made a remarkable improvement by not only making Schinzel’s work explicit
by using his estimates on linear forms in 2-logarithms in order to show that
we may take

ny = %5247,

but also by showing that there are only finitely many Lehmer sequences
whose nth term, n > 6, n ¢ {8, 10,12}, does not have a primitive divisor, and
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by establishing a cyclotomic criterion, and thereby an algorithm, from which
these exceptional sequences may be explicitly determined by solving the
implicated Thue equations. Moreover, Stewart showed that the restrictions
n > 6, n ¢ {8,10,12}, are best possible for the Lehmer sequence (uy)22,
in case («,3) is a Lehmer pair, but may be replaced by the best possible
restrictions n > 4, n # 6 in case (a,3) is a Lucas pair. In the 1990’s,
Voutier made a number of refinements of Stewart’s work ([25]-[27]), and in
particular established that one may take

n1 = 30030,

and conjectured that one may take n; = 30. At the turn of the millennium,
in a spectacular display of the interplay between computational number
theory and theoretical number theory in helping to resolve an outstanding
problem, Bilu, Hanrot, and Voutier [2] established the optimal value

ny = 30.
In order to further motivate this article, consider the following problem:

PROBLEM 1. Classify all Lehmer triples (n,c, 3) such that (o, 3) is a
Lehmer pair, and u, has at least r primitive divisor(s), where n exceeds
some bound, and r is a given natural number.

The case = 1 in Problem 1 has been completely resolved by Bilu,
Hanrot and Voutier. In this article we consider the case r = 2. Let n > 0
be an integer, a and b be relatively prime integers with |a| > [b] > 0, k(ab)
denote the squarefree kernel of ab, and let

1 if k(ab) =1 (mod 4),

0~ {2 if k(ab) = 2,3 (mod 4).
In 1962, Schinzel showed that if n/(nok(ab)) is an odd integer, and the
triple (n, a, b) is not from an explicit table, then the nth term of the sequence
(a™—b")o2, has at least two primitive divisors. In the same year, Rotkiewicz
[14] generalised this theorem to real Lucas pairs ((a, 8) € R x R). In 1963,
Schinzel [17] generalised Rotkiewicz’s theorem to a result about the nth
term of the Lehmer sequence (uy,)22 , having at least two primitive divisors.
In the same year, Schinzel [18] proved a theorem about w, having at least
r primitive divisors, where r is 3, 4 or 6, while a few years later, in 1968,
Schinzel [19] refined all of his theorems on primitive divisors of Lehmer
numbers. Nonetheless, all of Schinzel’s theorems had the shape, ignoring
other conditions similar to the conditions described above for the sequence
(a™ —b")5°, that there exists a constant n,(a, 3), depending on « and g,
such that if n > n,(a, 3), then u, has at least r primitive divisors, where
r is a natural number. Later, in 1974, Schinzel [20] showed that for each r,
ny(a, B) may be replaced by an absolute constant n,.
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In the next section we establish Theorem 1 on Lehmer numbers, gener-
ated by a real or complex Lehmer pair, in the direction of solving a part of
Problem 1. More precisely, Schinzel [20] proved that there exists an absolute
constant no such that if L and M are integers such that L > 0, M > 0,
L—4M < 0, ged(L,M) =1, (L,M) ¢ {(1,1),(2,1),(3,1)}, n > ng, and
n/(nk) is an odd integer, then un (v, 3) has at least two primitive divisors.
We show that we may take ny = 1.2 - 10'°. Moreover, we extend Stewart’s
algorithm [23, Theorem 2] for classifying Lehmer triples with at least one
primitive divisor, to an algorithm for classifying Lehmer triples with at least
two primitive divisors. Finally, we show that the conditions n > 6, n # 12
in Theorem 1 cannot be improved, and so are best possible, when (a, 3) is
a Lucas pair, under the assumption of two plausible conjectures.

2. Classifying Lehmer triples. We state our main result, which de-
pends on the following two conjectures on primes.

CONJECTURE 1. There are infinitely many prime numbers p > 5 such

e e ()

s a prime number.

CONJECTURE 2. There are infinitely many prime numbers p > 5 such
that

% (1+V3)2+V3)P +(1-V3)(2-V3)? +1)
s a prime number.

THEOREM 1. There are only finitely many triples (n, «, 3), where n > 6,
n # 12, (o, B) is a Lehmer pair, and n/(nk) is an odd integer, such that
un (e, B) has fewer than two primitive divisors. Furthermore, the conditions
n > 6, n # 12 are best possible, subject to the truth of Conjectures 1 and 2.

2.1. Preliminary lemmas

DEFINITION 10. We define the cyclotomic polynomial

n

Qn(xay) = H (x_C:zy)v

=1
(i,n)=1

where
¢! = exp(2mv/—1i/n).

LEMMA 1. Let £ > 1 be a squarefree integer, and let m be an integer
divisor of ¢ such that £/m is an odd integer. Then for N ={ or N = 2¢, we
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have the following factorisation of the cyclotomic polynomial ®n(x,y):

Oy (@,y) = PR (2, 9) BN, (2, 9),
where if N = £ and m is odd,
¢ ¢

0 P @y= [ We-av ] Va+dva,
ged ()1 sed (1)1
(s|m)=1 (tlm)=-1
) V4 J4
@ R @y= [[ Wrrave [ Va- v
gcd?:«’fl)ﬂ gC<11E:,€1)=1
(s|m)=1 (tjm)=-1

if N =20 and m is odd,

l
3 o0 @y = [[ Wa-v=1¢ve) [[ Va+vV=1dva),

s=1 t=1

ged(s,0)=1 ged(t,0)=1

(slm)= (tlm)=—1
) l ¢

@ Q@ = [l e+v=igve [I e-v=1¢vay

s=1 =1

ged(s,0)=1 gcdl(et,f):l

(slm)= (tjm)=—1

if N =20 and m is even,

40
(5) Sy = I (vo-cuvm,
s=1
ged(s,40)=1
(m]s)=1
44
2
(6) oy = I Va+Gum).
gcd(izlé)zl
(m]s)=1

Here (s|m), (t|m), and (mls) are Jacobi symbols.
Proof. This is essentially line (4), (5), and (7) of [16, Theorem 1]. m

LEMMA 2. Let n > 4, n # 6 be a positive integer, (o, 3) be a Lehmer
pair such that af > 0, and n/(nk) be an odd integer. If the nth Lehmer
number uy, has fewer than two primitive divisors, then for (j =1 and j = 2)
in case u, has no primitive divisors, and for (j =1 or j = 2) in case uy,
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has one primitive divisor, it follows that

. 1,2,3,6} ifn =12
7 5¢(j) n/v an/v c {{ 3 &y 9y ,
(7) | N,n(a )] {1,P(n/ged(n,3))} otherwise,
where

§=k((a+ 5) ) (n)/4— L¢(n)/4J)

v=nkK Hpm’pjmﬁ p, L = /ﬁlen,Mmp, and N = v, (155\77)&(04"/", BV is defined
by equations (1), (3) or (5), and @S\%?H(a”/”, B™7) is defined by equations (2),
(4), or (6).

Proof. Schinzel [17, Lemma 2] deduced that
8) [Pl B)] = |58 (@, 5 5P (o™, 5|52,
where
6 = k(o +§)%)" VD 5y (o, 5, 607, (o, 5) € 2
and
(9) ged (0L (oY, "17), 580 (o™, 571)) = 1

If u,, has no primitive divisor, then by [23, Theorem 2|, and (8), the result
follows. Suppose that u,, has exactly one primitive divisor p;. Since by [24,
Lemma 6], the prime divisors of |®,(«, 3)| coincide with the primitive divi-
sors of u,, except possibly for P(n/ged(n,3)), the greatest prime factor of
n/ged(n, 3), which exactly divides @, (a, 3) if at all, we see that p; | @, («, 5).
Suppose p; # P(n/ged(n,3)). By (8) and (9), we may assume without loss
of generality that

P | 5@(1) (an/u ﬁn/u)
It |5€15§\277 (v, 37| # 1, let p be a prime divisor of 5(15( ) _(a™/v, Y), and
so of &, (a, B). By (9), p # p1. By [24, Lemma 6] it follows that
_f[2o0r3 ifn=12,
P P(n/ged(n,3)) otherwise,

from which we deduce (7). Suppose now that p; = P(n/ged(n,3)). Then
p1 | n, from which it follows that

ng(pl + ]-an) = 17 ng(pl - ]_,TL) =1L

On the other hand, since p; is a primitive divisor, p; { (o — 5%)2, from which
it follows that

b1 | Up;—1Upy+1-

Since ged(up, —1, Up; +1) = Uged(py—1,p1+1) = 1, We have either

b1 | ng(up1—17un) = Ugcd(p1—1,n) — 1,
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or
4! | ng(upl-i‘l?un) = Ugcd(p1+1,n) — 17

in both cases, a contradiction. =

LEMMA 3. Let m,n € N, m odd. Then

Ln/2] (m—1)/2
J —jym _ m\ p(n/ged(n, m — 21))
Z; GG =t 3 ( )(ﬁ(n/gcd(n,m_m)_

ged(jn)=1
Proof. This follows from [6, Theorem 272] and the binomial theorem. m

LEMMA 4. Let m,n € N, m even. Then
& i G (m omu(n/ged(n, m — 21)) m
vt = 3 () im0 )

j=1 =0
ged(j,n)=1

where

£(n) = {¢(n)/2 if n is odd,

o(n/2) ifn is even.
Proof. This follows from [6, Theorem 272] and the fact that
Ln/2]

ged(j,n)=1
LEMMA 5. Letn,m € N, and let d be an odd divisor of n. If n/gcd(n, m)
=0 (mod d) and u(d) # 0, then

En: (h|d)¢ch™ = ()1 gzt ) (ageatomm |9 (gt | 9) Ved
h=1 ! ¢(m)
ged(h,n)=1

1 ifd=1 (mod 4),
E =
-1 4fd= -1 (mod 4).
Proof. Let x(h) = (h|d). Note that x(h) is a quadratic character of
conductor d, and Xx(h) = x(h). Let m = gmyg, and n = gng, where g =
ged(m, n) and ged(mo, ng) = 1. By [7, Theorem IV],

n d
Z (hkd)GE™ = S ) omo) (1A
h=1 h=1

ged(h,n)=
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By [7, Theorem XI]J,
d
Vvd o if (—1|d) =1,
>t = { VL H
Pl Vv—d if (=1|d) = —1.
It remains to note that d is odd and (—1|d) = (—=1)@1/2 »

LEMMA 6. Let n be an odd positive integer, v be the greatest squarefree
divisor of n, d =1 (mod 4) be a divisor of v, d = dads, and let m be an odd
positive integer. Then

lv/2] .
> RGN}
=1

ged(i,v)=1

m(n/v)+1 (m—l)/2 m

v/ged(v,m 138_0 (mod d)
v m—21
" ¢(V)“(dgcd(u,m—2m)(dgcd (v,m—21) ‘d (gcd(u,m—2l)}d)
¢(v/ged(v,m —21))
Proof. This follows from Lemma 5 and the binomial theorem. =

LEMMA 7. Let n be an odd positive integer, v be the greatest squarefree
divisor of n, d be a divisor of v, d = dads, and let m be an even positive
integer. Then

lv/2]

S {i(i|d)\/cl§,l7(<£+<;i)}m
acdlin)=1
e M2l N e v,m — m
=4y ¢(”)< ; (z)gguficggu,m— ;2; i ;<m/2>)

Proof. This follows as in the proof of Lemma 4, on noting that since
ged(i,d) =1 and m is even, {£(i|d)}"™ =1.

LEMMA 8. Let 2 < c € Z, (a+ (3)? = 23, and a3 = 23, where 29 € Z,
z3 € Z. Then

[3/2] , } [32/2] 4 A
Dge(a,B) = [] (2= (Ge+GH2z) [ (2+ (G +¢)es)
gcd(lizlc)zl ng(Zizlc)zl

Proof. This follows directly by definition, factoring a difference of squares,
and pairing (3, (5c'). =
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LEMMA 9. Let 2 < ¢ € Z, (a + B)? = da23, and a3 = d3z2, where
(da,ds) € {(3,1),(1,3)}, 22 € Z, z3 € Z. Then
[3¢/2] . '
Dyze(e,8) =[] (V222 — V=1(Ck — G')Vds 23)

=1
ged(2,3¢9)=1

[3¢/2]
< T (V2 +V=T(Ge — G/ 2).
gcd(i;i%):l

Proof. This follows directly from the identity &;(x, —y) = ®o(x,y), valid
for any odd integer [ > 1, factoring a difference of squares, and pairing

(€§C7 QS_CZ) u

LEMMA 10. Let L and M be integers such that L > 0, M >0, L —4M
<0,ged(L,M)=1,(L,M) ¢ {(1,1),(2,1),(3,1)}, (o, B) be the correspond-
ing Lehmer pair, and let k and n be as in Definition 4. If n > 4, n # 6,
n/(nk) is an odd integer, and

1
log |P,(c, B)] — B #(n)log |a| — 4y/n (logn)? —logn > 0,
then the nth Lehmer number u,, has at least two primitive divisors.
Proof. We use the notation of Lemma 2. It suffices to establish that
min(|§8), (o™, 677)], |60, (™, 5"/¥)]) > n,
which is equivalent to
|Pn (v, B)]
max(|@Y), (an/”, 3/, |58 (v, /7))
By [21], in order to prove (10), it suffices to show that

|Pn (v, B)]
(11)
|| ¢()/2 exp(4+/n (log n)?)

It remains to take the logarithm of both sides of (11). m

LEMMA 11. Let d € N, d' = max{527,d}, (a,3) be a complex Lehmer
pair, and v = 3/a. Then

log |1 — 49| > — ([24.89(log d')? + 0.23][log || + 9.503]
+ 2log(d'log d') + 0.572).

(10) > n.

> n.

Proof. Plainly,

9
(12) I1—~% > ;Iargvdl-
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Furthermore, we may assume that 0 < arg~y < 7, replacing ~y by its complex
conjugate if necessary. Put by = d and let b; be the nearest even integer to
d(argy)/m. Then 0 < by < d, and

\arg’yd| = |b1v—17 — bylog~|.
By (12), it follows that

(13) log |1 —~% > log [byv/—17 — by log | + log 2 — log .
Let A = 1.8 in [2, Theorem A.1.3]. Then
=6.04..., t=0.008..., k=02946..., D =1,
a=1logla| +9.5027..., B =max{527,b1,d}, d = max{527,d}.
Since
log || > 1052,

it follows that
H <logd —0.604... <logd'.
By [2, Theorem A.1.3],

(14)  log|b1vV—17m — bylog~|
> —(c1(logd)? +0.23)a — 2logd’ — 2loglogd' — cy,
where ¢; = 24.88... and ¢ = 0.12.... By (13) and (14) we deduce the
result. m
LEMMA 12. Letn > 527, («, 3) be a complex Lehmer pair, and v = 3/ a.
Then
> logll =44 > =247 F(n, ),

dn
u(n/d)=1

where
F(n,a) = [24.89(logn)? + 0.23][log |a| + 9.503] + 2log(nlogn) + 0.572.
Proof. This follows directly from

Z 1= 2w(n)—1’
d|n
w(n/d)=1
and Lemma 11, since logd’ <logn. =

LEMMA 13. Let L and M be integers such that L > 0, M >0, L —4M
<0,ged(L,M)=1,(L,M) ¢ {(1,1),(2,1),(3,1)}, (e, B) be the correspond-
ing Lehmer pair, and let k and n be as in Definition 4. If n > 1.2-10'°, and
n/(nk) is an odd integer, then the nth term u,(c, 3) of the Lehmer sequence
has at least two primitive divisors.
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Proof. Let v = /. Tt follows from

@n(av B) = H(Oéd — ﬂd),u(n/d) and qb(n) = nz Mit)

dln t|n
that
log |@n(a, B)| = (n)loglal — Y logt =%+ Y log|t—~7.
dln dn
(n/d)=—1 u(n/d)=1

By Lemma 10, it suffices to show that

1
Lomloglol — Y logll-v7+ Y lol -]
dn dn
(n/d)=—1 u(n/d)=1

— 4y/n (logn)? —logn > 0.
Since
> log|l— A% < 290 og 2,

d|n
p(n/d)=—1

it suffices to show that
1
3 o(n)log |al —29M~11og 2 + Z log |1 — 4| —4v/n (logn)? —logn > 0.

d|n
p(n/d)=1

By Lemma 12, it suffices to show that, for n > 527,
1
(15) 5 é(n)loga| - 2¢M=11og2 — 2= P (n, «)
— 4y/n (logn)? —logn > 0,

where
F(n,a) = [24.89(log n)? + 0.23][log |a| + 9.503] + 21log(n logn) + 0.572.

Since

1 2
(16) < ,
log || ~ log2
it follows that F )
n, o
>~ l(n)u
log |cv|

where
Fi(n) = [24.89(logn)* + 0.23](1 + 2 - 9.503 /log 2)
+ (4/log 2) log(nlogn) + 2 - 0.572/log 2
= (707.37...)(logn)* 4 (5.77...) log(nlogn) + 8.18....
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Multiplying (15) by 2(log |a|)~!, and applying (16), it suffices to show that
(17)  ¢(n) — 2°F¥(n) — (16/log 2)v/n (logn)? — (4/log 2) logn > 0,

where

Ff(n) = 707.38(log n)? + 5.78 log(nlogn) + 10.19.
Since n > 101, we have

16 A 1
(18)  v/n(logn)? (10g2 T log2 Vi (log n))

16 4 1
< v/n(logn 2< + . )
vn (logn) log2 ~ log2 /100 (10log10)

= (23.083123...)v/n (logn)?,

and

log(n1 10.1
(19)  Fi(n) = (logn)2<707.38+5.78 og(nlogn) 1019 )

(logn)? (logn)?
2-5.78 10.19

101og 10 * (101log 10)2>
= (707.901...)(logn)>.

Substituting inequalities (18) and (19) in (17), we see that it suffices to show
that

< (logn)? <707.38 +

$(n) — 707.91 - 2¢™ (logn)? — 23.084/n (logn)? > 0.
Since by [1, Proposition 4.1],

¢»(n) > (0.496866 . . .) ~ " form> 6915878970,
loglogn

and by [13, Théoreme 11],

logn

w(n) < (1.38401...) for n > 3,

loglogn
it suffices to show that

0.49686 - — '~ — 707.91 . 213841 logn/loglogn (10 1) y2
loglogn

— 23.084+/n (logn)? > 0.
Since n > 1010,
(1.38411logn/loglogn)log2 < (1.38411og2/log(101og 10)) logn
= (0.305866 . . .) log n,
and we see that it suffices to show that

0.49686 - @ —707.91 - n°3%(log )2 — 23.084+/n (logn)? > 0,
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or equivalently,
L(n) >0,
where

0.49686+/n 707.91
20 L = — — 23.084.
(20) (n) (logn)2loglogn  n0-194

Note that
L(1.1-10'%) = —0.026..., L(1.2-10'%) =1.206....

It suffices to show that L(n) is increasing for n > 10'°. Since by the defini-
tion (20),

_ 0.49686n1/2(1 (logn)? loglogn — (logn)(1 + 2loglogn))

/
Lin) (logn)*(loglogn)?
707.91 - 0.194
pl1od
1 14 2loglogn
= 0.49686 (2\/ﬁ (logn)2loglogn  /n (logn)3(loglog n)2>
707.91-0.194
plior

and for n > 1019,

14 2logl
12108087 _ g 1007,
(logn)loglogn

it follows that L'(n) > 0 for n > 1010, =

LEMMA 14. There are infinitely many triples (n,a, ), where n = 1,
(o, B) is a Lucas pair, and n/(nk) is an odd integer, such that un(c, f3)
has no primitive divisor. There are infinitely many triples (n,«, ), where
n € {3,4,6}, (o, ) is a Lucas pair, and n/(nk) is an odd integer, such that
un (e, 3) has one primitive divisor. If Congjecture 1 is true, then there are
infinitely many triples (n, o, 3), where n =5, (a, 3) is a complezx Lucas pair,
and n/(nk) is an odd integer, such that u,(c, ) has one primitive divisor.
If Conjecture 2 is true, then there are infinitely many triples (n, o, 3), where
n =12, (o, ) is a complex Lucas pair, and n/(nk) is an odd integer, such
that uy,(a, ) has one primitive divisor.

Proof. In case n = 1, we observe that since u; = 1, the result follows
from the fact that n/(nx) is an odd integer implies k = 1, and L > 0 and
M > 0 may be chosen to be distinct squares infinitely often. Let L = dy23,
and M = d323, where dy €N, d3 €N, 29 € N, and 23 € N.

In case n = 3, since n/(nk) being an odd integer implies dy = d3 = 1,
we deduce that

us = (2’2 — Z3)<22 + 2:3).
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There are infinitely many coprime solutions to the equations
zp—z3=1, z22+z3=p,
given by zo0 = t+1, z3 = t, t € N, where p is a prime number, since there are
infinitely many odd prime numbers. Since p = L — M, p{ L(L — 4M)ujus.
In case n = 4, since n/(nk) being an odd integer and («, 3) a Lucas pair
implies (da,ds) = (1,2), we deduce that
ug = (22 — 223) (22 + 223).
There are infinitely many coprime solutions to the equations
2o —2z3 =1, 294223 =p,
given by 29 = 2t + 1, z3 = t, t € N, where p is a prime number, since
there are infinitely many prime numbers congruent to 1 (mod 4). Since
ged(ujugus,ug) =1, and p= L — 2M, pt L(L — 4M)ujugus.
In case n = 6, since n/(nk) being an odd integer and (¢, ) a Lucas pair
implies (d2,ds) = (1, 3), we deduce that
U = U3(2’2 — 32’3)(22 + 323).
There are infinitely many coprime solutions to the equations
20 —3z3 =1, 294 323 =p,
given by zo = 3t+1, z3 = t, ¢t € N, where p is a prime number, since there are
infinitely many prime numbers congruent to 1 (mod 6). Since p = L — 3M,
ged(ugugusugus, p) = 1, and p 1 L(L — 4M)ujugugugus.
In case n = 5, we begin by noting that

o — 3 5 .
us(a, ) = —— 5= = @5 ) = I @-¢s)
gcdzj:;)=

_(pk(aﬁ \/> f ag) f f

where
5 5
o) sya VB = T “a-¢vp I (a+dvo),
gcdf_,t'}) gcdft E}):l
(slk(ap))= (tlk(aB))=-1
5 5
o sVavh = I a+evd I a-dv).
sed (231 sed(5)=1
(slk(aB))=1 (t|k(ap))=-1

Since 5/(nk) is an odd integer, and (o, 3) is a Lucas pair, it suffices to
establish the result with k(a3) = 1, a + 8 = z, and af = y?, for some
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integers z,y. It follows that
5

oV (va,vi = [ Wa-¢vo)

s=1
ged(s,5)=1
(s|]1)=1

=(a+8—(G+G)VaB)(a+B8— (G +E)Vap),
5

oP(va,v/B)= [[ Va+EVp)

s=1
ged(s,5)=1
(sl1)=1

= (a+ 8+ (G +G)WVab)a+ B+ (G +)Vap),
and
us(a, §) = fO(2,9) @ (z,y),
where
FW(@,y) = (@ = (1/2) (=1 + VB)y)(z — (=1/2)(1 + VB)y) = 2* + 2y — ¢,
FP(@,y) = @+ (1/2) (=1 + VB)y) (@ + (=1/2)(1 + VB)y) = 2* — 2y — y*.
We observe that
ged(fN (x,y), FP(,y)) = 1,
since any common divisor divides
(@® =3y +1°) - fO(2,y) + (—2® + 2y + 3y%) - [P (2,y) = =2 (aB)*.
In summary, we have established the factorisation
us(, 8) = (@* + 2y — y*)(a? — 2y — ),
where a+ 3 =2 € Z, af =4%, y € Z, and
ged(x? + zy — y?, 2% — a2y — y?) = 1.
Stewart [23, p. 90] observed that

(21) 22 —ay— (¥ +1)=0
is solvable in integers x and y for a given integer y whenever
(22) 22— 5yt =4

for some z € Z. Although equation (22) has infinitely many solutions by the
theory of Pell’s equation, Stewart argued that in fact it has infinitely many
coprime solutions (z,y), given in general, as p > 5 runs over the sequence of

primes, by
3+v5\?
Zp+yp\/5:2< 2f> s




222 R. Juricevic

where

. <3+2\/5>p+ (3_2\/5>p’ yp:\}g<<3+2\/5>p_ (3 —2\/5>p).

Each solution (zp,y,) of (22) gives rise to two solutions (z,,y,) of (21),

namely
Yp + 2 Yp — %
(xp7yp) = ( £ B payp) and (xpayp) = <pr»yp)'

In particular, it is easily verified that

2
Yp + 2p 2
(55) <o

and hence that (z,,y,) generates a complex Lucas pair. It suffices now to
argue that for infinitely many prime numbers p,

%2) + TpYp — yg

is a prime number ¢(p). To this end, we note that

(B} s (B )y
5((1+f)<3+\f)2p+(1—x/5)<3_2\/5)2p+3>,

and appeal to Conjecture 1. We observe that if ¢(p) is prime, then ¢(p) is a
primitive divisor. Note first that if q(p) divides L(L —4M) = a2 (2 — 4y3),
then since ged(zp,yp) = 1, q(p) |23 or q(p)| (x5 — 4y;), in either case a
contradiction to the definition of ¢(p). Further, we note that for 1 <1i < 5,

ged(ui, q(p)) = ged(ug, us) = Ugeqgis) = ur = 1.
On the other hand, in case n = 12, we observe that

ulgaﬂ H@daﬁ k(a,@ f\f aﬂ)f\f Héd

d|12 d|12
d#1,2 d#£1,2,12

where

24
Ve vVB = I Va-&/B),
s=1

ged(s,24)=
(k(a8) 5=

1
1

24
oV vB = [ Va+aVb).
s=1

ged(s,24)=1
(k(aB)|s)=1
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Since 12/(nk(a3)) is an odd integer, and (v, 3) is a Lucas pair, it suffices
to establish the result with k(af8) = 2, a + 8 = z, and a3 = 2y?, for some
integers z,y. It follows that

&) (Va,/B) = (a+ B — (G + GHVaB) (a + B — (¢ + GV aB),
&P (Va,\/B) = (a+ B+ (G + GHVaB) (a + B + (¢ + GDVab),
and

urz(a, B) = (1)(1‘ y)f H Py(e, ),

d|12
d#1,2,12

where
P y) =2 =20y - 2%, fiP(x,y) = 2® + 2ay — 27,
We observe that
ged (3 (@, ), f7 (2,9)) = 1,

since any common divisor divides

(2% + 6oy +6y%) - 3 (@) + (=2® = 20y + 109) - £ (2,9) = —2° - ().
Plainly, the equation

(23) 2? =22y — (22 +1) =0
is solvable in integers x and y for a given integer y whenever
(24) 22— 12y% =4

for some z € Z. The minimal solution of (24) is (z,y) = (4,1), and thus the
general solution of (24) is given by

Zn 4 2Un V3 = £2(2 +V3)™.

It follows that

1
=2+ V3" +(2-V3)", =72 (2+V3)" = (2-V3)").
2v/3
Let p > 5 be a prime number, ag = 2 + /3, and 3y = 2 — v/3. Note that
(o, Bo) is a real Lucas pair, and that

7 (0= A8) = By, ).

Plainly, 2, = 0 (mod 2), since 2 | ®2(, o) = 4, and y, = 1 (mod 2) by [24
Lemma 6], since p # 2, and all prime factors of @,(ao, 8p), aside from p, are
congruent to £1 (mod p).

Hence, as n runs through the primes p > 5, we find infinitely many
solutions (zp,yp) of (24) with z, even and y, odd, and hence, by equation

zp = o + B = Pop(ap, Bo) P20, Bo),  yp =
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(24), with z, and y, coprime. Each solution (z,,y,) of (24) gives rise to two
solutions (xp,yp) of (23), namely

2y, + 2 2y, — 2
(xp7yp) = <p2payp> and (xpayp) = (I?ijyp)'

In particular, it is easily verified that
2yp + 2p 2 9
<2 — 8y, <0,

and hence that (xp,y,) generate a complex Lucas pair. It now suffices to
argue that for infinitely many prime numbers p,

x]% + 2zpyp — 2y12)

is a prime number 7(p). To this end, we appeal to Conjecture 2, and note

2yp + zp 2 2yp + 2p 9
(23 (2 5),,

= % (1+V3)(2+V3)P + (1 -V3)(2—V3)? +1).

Finally, as in case n = 5, we observe that for each prime p such that r(p)
is prime, 7(p) is a primitive divisor. Plainly, r(p) does not divide L(L —4M).
Further, we note that for 1 <7 < 12,

ged(ui, u12) = Ugeq(iz) € {1, us, ua, up}
={1,L—-M,L—2M,(L— M)(L—-3M)},
and
uip = (L — M)(L —2M)(L — 3M)r(p),

together with the fact that r(p) > L — jM for j = 1,2,3, imply, for 1 <
< 12, that

ged(ug,r(p)) =1. =

2.2. Proof of Theorem 1. By [9, Theorem 1], it suffices to prove The-
orem 1 assuming L > 0, M > 0, L —4M < 0, ged(L,M) = 1 and
(L, M) ¢ {(1,1),(2,1),(3,1)}. By Lemma 13, we have n < 1.2-10%. We fix

6<n<12-101° n#£12
It follows by Lemma 2 for j € {1,2} that
(25) 0%, (a7, 3/") € {#1, £ P(n/ged(n, 3))},
where

§ = k((a+ B)%)~6m/A=lom)/a) 1 — k(aB(a + B)?),

vV=nkK H p, L=k H p, N=u.

pln, ptns pln, ptns



Classifying Lehmer triples 225

Note that since k is squarefree, we have three cases to consider, namely
k=1,2,3 (mod 4).
We handle the case k = 1 (mod 4). The other cases are similar. In case

k =1 (mod 4), note that @g\l,)ﬁ() and @S\z,)m() in equations (25) are defined
by equations (1) and (2), with

VZﬁHp, (=v, N=v, z=a"", yzﬁ"/”.
pln,pix
Note further that
(=s[r) = (=1]x)(s]),
and since K = 1 (mod 4) that
(~1lx) = ()2 =1

Hence, s and —s both appear in the product indexed by s. We may group the
th roots of unity into ¢(¢)/2 pairs (¢}, (, *) with respect to the index s, and
similarly, ¢(¢)/2 pairs (¢}, ¢, ") with respect to the index ¢. Then equations
(1) and (2) become

1£/2]
(26) oL@, 8y = T (en = (sR)(& + ¢ %)),

s=1
ged(s,0)=1

1£/2]
(27) o2 (0,87 = T (@1 + (slk)(G + ¢ %)),

s=1
ged(s,0)=1

where each of (26) and (27) is a binary form of degree ¢(¢)/2 in z; and z2,

(28) 1 = an/y + ﬁn/’/,
(29) g = (aB)™ ).
Since n/v is an odd integer, we note the identity
n/v n/v
v 43
30 _—
(30) a+pj
(n/v-1)/2 n/v—2k n/v—2k
_ 2y(n/v-1)/2 _ n/v kO +8
(a+5?) > (e

k=1

We observe that since (a, ) is a Lehmer pair, it follows by induction and
the identity (30) that

an/u + 6n/1/ B

a+8 “
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for some integer z;. Furthermore, since
(a+8)* =k((a+8)*)z
for some integer zo, we write
21 = 2122V k((a + f)?).
On the other hand, since
aff = k(afp)z

for some integer z3, we write

2y = 25"/ (k(aB))"".

We define
f(l) (@+8)2)k(ap) (1Y)
[v/2]
= I WE(a+p)?)z — (slr)V(k@B)™7 (G + ¢ %)),
s=1
ged(s,v)=1

f(2) k((a+B)2),k(afB) (z,9)

LV/QJ
= I ket 8z = (=1)(slm) k@B (G + 6 *))-
s=1
ged(s,v)=1

Then equations (26) and (27) become

1
(31) fézi((aw)ak(aﬁ)(zlzmzzs ")
(v)/2 )
= as(v/k((a + B)2)) 00275 (21 29) oW/ 275 (2772,
s=0
2 n/v
(32) fr(z,li((aJr,b’)Q),k(aB)(ZlZZ’ZS/ )
d(v)/2

Z b (VR (o 1 BP0/ 275 (212 P23 ()5,

Because of Newton’s 1dent1t1es [10], we may write the as’s and the by’s in
the form

1 s—1
ag =1, asz—gZpga_)jaj, s=1,...,6v)/2,
§=0

lv/2]

A= X VIR G G s Lo

gcd(z V) 1
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and

1 ()
bo=1, b= —gZpS_jbj, s=1,...,06(v)/2,

j=0
lv/2]
Z {=(ilr)R(@B)7 (C+ G, s—j=1,...,6()/2
gcd(zy)

We note that there are only finitely many equations (31) and (32), since n/k
is an odd integer, and x = k((a + 3)?)k(a3) since ged(L, M) = 1. For the
application of the next two lemmas, we let

(33) d=r, dy=Fk((a+p)?), d3=Fk(ap).
It follows by Lemma 6 in case s —j =1 (mod 2), that

(s—j=1)/2 .
R (CORESEA D DU ()

=0
v/ged(v,s—j—21)=0 (mod k)
v v s—j—21l
y gb(”)ﬂ'(;@gcd(u,s—j—%)) (ngcd(v,s—j—QZ) }"{) (gcd(u,g—j—Ql) ‘K) ) k((a n ﬂ)Q)
¢(v/ged(v, s — j — 21)) ’
and that p@j = —pga_)j. Since n/v is odd and s — j is odd, we see that

(s —j)(n/v) + 1 is even. Furthermore, we note that

o(r) =0 (mod ¢(v/ged(v,s — 7 — 21))).

Hence, in case s —j = 1 (mod 4), both pia)- and p@j have the form

u1/k((a + B)?) for some integer u;. Similarly, by Lemma 7 in case s—j = 0
(mod 2),

p; = (ko) ()
) (“‘%2‘1 <s—j> pv/eed(v,s —j = 21) | 1( s—3j ))
2 1) dwfecdvs—j—20) T 2\(s— )2
and pgli)j = pgbjj. Since s — j is even, we see that (s — j)(n/v) is even.
Furthermore, we note that ¢(v) is even. Hence, in case s — j = 0 (mod 2),

both p( ) - and p( ) 2 have the form us for some integer uo. It follows from the
above Newton s identitites that as and bs have the form

{ql E((a+B)?) if s=1 (mod 2),

Q2 otherwise
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for some rational numbers ¢; and ¢2. On the other hand, as; and by are
elementary symmetric functions of

E(s|r) v/ (k(aB))" (G +6,),
and thus are algebraic integers. It follows that a5 and bs have the form
2) if o —
(34) {u;), k((a+0)?) if s=1 (mod 2),
Uy otherwise,

where u3 and u4 are integers. Plainly, in case k = 1, the coefficients of the
equations (31) and (32) defining fT(LJ,)g((QJFB)Q) k(o) (zlzg,zg/y), for j =1 and
j = 2, are integers. In case k > 1, it follows from k = 1 (mod 4), ¢(k) =0

(mod 4), and
¢GI@,

p|n

ik

that ¢(v)/2 is an even integer. We observe that (34), and the fact that
¢(v)/2 is an even integer, imply that the coefficients of the equations (31)
and (32) are integers.

By [22, Theorem 5.1], for 7 = 1 and j = 2, we deduce that each of the
equations

(3) 1 s oy way (172 25) =,
where f F((atB)?), k(aﬁ)(zle,z;/V) and f( (a2, k(aﬁ)(zlzg,z;/u) are de-
fined by (31) and (32) respectively, and

m € {£1,£P(n/ged(n,3))}
is a non-zero integer has only finitely many solutions in integers (222, zg/ )
whenever each of f F(0t5)2), k(aﬁ)(zlzz,zg/y), j = 1,2, has at least three

distinct roots.
Plainly, on recalling the identities

(36) (5 +¢,° =2cos(2ws/v), —cos(2ws/v) = cos(m — 27ws/v),
n/vy .
it is easily seen that each of f (ot B)? )k(a,@)(zlz2’z3 ), 7 = 1,2, has at
least three distinct roots whenever
o(v)/2=3
which is true provided we assume

(37) [[r-1) =56,

pln
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since
[Te-1=6(IIr) = o).
pln pln
Plainly, in any case k = 1,2,3 (mod 4), there are only finitely many triples
(n, L, M) = (n, k((a + B)*)23, w(af)3)
under the assumptions (37) and

(38) ITw-1=>4

2<p|n
4In

where (38) appears after considering the case k = 2 (mod 4).

We now consider the remaining cases. Suppose that len 4Jm(p —1)=4.
Let n = 5¢ and n/v = 571, ¢ > 2. It suffices to show that the equations
(39) ug(z122)? + U3(2122)Z§/V + U4(Z;/V)2 =m
have finitely many solutions in integers zjz2, z3, where m; € {£1,£5}, and

(k((a + 5)2)7 k(a6)7 u27 u37 u4) E {(17 17 17 il? _1)7 (57 17 57 :|:57 1)’

(17 57 17 :F5(n/l/+1)/27 577,/1/)}
Moreover, if [y, 4, (P — 1) = 2, let n = 43 and n/v = 3¢, where
c > 2. It suffices to show that the equations
(40) us(z122)° + U6(2122)Z§L/V + u7(z;/”)2 =my

have finitely many solutions in integers z;z2, z3, where mgy € {£1, £3}, and

(k((a+ B)?), k(aB), us, ug, ur)
€ {(2,1,2,72,-1),(1,2,1, F20"/v+D/2 _9n/v) (6,1,6,F6,1),
(3,2,3, F2(n/v1)/2 . 3, 2”/”), (2,3,2,F2- 3(7"0/'/4-1)/27 3"/”),
(1’ 6, 1’ :FG(H/V—H)/Q, 677,/1/)}'

The finiteness result in either case n = 5¢ or n = 4 - 3¢ follows by [22,
Theorem 6.1], on recalling (39) and (40), and noting that equations (39) are
solvable in integer zjze for a given integer z3 only if

(41) (u% — 4u4)z§n/u = w% —4dmy

for some integer wy, while equations (40) are solvable in integer z1z9 for a
given integer z3 only if

(42) (u% — 4u7)z§n/u = w% — 4dmy

for some integer ws.
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On the other hand, we consider the case that [, 4,(p —1) = 2. Let
n = 3¢, where ¢ > 2. By Lemma 8, we have a factorisation

(43) D3e(a, B) = féi)(zm Z3)f3(3)(22, 23).

It is easily seen that féﬁ)(z%z?,) € Z for j = 1 and 5 = 2 by Newton’s
identities and Lemmas 3 and 4. By [28, pp. 104-105], any common divi-
sor of fg(cl-)(ZQ,Zg) and fé?)(zg,z;g) divides the resultant of fécl)(ZQ,Zg) and
fé?)(ZQ, z3), and hence the discriminant of Q((se —|—C?;1). By [8, pp. 443, 523—
525, the discriminant of Q(Cze + (3') divides the discriminant of Q(ze),
and by the formula for the discriminant of Q((sc) in [8, pp. 443, 523-525],

we deduce that the greatest common divisor of f?fcl)(zg, z3) and fg(?.)(zg, 23)
divides 3a3. Since ged(use(a, 8),af) =1 and 31 (3 £ 1), it follows that

ged(fi (22, 23), f32) (22, 23)) = 1.
By an argument similar to the proof of Lemma 2, we deduce for j = 1 and
j = 2 that

(44) £ (20, 23) = m,

where m € {£1,£3}. It remains to note that each fé?(zz, z3) has at least
three distinct roots on recalling the identities (36), since 371 > 3. Hence,
[22, Theorem 5.1] implies the finiteness of the solutions (z2,z3) of (44).
Moreover, the case n = 2 - 3¢ where ¢ > 2, follows similarly, but with
Lemma 9, the argument underlying the analogue of Lemma 6 and Lemma 7
in case k = 3 (mod 4), by the analogue of [8, pp. 443, 523-525], by the
analogue of the identities (36) in case K = 3 (mod 4), and with respect to
the implied integer Thue equations

0F§e (29, 25) = m.
Finally, by Lemma 14, we note that the conditions n > 6, n # 12 are best
possible subject to the truth of Conjectures 1 and 2.
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