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Additive problems involving primes of special type
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YINGCHUN CAI and MINGGAO Lu (Shanghai)

1. Introduction. In 1742, in his letters to Euler, Goldbach proposed his
well-known conjectures, which can be formulated in modern mathematical
terms as follows:

(A) For any even integer n > 4, the equation

(1.1) n=pi+p2
is solvable in primes p1, po.

(B) For any odd integer n > 7, the equation

(1.2) n=p1+p2+p3
is solvable in primes p1, p2, p3.

Nowadays the best results concerning Conjectures (A) and (B) are due to
Chen [2] and Vinogradov [18] respectively. In 1937 Vinogradov [18] showed
that Conjecture (B) holds for any sufficiently large odd integers. As for Con-
jecture (A), in 1973, by adding his ingenious innovations into sieve theory,
Chen [2] proved that any sufficiently large even integer n can be represented
in the form

(13) n=p+ P

where p; is a prime and P, is an almost-prime with at most two prime
factors.

In 1938, basing upon Vinogradov’s work, Hua [9] showed that for suffi-
ciently large n =5 (mod 24), the equation

(1.4) n=pi+p5+p;+pi+0
is solvable in primes p1, p2, p3, P4, P5-
In 1939, by Vinogradov’s method, van der Corput [17] proved that there

exist infinitely many arithmetic progressions of three different prime terms.
In 1981, Heath-Brown [8] showed that there exist infinitely many arithmetic
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progressions of four different terms, three of which are primes, and the fourth
is P,. In 2006, Green and Tao [3] established that there exist infinitely many
arithmetic progressions consisting of three different primes p; <ps <ps such
that pj+2 = P; for each j = 1,2, 3. Recently [4] they showed that this holds
for any number k£ > 3 of primes.

Motivated by Heath-Brown [8], Tolev [14-16] and Peneva [12, 13] studied
additive problems with primes p such that p + 2 is an almost-prime. In [16]
Tolev showed, by using the vector sieve developed in [1], that:

1) If n is sufficiently large and n = 3 (mod 6), then the equation (1.2)
is solvable in primes p1, p2, p3 such that

p1+2=P, p+2=PF, p3+2=PF;.

2) If n is sufficiently large and n = 5 (mod 24), then the equation (1.4)
is solvable in primes p1, p2, P3, P4, P5 such that

p1+2="P, p2+2=D"P; p3+2=PF5, ps+2="P., ps+2=Fs.

In this paper, by inserting a weighted sieve approach into Tolev’s argu-
ment, we obtain the following sharper results

THEOREM 1. If n is sufficiently large and n = 5 (mod 24), then the
equation (1.4) is solvable in primes p1,p2,p3, P4, Ps such that

pr+2="P, p2+2=P), p3+2=P;, p+2=PFP;, ps+2=D;.

THEOREM 2. If n is sufficiently large and n = 3 (mod 6), then the
equation (1.2) is solvable in primes p1,pa,ps such that

p1+2=PFP, p+2=PF;, p3+2=PF;.

THEOREM 2. If n is sufficiently large and n = 3 (mod 6), then the
equation (1.2) is solvable in primes p1,p2,p3 such that

p1+2=P, p+2=P, p3+2=P;.

2. Some preliminary lemmas. In this paper we follow the notation
of Tolev [16] as closely as possible. For the convenience of the reader, we
recall some of it here.

Let P, denote an almost-prime with at most r prime factors, counted
according to multiplicity. Let A > 10* denote a constant. The constants in
O-terms and <-symbols are absolute or depend only on A. Let N denote
a sufficiently large integer and X = N2, Q = (log X)lOBA. The letter p,
with or without subscripts, is reserved for primes. Boldface letters denote
vectors of dimension three. As usual, u(n), p(n), 7(n), va(n) denote the
Moébius function, Euler’s function, the number of divisors of n and the total
number of prime factors of n respectively, and 7;(n) denotes the number
of solutions of the equation my ---mg = n in positive integers my, ..., mx,
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T9(n) = 7(n). By (ma,...,mg) we denote the largest common divisor of
mi,...,mg. If p |m but p+1m then we write p! || m. We use e(a) to denote
e?™ and e,(a) = e(a/q). We denote by Doa(q) and Do), sums with x
running over a complete system and a reduced system of residues modulo ¢
respectively. By (%) we denote the Legendre symbol. We use N to denote the
set of positive integers. For k = {ky, ko, k3} € N3 and 1 = {ly,1l2,13} € N3,
define kl = {k1l1, kalo, k3ls}. For an arithmetic function f we define f(k) =
(k1) f(k2)f(ks3). For a set S, we denote its cardinality by |S|. Set

Sk(gq,a) = ¢k, 9)) Z eq(az?),

(q) =y
2+2=0 (mod (k,q))
3

Si(g,a) = [] Sk (¢:0), k= {ki, ko, ks} € N?,

j=1
tlginik) = Y Silg,a)eq(—an),

a(g)*
S(n;Q:k) =8 [ (1+tpnik)),

3<p<@Q

I(n;k) = > logp,

pPi+p3+pi=n
p;+2=0 (mod k;)

7=1,2,3
m(”?@;k)ZI(n;k)—an/Q(‘s(Z;(%m7
((F)p* + (B3(5) +3(F))p+1
_ (p—1)3 , pin,
ho(p) = _3(;1);0_1
12 pln,
((—2(2=4) — (2L))p—1
( (p(z)a—i)g))p . pf(n—4),
hi(p) = (=1)p+1
7, p’(n_4)7
n=8)p+ 1
ha(p) = (2)_])17 pt(n—8),
-1, pl(n—8),
(-1, pt(n—12),
hg(p)_{p—l, p|(n—12).
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LeEMMA 1 ([16]). For k € N® with square-free odd components, the func-
tion t(q;n; k) is multiplicative with respect to q. We have

1, =1,
2, =2
t@2hmk) =< 7 ’
3, [=3,
0, 1>3.

For p > 2 we have
KMWHZ{

LEMMA 2 ([16]). Put

hj(p), P |l kikoks and 1 =1,
0, I>1.

and let Bj(k), j =1,2,3, denote complex numbers such that
Bi(k) =0 if 2|k or u(k) =0 or k > Kj,
|8 (k)| < 73(K).

Then
SIS i) Balka) Baks)R(m; Q5 K)| < XP1og ™ X,
j=1,2,3

where Y\ means that the summation is taken over the integers n satisfying
N/2<n<N, n=3(mod24) and n#0 (mod5).
LEMMA 3 ([12]). Suppose that ¢(n1,na,n3) is a function defined on N3

such that for any {ni,n2,n3}, {l1,l2,13} € N satisfying (n1nans, lilalz) = 1
we have ¢(nily, nala, nsls) = ¢(ny,ne,n3)d(l1,le,l3). Then the function

B(n)= Y ¢(di,dy,ds)
di,d2,ds|n
1s multiplicative.

For fixed D > 1 we define Rosser’s weights A\*(d) of order D as follows:
ford=p1---p, with p1 > - > p,, let

AT (d) = { (=1)" ifpy-- 'PQZP%IH < D whenever 0 <[ < (r—1)/2,
0 otherwise,

A7 (d) = {
0 otherwise.

(=17 if p1---pupd; < D whenever 1 <1< r/2,
Finally, put A*(1) = 1 and A*(d) = 0 if d is not square-free.
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LEMMA 4 ([10, 11]). Let & denote a set of primes and set

p<z
peEP

Then for Rosser’s weights \*(d) of order D, any integer n > 1 and real
number z > 2 we have

(2.1) Yoox@< D oud< D MA@
d|(n,P(z)) d|(n,P(z)) d|(n,P(z))
Moreover, for any multiplicative function w satisfying
0<w(p)<p ifpe 2,
{W(p)ZO ifpg 2,

and

1
11 (1_W(P)> Siog’wQ <1+1 L >
w1 <p<ws p 0g Wi og Wy

(for all 2 < wy < way, where L is a positive constant), we have

(2.2) >3 A > V(2)(f(s) + O(eVE* 1og™1/3 D))
d|P(z)
for 2 <2< DY?, and

23) VE) < X XU < VIF(E) + 0T log 1V D)

d|P(z)
for 2 < z < D, where

s el

p<z

and f(s) and F(s) denote the classical functions in the linear sieve.

LEMMA 5 ([5, 6]). For the functions f(s) and F(s) we have
sf(s) =2e¢"log(s — 1), 2<s<4;

" log(t—1 —1
sf(s) :267<10g(s—1)+ S og(t )logj+1 dt), 4 < s <6
2
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s—1

SF(S):267<1+ S bg(ttl)dt
2

s—3 s—
log(t — 1)

+ | — |

2 t+2

1
u—1du
1 — 5<s<7
i1 u) =5=0

where v = 0.577 ... denotes Euler’s constant.

3. Some propositions. The following propositions play a central role
in the proof of the theorems.

PROPOSITION 1. Denote by K the set of integers n for which the equation
n = p% + p% —I—p% 18 solvable in primes p1, pa, p3 such that

m+2=P, p2+2=PF, p3+2=D"hs,
and set
F={N/2<n<N:n=3(mod 24),n#0 (mod 5)} \ K.
Let Y(N) denote the cardinality of F. Then for any B > 0 we have
Y(N) < Nlog B N.

PROPOSITION 2. Denote by Ky the set of integers n for which the equa-
tion n = p1 + p2 is solvable in primes p1,p2 such that

p1+2=P;, p2+2=DP;

and set
Fo={N/2<n<N:n=4(mod 6)}\ Ko.

Let Yo(N) denote the cardinality of Fo. Then for any B > 0 we have
Vo(N) < Nlog P N.

PROPOSITION 2'. Denote by K1 the set of integers n for which the equa-
tion n = p1 + po is solvable in primes p1,ps such that

pr+2=P;, py+2=Py

and set

Fi={N/2<n<N:n=4(mod 6)}\K;.
Let Y1(N) denote the cardinality of Fi. Then for any B > 0 we have
Vi(N) < Nlog 2 N.

4. Proof of the propositions. In this paper we present only the proof
of Proposition 1. By the Proposition in [15] and similar arguments, Propo-
sitions 2 and 2’ follow easily. In the proof of Proposition 1 we adopt the
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following notation:
Qo =1og*® X, Dy = exp(log®/® X),
Dy = Dy = X2 exp(—4log®® X), D3 = X3 exp(—4log®® X),

w1:w22D1/57 ’UJ3:D3/ ’ ZIZZQZD%/Sa Z3:D§/67
1 1

0 =0= —— 3= —— — =5 —6

1 2 9.498’ 3 9398’ S1 = 82 , 53 s

R={p:p>11,pt(n—4DH}U{p:p>11,p|(n—4),p=1 (mod 4)},

II » P= ]I »

3<p<Qo Qo<p<Q
pPER
II » Qi =8BPP;, Pw)=][»r =123,
Q<p<w; p<w;
log x .
gilw)=1-2= gilo)= > g, =123,
08 Zj w; <p<z;
J= J
plz
)\;-t(d) Rosser’s weights of order D;, j=0,1,2,3,

)\;-t(p) (d) Rosser’s weights of order D;/p, w; <p <z, j=1,2,3,
¢i= > k), =Y oul), A= Y wum)
kl(p;+2,80) Ul(pj+2,Po) m|(p;+2,P;)

+ + + + .
y—/j = Z )‘0 (k)a Aj = Z )‘j (l)v J=123,
k|(pj+2,Po) U(pj+2,P;)

Fr={n:neF,nn-4) < Aloglog X}.

For the proof of Proposition 1 we consider the sum

3
41 =3 > (logp) (1 = _0igi(p; + 2))
neF* pi4p3+pi=n 7=1
(pj+2,Q;5)=1
j=1.2,3

3
=> > logp-Y_.6;> > (logp)g;(p; +2)
j=1

neF* pl+p2+p3 =n nefF* p1+p2 +p3:
(pj+2,Q5)=1 (p]+2 QJ):
j:l 2,3 2,3

Ze F(l r© _ p@),
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A) The upper bound for I'. Write

3
r=>% wn), wn= Y (1ogp)(1 ~> " 6595w, +2)).

ner* pi+p3+p3=n j=1
(pj+2,Q5)=1
§=1,2,3
Let n € F* give a positive contribution to I'. Then we have
(4.2) pi+ps+ps=mn,

for some primes p1, p2, P3.
The contribution from those representations satisfying (4.2)—(4.4) with
some p; + 2 non-square-free is

(4.5) < Z Z Z log® X

wz<p< X1/2 p3<X p3+p3<N—p3
p3=—2 (mod p?)

<N Z Z log® X

w3<p<X1/2 p3<X
ps=—3 (modp?)

X
<N ) <2+1> log® X
p
w3<p< X1/2
< (X3wyt + X5/?)log® X <« X%/,
For the remaining representations satisfying (4.2)—(4.4), p; +2 is square-
free for j =1,2,3. If (p; + 2, P(w;)) = 1 for j = 1,2, 3, then we have

(4.6) vpi+2)= Y 1, j=123

pl(p;+2)
pw;

By (4.4) we have

1 1
> (1— ng><, j=1,23,
10g2’j 9]'

Pl(p; +2)
w; <p<zj
1 1
S (1mr)<gy i1
Zj ;
Pl(ps+2) &% J
pP>w;
1 log(p; +2
(4.7) po Lol 2) Ly,
i log z
Pl(p;+2)

p>w;
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From (4.6)—(4.7) we get
4, j=12,

(49) w2 < {770

Now (4.2) and (4.8) contradict the fact that n € F*, so we must have
)

(pj +2,P(w;)) > 1 for some j. Without loss of generality we assume that
(1.9) (b1 +2, P(wn)) > 1.

If p; = 2 then

(4.10) wn)< Y log?X.

m% +m§ +4=n

If p1 > 2 then from (4.3) and (4.9) we deduce that p; +2 has a prime factor
p > 2 such that p|(n —4) and p = 3 (mod 4). Hence p3 + p2 = 0 (mod p),
which implies that ps = p3 = p, and we have

(4.11) < ) logX.
p\ n—4)
From (4.5) and (4.10)—(4.11) we obtain
(412)  T<XP04 (3 14 Y r(n-4))log’ X
m24+m2+4<N n<N
< X59/20—|—X2 IOg X < X59/20.

B) The lower bound for I'. In this part we give a lower bound for I" by
applying the vector sieve in [1].

e The lower bound for I'®). By (2.1) and the inequality
U WaWs Ay Ag A > Wy WS W AT AT AT + Wy Wil AT AT AT
+ U A AT AT + o AT AT AT
+ U W AT A AT + O AT AT A
— 5w AT A A
of [16], we get

(4.13) r9=>3%"" 3" (logp)®1 Gy P01, 0s A1 Ay As
neF* p1+p2+p3_n

6

©) _ 5

> I =5y,
j=1

where
V=35 N (logp)@1Ba@0 Wy WS AT AT AT,
nEF* p?4+p2+pi=n
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and the definition of the other sums Fj(o) is clear. Let

nk) = > @AM (d),
1‘807;;‘%)];‘1'731

vitk) = > uA(m)Af(d), =23
1\307;[1\7’0’;05”’1

Then by some routine arrangements we have
(414) 00=3 3 pDAg m)AS (m2)Af (ms)

ne€F* 1;|Bo, mj|Po, d;|P1
7=1,2,3

x A (d1)A3 (d2) A3 (ds)I(n; lmd)
=Y > mnk)relk)rs(ks)I(n;k)

neF* kjSBQDQD]'

j=12,3
z SG(n;Q; k
=12 2 71(k1)72(k2)73(k3)n1/2((f{2))
neF* k;<BoDoD; ©
Jj=1,2,3

+ Z Z 71 (k1)v2(k2)v3(k3)R(n; Q; k)

neF* kj SB()D()D]'
7=1,2,3

0 0
=y +1fy.
Now Lemma 2 implies that
(4.15) %« x310g4 X,
By Lemma 1, for I; | By, m; | Po, d;j | P;, 7 = 1,2,3, we have

(416)  &(n;Q:lmd) =8 [] (+emmD) [ @+ tpinim)).

3<p<Qo Qo<p<@Q
By (4.16) we get
(4.17) 9 = or 37 027 (nyH-(n)GF G5 G

neF*
where

1
MOEEY “8 IT @ +tmn),
LiBo PV 3<p<qo

j=1,2,3
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e = 3 NN T (),

m;|Po So(m) Qo<p<Q
j=1,23
A (d)
G=> ——, j=123
i #ld)

By Lemma 3 it is easy to show that

H Vp(n)

3<p<Qo
where
()
Vo(n) = > =S (1+tpim)).
A D
1,02, 3‘]7
By (3.15)—(3.18) of [16], for n € F* we have
(4.18) HE(n) = Ho(n) + O(log 24 X),
(4.19) (loglog X) ™ < J(n) < (loglog X)?,
(4.20) (loglog X) ™' < Hy(n) < (loglog X)™
(4.21) G <logX, j=1,2,3,

uniformly, where

Ho(n) = H (1+ho(p HV

Qo<p<Q p|Po
(p,Po)=1

By (4.18)—(4.21) we find that

4.22) 1Y =21 3" a2T(n)Ho(n)GF G5 GF + O(X>log™ X).
neF*

By (4.14)-(4.15) and (4.22) we get

(4.23) Fl(o) =27 Z 7’L1/2J(n)Ho(n)gfrgjggL +O(X3log™ X).
neF*

In a similar manner we obtain
@24) ¥ =213 2T () Ho(n)Gi G5 GF + O(X?log™ X)),
neF* .
J=2,3,T,

4.25) I =21 3" w27 Ho(n)Gr G5 GF + O(XPlog 4 X)),
nefF*

4.26) ¥ =21 3" a2T(n)Ho(n)Gi G5 GF + O(X?log ™ X)),

neF*
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421) IV =20 3 02T () Ho(n)Gi G5 G5 + O(XPlog ™ X).

neF*

Now, (4.23)-(4.27) and (4.13) imply that

(4.28) 1'% =27 Y 027 (n)Ho(n)G + O(X*log™* X),
neF*

where
(4.29) G=01G,0G5 +G1G, G5 +GG5G5 — 261G G5
By (2.2)—(2.3) in Lemma 4, we have
(4.30)  W; <G <Wj(F(sj) + O(log /> D)), j=1,2,3,
(431)  Wj =G5 > Wi(f(s;) + O(log™ " Dy)),  j=1,2,3,
where
Wi =Ww;) = ][] <1_p11>'

Q<p<w;
Write W = Wi WaWs. Then by (4.29)—(4.31) we get
(432) G =2(G; -GGG +GG5 G5

> (2f(s1)F(s2)F(s3) — 2F (s1)F (s2) F (s3) + f(s3) 4+ o(1))WW
> 0.99635WV,

where Lemma 5 and numerical integration are employed. By (4.28) and
(4.32) we obtain

(4.33)  I'©>0.99635 -2 > 02T (n)Ho(n)W + O(X?log™ X).

neF*
e The upper bound for I'M). Write
vk = > A AP () ().
l‘Bo,m|770,d|'P1

w1 <p<z1,dlmp=Fk
By (2.1) we have

@34) V=35 (logp)gi(p +2)

(Pj+2,Q;)=1
=123
/
=> > g > logp
neF* w1 <p<z p3+p3+p3=n,p1+2=0 (mod p)

(pj+2,Q5)=1
J=1,2,3
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=> > g > lgp

neF* w1 <p<z pi+p3+p3=n
p1+2=0 (mod p)

X @1@2@3@1@2@3/11/12/13

Y gl D logp

nEFT wisp<z pi+p3+pi=n
p1+2=0 (mod p)

X 1Byl Wi U AT AT AT
=D > Ailk)nalk)s(ks)(n;k)

neF* k:j SB()D()DJ'

IN

j=1,2,3
s . G(n;Q;k
“IY X ittt S
nefF* kjSBoDoDj P
j=1,2,3

T Z Z 71 (k1) v2(k2)y3(k3)R(n; Q; k)

neF* k]'SB(]DoD]‘
7=1,2,3

1 1
= Fl(l) + F1(2)-
By Lemma 2 we find that

(4.35) 'Y « x3log 4 X.
Similar to Fl(?), by (4.16) we obtain
(4.36) riY =20 Y a2 (yHT (0)G] (41)G5 GF
neF*
where
(»)
9(0) « AP (d) .
_ +(g) = J i —1.2.3.
’UJjSp<Zj d|’Pj

By (2.3) we have
A‘*‘(l’) (d) IOgD 'pfl
4.38 J §W<F<J>+o 1og—1/3D»>, j=1,2,3.

By (4.37)—-(4.38), the prime number theorem and summation by parts we
find that

1-1/s; . (1 —
(4.39) g;'(g;) < (1+o(1))W; S <1 B S'Si 1 t) F( j(i t)) dt,
1/s; J

j=1,2,3.
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By (4.18)—(4.21), (4.30) and (4.39) we get
(4.40) Iy < (1+0(1)C1 - 20 Y 2T (n)Ho(m)W

nef*
+0(X3log™ X),

where
4/5

(4.41) C1 = F(5)F(6) | <1 - T) F(E’(lt_t” dt.
1/5

By (4.35), (4.40)—(4.41), Lemma 5 and numerical integration, we obtain
(442) 1Y <0.77133- 20 Y 2T () Ho(m)W + O(X? log™4 X).
neF*
By the same arguments we get
(443) LV <1 +o0(1)01-20 Y AT () Ho(m)W
neF*
+0(X3log™ X)
<0.77133- 21 Y 2T (n)Ho(m)W + O(X?log™* X),
neF*
(444) IV <1 +0(1)Cs-20 Y AT () Ho(m)W
neF*
+0(X3log™ X)

< 0891822 > n'/27 (n)Ho(n)W + O(X*log ™ X),

neF*
where
5/6
Cs = F(5)F(5) | (1 - ?) F((B(lt_m dt.
1/6

By (4.42)—(4.44) we find that
3
(4.45) 10 =3"g;rV
7j=1

< 098947 -2 > 02T (n)Ho(n)W + O(X? log™ X).
neF*
By (4.1), (4.33) and (4.45) we get
(4.46) r=r%_rw
>0.006- 27 > 02T (n)Ho(n)W + O(X3log™* X).
neF*
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C) Proof of Proposition 1. Upon comparing (4.12) and (4.46) we obtain

(4.47) V(N)= > 1< X?log" "X,
neF*
where (4.19)—(4.20) and the bound
log? log X
log® X
a consequence of Mertens’ product formula, have been used.
By (4.47) and the bound (see [7, Chapter 0])

y(N) _ y*(N) < X2(logX)fAlogAfAfl?
we get V(N) < X? log?~ X, and Proposition 1 follows.

w >

)

5. Proof of the theorems. In this paper we present only the proof of
Theorem 1. From Propositions 2 and 2/, Theorems 2 and 2’ follow by similar
but simpler arguments (see [15] for the details). Let

A= {p:pgnl/Q,pE 11 (mod 30), p+ 2 = Py},
A = {p:pgnl/z,pz 17 (mod 30), p + 2 = Pa}.
By Chen’s argument in [2], we have
(5.1) 2] > n'/?log 2 n,
(5.2) 12| > n'/?log ™2 n.
CASE 1: n # 2 (mod 5). Let
o ={n—pl—p3:p,p2 €A}, 7(k)= Z L, rk)= Z 1.

pi+pi=k mi+mi=k
p1,p2€X

Then we have
1
CERED D P U T
by log®n n log®n
7 (k)>log5 n

> k) <

—.
n log®n

By (5.1), (5.3) and Dirichlet’s pigeon hole principle we know that o/ contains
> nlog™? n distinct integers k satisfying k = 3 (mod 24) and k # 0 (mod 5),
and Theorem 1 follows from Proposition 1.

CASE 2: n =2 (mod 5). Letting
' ={n—pl—p3:p€Apr e},
and then proceeding as in Case 1, we get the proof of Theorem 1.
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