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1. Introduction. Ergodic properties of a number-theoretic transforma-
tion can in certain circumstances be studied by way of transformations which
induce it. In the classical setting of the simple continued fraction (SCF) ex-
pansion, S. Ito [8] studied maps corresponding to the mediant convergents
for exactly this purpose. Motivated by this classical setting, we call any
such inducing transformation a mediant map. In this paper we give mediant
maps for the Rosen continued fraction maps, allowing us to extend the work
of [15] and [3]. We discuss some arithmetic and metric properties of medi-
ant convergents arising from these maps, in particular using techniques of
[16] to show that the Legendre constant—determining membership in the se-
quence of approximations of a real number—is equal to the ergodic-theoretic
Lenstra constant.

One motivation for this work comes from Diophantine approximation
in terms of the Rosen fractions. Diophantine approximation by simple con-
tinued fractions has of course a rich history. In particular, for the regular
continued fraction expansion we have the following classical Borel result
(cf. [4]): if = has SCF-expansion = = [0; a1, ag, .. .|, and convergents P, /Qn,
n > 0, and if the approximation coefficients ¥,, = J,,(z), n > 0, are defined
by

P
r——|, n>0,

@n

then for every n > 1 and every irrational x we have
min(ﬂn—h'ﬁnvﬁﬂﬁ-l) < 1/\/57

and the constant 1/4/5 is sharp. Borel’s result, together with the yet older
Legendre result: if p,q € Z, ¢ > 0, ged(p,q) = 1, and |z — p/q| < 1/(2¢%)

Uy = On(x) = Q%
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then p/q is a SCF-convergent to x, implies the classical Hurwitz result: for
every irrational = there are infinitely many rationals p/q, such that
.

al ~ V5¢

A geometric aspect of such Diophantine approximation is expressible in
terms of the M&bius action of the modular group PSL(2,Z). In the middle
of the last century, this was generalized to approximation by the orbit of
infinity under a reasonably large class of Fuchsian groups (see the discussion
on pp. 334-336 of [11]). Some thirty years after Rosen [20] introduced his
continued fractions to study elements of the Hecke triangle groups (a family
of Fuchsian groups including the modular group), Lehner [12, 13] used these
continued fractions to begin the study of the quality of approximation by
the orbit of infinity under each of the Hecke groups. His goal was to use the
Rosen fractions to determine the analog of the Hurwitz constant for this
approximation.

p

These Hurwitz constants were finally determined by Haas and Series [6],
using techniques of hyperbolic geometry. Let Gy denote the Hecke group of
index k > 3, generated by z +— —1/z and z +— z + A\ with A\ = 2cos(7/k).
The Gj-rationals, denoted G (c0), are the orbit of infinity under this group;
a real number is called a G-irrational if it is not in this orbit.

THEOREM 1 (Haas and Series). For z € R\ Gi(00), let
pr(z) = inf {h :

and set C(k) = sup{pr(z) : € R\ Gi(c0)}. Then
1/2 if k is even,

C(k) = ! if k is odd.
2¢/(1—Ae/2)2+1

A main goal of this paper is to give a new proof of this result using
continued fraction methods and thus to complete Lehner’s program. (Since
k = 3 is the index of the classical case, we will restrict our considerations
to k > 4 throughout.) One could imagine that a continued fractions proof
proceeds by way of analogs of Borel and Legendre results. Indeed, [9] gives
a Borel-type result:

a
r — —
Cc

h
< — has infinitely many solutions % Gk(oo)},
c c

THEOREM 2 ([9]). Forx € R\ Gg(o0) and (pn/qn)n>1 the corresponding
Rosen convergents of x, one has

< C(k) infinitely often,

an

and the constant C(k) is optimal.
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Furthermore, due to results of Nakada [15], a Legendre result exists for
the Rosen fractions. Unfortunately, this analog of the Legendre constant
is strictly less than C(k), so Theorem 2 does not immediately imply The-
orem 1. That is, these two results do not rule out the existence of some
constant D, with D < C(k), such that for some Gj-irrational = there exist
infinitely many Gy-rationals a/c, which are not Rosen convergents of z, but

do satisfy
D
< —.
2

a
€T — —
C

To address this difficulty, we introduce the mediant-Rosen maps (see
Section 3). For each k, there is an ¢; > 0 such that (i) for any Gy-irrational
x and any finite G-rational a/c,

U

< =
C2

a
xr — —
C

implies a/c is either a Rosen convergent py, /gy, for some n > 0, or a mediant-
Rosen convergent uy, ;/v,; of ; and (ii) for any C' > ¢}, there exist z and
a/c such that

and a/c is neither a Rosen convergent nor a mediant-Rosen convergent.
We call ¢ > 0 the Legendre constant for mediant-Rosen convergents (of
index k).

We turn to ergodic theory to determine the value of this Legendre con-
stant of Diophantine approximation. In the setting of the simple continued
fraction map, H. W. Lenstra, Jr., conjectured the value of the endpoint of
linearity in the average value of small approximation coefficients (for almost
every x); this conjecture was confirmed by Bosma et al. [2]. In Section 6 we
define an analogous value, Ly, the Lenstra constant for the mediant-Rosen
map (of index k). (Haas [5] has recently shown that Lenstra constants of
continued fraction type maps are related to universal behavior of geodesic
excursions into cusps of hyperbolic surfaces.) Nakada [16] has proved that
whenever a continued fraction map has a Legendre constant, then it also has
a Lenstra constant, and if the map is ergodic with respect to a finite invari-
ant measure, then these two are equal. (In the SCF case, the Legendre and
Lenstra constants both equal 1/2.) We show that each mediant-Rosen map
is ergodic with respect to an infinite invariant measure and hence cannot di-
rectly invoke the result of [16]. Instead, we use explicit planar extensions and
the ratio ergodic theorem (see for example [1]) to prove the equality of the
two constants and to determine their common value by actually evaluating
the ergodic-theoretic Lenstra constant.
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THEOREM 3. Fix k > 4, and let £y, and L be the Legendre and Lenstra
constants for the mediant-Rosen maps. Furthermore, when k is even then
let R equal 1, otherwise let R be the positive root of % 4 (2 — A\p)x — 1.
Then for k > 4,

ly=Lr=X—R.
Also, by = L4 = \@/2 In particular, in all cases we have
b, > C(k).
Therefore, any G-rational a/c satisfying

C(k)

c2

a

C

)

which is not a Rosen convergent must be a mediant convergent of . Our next
result gives a witness to the optimality of C'(k); we use ©,(z) to denote the
coefficients of approximation for the mediant-Rosen maps, in direct analogy
to the 6, above (see equation (10) below for a definition).

THEOREM 4. Fix k > 4. Let C(k) and R be as above. Then 19 = R — \
is such that for any C < C(k),

On(19) < C  for at most finitely many n > 0.

We note that Theorems 2-4 give a continued fraction proof of The-
orem 1.

Outline. In the next section, we introduce the mediant algorithm. In
Section 3, we give the underlying mediant maps. Section 4 is devoted to
the construction of planar natural extensions for these, and to the study of
their basic ergodic properties. Section 5 provides the proof of Theorem 4.
Definitions of the Legendre and Lenstra constants for the mediant maps
appear in Section 6, where their equality is proven. In Section 7, we evaluate
the Lenstra constants.

2. Mediants of Rosen fractions. Throughout this paper, A\p =

2cos(m/k) and I = [—A/2,\/2) for kK > 3. For a fixed integer k > 3,
the Rosen continued fraction map is defined by
1 1 1
il IO N B O
Tp(z) =9 | H)\x +2J’ z#0,
0, z =0,

for x € I; here and below, we omit the index “k” whenever it is clear from
context. We define

en(z) =sgn(T" 'z) and r,(x) =r(T" ')
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Fig. 1. Approximate graph of Tx(x), k =5
1

n 1
x| 2]
Then, as Rosen showed in [20], we have the Rosen continued fraction expan-
sion of x:

with
e(z) =sgn(r) and r(z)= {

_a@ | e o) |
‘)\n (x) ‘ Arg(z) ‘)\rn(az) ’
which is denoted by = = [e1(x) : m1(z),e2(2) : r2(x),...,en(x) : rp(x),...].
Here the expansion terminates at a finite term if and only if x is a parabolic
point of Gg, thus if and only if x is a Gy-rational (see [20]). As usual, we
can define the convergents p,/q, of x € Iy by

for n > 1. From this definition it is easy to see that |pn—1¢n — gn—1Pn| = 1,
and that we have the well-known recurrence relations
p-1=1, po=0, pp=Arppp_1+enPn-2, n=>1,

¢-1=0, q=1, qun=ArnGn-1+enGa—2, n=>1
It also follows that

G )= )G )G
DPn dn En ATp En—1 Ap—1 €1 A ’

and
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giving
Po_ 1|, e en |

1 fn _ =01y =2 |
(L) Gn ‘)\r1+‘)\r2+ +‘)\rn
and

1 _ L], e | e |
2 = + 4+ .
@ Gn ‘ Arp, ‘ Arp_1 ‘ ATy

Since Hecke groups are discontinuous groups, the (parabolic) value p,/q,
uniquely determines ¢, up to sign; we can and do assume ¢, to be positive.
From the definition of p,,/¢,, we have

Pn+1 Tn+1APn + En+1Pn—1

i1 TntiNgn + Ent1Gn-1

If rp41 > 1, then—following [8] in the SCF-case—we can interpolate between

Pn/dn and pni1/gni1 by

(3) Unt _ AP0+ Ent1Pn1
Unt  IAGn + Ent1qn-1

s 1§l<7“n+1,

and call u,, ; /v, the lth mediant convergent of  (of level n); note that such
a mediant does not exist in case r,11 = 1. In the next section, we define a
map which induces mediant convergents of Rosen continued fractions.

3. Mediant maps and convergents

3.1. Full mediant map. For each fixed k, put J = Jp = [-)/2,2/)).

For ease of notation, we let (¢ Z) () denote gz_'i_"g This allows us to show a
“factorization” of the map Tk, leading to our definition of the mediant-Rosen
maps.

The following is trivially verified.

LEMMA 1. The Rosen map Ty, can be expressed in the following manner.
Al 9
(2, )@ sel-2-%)
th 1
(z
-1 0
—tA 1>
0

1
s o)

2 2
T [_(215—1))\’ _(2t+1))\)7 t € N>,

)
z), @€ ((2t—i2-1)>\’ (2t—21)/\]’ t € N>o,
)s

).

2

(
x z e (5,

(
(
(

N[>~
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DEFINITION 1. We define the matrices

0 -1 0 1 10 10
1A 1A Aol Al

The inverses of these are of course:

Al -1 -1 0 1 0
-1 0 1 0 Al -2 1

The next lemma, is verified by direct computation.

LEMMA 2. The following equalities hold:

th 1 —(— —tA 1 —(—
( 1 0) ZU_Il-V_‘_(t 2)‘V:1 and ( ) ):U+1‘V+(t 1)‘

DEFINITION 2. The mediant-Rosen map is

Si(x) =
(@) Vi), e (0,23],

UF' (@), @€ (5.3)-

In the case of k = 3, T3 is the classical nearest integer continued fraction
map, and S3 is the mediant map as defined by R. Natsui in [18]. In what
follows, we always assume that & > 4. Here also, we suppress the index k
when discussing these maps.

Direct calculation also shows the following.

LEMMA 3. Viewed as a linear fractional transformation, the matriz V.=
s a decreasing bijective map from (_(2l—21))\’ _(2131)>\) to (ﬁ, ﬁ)
Similarly, the linear fractional transformation V.~ Lis an increasing bijective

map from (Griys: @rns) t0 (@rox: eranm)-

Finally, T'(z) is induced by S(x):

LEMMA 4. For each x € Iy, let £(x) be defined as follows.

{(x) := min{l >0:S(x) € [—;—320 U <32Ai>}

Then for each x € I,
S+ (1) = T(x).

Proof. This follows from our definitions and from the lemmas of this
section. m
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2N

N2 ]

-N2 -2/(3 %) 2(3 3) N2 o

[ (2-%)/A

-N2

Fig. 2. Schematic representation of the graph of Sy (z)

3.2. Mediant convergents. For x € Iy and ¢ € N, we let

(U if ST (z) e [-5.— &),

Id if S Y(z) =0,
for ¢ > 1, where as usual Id denotes the identity.
Then we have a sequence of matrices from x which is denoted by

(4) xNMl-“Mj...
Of course, the mediant map acts as a shift on each such sequence.

DEFINITION 3. Fix x € [, and consider the above sequence of M;. Let
ki, ko, ... be the increasing sequence of indices for which My, € {U_,U4}.

The following lemma records the fact that the sequence of Rosen con-
vergents p,/q, of x € I} is a subsequence of the sequence u, /v, , n > 1,
of mediant convergents of x.
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LEMMA 5. For each x € Iy, consider the corresponding sequence of equa-
tion (4). Then, for each ky, as above,

]\41 L Mkm _ <pm1 pm)‘
dm—1 YGm

Furthermore, km+1 = km + Tm+1 where €., @ 1, s the mth coefficient of the
Rosen continued fraction expansion of x.

DEFINITION 4. Let x, m and k,, be as above. For each integer [ with
0 < < rpmy1, we define

U = IADm + Em+1Pm—1,
{ Um,l = INGm + Em+1qm—1,
and call wy, /vy, an [th mediant convergent of x.
We have the following result.
ProrosITION 1. With notation as above, we have
My M, -+ My o = <Um,z pm>
Um,l qm
for 1 <1l <rpmyr.
By this proposition, we see that the sequence (M --- M;(o0) 14 > 1) is

Up,1 Up,2 Uor—1 Po U1l UL2 Ulro—1 P1
o,1 ’ 0,2 Y Vo,r;1—1 ’ QO’ V1,1 ’ 01,2" o V1,ro—1 ’ q1 T
) Un,1 Un,2 Un,rpi1—1 Pn
’,UTL,I’ /UTL,2"..’ UTL,TT,,Jrl—l’qTL"".
It is easy to see that
= <um,l pm> (Sn(IE))
Um, Qdm
for n = ky, + 1. We put z,, = S™(z). It follows that
(5) o Umi| | Um,Tn +Pm Uml| _ 1
Um,l Um,1Tn + Qm Um,l U72n7l(55n - (*Qm/vm,l)) ’

where —gpm, /vy = (M -+ M,,)~(c0). We recall that (M --- M,)~! is the
linear fractional transformation which defines S™. It also follows that
Pm—1 1
6 p—
©) Gm-1| Gy (Thyp — (—Gm/dm—1))
where —q,/qm-1 = (M - - My, ) "1 (00). Consequently, the distribution of
((My--- My)~ (@) = (My -+ My) "' (00) : n > 1)
determines the distribution of the error (after normalization by the square
of the denominator) of the principal and the mediant convergents.

xr —
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If k£ = 3, since A3 = 1, it is easy to see that

<um,1> _ (um—l,rm—l)

Um,1 Um—1,rm—1

when €,,,11 = —1. This equality never holds for k > 4. Indeed, since A\; > 1
for k > 4, we have, due to (3),

Um,1 = AGm = Gm—1 > Qm — AGm—1 = Um—1rm—1-

This implies that all values in

)
Um, qm m>0

are different from each other.

4. Natural extensions. Since the work of [17], planar natural exten-
sions of continued fractions maps have provided a significant tool in the
study of ergodic properties of number-theoretic transformations. In this sec-
tion we construct planar natural extensions of the mediant-Rosen maps.

In [19], Rokhlin introduced and studied the concept of natural extension
of a dynamical system. A natural extension of (J,B,u,T) is an invertible
dynamical system (£2, By, p, T), which contains (J, B, u, T) as a factor, such
that the Borel o-algebra By, of £2 is the smallest T-invariant o-algebra that
contains 7! (B), where 7 is the factor map. A natural extension is unique up
to isomorphism. With notation defined below, we have the following result.

THEOREM 5. For k > 4, the dynamical system (£2*, B, v, S) is the natural
extension of the dynamical system (Jx, B, ug, S).

There are various ways to verify that a planar system is the natural ex-
tension of a given interval map; one way is to follow the proof from [14],
where the second author shows that the two-dimensional regions he finds
are indeed the natural extensions of his a-expansions. His proof closely fol-
lows [19]. Here, however, we turn to F. Schweiger’s [22] formalization of the
ideas of [17] to verify that we have found the natural extension.

In our construction, we rely on [3]. However, we proceed slightly differ-
ently. There the explicit natural extension map is

1
@ Te.) = (T(0) )
)\Hﬁ| + %J + sgn(x)y
which is locally of the form given by

- . axr+b dy—c
M = d ' |
<c d> sending (z,y) to (cx +d" —by + a>’
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an elementary calculation thus shows that this map has invariant measure
dz dy/(1 + xy)?, up to normalizing constants. Here, we use the more natural
action directly related to hyperbolic geometry:

(2.y) ar+b ay+b
Y cx+d cy+d)

These maps are conjugate, via (z,y) — (z,—1/y), thus there is no loss in
proceeding in our manner. The invariant measure for our map is well known
to be dz dy/(x — y)?. The domain §2 of 7 is defined (depending on parity)
in Theorem 3.1 and Theorem 3.2 of [3]; up to measure zero, 7 (£2) = 2. We
let

(8) 0 ={(z,y) : (z,—1/y) € 2}
and hence {2y is an isomorphic copy of the region of the natural extension
of the Rosen map T

The parity of the index k is significant, as in particular displayed by the
orbit of £A/2 under S; we thus discuss the even index case and the odd
index case separately.

4.1. Planar system in the even index case: k = 2l. We recall some no-
tations from [3]. Let

A DY .
d)0:—§7 ¢]:T](—2>, Ogjgl—l, ¢l—1:O?
and
1 1 1
- L= 2<j<I-1 1=-—",
A+l TN TslEtTo A—L,,

It is in terms of these various ¢; and L; that [3] defines the domain (2.
Now, for 1 <j <[ —1, let

Jj = [¢j-1,8;), Kj = [-o00, —1/Lj],

Ly

Jy=10,1/2), K| = [~00,0],
T = [M/2,2/X), K = [-1,0],
and let K = K;for1 <j<1l—1aswell as K] = [—00,—1]. Solving, we

find

We define the region (of the natural extension for the mediant map)

I+1

o= JUj x K))
j=1



C. Kraaikamp et al.

306

N

(see Figure 3). The map S : 2* — 2* is given by

where M, = M;j(x) as in equation (4). In particular, the projection onto the

Yz) = S(x).

1

first coordinate is indeed M

—1.

< > ~ o
: S : . >
R = , &
i 3 * i
q q : Q
o<
L NN
Ko 1w v v oo <
00 0 10 o M N MM NN MO O OO OO OO OO OO OO
) S NG NG G © O O OO OO OO OO OO
w0 0 0 o MM MM MmN OO OO OO0 OO OO OO0
T ) S NG GG © © O OO OO OO OO OO
010 0 10 0 N N MM MmO OO O OO0 OO OO OO0
T ) S NGNS © © O OO OO OO OO OO
w0 0 0 0 MM MmMmMm®MMNO OO OO0 OO0 00O OO0 O
w0 1 1 1 R G NG NCNC © © O O O OO OO OO OO
w0 0 0 0 N MMM MmO DO OO OO OO OO O OO
00 10 10 10 S R NG © © O O © OO OO OO OO
g 010 10 10 10 M MMM MM MmO OO OO OO OO OO OO o
T |www e w Rl R R I R R © © O OO OO OO OO OO
I © © © OO OO OO OO OO0
N NN A © © OO OO OO OO OO
IS G I G G G R R e N - R )
[ B B B B | © © © VYV OV VO VO VvV YV YV VO © ©
NN NN NN OO OO OO0 00O OO
RG] © © O O O OO OO OO OO
NN NN NN OO OO0 OO0 OO0 OO
~ IR N © © O O O OO OO OO OO
¢\.T S0V YV OV VYV YV O O O OV Vv O O
- © © O OO OO OO OO OO
- = o 00 ©O© OO OO OO0 00 0
W : [ S S S S S S
A K <

o< _—
Moo
Kl 4=
© © © B0 D DD D66 D OO OO0 D DO DD DO DD DD
© © O © O OO OO O OO OO OO OO OO OO OO OO OO 2
© © © O OO OO OO OO OO0 OO OO OO0 OO OO OO S
© O O O O OO OO OO OO OO OO OO0 O OO OO OO0 @
© © © OO OO OO OO OO OO OO OO OO OO OO OO0
© O O OO OO OO OO OO OO O OO OO O OO OO OO0
| PP OO OO0 0000000000000V o0
271N
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<
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Fig. 3. The region 2% and its image under S, here kK = 8. Note that {2y lies below y

, dady/|z —y|?

jective off the boundaries of J;j x K;, 1 < j <1+1. Moreover

PROPOSITION 2. The map S is surjective from (2% onto itself and is in-

N

s an invariant measure for S.

Proof. We must simply check that, up to measure zero niceties, the map
S(z,y) does indeed act bijectively on 2*. This is a matter of elementary

calculations, which we now outline.

~

e r €[-\/2,-2/(3))): On this interval, S(z) = —1/x — A. Recall that

“27 =
S T8
S// 2
2o S
= | | <
ey ~ y%
S g8 1.2
g1 =
=T % —
8= g
=Sn &
8 7% 8 %
g e | o
=S =0
Be== 5 =
~DOs =24
| @® 8
dm A(\_
gz M=
o @ =3
Som =1 g
s g <8+
= 85T E 4
2 H o~ n S
8o | X2 g
(e o~ O
RS
tl_\AOS
T LS A
rm¢7\l/0070
nrlt)
=8 Htwe
= S
2L s D
sE =z g
¢allo[(
mpl_.mnrcr
[}

[—2/(3)),0) x [—00, —1/Li_1] to [0,2/X) x [~1, —1/A].
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e z € [0,2/(3\)): On this interval, S(x,y) = (2/(1 — Az),y/(1 — \y))
for (z,y) € 2*. One immediately finds that [0,2/(3))) x [—00,0] is
sent to [0,2/A) x [-1/A,0].

e z € [2/(3\),A/2): On this interval, S(z,y) = (1/z — X\, 1/y — A) for
(x,y) € £2*. One finds that [2/(3)\), A/2) x [—00, 0) is sent to [¢1, A/2) X
[—o0, — A

e z € [A/2,2/)\): On this interval, also S(x,y) = (1/z — X\, 1/y — \)
for (z,y) € £2*. Hence [2/(3X),A/2) x [—1,0] is sent to [—A/2,¢1) X
[—o0, =X\ —1].

Consequently, we see that S is bijective except for failing to be injective on
the (measure zero) boundaries. The invariance of the measure holds since S
is locally of the form (z,y) — (Az, Ay) with A a fractional linear transfor-
mation. m

REMARK. Note that

— 2

oo lz =yl
4.2. Planar system in the odd index case, k = 21 + 3. We recycle nota-
tion, now using ¢; and L; as follows (all necessary calculations are in [3]):

qﬁgz—%, @-:Tﬂ'(—;), 0<j<20+1.
We recall that
—%S j<—3% for j € {0,1,...., 01 =1} U{l+1,...,2l},
—3%\ < ¢ <—5%\,
$a1+1 = 0.

Also we put, with R the positive root of R2 + (2 - A)R—1 =0,
Ly=X—1/R, Ly. =A—R,
1 1 1
- - o= ==
A— Ly 0 22 —Lyy 7 A—Lj 5
which are well-defined (see Subsection 3.2 of [3]). Then we define

Ly 2<j<2+2,

2l+4
" = U Jj X Kj
j=1

where
Joj = (D144, 95), 1<5 <1,
Joj—1 = [pj-1,0j41), 1<j<I141,
Tt = (0,02, Jores = [N/2,1), Jorea = [1,2/0),
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1=—¢;/(A¢y +1), and
Kj=[-00,—-1/L;], 1<j<2l+1, Kyyo=[—00,0],
1
A= Loy’
(see Figure 4).

_ 1
0| =[-1/R,0], Koy = |——F—,0| = [-R,0]

Koz =

pofproz | w3 0=¢7
Il Il
A

9 9 9
999

9°9°9° 9

999

99799

999

9°9°9°9

999

9°9°9°9

999 9

999

99 9 9

999

9999

99 9

9999

= 0%9%9%
Lr-; . S8 999
-1 Fho la 8.8 9.9 99
Ls =6 -5 60 ‘87878 979709
X 7.8 8 999

5.6, 8. 889999

_q =1 56 7.8 8 999
=1 —J5 6. 888 9999
Lz 4 B 45 6 7_8_8 999
4576 88899909
374°5°6 7.8 8 9.9 9

47576 8889999
3°4°5°6 7.8 8 999

456 888 9999
34756 7.8 8 999

456 88890999
34°5°6 7.8 8 999

4 5°6 8889999
3456 7.8 8 999

456 . 888990909
3456 7.8.8 999

456 _8828 99909
3456 7 88 999

"4 56 8889999
3456 7.8 8 999

456 88899909
374°5°6 7.8 8 9.9 9

4576 8889999
374°5°6 7.8 8 9.9 9

1 47576 8889999
> 53,4.56 7 88 999
122747576 888 9 999
-1 3456 7 8.8 999
Ly 274 56 88899099
178 4°5°6 7.8.8. 999

274 576 888 9999

173 4°5°6 7.8.8. 999

274 5°6 888 9999

173 4°5°6 7.8.8. 999

274 56 888 9999
173456 7.8.8. 999
274 5 6 888 9999
173874756 788 999

‘ B(4) ‘B(ii) ‘B(iii)‘ B(iv) ‘

Fig. 4. The region £2* and its image under S, here k = 9. Here, 2y lies below y = -1/R.

PROPOSITION 3. The map :é’(a:,y) = (M; Yx), M (y)) of 2* is bijec-
tive off the boundaries of J; x Kj, 1 < j < 2l+2. Moreover, dz dy/|z — y|*
s an invariant measure for S,

Proof. The invariance of the measure has already been remarked upon.
The first part of the assertion follows as in Proposition 2:

e z€[-)\/2,-2/(3)\)): Here, S(x,y) = (=1/x— X, —1/y—)). Thus, the
corresponding image of 2* is fibred below [¢1,A/2), with y values in
[—A, —1/L;] for S(x) negative, with the appropriate value of L;, and
y € [\, —1/R] for S(x) non-negative.

e z €[—2/(3)),0): Here S(z,y) = (—z/(Ax + 1), —y/(\y + 1)) for (z,7)
€ % Thus [-2/(3)),0) x [—o00,—1/Lg4+1] is sent to [0,2/X) X
[—1/(A = Loi41), —1/A].



Metric and arithmetic properties of mediant-Rosen maps 309

e z €[0,2/(3\)): For these values of z, S(z,y)=(z/(1—Ax),y/(1—Ay))
for (z,y) € £2*. Thus [0,2/(3))) x [—00, 0] is sent to [0,2/X\) x [—1/A,0].

o z € [2/(3)\),A/2): Here S(z,y) = (1/x — X\, 1/y — A) for (z,y) € £2*.
Thus [2/(3X), A/2) x [—00,0) is sent to [¢1,A/2) X [—o0, —A].

e z € [\/2,a): Here again S(z,y) = (1/z — X\, 1/y — \) for (x,y) € 02*.
Then [2/(3)), ) x [-1/R,0] is sent to [¢y41,¢1) X [—00,—R — \] =
[P141, ¢1) X [—00, —1/Ls].

o z € [a,2/A): Again, S(z,y) = (1/z — X\, 1/y — A) for (z,y) € £2* and
[, 2/X) x [=1/(A— Lg), 0] is sent to [=A\/2, ¢41) X [—o0, —A — 1/L4].

Combining the above, we get the first part of the assertion of the proposi-
tion. m

4.3. Proof of Theorem 5: planar system is natural extension. We first
recall some terminology and notation from [22]. Let B be a set, and T :
B — B be a map. The pair (B, T) is called a fibred system if the following
three conditions are satisfied:

(a) There is a finite or countable set I (called the digit set).

(b) There is a map k : B — I. Then the sets B(i) = k=1(i) form a
partition of B.

(¢) The restriction of T' to any B(i) is an injective map.

See [22, Definition 1.1.1]. From our definition of the mediant-Rosen map
(see Definition 2), we naturally have B = J, = [-\/2,2/\], T = S,
I = {iii,ii,iv}, and B(i) = [=\/2,—2/(3\)), B(ii) = [=2/(3)),0),
B(iii) = [0,2/(3)X)), and B(iv) = [2/(3)),2/)\) (see also Figures 3 and 4).

The pair (B#,T#) is called a dual fibred system (or backward algorithm)
with respect to (B,T) if the following condition holds: (ki,...,k;,) is an
admissible block of digits for 7" if and only if (K, ..., k1) is admissible for T#
(see Definition 21.1.1 in [22]). Furthermore,

D(z):={y € B¥ :y e B¥(ki,...,ky) if and only if
TN()N B(ky,... ki) #0, for all N > 1}

(see Definition 21.1.7 from [22]). The local inverse of the map T': B(k) — B
is denoted by V' (k). Schweiger obtained the following theorem (see [22, The-
orem 21.2.1]).

~ THEOREM 6 (Schweiger). Consider the dynamical system (B,T) with
B ={(z,y) :x € B,y € D(z)}, where T : B — B is defined by

T(w,y) = (T(x), V¥ (k(2))(y))-

If T is measurable, then (B,T) equipped with the obvious product o-algebra
s an invertible dynamical system. Furthermore, if K is a non-negative mea-



310 C. Kraaikamp et al.

surable function such that
K(Ta,y)|T'(z)| = K (z, T"y)|(T*)'y]

then K is an invariant density for this system. The dynamical system (B, T)
is the natural extension of (B,T).

In our setting we have B = £2* by construction. So to apply Schweiger’s
theorem, we need to find a backward algorithm (B#7 T#) such that

9) V#(k(2)(y) = My (y).

Thus, on each B¥ (k) the map T7 is given by the inverse of the matrix
giving the mediant-Rosen map on the corresponding B(x). Comparing with
Definition 2, this map must be

_ B
S Ve (),
.,y € B7(i1),
Ay + 1
WL Yy € (4i7),
_ - B#(iv).
o V€ (iv)

Using the proofs of Propositions 2 and 3, we find the partition of B# =
(—00,0] (recall that R = 1 in the even index case):

B¥(i) = [-\,—1/R), B#(iii) = [~1/),0),
B¥(ii) = [-1/R,—1/)), B (iv) = (—0c0, —\)

(again, see Figures 3 and 4). An easy calculation shows that V#(k(y)) sat-
isfies (9).

We find that (B*,T#) is the dual fibred system with respect to (Jg, S).
We already saw that % is an invariant measure for S; note that this
is compatible with the requirements on K in Schweiger’s theorem. Thus it
follows that (£2%,B,v, 5’) is the natural extension of the dynamical system

(JkaBﬂJ’k?S)' u

REMARK. Note that one could use the above method to verify that the
system given in [3] is indeed the natural extension of the Rosen map. With
this, as suggested by the referee, one can use the relationship between S
and T to show that § is indeed the map giving the natural extension of S.

4.4. FErgodicity. We denote by i the measure with density function
1/(z — y)? with respect to Lebesgue measure, and by g its marginal dis-
tribution on the first coordinate.
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THEOREM 7. The dynamical system (2%, S’, f1) is ergodic, and its entropy
h(S, 1) is equal to (k —2)7%/(2k).

Proof. An easy calculation shows that

Skm(,y) = (M-~ My,,) " (), (M1 - My,,) " ()
and
(M- My,,) " (2) = T™ ().

Thus, Skm is the induced transformation S 0, of S to (29, and is conjugate to
T by the isomorphism (z,y) — (z,—1/y). Since 7 is ergodic (again, see [3]),
so is Sp,. In turn, this implies the ergodicity of S.

The entropy h(S’,ﬂ) of (S, ft) is given by the entropy of its induced
transformation on the region {2y, as

h(S, 1) = h(Say, i) i(£20),

where fig, is the restricted normalized measure of ji to {2y (see [10]). Since
(S0, f102,) 1s a natural extension of the Rosen map, and its entropy is

(k — 2)7?
2k
where C' is the normalizing constant of the invariant measure, i.e.,

_ drd
¢ 12“@?52

C

2
(see [16]), the result follows. m
The following result is an immediate consequence of Theorem 7.
COROLLARY 1. The dynamical system (S, ) is ergodic, and its entropy
h(S, ) is equal to (k — 2)7%/(2k).

REMARK. The density function with respect to Lebesgue measure f of
the measure p is given by

dy
f(z) = S m7
{y: (zy)en+}
which diverges at « = 0.

COROLLARY 2. For a.e. x € Iy, {vm|® — Umi/vmy] 1 <1<y — 1,
m > 1} is unbounded.

Proof. From the ergodicity of S, for a.e. (z,y) € 2%, its forward S-orbit
is dense in §2*. It follows that the distance between the second coordinates
of S™(x,y) and S™(x, —c0) tends to 0. Thus the forward S-orbit of (z, —oc0)
is also dense in {2*. By Fubini’s theorem, this holds for a.e. x € I. Because

Sn(xv —00) = (5™(), —Gm/vm,s)
for n = k,,, + s and by (4), we have the assertion. =
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5. Proof of Theorem 4—exhibiting a witness. In this section, we
use continued fraction methods to prove Theorem 1. That is, we display
the witness mentioned in the introduction. For each k > 3, we call our
witness 7p; this value is suggested by the geometry of our planar natural
extension. Let

(10) @(m, Z) =

for (i :) € Gy. Hereafter, when we write a/c we assume that there exists a
matrix (‘Z :) € Gj. In case a/c is equal to the nth mediant convergent of x
(with indexing as for (5)), we write ©,(x) instead of O(x,a/c).

The approach in both the even and odd index cases is quite similar, the
odd case being (as usual with the Gy) a little more complicated. We give
full detail of the even case, and outline the odd case.

a
T — —
C

5.1. Fven index case: k = 2l. One of the main ingredients of the afore-
mentioned Borel-type result from [9] is the fact that if we set

1
=(=1: D)2 (=1: D) =1-A=—-L;_ =1 = ——
me= (1172, (19 S A

(here the bar indicates periodicity), the sequence
(Tiani) = Ti(7—07770) for ¢ 2 0

is purely periodic, with period length [ — 1. Here 7 : {2 — (2 is the natural
extension map from [3] (see (7)). Note that 7o = —1/(A+1) = —Ly,
M—o=A—1=L;_1, and 7 (11_2,m-2) = (70, M0). Furthermore, in [3] it was
shown that if

(tn,vn) =T"(x,0) forxze[-A/2,A/2) and n > 0,

then 6]
v t
0,,_ =" 0 = > 1.
n-1(2) 1+t n(7) 1+t "=
Due to this .
i
() = 2 Ok =

for i > 0 (with equality if i = 0 (mod [—1) or i = -2 (mod [—1)), and since
Oi—14n@—1)(10) T 0(73,m:) as n — oo, it follows that for any C' < C(k) = 1/2,

On(10) < C  for at most finitely many n > 0.

Recall that (2 is an isomorphic copy of £2; fori = 0,1, ...,]l—2, the points
(1:,m;) € 2 correspond to the points (7;, K;+1) € 2. Since the isomorphic
copy of the system (£2y,7) is induced from (£2*,S), the S-orbit of (19, K1)
has cardinality at least [—1. In fact, this S-orbit is also purely periodic, but is
of cardinality [: since 7; < —2/(3\) fori = 0,1,...,l—3,and 1;_5 > —2/(3)),
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we have . )
S(71-9, K1) = 8§ ——, —— ) = (1,—1
S(Tl 25 ll) S<)\+17)\_1> (7 )7
and

S(1,-1) = (1 -\ _il - /\> =(1=X\—-1-X\) = (10, K1).
If we set

(Tna Vn) = gn(T()a _00)7 n Z 07

it follows from (6), and the fact that (an isomorphic copy of ) 7 is an induced
transformation of S, that (6,,(79))n>0 is a subsequence of (O, (70))n>0. In
fact, the only points in the latter sequence which are not in the former are
among the numbers ©(1,y) with —1 < y < 0. For these numbers we have
O(1l,y) = 1/(1 —y) > ©O(1,—1) = 1/2. Consequently, for any C < C(k)
=1/2.

On(m0) < C  for at most finitely many n > 0.

5.2. Odd index case: k = 2l + 3. Analogously to the even index case,
we set 19 equal to the “left-top height” of (2, and 79 equal to the lowest
“height” of (2, i.e.,

1

T0:=—Lop1=R—=XA mo ::L1:7)\+1/R’

and we set .

(Ti,m) = TZ(T(), 770) for ¢ > 0.
Again the sequence (7;,7;)i>0 is purely periodic, with period length 2I
(see [9]). In contrast to the even case, this sequence is more “complicated,”
with a kind of “double loop.” On (2 the sequence corresponding to (7, 7;)i>0
is the (purely periodic) sequence (7;, Kit1)i>0 (see Figure 5).

(73, K4)

(70, K1) :

(14, K5) -

Fig. 5. The sequence (7i, Ki+1)i>0 in 2o for k=9
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As in the even case, S “picks up” a few extra points in the orbit of
(70, K1), since both 77 = — Ly and 79 = — L9 are larger than —2/(3\). Similar
to the even case, we find that for any C' < C(k) = 1/(2y/(1 — \/2)2 + 1),

O,(19) < C  for at most finitely many n > 0.

6. Equality of Legendre and Lenstra constants. We define each of
the Legendre and Lenstra constants for the mediant-Rosen maps and show
their equality.

6.1. Definitions. Fix an index k, and suppose that there exists £ > 0
such that (i) for any Gg-irrational z and any finite Gg-rational a/c,
Oy,

< =
C2

a
xr — —
C

implies a/c is either a Rosen convergent p, /g, for some n > 0, or a Rosen
mediant convergent w,, ;/v,; of x; and, (ii) for any C' > ¢}, there exist « and
a/c such that

and a/c is neither a Rosen convergent nor a mediant-Rosen convergent.
Then we call £, > 0 the Legendre constant for mediant-Rosen convergents (of
index k). The Legendre constant certainly exists for any index k > 4 because
the Legendre constant for the Rosen continued fractions exists (see [21]), and
the mediant-Legendre constant is certainly larger than or equal to it.
We again fix an index k, and now suppose that there exists £, > 0 such

that both: for any 0 < t1,te < Ly,
(11) lim ﬁ{lgngN:@(Ml"'Mn(oo)a'r)<t1} :ti

N—oo ﬁ{lgngN@(Man(OO),JT) <t2} to
for a.e. x € J; and, for any 0 < ty < Ly < tq,

N—oo {1l <n < N:O(M; - My(c0),z) <t} ta
for a.e. x € J. We call £, the Lenstra constant for the mediant-Rosen con-
vergents (of index k).

6.2. Legendre constant bounded above by Lenstra constant. The following
is a direct consequence of the corollary of Section 2 in [16].

THEOREM 8. Fix any tg > 0. Then for any t > 0 we have
(13) lim #{a/c € Gx(c0) : Oa/c,z) <t,0<c<Q} _t
Q—oo #{ajc € Gi(0) : Oa/c,x) < ty, 0 <ec<Q} o
for a.e. x. Here we recall that Gy(oc0) is the set of parabolic points of the
Hecke group Gy.
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From this, we have the following result.

PROPOSITION 4. The Legendre constant is less than or equal to the
Lenstra constant, i.e., £, < Ly.

Proof. Let
(14) Cn,z,t) =#{j:1<j<n, O(M;---Mj(c0),x) < t}.
If t is smaller than ¢, then we have
. #{a/ce Gr(o0): O(a/c,z) <t,0<c<qn} . C(n,z,t)
lim = lim ——+%
N—oo #{a/c € G(o0) : O(a/c,x) < ty, 0 < c < qn} n—oe C(n,z,tp)
for almost every = € I. But this implies that for each such ¢ and for each

of these x, the limit as N tends to infinity of the average of the counting
function, C'(n,x,t)/N, is a linear function in ¢. That is, L > {;. =

6.3. Harder inequality. The idea of the following proof is to begin with
an xg which is fairly well approximated by some Gg-rational not arising as
a mediant map convergent. We then identify, in terms of the Rosen fraction
expansion of this xg, a whole cylinder set of = all of which are fairly well
approximated by such Gj-rationals. There is then a deficit in the numerator
of the fraction of the fundamental equation (13). This then gives the desired
inequality. We fix 3 > 0 sufficiently small so that it is smaller than the
Legendre constant associated to Rosen continued fractions.

PROPOSITION 5. Let C(n,x,t) be defined as in (14). Fort > {} and a.e.
x € Iy,
lim C(n,x,t) - i
n—oo C’(n,m,to) t()
In particular, Ly, < .
Proof. Fix t such that ¢t > (. Then there exist 2o € I and p/q € Gi(c0)
such that

O(x0,p/q) <t with p/q unequal to any mediant convergent.
Consider the Rosen fraction expansions
xo=1[e1:€C1y s En i Cny..s

and

gz[é'llidl,...,&";:dl].

Since p/q is not a mediant convergent, at least one of the following does not
hold:

Ejzeg-forlgjgl; cj=djfor1<j<Il-1; 1<d<¢g-1
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We can choose a large integer L such that

t .
- g < pe (equivalently, ©(y,p/q) < t)
whenever
y=ler:c1,...,epien, ey i ¢ 1,€1 00 Clag, .-

We consider all such y. Now suppose that

_ml ml, v |
‘al | ay lan +y
and
P 771‘+772‘+‘+77N‘+ p|
Car a2 lav g

For any such pair (z, P/ Q) we have

Z_‘

if ap is large enough, where the choice of ay depends only on zg, p/q,
and L. One checks that P/Q) is not a mediant convergent of z (and thus in
particular not a Rosen convergent). Fix some such ay and denote it by a,
and ny by n.

Let C be the cylinder set of all x such that the initial segment of the
Rosen expansion of z matches these:

Ci={zel:x=[n:ae:c1,...,e:cL,...|}.

By the above discussion, whenever T"(x) € C there exists a Gp-rational
P/@Q such that

- g‘ < Qt2 and dn—c < Q < Gn+c;

where ¢ is a constant independent of n. Since the Rosen map is ergodic
with respect to the invariant probability measure given in [3], the ergodic
theorem applies and shows that for a.e. x € I, we have

lim #{n < N:T"(z) € C}
N—o0 N

=9,

where ¢ is the measure of C with respect to the invariant ergodic measure.
In particular, this limit is positive.
Now let Zn(z) be the number of P/Q € Gj(o0) such that

Q27 Q<QN7

e
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and P/Q is neither a convergent nor a mediant convergent of z. From the
above, we conclude that

liminfgiN

N—oo Cy(N,x,t)

for a.e. z € I, where Co(N,z,t) =#{1 <n< N : O(M;--- My, (0),x) < t}.
Now,

>0

. C(n,z,t)
WS i, o)
: < _=
< lim sup #{a/c € Gi(o0) : O(z,a/c) <1, 0 <c < gn} ~N(z)
N {afe € Gi(o0) : O(x,a/0) < o, 0 < ¢ < 4}

. t . . EN(x)
= — — liminf
to N—oo #{a/c € Gi(0): O(x,a/c) < ty, 0 <c<qgn}
t Co(N, z,t t t
< — _ liminf M < )
to N—o0 Co(N,l‘,to) to to
Consequently, the Lenstra constant of the mediant map cannot be larger
than its Legendre constant. m

We have thus demonstrated the equality of the Legendre and Lenstra
constants for the mediant convergents.

7. Evaluating the Lenstra constant. In this section, we determine
the exact value of the Lenstra constant, and hence of the Legendre also, for
the mediant and the principal Rosen convergents. Note that for the principal
Rosen convergents, the value of the Lenstra constant was stated—without
proof—in Corollary 4.1 of [3].

7.1. Reduction to geometry of natural extension. First we consider the
natural extension 7' of the Rosen continued fraction map 7', defined as
follows: the region of the natural extension (2 is given by (8), and for
(x,y) € 20, we define

Fog) = <<—r(m))\ sgn(m)) @) (—r(m))\ sgn(x)) (y))

1 0 1 0

This is bijective on {2y a.e., and the absolutely continuous invariant proba-
bility measure is given by
dx dy

=P
where C'is the normalizing constant (see [3] for the exact value of C' in both
even and odd cases).

For (z,y) € £, we set (&, yn) = T™(z,y). In all that follows, we can

extend to y = —oo. In this case, (6) implies that 6,_1(z) = 1/(xy,—yn). (The
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similarity of this last denominator with the denominator in the expression for
our invariant measure facilitates the following ergodic-theoretic approach.)

As observed in Section 4.4, the measure is ergodic. By the individual
ergodic theorem and the standard approximation method (see say Chapter 4
in [7]), we have

“ dx dy

1
15 lim — 1<n<N —yp >t} =C —
(15) 1m Nﬁ{n SNV, Tn— Yn } |z —y|2

N—oo
{(z,y)eR0 : z—y>t}
for any ¢t > 0 (a.e. (x,y) € ). Elementary calculus applies to show that
the right hand side is equal to C\/t if ¢ is sufficiently large. By a simple
calculation, we see that |y, —y,,| — 0 as n — oo whenever (z,y), (x,y') € 2.
This implies that if (15) holds for (z,y), then it also holds for (x,y’). Thus
we get (15) for a.e. € I and any y such that (z,y) € (2; hence the
property also holds for those values of x and with y = —oco. Therefore,

1
im — 1<n< =
(16) J\;Ln;o N tH{n:1<n<N,0,(z) <c}=Cc

if ¢ is sufficiently small (a.e. ). Thus the Lenstra constant for the Rosen
fractions is the infimum of those ¢ > 0 for which

(17)

jz—y2 t
{(z,y)€20 : x—y>t}
It is easily seen (cf. Figures 3 and 4) that this equals the infimum ¢ of those
t > 0 for which the points on the line segment

(18) y=x+t, xel,

are all in 2.

Now for the mediant-Rosen convergents, analogous arguments apply. We
use the ratio ergodic theorem (see say Ch. 3 of [1]), instead of the individual
ergodic theorem, and we obtain the completely analogous conclusion, i.e.,
Ly, is the infimum ¢; of ¢ such that

SS dx dy A

19) o —y?
{(zy)e* :x—y>t}

We consider the even and the odd indices cases separately.

7.2. Fven index case: k = 2[. First we show that the Lenstra constant
for the Rosen convergents is A\/(\ + 2), confirming Corollary 4.1 of [3].

To find to with property (18), it is enough to check the lines of slope 1
passing through the interior corners of 2. The associated equations are

{y:w—(l/Ljﬂﬁj), 1<j<i-1,
y=1z—(1-\2).
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From these, we see that to = max{1/L;+¢; (1 <j <1—-1),1—X/2}. Since
1 1

L- = and ] — — - )\a
J A — Lj71 ¢] ijfl
it follows that i o M
Lj J ’¢j—1/Lj—1’

for 2 < j <1—1. Because (1/ Lj)é._:lo and (|¢j])é;}) are decreasing sequences,
the maximum is either 1/Ly + ¢1, 1/L;—1 + ¢y—1, or 1 — A/2. Now recall
that ¢;_1 = 0 and L;_; = A — 1 and A > /2. These yield the estimate
AN+2)/A=1/L1+¢1 > 1/L;_1 + ¢;—1. Note that it is easy to show that
(A +2)/A =1/L1 +¢1 > 1—\/2. Consequently, to = 1/Ly+¢1 = (A +2)/,
and the result holds.

The result for the mediant-Rosen convergents is the following.

PROPOSITION 6. The Lenstra constant for the mediant-Rosen conver-
gents is A — 1 when the index is even and not equal to 4. If k = 4, then the
Lenstra constant is equal to \/5/ 2.

Proof. Tt is obvious that the measure dz dy/|z — y|? is invariant under
the translation (x,y) — (x+z,y+2) for any real number z. We translate the
set Ji11 X K41 by —\. Then the image is [¢g, ¢1) X [=1/L1,—1/L1 +1) =
[P0, P1) x [-A — 1,—A) and we see that —\ < —1/Ls = —A + 1/(A+ R).
This shows that for the mediant case, we can get t; by max{—\ + ¢1,
1/Lj + ¢; (2 < j <1 —1),A\/2}. Similarly to the above, the maximum
is given by either A\ + ¢1, 1/La + ¢2, 1/Li—1 + ¢1—1 = 1/(A—1), or A\/2.
Thus we get t; = 1/(A—1) when | > 3 (see Figure 6). If | = 2, a simple
calculation shows that t; = v2+ 1. u

T

P01 P2 0= ¢3
L 1 1
T T T

e

Fig. 6. Translation of J;+1 X Kl+1 by —\. Here k = 8.
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7.3. Odd index case: k = 21+ 3. Here also we first confirm Corollary 4.1
of [3]: the Lenstra constant of the Rosen convergents equals R/(R + 1).

The idea of the calculation is the same as in the even case. Considering
the slope 1 lines through the corners of {2y, we find that

1 1 A
20)  to= <), —— C(1<j<i+1), =+2\
@)ty =max{pr0, (1 <GS0, v (<G <IED, 5 )
Since .
Giri=—g = A for0<j<li+1<j<2+1
J
and )
Lj+2— for1§j§2l—1,
Aj J
we have )
1 ¢j + 157
¢j+1+ L = 1
Ty
and )
1 ¢l+j+ T2, 1
Pryj1 + I = 1
2j+1  —Plij Lo 1
for 1 < j <1 —1. Moreover, ¢j11 (=1 —X) = —=1/¢; — 2)\ and L =
1/(2X — L;) implies
1 ht
O+ +— = 7%1 )
Ly _¢l'f2

Again, (|¢;] : 1 < j < 1+1), (|45l : 1 < j < 1+1), and (1/L; :
1<j<2l—1)are decreasing sequences. So the above maximum is equal to

1 1 A
max{¢1+ ,¢l+1+ ,¢2l+1+ +}

Loy R 2

= ma 2+RR+1 ! l—i-i

I Y R 'A-R'R" 2/
Due to the facts that R? 4+ (2 — A)R—1 =0 and /2 < R < 1, we see that

the maximum is equal to ngl, and the result follows.

For the mediant-Rosen convergents, we have the following.

PROPOSITION 7. In case of odd index k, the Lenstra constant for the
mediant-Rosen convergents is A — R.

Proof. We translate (Jy13 X Koj13) U (Jojg X Kojig) by —\ (see Fig-
ure 7). Then its image is

[=A/2,¢141) X [Z1/R = A, =A) U111, 2/A = A) X [=R = A, = A).
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b4

doyo1 0

I | |
T I

(SN
a =
>

:;:71/R

Fig. 7. Translation of (J21+3 X K21+3) U (J21+4 X K21+4) by —A. Here k£ = 9.

This fits exactly on top of
Ji X K1 U Jy x Ky = [=A/2, ¢41) X [—00,—1/R — \)
U ldr41,2/A = A) x [-00, =R = })

(note that ¢;11 = 1 — \). These translations cover up the interior vertices
contributing 1/Ly + ¢1 and 1/L1 + ¢;11 to the set of (20) and yield a new
vertex giving ¢ + A = 2/\. Thus we have

2 1 1 1\
t1 = ) <[ 2 < <l 1 — .
1 mM{AL +%(_]_%L%7+@ﬂ( J F)R+2}

This is the same as

2 1 1 1 1 A
max{)\ I +¢2, +¢l, +¢l+2’L . +¢2l+1,2}-

One has the following relations:
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1 1 1
E+¢2:A—2/A_A+R’
1 R 1
LTZJ”“*AR—l_AH’
1 1 R
L73+¢’+2*A—1_AR+1’
1
Tort + Par41 = Sh

Here 1/L4+ ¢2 and 1/Lo; + ¢; do not appear in the above when k = 5. After
some calculation, we see the maximum is 1/(A — R). In order to see that
this is indeed the case, note that we obviously have A/2 < 2/\; moreover,

o

A—R

follows from \/2 < R. Since R? + (2 —A)R—1=0and A > (1 +/5)/2, we
have

<
A

1 R < 1
A—=1 AR+17- XA—R

We see that
1 1 1

N—2/A A+R A-R
when k > 5. Here we have used the fact that \> > 4 — R? for k > 5, which
has to be checked somehow. Because A and R are increasing as k increases,
it is sufficient to prove it for k = 7.
Finally, we show that
R 1 < 1 1
AR—1 X+1 X=2/A AX+R
for k > 7. This inequality is equivalent to
1 n 1 - A N 1
A—=1/R A+R " X2-2 X+1
Since R — 1/R = X\ — 2, this is equivalent to
3x—1 _ 222+ X -2
AN4+A=2)A=-1 M4+ A2-21-2
Note that both denominators are positive (for A > v/3). The last inequality
follows from

M3\ 4B —2>0 forA>V3. =
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