ACTA ARITHMETICA
139.4 (2009)

How many points contain arithmetic progressions in their
continued fraction expansion?

by

XIN ToNG and BAOWEI WANG (Wuhan)

1. Introduction. Continued fraction expansion is induced by the Gauss
transformation 7": [0,1) — [0,1) given by

1
T0):=0, T(x):= - (mod 1), O0<z<1,

in the sense that every irrational = € [0,1) has a unique infinite expansion

(1L1) 2= L — [a1(2), as(2), as(x), .. ],
al(x) + 1

az(z) + ———
ag(x) +
where a,,(z) € N, for all n > 1, are called the partial quotients of x.
Namely, the Gauss transformation supplies a mechanism attaching to
each irrational x € [0,1) an infinite integer sequence {a,(x)}72 . Further-
more, if the sequence {a,(z)}72, is strictly increasing, there is a one-to-one
correspondence between such irrational numbers and an integer subset. Sze-
merédi [6] showed that an integer subset contains arbitrarily long arithmetic
progressions if it is of positive density in N. Inspired by Szemerédi’s theo-
rem, we are led to ask naturally whether a point is a Szemerédi point (see
definition below) and how large the set of such points is.
To make the statement precise, we introduce the following definitions.

DEFINITION 1.1. An irrational x € [0,1) is called a Szemerédi point
if the sequence of its partial quotients is strictly increasing and contains
arbitrarily long arithmetic progressions.
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DEFINITION 1.2. An irrational z € [0,1) is called an absolute Szemerédi
point if it is a Szemerédi point and the sequence of its partial quotients con-
tains arbitrarily long arithmetic progressions with arbitrary common differ-
ence.

Denote by Sz and ASz the sets of Szemerédi points and absolute Sze-
merédi points respectively. In this note, we show

THEOREM 1.3. dimyg Sz = dimy ASz = 1/2, where dimy denotes the
Hausdorff dimension.

2. Preliminaries. This section is devoted to collecting some elementary
properties enjoyed by continued fractions, and recalling some known results,
which will be used later.

We begin with some notation. For any n > 1 and (ay,...,a,) € N, call
|:pn Pn + Pn—1 > .
—, when n is even,
n Gn + qn-1
In(ay,...,an) = N
(ot 2] en s odd,
n + Gn—-1 Gn

an nth order interval, where p,, g, are defined recursively by

(2.1) p-1=1, po=0, pp=agpk—1+pr-—2, 1<k<n,

(2.2) -1=0, =1, @ =arq-1+q-—2 1<k<n

In fact, I,,(a1,. .., ay) just represents the set of numbers in [0, 1) which have

a continued fraction expansion beginning with a1, ..., a,, i.e.
In(ar,...,an) ={x €[0,1):a1(z) = a1,...,an(x) = an}.

For each irrational z € [0,1) and n > 1, let p,(x) = pn, gu(x) = gn be
defined recursively by (2.1) and (2.2). Then p,(z)/q,(z) is called the nth
convergent of x.

PROPOSITION 2.1 ([4, 5]). For any n > 1 and (a1,...,a,) € N, let ¢,
be given by (2.2). Then
n n 1
> o(n=1)/2 ar <qn < | T(ar+1), |Li(ai,... ,an)|= —-——.
| RS AR
Foranyn>1and 1 <k <n,
1§ qn(ala"'aak)ak-‘rla"'7an) §2
ar(ar, ..., ax) - qn—k(aks1, - - -5 an)
LEMMA 2.2 ([7]). Forany n>1 and 1 <k <nmn,
ak+1< QH(ala--'7ak’7ak+17"'7an) < ay+ 1.

2 T oguo1(at, ., 01, Q1,5 An)
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LEMMA 2.3 ([3]). dimp{z € [0,1) : ap(x) — o0 asn — oo} =1/2.

To end this section, we state a mass distribution principle (also known as
the Billingsley Theorem), which is a classical tool to obtain a lower bound
on the Hausdorff dimension of a fractal set.

THEOREM 2.4 ([1, 2]). Let E C [0,1] be a Borel set and j a measure
with pw(E) > 0. If for any = € E,

i L08H(B(z,7) _

r—00 logr 7

where B(x,r) is the ball with center x and radius r, then dimg E = s.

3. Proof of Theorem 1.3. Lemma 2.3 supplies the desired upper
bound on dimy Sz and dimy ASz, i.e.,

dimpg Sz <1/2, dimpg ASz < 1/2.
Consequently, we only need to prove the lower bound. Our strategy is:
STEP 1. Construct a subset Fpg, of ASz.

STEP 2. Establish a connection between g, and some regularly defined
set E by means of a (1 — ¢)-Holder function.

If these two procedures are done properly, then
dimpg ASz > (1 — €) dimy E.
So, we are led to the last step.
STEP 3. Estimate dimyg E.
3.1. Subset of ASz. For any k > 1 and d > 1, let Lg = {d,2d,... kd}

be an arithmetic progression with length £ and common difference d. We
arrange {L¢ : k,d > 1} in the following order.

Ly Ly— Ly Ly—Lj--

I O A

L¥ L3 L3 Li L3

s S

Ly L3 Ly Li L3

N

Ly Ly Ly Ly L

We denote the new sequence by {Lj : k > 1}. It is easy to observe that, for
any k > 1,

(3.1) |Li] <k and maxLy < k2,
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where |L| denotes the cardinality of L. Without any confusion, sometimes
Ly, is considered as a vector with its elements arranged in increasing order.
Let a > 2 be some integer and set

E(a)={x€0,1): (2n)* < ap(z) < (2n+ 1) for all n > 1}.

For every x € E(«a), we will construct an absolute Szemerédi point y. This
is achieved by inserting the vectors {Lj : k > 1} in the continued fraction
expansion of x at appropriate positions.

Let {ny : K > 0} be a sequence such that ny = 0 and for all k£ > 1,
k2 log ny,

(3.2) (g +1)Y+k* < (2n, +2) and  lim
k—o0 N

=0.

For each x € F(a), an absolute Szemerédi point y is constructed as follows.
For n < nj + |L1], set
an(y) = an(x), 1 S n S ni, (an1+1(y)a s 7an1+|L1|(y)) = Gn, (l‘) + Ll-
For n > ny +|L1|, let £ > 1 be the integer such that ng +|L1|+-- -+ |Li| <
n < ngpy + |Li| + -+ |Li| + |Liga |-

(i) When ng 4 [L1| 4 -+ + | L] <n < npyy + [La| 4 -+ + [ L], set

an(Y) = G (|1 |4t |Li]) (T)-

(ii) When ngiq1+|L1|+---+|Lk| <n < nk+1+\L1]—i—- . '+’Lk‘+’Lk+1’,
set

(g g 1L ot 41 (Y5 - o Qg | L ot L B | (Y)
= ank+1 (:IZ) + Lk—&-l'
By the above construction, we conclude that y € ASz. This is because, on
the one hand, all arithmetic progressions occur in the sequence {a,(y)}n>1,
and on the other hand, the large gaps between ay, (z) and an,1+1(x) (see
formula (3.2)), for each & > 1, guarantee that the sequence {a,(y)}n>1 is
still strictly increasing.
We call = the generator of y and denote by Eag,(«) the collection of y’s
given by the above procedure. Evidently, we have

Fact 1. dimpg ASz > dimpyg Fag, ().

3.2. (1 — €)-Hélder function. For any € > 0, choose ny, large enough
such that for every n > ny, and k > ko,

k
(33) 32(2n + 3)2(1 S 2(n—1)e/2’ 22]€+1 H(<2n3+1>a +32)] S 2(nk—1)6/2.
j=1
Fix ay, ..., ap, with (27)* <a; < (27 +1)® for 1 < j < ny,. Define
E(ay,... 7ank0) = E(a)NI(ay,... >ank0)
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and denote by FEas,(ai,... ,anko) the corresponding set of absolute Sze-
merédi points.
Now we define a map

f:EASZ(ala‘”uankO)_>E(a1)"'7anko)7 y—x,
where z is the generator of y.
Cram. f is 1/(1 + €)%-Hélder.

For any pair y1,y2 € Eass(a1, ..., ankg), let z1, 22 be the generators of
y1 and ys respectively. Denote by n the smallest integer such that a,1(y1)
# ap+1(y2). Then n > ng, + |L1| + - - - + | Lk, |- Assume that

g+ |Li| + -+ | Ll <n <ngyr + | Li| + -+ | Li| + | it

for some k > k.
First, we establish a relationship between gy, 1|1, |+...4|1,|(¥1) and gy, (v1).
By Proposition 2.1 and Lemma 2.2, we can see that

(34) an+|L1|+~~-+|Lk|(yl) S 2(]|Lk\(ank (.fl) + Lk)an—i-\Ll\—i-m—i-\Lk_l\(yl)
< 2(@2nk + 1) + k) G111 ot L | (01)

S 22((2nk + 1)C¥ + k;2)k(:I1’Lk,1—HL1‘+'~~+‘Lk,1|(yl)

X Qny—nj_q (ankﬂ-&-l(ﬂfl)a ceey Gny (71))

k
< 22k H(<2nj + 1% + jQ)an]-—nj_1(an]-_1+1($1)7 e ey Ony (z1))
j=1
k ' )
<2 TT(@ny + 1) + 5%V an, (1) < 5 gif (1)

<
Il
-

Secondly, we estimate the gap between y; and yo. Note that
an+2(Y1) 2 Qg Ly |4t | L (Y1) = Oy (1) > (270),
and the same for yo. So,

ve U Imel@@®) - ann) antae) C Iy (@), - - ansa(yn),
an42>(2ng)®

we U Tae(a@2,- - anr1(2), ant2) C Inpi(ar(ya), - anta(y2)).
ant2>(2ng)*

Assume that n is even and a,41(y1) < ant1(y2) (the other cases can be
handled in the same manner). So, the gap between y; and ys is no less than
the distance between the left endpoint of Ip,+1(a1(y1),. .., an+1(y1)) and the
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left endpoint of Ii2(ai(y1),. .., ant1(y1), (2n)*). Hence,
(2nk)“Prt1(y1) +Pn(y1)  Pot1(y1) + pu(y1)

v~ 32l 2 (2n1)%ny1(y1) + an(y1)  @ni1(y1) + an(y1)
_ (an)“ —1
(2n8)%Gnt1(y1) + @ (1)) (@1 (m1) + an(y1))

1

> .
= 32a2 1 (y1)a2 (1)
Since an+1(y1) < an+i1(z1) < (2n + 3)%, by (3.3) we get
1
(3.5) ly1 —y2| =

e ()

Thirdly, we estimate the gap between x1 and xo. We will distinguish two
cases.
(i) ng + |L1| + - -+ |Lg| < n <nggr + |L1| + - -+ |Lg|. In this case,

ar(z1) = ar(ze) for 1 <t <tg=n—(|Li|+ -+ |Lx|)-

So,

1
(36) |a;1 - xg‘ S 5 -
4y,

Note that, by (3.4),
(3.7 an(y1) < 2qt0—ny (Ang4+1(21);5 - - -5 Ao (21)) Gt | Ly |4+ L | (Y1)

< dto—ny, (ank+1(x1)7 ey Qg (l‘l))q}% ( ) < q1+€( )
Combining (3.5), (3.6) and (3.7), we have

(3-8) £ ) = )| = oy — o] < lyr — g /O+
(1) ner1 + Lol + -+ (Ll < <mgyr + Lo+ + |Lk| + [Lg41]. In
this case,
ar(r1) = ap(xe) for 1 <t < mpyq.
So,

1
(3.9) ‘:L'l — 372’ S

Nk+1

On the other hand,

1
A (Y1) < Gy L+t L | (1) < @5 (1)
Thus,

(3.10) Fyn) = Fp)l = |or — @] < lyo — g /OH
So, as f is 1/(1 + €)2-Holder and e is arbitrary, we get
Fact 2. dimpg Fag,(a) > dimyg E(«).
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3.3. Hausdorff dimension of E(«). For any n > 1, define
D, ={(a1,...,a,) e N": (2k)* < ap < (2k+1)*, 1 <k <n}.

For each n > 1 and (ay,...,ay,) € Dy, we call I,(aq,...,a,) an admissible
cylinder of order n with respect to E(«). Then it is evident that

E(a) = ﬂl U cly(ay,...,an),

=1(a1,...,an)EDy

where “cl” denotes closure. Now we define a set function on all admissible
cylinders by setting

1
p(In(ar, ... an)) = D for all n > 1.

By the Carathéodory extension theorem, p can be extended to a probability
measure supported on E(«).

We will apply the Billingsley Theorem 2.4 to estimate dimpg F(«a). So
we are led to estimate the p-measure of arbitrary balls B(z,r) with center
z € E(a) and radius r > 0 small enough.

For each z € E(«), there exists a sequence (a1, as, ...) such that for each
n>1, x € Iy(a,...,a,) and (a1,...,a,) € D,. For any 0 < r < 1/9%,
there exists n > 1 such that

\In_H(al, e ,CL»,H_l)‘ <r< |In(a1, e ,an)].

Then B(z,r) can intersect at most five nth order admissible cylinders and
at least one (n + 1)th order admissible cylinder. So

log 5pu(In(ai, - .- an)) _ logu(B(x,7)) _ logpu(lnti1(ar; . .-, an+1))
log|ln+1(a1w~~aan+1)| B log 7 B log|In(a1,...,an)!

Since

lim logbu(ly(a,. .. ay)) ~ lim log u(Inyi(a, ... an+1)) _a-1
n—oo log|Inti(at,...,any1)| n—oe  logl|ly(ay,...,an) 2a
it follows that, for each x € F(«),
logu(B(z,r)) a—1

3.11 li = .
( ) o0 log r 2a

)

So, by the Billingsley Theorem 2.4, we obtain
Fact 3. dimg E(a) = %2

2a ¢
Proof of Theorem 1.8. Facts 1-3 give directly dimy ASz > 0‘2—;1 Letting
a — oo, we get dimyg ASz > 1/2. =
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