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The density of integral points on
hypersurfaces of degree at least four
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OscAR MARMON (Gothenburg)

1. Introduction. Given a polynomial f € Z[z1,...,x,] we wish to
study the solutions in Z™ to the Diophantine equation

(1) f(z1,...,xy) =0.
We are interested in the density of solutions, that is, for a given positive real
number B we want to estimate the number of solutions x to satisfying
|x| < B, where |x| = max; |z;|. To this end we introduce the counting
function

N(f7B) - #{X S Zn; f(X) =0, ’X| < B}
We shall use congruences as a tool to estimate N(f, B). Thus, we introduce
the counting functions

N(f,B,m)=#{x € Z"; f(x) =0 (mod m), |x| < B}.

Trivially, for any m € Z, N(f, B,m) is an upper bound for N(f, B). We
extend this notation to systems of equations in the obvious way:

N(fi,---, [r,B) =#{x € Z"; fi(x) == fr(x) =0, x| < B},
N(fi,....fr,Bym)=#{xeZ";
filx)=--- = fr(x) =0 (mod m), |x| < B}.

By the leading form of the polynomial f we shall mean the homogeneous
part of maximal degree. Heath-Brown [I2] proved that for a polynomial
f € Z[Xy,...,X,] of degree at least 3 such that the leading form F' is
non-singular (i.e. defines a non-singular hypersurface in P{), we have the
estimate

N(f, B) <F Bn73+15/(n+5)
for n > 5. To prove this, Heath-Brown studied N(f, B, pq) for two different
primes p, ¢, and devised a version of van der Corput’s method of exponential
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sums as a key step in the estimation of this counting function. By incorporat-
ing an exponential sum estimate by Katz [16] into Heath-Brown’s method,
the author [19] sharpened this result slightly, to

N(f, B) < Bn—3+(13n—8)/(n2+3n—2) (log B)n/Q

for n > 6. Salberger [20] was able to sharpen the estimate further, through
a new geometric argument. He proved

(2) N(f, B) <r Bn—3+9/(n+2)(logB)n/2

for n > 4.

For polynomials of degree at least 4, one can try to iterate the Weyl (or
van der Corput) differencing step in [12] twice to get even sharper estimates,
and that is the approach we will take in this paper. The aim is to prove the
following result:

THEOREM 1.1. Let f be a polynomial in Z[x1,...,x,] of degree d > 4
with leading form F. Let Z = ProjZx,...,z,]/(F), and suppose that Zg
s a non-singular subscheme of I%_l. Then we have the estimate

N(f, B) <p BV 4t(3m-18)/(n*+8n—4)

The estimate in Theorem improves upon as soon as n > 17.
Moreover, if n > 29, Theorem |I.1|implies that N(f, B) <z B" 3.
Using an argument of Heath-Brown, we can derive a uniform version of

Theorem [[1]

THEOREM 1.2. Let f be a polynomial in Z[x1,...,x,] of degree d > 4
with leading form F. Let Z = ProjZ[x,...,zy]/(F), and suppose that Zg
s a non-singular subscheme of P&_l. Then we have the estimate

N(f7 B) <<n’d’€ Bn74+(37n*18)/(n2+8n74) + Bn73+€
for any € > 0.

When proving these two theorems, it will be convenient to seek to esti-
mate a weighted counting function rather than the original one. More pre-
cisely, let W : R™ — [0, 1] be an infinitely differentiable function, supported

n [—2,2]". Then we define weighted counting functions

wham - 5 w(32)

xXEZ™
m|f(x)

In the proof of Theorem [T.1] we shall take W to be the function defined by

T  [exp(—=1/(1—1%), |t <1,
= Z];[lw(tl/Z), where w(t) = {07 >0
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It is then clear that N(f, B,m) < Nw(f, B,m). Approximating the char-
acteristic function of the cube [—B, B]™ with a smooth function in this way
allows us to sharpen some of the estimates involved.

The proof of Theorem [I.1]is carried out in Sections[d]and [5] and incorpo-
rates the idea of Salberger (see Remarks[4.1]and [4.2)). We shall use a modulus
which is a product of three distinct primes m = wpq, where the primes 7, p
can be viewed as parameters connected to the two consecutive differencing
steps. The two differencings put us in the position to apply results on the
density of [F -rational points on a family of new varieties over F,, parame-
terized by integral n-tuples y,z. These results, behind which lie Deligne’s
bounds for exponential sums over non-singular varieties, become weaker as
the dimensions of the singular loci of the varieties increase, and thus we need
to control these dimensions. Section [2|is devoted to this problem.

2. Preliminary geometric results. The geometric arguments in this
section extend those of Salberger [20]. A priori, some of our results are
valid in characteristic zero only, but in we obtain conditions on primes
p ensuring the truth of the statements in characteristic p.

2.1. Results for polynomials over a field. In this section, suppose
that K is a field. Let char K = p. Furthermore, we shall assume that n > 3.

NotaTION 2.1. If F € K|z1,...,zy) is a homogeneous polynomial and
y € K", we define

OF OF
FY(x)=v -VF(X) =y — 4+ -+ iy
() =y VEE)=m5 -+ +un Do
Furthermore, for each pair y, z of n-tuples of elements of K, we define
O*F
FYZ(x) = (Hess F)v - z —
(X) ( ess )y z Z xl&cj Yizj

We have FY# = (FY)* = (F?)Y.

For a collection Fi,...,F, of homogeneous polynomials we denote by
V(F,...,F,) the closed subscheme of IP’}‘(_1 that they define. If F,G are
two homogeneous polynomials and z € K", we define

Diff,(F,G) = V(F,G, G?).

The reason for the notation is that the differencing process used in Sec-
tion [5] will lead us to consider such varieties. Note that the definition is not
symmetric in F' and G.

When z (or any other letter) is used to denote a K-point of P% !, we
will use the corresponding bold letter x to denote an element of K" repre-
senting z. Vice versa, given x € K" \ {0}, we denote its homothety class
by x.
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We denote by G(k,n — 1) the set of k-dimensional linear subspaces
of IP’anl.

Finally, we adopt the convention that the dimension of the empty variety
is —1.

DEFIiNITION 2.1. If V C ]P”;(_1 is a non-singular hypersurface defined by
a homogeneous polynomial G(z1,...,x,) of degree d > 2, then the Gauss
morphism G : V. — P! is defined by x +— [VG(x)], where VG(x) =
(0G/0x1,...,0G/0xy,). If d is not divisible by p, it can be extended to the
whole of P! since if VG(x) = 0 then dG(x) = x-VG(x) = 0, 50 G(x) = 0.
Thus G is well-defined outside V.

REMARK 2.1. It is easy to prove that the fibres of G are finite. In partic-
ular, this implies that the polynomial G¥, as defined above, cannot vanish
identically for y # 0, since then the image of IP’”Kfl under the Gauss map
would be contained in a hyperplane.

LEMMA 2.1, Let X C IED?(_1 be an equidimensional subvariety of dimen-

stonm. Let H C IP”;(_1 be a hypersurface such that X NH is equidimensional
of dimension m — 1. Then

(Sing X) N H C Sing(X N H).
In particular,
dim Sing(X N H) > dim Sing X — 1.
This is a standard result, and we omit the proof.

NOTATION 2.2. Let F,G € K|[xy,...,x,] be homogeneous polynomials,
with degG > 2. For each s = —1,0,...,n — 1, define Ts(F,G) to be the
Zariski closed subset of z = [z] € P% ! such that

dim Sing Diff,(F, G) > s.
We define Tyeg(F, G) to be the closed subset of z € P ' such that
dim Diff,(F, G) = dim V(F, G).

We are interested in upper bounds for the dimension of T,(F,G). The
version of Bertini’s theorem that we shall use holds only in characteristic
zero, whence the hypothesis in Lemma

LEMMA 2.2. Suppose that p = char K = 0. Let F,G € K|x1,...,z,] be
homogeneous polynomials, with deg G > 2. Suppose that Y = V(F,G) is a
non-singular complete intersection of dimension n— 3. Suppose furthermore
that V(G) is non-singular. Then, for —1 < s <n — 3, we have

dmTs(F,G) <n—2—s.

(If s > n — 3, then of course Ts(F,G) = (.)
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Proof. Since V(G) is non-singular, we can define the Gauss morphism
oG oG
&Cl,...,axn).

Note that, using the notation H, for the hyperplane z - &€ = 0, we have
Diff,(F,G) = Y N G '(H,). We shall recursively find a sequence of linear
subspaces II_1,Ily,...,II, 3 of IP’”Kfl such that Y N 9_1(]75) is non-singular
of dimension n —4 — s for s = —1,0,...,n — 3. Let Il 1 = P%ﬁl. Then
Y NG '(I1_,) = Y is non-singular by assumption. Suppose next that we
have already found a linear subspace I, s € {—1,0,...,n — 4} such that
Y, = Yﬁg_l(ﬂs) is non-singular of dimension n—4—s, and let G5 : Y — I,
be the restriction of G to Y. Then, by Bertini’s theorem [I5], Cor. 6.11(2)], we
may find a hyperplane 1,1 C II; such that 9;1(H8+1) =YnNn 9_1(]75“)
is non-singular of dimension n — 5 — s. Here we use the fact that K has
characteristic zero.

Now, for each s = —1,0,...,n — 3, let A; be the s-dimensional linear
subspace of IP”}(_I = Proj K|[z1, ..., z,] parameterizing hyperplanes H, such
that H, D II;. We shall now prove that Ts(F, G)NAs = 0, and the statement
will then follow from the projective dimension theorem. Therefore, suppose
that z = [z] € As. Since in this case H, D I, there is a linear subvariety
I, C IP’}‘(_l of codimension s such that I, = H,NI,. By the above, however,

YNNG YH,)NG N IL) =Y NG HITy)
is non-singular, so by Lemma [2.1] we must have
(4) (Sing Diff,(F,G)) N G~ 1(I,) = 0.
By Remark [2.1] it follows that
dimGYI,) =dimI, =n—1—s.

9:]?7}{1—>P?{1, x»—>(§1,...,§n):<

Now , along with the projective dimension theorem, implies that
dim Sing Diff,(F, G) < s — 1.
Thus we have z ¢ T(F,G), as promised. =
For the dimension of Tyeg (F, G), we have the following result.

LEMMA 2.3. Let F,G € K|x1,...,xy] be homogeneous polynomials, with
p{degG > 2.

(i) Suppose that Y = V(F,G) is a complete intersection of dimension
n —3. Then
dim Tyeg(F, G) < 1.
(ii) Suppose furthermore that n > 4, and that both Y and V(G) are
non-singular. Then Tyeg(F,G) = 0.
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Proof. (i) As in the proof of Lemma we have
Diff,(F,G) = Y NG~} (H,).

Thus, 2 € Tueg(F,G) if and only if W C G '(H,) for some irreducible
component W of Y. This means that (W) C H, for every z € Tyes(F, G).
By Remark we have dim §(W) = dimW = n — 3, so there is a linear
subspace L C IP’?{I of dimension at least n — 3 such that L C H, for all
2 € Tyeg(F, G). In other words,

Tieg(F,G) C (L) := {H € G(n—2,n—1); L C H}.

We conclude that dim Tyeq(F, G) < dim X(L) < 1, proving (i).

(ii) Since V(@) is non-singular, G* does not vanish identically for z # 0
by Remark Thus it has degree deg G — 1. Moreover, since Y is a non-
singular complete intersection of dimension at least 1, it is geometrically
integral. Let Y, = Diff,(F, G).

Suppose now that dimY, = dimY. If K is an algebraic closure of K,
then we would also have dim(Y;)z = dim Y. Since Y} is irreducible, this
means that V(G?) C Y, implying, by the homogeneous Nullstellensatz, that
G? € Rad(F,G). However, the ideal (F,G) C K|x1,...,z,] is prime, hence
radical, so we would have G* € (F, ), which is impossible for degree rea-
sons. This proves that Theg(F,G) = 0. m

We shall now extend Lemma to the case of singular varieties. To this
end, we shall use Bertini’s theorem, in the following form.

LEMMA 2.4. Suppose that K is infinite. Let X C IP”;(_I be a complete
intersection of degree d and dimension m. Put 0 = dim Sing X. Then there
exists a linear subspace L C P?{l of codimension o + 1, such that X N L is
non-singular, of degree d and dimension m —o — 1.

Proof. By Bertini’s theorem [15, Cor. 6.11], there exists a hyperplane
I c P’IL{l such that

(i) I intersects each irreducible component of X properly,
(ii) I" intersects each irreducible component of Sing X properly,
(iii) (Reg X )N I is non-singular.
Repeating this process, we get the desired result. =
In fact, one can show that “K is infinite” may be replaced by “K has
cardinality greater than some constant depending only on n and d”. In the

finite field case, one could then use the effective Bertini theorem proved by
Ballico [1].

LEMMA 2.5. Let F,G € K[x1,...,x,] be homogeneous polynomials with
deg G > 2. Suppose that Y = V(F,G) is a complete intersection of dimen-
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sionn —3. Let Y = V(G) and define
o = max{dim Sing Y, dim Sing Y'}.

(i) Suppose that p = 0. Then, for —1 < s <n — 3, we have

dimT,4511(F,G) <n—2—s.

(ii) Suppose that n > 5 and ptdegG. Then

dim Theg (F, G) < min{o, 1}.

Proof. (i) In case 0 = —1, the statement follows directly from Lemma
so we assume that ¢ > 0. By Lemma we can find a linear subspace
L C IP)"I{1 of codimension ¢ + 1 such that YN L and Y N L are non-singular.
L can be chosen in such a way that the degrees of the varieties are preserved
and the dimensions decrease by o + 1.

Without loss of generality, assume that L is given by z, = zp—1 =
oo = Ty = 0. Then Yy = YN L and Yy = Y N L are non-singular
subschemes of ]P”}{"‘2 = Proj K[z1,...,Zn—v—1]. We have Yy = V(Fpy, Go)
and Yy = V(Gp), where

FO(:Uh R xn—cr—l) = F(xla -y Tp—o—1, 07 s 70))

G()(.’L‘l, ceey xn_g_l) = G(xl, PN ,ajn_g_l,(), ceey 0).
For every z = (21,...,2n-6-1,0,...,0) € L, we have Diff ,(F,G) N L =
Difsz (F(), Go), where Zy — (21, ceey Zn_g_l).

By repeated application of Lemma [2.1] we have
Ta+5+1(F7 G) NLC TS(F07 GO)?
and by Lemma [2.2] we have
dim Ts(Fo,Go) <n— (o0 +1) —2 —s.

Hence dim T, 54+1(F,G) < n — 2 — s by the projective dimension theorem.

(ii) In case o # 0, the statement follows directly from Lemyla Thus,
suppose that o = 0. Since dim Tyeg (F, G) = dim Tye(F, G) ® K, we may as-
sume that K is infinite, and apply the construction above with a hyperplane
LC IP}‘(_l. One easily sees that

Taeg(F, G) N L C Tyeg (Fo, Go) = 0,
which implies that dim Tyee (F,G) < 0. =

We shall apply the results above in the case when G = FY. Thus, we
introduce the following notation.

NotATION 2.3. If V = V(F) is a hypersurface of degree at least 3
in IP’?{l, define

Vy =V(F,FY), V,=V(FY),
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for any y € K™, and let
sy(V) = dimSing Vy,  3,(V) = dim Sing V4,
oy (V) = max{sy(V), 5y (V)}.
Define T, (V'), for any —1 < o < n—1, as the closed subset of y € P! such
that oy (V) > 0.
For any pair (y,z) € K" x K", we define
Vy .z = Diff ,(F, F¥) = V(F, FY, FY"*).

Furthermore, let Tyegy(V) = Taeg(F, FY), and T,y (V) = T(F, FY) for
—-1<s<n-1.

LEMMA 2.6. Let V' be a non-singular hypersurface of degree d>3 in IF’}‘(_I.
Then

dimVy =n—3
for any y € K™\ {0}.

Proof. Let F € K|x1,...,x,] be a generator for the ideal of V. Since V/
is non-singular, F¥ does not vanish identically by Remark and thus has
degree d — 1. Moreover, since V' is non-singular of dimension at least 1, it is
geometrically integral. B

Suppose now that dimVy, = n — 2. If K is an algebraic closure of K,
then we would also have dim(Vy )z = n — 2. Since Vi is irreducible, this
means that Vi C (V4)g, implying, by the homogeneous Nullstellensatz,

that F¥Y € Radg(F) = (F). This is impossible for degree reasons. Thus
dimVy =n—3. =

Applying Lemmata [2.3 and [2.5] in this case we get the following result.

LEMMA 2.7. Let V be a non-singular hypersurface of degree d > 3
in Pt Let y € K™\ {0} and put oy = oy (V).

(i) Suppose that p=0. Then, for —1 < s <n — 1, we have
dim Ty 1 s11y(V) <n—2—s.
(ii) Suppose thatn > 5 and p{(d—1). Then
dim Tyegy (V) < min{oy, 1}.

Proof. By Lemma we have dim V, = n — 3. Now (i) is trivially true
for s > n — 2, and otherwise follows from Lemma Part (ii) follows from
Lemma 2.3 =

2.2. Results for polynomials over Z. We have proved part (i) of
Lemma 2.7 only in characteristic 0. The aim of this section is to show that
it is also true in characteristic p for large enough p. Assume throughout this
section that n > 3.
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NOTATION 2.4. If f: X — SpecZ is a morphism of schemes, we denote
f71((0)) by Xo, and f~1((p)) by X, for a prime p € Z.

DEFINITION 2.2. Suppose that F' € Z[zi,...,z,] is a homogeneous
polynomial of degree d > 3. Let p be a prime number or p = 0. Let
Z = ProjZxi,...,zy]/(F). Recall Notation We consider the follow-
ing properties of F' (or Z):

(Ro(p)) Zp is a non-singular variety.

(R1(p)) For every s = —1,0,...,n—1,

dimTy(Zy) <n—2—s.
(Ra(p)) For every y € F and every s = —1,0,...,n — 1,
dim Ty (z,) 4541y (Zp) <N —2—s.

In Section it was shown that (Ro(0)) implies (R2(0)). Combining

the geometric results in [20] with [I2) Lemma 2| one sees that if F' satisfies

(Ro(0)), then F' satisfies (Ro(p)) and (R1(p)) as soon as p is large enough.
Our aim in this section is to show the corresponding result for (Ra(p)).

NoTATION 2.5. Let H be the Hilbert scheme parameterizing degree d
hypersurfaces in P%_l. Then H can be identified with IP’% , where D =
("_Cller) — 1, and homogeneous coordinates for H are given by t = (¢5),
where I runs over all n-tuples (i1, ...,4,) of non-negative integers such that
i1+---+i, =d. lif x=(x1,...,2,) are homogeneous coordinates for IP’%_I,
then x! denotes the monomial zi' - - - zin.

n
Furthermore, let
-1 -1 -1
P=FH xP; " xP; " xP; .
NOTATION 2.6. Introduce multihomogeneous coordinates (a,y,z,x)
on P. Consider the following multihomogeneous polynomials:

F(a,y,z,x) Z(I[X G(a,y,z,x):Zyigf,
H(a,y,2x) = ZZJ 8 Z 61’181‘]

(i) Let M be the closed subscheme of P defined by F,G,H and all
3 x 3-minors of the matrix

OF )0z, --- OF/dxn
8G/dx1 -+ OG/dzy |,
OH )0z, --- OH /9wy

and let e : M — H x ]P’%_1 X ]P’%_1 be the projection onto the first
three factors.
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(ii) Let N be the closed subscheme of P defined by F,G and all 2 x 2-
minors of the matrix
OF/0xy --- OF/0zy,
0G/0xy - 0G/dx,|
and let Ty : N — H x ]P’%_1 be the projection onto the first two
factors.
(iii) Let N be the closed subscheme of P defined by G and its partial

derivatives 0G/0z1,...,0G/0xy, and let 75 : N — H x P%fl be
the projection onto the first two factors.

NOTATION 2.7. Suppose that a € H and write kK = k(a). Suppose that
Y,z € ]P’Z_l. Then we define

S(CL, Y, Z) :szf[l((av Y, Z))v S(a7y) :ﬂ—jtfl((avy))? g(aay) :ij\fl((a’ y))7
o(a,y) = max{dim S(a,y),dim S(a, y)}.

Also, for each s € {—1,0,1,...,n — 1}, define
Ts(a,y) = {z € P{7'; dim S(a,y, 2) > s}.

Ts(a,y) is a closed subset of szl, by Chevalley’s theorem on upper semi-
continuity of fibre dimension [0, Cor. 13.1.5]. Let us relate Notation to
Notation If k is a perfect field, and V is the hypersurface of IPZ_l corre-
sponding to a, then the Jacobian criterion [18] §4.2] implies that S(a,y, z) =
Sing Vy -, S(a,y) = SingVy and S(a,y) = SingV,. Thus, in this case,
Ts(a,y) =Tsy(V).

NoOTATION 2.8. Let Ry be the set of a € I such that for all y € P},
and all s, we have dim(Ty(q y)4s11(a,y)) <n—2—s.

-1
(a)

REMARK 2.2. Ifa € ZP+1is the tuple of coefficients of F € Z[xy, ..., x,),
then F' satisfies (R2(p)) if and only if a (mod p) belongs to Ra(IF,).

Recall that a subset of a Noetherian topological space X is constructible
if it can be written as a finite union of locally closed subsets of X [4] 0, 9.1.7].

Our key argument in deriving a criterion for (Ra(p)) is the following fact,
the proof of which uses a version of “quantifier elimination” for schemes,
developed by Chevalley and Grothendieck.

LEMMA 2.8. Ro is a constructible subset of H.

Proof. Let U,, for r € {—1,0,1,...,n — 1}, be the set of points (a,y)
€ H x Py7! such that o(a,y) < r. Furthermore, for each pair (s,u)
€ {-1,0,1,...,n — 1}?%, let Qy, be the set of points (a,y) € H x }P’gfl
such that dim(T;(a,y)) > wu. Using the semicontinuity theorem again, one
sees that U, is open and Qg ,, is closed.
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Thus, the set
§ = U U, N QJ+5+1,n—2—s

—1<s,0<n—1

is a constructible subset of H x IP’gfl. If 7 : H x P%fl — H denotes the
projection onto the first factor, then by [5, IV, 1.8.4], 7(8) is a constructible
subset of H. Since Ro = H \ w(8), and the family of constructible subsets is
closed under complements, we have proved the lemma. =

As a consequence, we get the following result, which motivates this sec-

tion. ||F|| denotes the maximum of the absolute values of the coefficients
of F.

COROLLARY 2.1. For each homogeneous polynomial F € Z[x1, ..., xy]
of degree d > 3 defining a non-singular hypersurface in P&fl (i.e. satisfying
(Ro(0))), the set of primes P(F) such that F does not satisfy all of the
conditions (Ro(p)), (Ri(p)) and (Ra(p)) is finite. Furthermore, there are
constants C, k, depending only on n and d, such that

II »<clF|”
pEP(F)
Proof. Let Po(F) be the set of primes p for which F' does not satisfy

(R2(p)). Taking into account the results mentioned after Definition it
suffices to prove that Py(F') is finite and that

() I[ p<cir

pEP2(F)

for constants C, k = O, 4(1).
By Lemma [2.8] we can write

k
Ry = U A;NS;,

i=1
where the A; are open and the S; are closed. We may assume that A; =
D, (f;) for homogeneous polynomials f; € Z[x1, ..., xy] (see [11, §I1.2]).

Suppose now that F' satisfies the hypotheses of the corollary, and let
a € ZP+! be the tuple of coefficients of F. Then a € Ry(Q), so there is an
index 7 such that a € S;(Q) and fi(a) # 0. For every p € Pa(F), we then
have p| fi(a), since a € S;(Q) implies a (mod p) € S;(Fp). Thus, Po(F) is a
finite set and
II p<in@l <l

peP2(F)

where k = deg f;. m
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3. Preliminary number-theoretic results. We begin with some re-
marks on the results from the author’s paper [19] that we will use.

REMARK 3.1. The error term
Dn+1Bs+1q(n—r—s—2)/2(B + q1/2)
in [19, Theorem 3.3] can be given by the simpler expression
Dn+lBs+2q(n—r—s—2)/2‘

Indeed, if ¢'/2 > B, then one would have B5t2¢(n=7=5-2)/2 5, pn-7_ g4
that the theorem would be true by means of a trivial estimate, such as [19]
Lemma 3.1].

We shall in the proof use the weighted asymptotic formula mentioned in
[19, Remark 4.4]. Let us therefore state this result. Appealing to Rernark
we may simplify the error term somewhat.

THEOREM 3.1. Let W : R™ — [0,1] be an infinitely differentiable func-
tion supported on [—2,2]". Let fi,..., fr be polynomials in Z[xy, ..., xy,] of
degree at least 3, with leading forms Fi, ..., F,.. Let

Z =ProjZlzy,...,x,)/(F1,..., F))

and suppose that p and q are primes, with p < B < q, such that both Z, and
Zy are non-singular subvarieties of Pﬁq‘l of dimension n — 1 —r. Then

Nw(fi,--s frs Bipg) —p~ "¢ "Nw (0, B, pq)
CWndC B(n+1)/2p7r/2q(n7r71)/4 + B(n+1)/2p(n72r)/2q71/4
_|_Bnp—(n+r—1)/2q—r +Bn—C’/2p(C’—r)/2q—r/2
for any C > 0, where d = max;(deg f;).
The following result is standard [19, Lemma 3.1].
PROPOSITION 3.1. Let X = SpecFy[z1,...,2n]/(f1,-.., fp) be a closed
subscheme of Ay , and let d = max;(deg f;). For any box
B = [a1 —bl,a1+b1] X o+ X [an—bn,an+bn],
with |b;| < B, containing at most one representative of each congruence class
modulo q, let By be its image in (Z/qZ)". Then
#(By N X(Fy)) <npa B

REMARK. The dependence on p can be eliminated—one can show [17,
Cor. V.1.5] that there is an ideal generated by at most n elements whose
radical equals the radical of (fi,..., f,).

The following asymptotic formula for the number of rational points on
a complete intersection, due to Hooley [I4], is a consequence of the Weil
conjectures [3]. The version below is proved in [19, Lemma 3.2].
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PROPOSITION 3.2. Let fi,..., fr be polynomials in Fylz1,...,z,] with
leading forms Fi,..., F,, respectively. Let

X = SpecFy[z1,...,zn]/(f1,-- -, fr)s

Z = ProjFylx1,...,x,)/(F1,. .., F}).
Suppose that dim Z =n — 1 — 1 and let s = dim Sing Z. Then

#X(Fy) = ¢"" + Opalq"+21972),
where d = max;(deg F;).

The following result is a simple exercise in Poisson summation. The
argument appears in [12].

LEMMA 3.1. Let ¢ : R®" — R be an infinitely differentiable function
supported in the box [—M, M]", and let Dy, fork =0,1,..., be the mazimum
over R™ of all partial derivatives of ¢ of order k. Let a and B be real numbers
such that B>1 and 1 <a < B. Then

> o(5x) 3 o5 v an)

XEL" yEL™

1 2
= an< ¢ (B x>> + On k(Do Dp B Fa="HF)

XEL™
+ On,M,k: (D]%B2(n—k)a—n+k)

for any k € Z>o.

Proof. Since ¢ is infinitely differentiable and compactly supported, we
have for the Fourier transform ¢ the estimate

(6) G(&) <nark Dil€l "

The function #(x) = ¢((1/B)x) has the Fourier transform #(¢) = B"¢(B¢).
Thus, by Poisson’s summation formula and @, we get

OIS ¢<; x) =B" Y $(BE) = B"$(0) + Opas i (DrB" 7).
xezn gezn
For fixed x, put ¥(y) = ¢((1/B)(x + ay)). Then
it = () ep-riaxomo( 2 )

By Poisson’s summation formula and @ we calculate
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® X o(gora) = (£) X ewl-zniatxmi(En)

yEezZn nezn
= a""(B"$(0) 4 Op.ar1(DpB" Fa*))

1
=a" ) ¢<B V> + Ot k(D B FatF),
vezL™
Multiplying by qﬁ(%x), summing over x € Z™ and using and @ we
get the desired formula. m

4. The density of solutions to f(x) = 0 (mod 7wpg). This section
constitutes the technical heart of the proof of Theorem Let n > 5, and
let f be a polynomial in Z[x1, ..., zy] of degree d > 4, with leading form F'.
Let W be the infinitely differentiable weight function in ({3).

NotaTION 4.1 (Differenced polynomials). For any y € Z", define the
polynomial f¥ € Z[x1,...,x,] by
fYx) =fx+y) - f(x).
For any pair (y,z) € Z" x Z", define
) =fx+y+z) - fx+y) - f(x+2)+ f(x)
Furthermore, let

OF OF

y pr— . pr— —_— .« .. [

FY(x) =y -VF(x) =1 o + +Yn T
0*F

FY%(x) = (Hess F)y -z = Z myizja
1<i,j<n

as in Section 2l
For any prime p, define the schemes

Zpy =ProjZjxy,...,x,)/(p, F, FY), Z,y =ProjZxi,...,x,]/(p, FY),
Zpyz = ProjZjxy,...,x,)/(p, F, FY, F¥?).
Put
sp(y) = dim Sing Z, y, op(y) = max{sp(y), 5(¥)},
5p(y) = dim Sing Zp,ya sp(y,z) = dim Sing Z,, y ,.
If Z, = Proj Z[x1, ..., x,]/(p, F), we have s,(y) = sy,(Zp), 3p(y) = 3y, (Zp),

op(y) = 0y,(Zp) (cf. Notation , where y, denotes the image of y under
the natural map 2" — (Z/pZ)"™ .

NoTATION 4.2 (“Differenced” weight functions). For any a € R”", let the
infinitely differentiable function W, be given by

Wa(x) = W(x)W(x + a).
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Note that W, vanishes identically if |a| > 4. Also define, for any pair (a,a’) €
R™ x R", the function

Waa (x) = Wa(x)Wa(x+a') = W(x)W(x+a)W(x+a)W(x+a+a).

Suppose that we are given three different prime numbers 7, p,q, with
m,p < B < q/4, such that F' satisfies

(RO(W))v
(9) (Ro(p)), (R1<p)),
(Ro(g)), (R1(g)) and (Ra(q))

(see Definition . We shall later prove the existence of suitable primes
™Psq.
LEMMA 4.1. Under the hypotheses above, we have the following results:
(i) Put
K =7"p ¢ 'Nw (0, B, mpq).
Then

(10)  Nw(f, B,mpq) = (wpg)~ Nw (0, B,mpg) + O(x" V2 5/?)

+O(B " " *p~igTh),

Y= u%F:ﬁ <x§u%ﬂ) W(é x> - K>2.

pq|f(x)

where

(ii) For anyy € Z"™, put

1 1
Aly) = Z Wwy<Bx>—p 2q 2ZW7ry<Bx>.
XEL™ x€LN
palf(x)
pqlf(x+my)

Then
(11) o= > Aly)+ér

ly|<4B/n
(iii) Suppose that'y # 0. For any z € Z", put

1 _ 1
Aly,z) == Z Wy pz <B X) —q s Z Wiy pa <B X)-

xeZ" xXELN
q|f(x)
qlfP%(x)
gl F7YP* (x)
Then
(n-2)/2 1/2
(12) A) =p" 22N Aya) |+ Ealy) + s

|z|<4B/p
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(iv) Furthermore,
(13) A(0) < Bp gt 4 &,.

All the implied constants depend only on n and d, unless otherwise spe-
cified. The error terms &; satisfy the following estimates:

&0 < B(n+1)/2p71/2q(n72)/4 +B(n+1)/2p(n72)/2q71/4 _i_Bnpfn/qul’
&1 <o BB 2p=ny,=3/2,(n=6)/4 | pBn+1)/2—ny(n—4)/2,-5/4
+ Bg " _("+2)/2 g2+ B O 2072 for any C > 0,
Ex(y) < Brp 002
&y <o BH/2p=1,(n=6)/4 | pn=C),=1+C ;=3/2 for any C > 0.
Proof. Starting from the definition of Ny (f, B, mpq), we write

Nw (f, B, mpq) = Z(ZW( )—K>+KZ1

uck? ‘“x=u(n) uck?
f=(0)=0 " pq|f(x) fr(u)=0
=S+ K@+ 0(x"/?)),
where .
5= 2 (2 w(59) )

uelf? “x=u(n)

fx(@)=0  pq|f(x)
and fr € Z/mZ[x1,...,xy] is the image of f under the natural homomor-
phism Z[z1,...,x,) — Z/7Z[x1,...,z,]. Here we have used the property

(Ro(m)), applying Proposition [3.2| to the hypersurface defined by fr(u) = 0.
By Cauchy’s inequality,

1 2
Pty < > W(Bx> K> ,
ueF? “x=u (r)

pq|f(x)
so we have

Nw(f,B,mpq) = 7" 'K + O(x" D22V L OB a " /?p~tq 7Y,
and (i) is proved.

Now,
2
-2 (2 w(5)-x)
uckF? *x=u/(r)
palf(x)
1 2 )
:Z Z W(5x — 2K Nw (f, B,pq) + n" K>
uelf? * x=u(n)

pq|f(x)=0
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Using Theorem along with the properties (Ro(p)) and (Ro(q)), we have
(14) Nw(f,B,pq) = 7"K + &,
where

&y < B(n+1)/2p71/2q(n72)/4 + B(n+1)/2p(n72)/2q71/4 + Bnpfn/qul.

(The last error term in Theorem becomes negligible upon taking C' >
n —1.) We conclude that

Y= Z( Z W(;x>>2—ﬁ”K2+Kc‘io.

uclF? “x=u(r)

pq| f(x)
Introducing a new variable y, we expand the sum of squares as a double
sum

1 2 1 1
uck? *x=u(m) xeZ™ yELZ™
pq|f(x) pq|f(x) pq|f(x+my)

1
ly|<4B/m  x€Z™

pqlf(x)
pqlf(x+7y)

Recalling the definition of A(y) above, we have

L= Y Ay +p g ?t)] ). Wﬁy(;x> — K%+ K&.

ly|<4B/m YEL™ XeL™
By Lemma however,

1
p2q2 Z Z W7ry<BX> _ " K? < B Cp 0242,
yELN xELN
so letting
81 — K80 + BQTL—CT(_—TZ-FCp—Qq—Q’

we have proved (ii).

REMARK 4.1. A(y) measures the deviation of the weighted number of
solutions to the two simultaneous congruences pq | f(x), pq| f(x + 7y) from
its expected value. Unlike in the papers by Heath-Brown [12] and the author
[19], we keep both congruence conditions in A(y) instead of using just the
differenced polynomial f(x + wy) — f(x). This is the approach introduced
by Salberger [20].

By Remark and the properties (Ro(p)) and (Ro(q)), neither of Fy
and F) is identically zero. This means that f™ is a polynomial of degree
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d — 1 with leading form 7FY, and moreover
dimZ,y = dim Z,y, = n — 3.
Let
Xy = SpecZ(zy,...,zn)/(f, f™).
Now we write
(15) Aly) = S(y) + €a(y),

where we have defined

VEF;;}’ x |fv((1)))
fo(v)= v)=0 q|J(x
V) ) qlf™(x)
_9 _ 1
E(y)= Y, Ky -p’qg’), Wwy<BX>>
veFy XEL™
So(V)=F7 (v)=0
with
1
K(y):==p"q ) Wy <B X>-
XEL™
But then

Ea(y) = K(y)(#Xy(Fp) —p"7?),
and by Proposition [3.2| we have # Xy (F,) = p"~2 4+ O(p"+*»¥))/2) yielding
82(}’) < Bnp_(”_SP(Y))/Qq_Q.

Thus we turn now to S(y). We again apply Cauchy’s inequality, using Propo-
sition to estimate the number of Fj-points on Xy. Thus we get

(16) S(y)? < p"*2(y),
where )
veFy “x=v(p)
q|f(x)
qlf™(x)

REMARK 4.2. In this second differencing step, our approach is interme-
diate between that of Heath-Brown and that of Salberger. Indeed, we shall
complete the sum (mod ¢), as in Heath-Brown’s original argument [12], with
respect to one of the two polynomials involved. This leads us to consider
the closed subscheme defined by the three polynomials f, fP#, f™P% rather
than the one defined by the four polynomials f, f™, fP%, f™YP% The reason
is that the geometric results of [20] extend more readily in the former case.
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an Sy < Z(

VEF"pL a=1
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x=v (p)
q|f(x)

1 2
Wy <B X) - K(y)> .
fr¥(x)=a(q)

Denote by X’(y) the right hand side of (L7)). Expanding the square, we get

S(y) = ZZ( ) Wwy(;x))2—2K<y>NW,Ty<f,B,q>+p"qf<<y>2.

veFy a=1 * x=v(p)
alf(x)
¥ (x)=a(q)

By Remark [3.1] we have the estimate
Ny (f, B,q) = p"qK (y) + O(Bg" /%),
insertion of which yields

18)  S(y)= ZZ( ) WW(;X»Q_pan(y)z

veF? a=1 x=v (p)
q|f (%)
™ (x)=a(q)

+ O(Bn+1p—nq(n—6)/2)'

As before, we proceed to expand the sum of squares as a double sum, intro-
ducing a third variable z:

S3(F m(39) - XX wan(p)

veF? a=1 x=v (p) |z|<4B/p x€Z"™

alf(x) qlf(x)
™ (x)=a qlfP%(x)
™ (x)=a(e) LN

and then we compare the sum over x to its expected value A(y,z). Another
application of Lemma yields

1
'Y WTry,pz<B X> —p"qK(y)* <¢ B “p "7,
|z|<4B/p x€Z™
so it follows, in view of 7, that
1/2
(19) A) <p" D23 Alyiz) "+ Ealy) + &,
|z|<4B/p
where
&3 Lo B(n"'l)/zp_l(_1("_6)/4 + B"_Cp_l‘”'cq_?’/2 for any C > 0.

This proves (iii).
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Finally, we have
A( ) NW‘/ry(f?‘B pq -2 Z Wﬂy( >
XEL™

so arguing as in , we get (iv). =

By f we are led to evaluate the quantity

1/25 1/2
Q) &= 5 (2 1Amal) )
y€EZ"\{0} zeZ"

which will be the strongest competitor to the main term in . We shall
derive an estimate for €4, subject to additional hypotheses. We maintain the
convention that implied constants depend only on n and d, unless otherwise
specified.

LEMMA 4.2. In addition to the hypotheses preceding Lemma suppose
that B > ¢*/? and q 1 (d —1). Then we have the estimate

(21) €4 < BOMD/A=1/2)-1/2(n=4)/8 | p(Bn+1)/4,(n=5)/4,,-1/2,~1/8
4 BOntD/A,=1/2,(n=5)/4-1/8 | p8n/4, (n=3)/4),=1/4,~1/2
+ BED/2 5 (n8) /4, 1/4(n— )/ pBn/4 (n—4)/4,=1/2
+ B@nt3)/Ap(n=4)/4,(n=5)/8 | p2n+3)/47(n—4)/4,(n—4)/4,~1/8
4 B Ag—1/2,(n=2)/4=1/4 4 pOnt1)/4-1/2),(n=2)/4,(n=2)/8.
REMARK. If we removed the hypothesis B > ¢'/2, then we would get

even more terms in . The hypothesis ¢ t (d — 1) ensures that Lemma
2.7(ii) is applicable.

Proof. We wish to switch the order of summation in . Thus we apply
Holder’s inequality [7, Theorem 11] to get

2 <§:’A““”DMQ<:<5>HM< > Y awal)

yEZ"\{0} zeZ" YEZ"\{0} z€Z™

Here we have used the fact that A(y,z) vanishes identically for |y| > 4B /.
Then yields

1/4
(22) 84<<Bn/47r(n—2)/4p(n—2)/4< Z |A(y,Z)|> / ’
(y,2)eB

where the domain of summation is defined by

4B 4B
5= { ez 2yl << oy 2ol
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To calculate €4, we shall partition B into three subsets
B1 ={(y,z) € B; dimZ,y , =n — 4},
By ={(y,z) € B; dimZ,y, >n—4, z # 0},
B3 ={(y,z) € B; z= 0},
and let
€44 = B Ann AN Ay, z)\)m
(y,2)€B:
for i € {1,2,3}.
We start with €4 1. Let us partition B; even further into subsets (some
of them possibly empty)
Bros = {(y.2) € B 0y(8) = 0, 5,(y.2) = s},

where s € {—1,...,n—4}, c € {—1,...,n— 1} and o4(-) and s4(-,-) are as
defined in Notation Using [19, Thm. 3.3] (combined with Remark
as usual) we have the estimate

(23) Ay, z)| < Bst2g(n=579)/2

for (y,z) € By . Recall that F satisfies (R1(¢)) and (Ra(g)). This implies
that

dim7T,(Zy) <n—-2—-0
for o € {—1,...,n — 1}. Furthermore, if z € Z" satisfies 04(z) = o, then
dimTs,(Zg) <n—1—s+o
for s > 0. Applying Proposition [3.1], we get

B n—l—o B n—s+o
(O (@) e
™
(24) #Bl,a,s < P

<B>nIU<B>n '
— — if s <o.
P T
Combining (23 and (24)), we have
Y AL, 2)| < Uy,

(y,Z) EBl,o',s

where

Uy,s =

)

B2n+17T—n+s—op—n+1+aq(n—5—s)/2 if s > o,
BQn+s—J+1W—np—n+1+0q(n—5—s)/2 if s < 0.

By carefully examining the relations between the quantities U, s, one sees
that
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Z |A(ya Z)’ < Z Uo,s < U—l,—l + U—l,n—4 + Un—4,n—4
(y,z)€B1 0,
— BQn+17T—np—nq(n—4)/2 +B2n+1ﬂ_—3p—nq—1/2
+ BZn+1ﬂ_fnp73q71/2'
We conclude that
(25) 84’1 < B(3n+1)/47T_1/2p_1/2q(n_4)/8 —|—B(3n+1)/47T(n_5)/4p_1/2(]_1/8

4 BB /A —1/2,(n5) /4, -1/8

Next, we turn our attention to £42. For (y,z) € By, we cannot apply the
case r = 3 of Remark [.1]to estimate |A(y, z)| as in (23), since dim Z,y , >
n — 4. However, since we assume that F' has property (Ro(q)), we do know,
by Lemma that dim Z, , = n — 3. Thus, it follows from the case r = 2
of Remark [3.1] that

(26)  |A(y.2)| < Nw,, . (f, 7%, B,q) + O(B"q¢)

= 4 >Ny ., (0, B, q) + O(B71) H2(n=4m0u(@)/2)

+0(B"q?)

< Bnq—2 + Boq(z)+2q(n—4—aq(z))/2‘
Here we have used the fact that o,(z) > s,(z), so that (Bg~'/?)7a(®) >
(Bq_l/Q)SQ(Z).

We shall partition Bo into subsets
Boo = {(v:2) € Bz; 04(2) = 0}

where o € {—1,...,n—1}. Note that By ,—2 = Ba 1 = 0 since dim Z, , =
n—3,and By _1 = ) by Lemma [2.7(ii) (recall that y # 0 # z if (y, z) € Ba).
Furthermore, Lemma [2.7](ii), property (Ri(¢)) and Proposition imply

that
B n—1 B B n—1l—o B 2
pma e (B)7 (2 e (B)7(B)
p ™ p ™

for o € {1,...,n — 3}. Inserting , we get
Y Ay, 2)| < Vo + Vao
(Y7Z)632,o’
for o € {0,...,n — 3}, where
{B2n7r1pn+1q2 if o = 0’

Vo1 =
o BQn+1—U7T—2p—TL+1+Uq_2 ifl1<o<n-3,

)



Density of integral points 233

VO’2:

)

B”+27r_1p_”+1q("_4)/2 if c =0,
B3g—2p-ntltog(n—4-0)/2 if]1 <g<p-—3.

As in the calculation of €41, some of the V;; can be neglected when esti-
mating €42. We have

Z Ay, 2)] < Voi+ Vo2 +Vii+Vig+ Vase,
(v,2)€B2

which implies that

(27) €4 < B AR(=9/Am1/4 =172 | Berl)/2 (n=3)/4,-1/4(n—4)/8
+ B3/ Ap(n=/4g=1/2 | gn+3)/4 1 (n—4)/4,(n—5)/8
4+ B@nA3)/Ap(n=4)/4p(n—4)/4,-1/8

Finally, we calculate £43. For (y,0) € B3, we estimate |A(y,0)| using
the case r = 1 of Remark [3.1}

|A(y,2)| < Nw,, ,,(f, B.q) + O(B"q™3) < B"q~' + Bg"=2/2,
Since #Bg < (B/Tr)n, we get
(28) €43 < B3n/47_r71/2p(n72)/4q71/4+B(2n+1)/47T71/2p(n72)/4q(n72)/8.

Putting together the contributions from , and , we arrive at the
estimate . ]

5. Proof of the main theorems. Let f be a polynomial in Z[z1, . .., Z,]
of degree d > 4 with leading form F, let Z = ProjZ[zy,...,z,]/(F), and
suppose that Zg is a non-singular subscheme of P21, Note that Lem-
ma (1) gives an asymptotic formula for Ny (f, B, mpq). However, we shall
only use it as an upper bound, and try to deduce a good upper bound for
N(f, B) by choosing 7, p and ¢ wisely in terms of B. It turns out that the
following relations are desirable:

T B(”2*”*2)/(712+8nf4)7
(29) p = B(n2—2n+8)/(n2+8n—4)7

q= BQ(n2 —n—2)/(n%+8n—4)

since then the first, second and ninth terms in will be of the same order
of magnitude as the main term in , and all other terms involved will
be smaller. To be able to use Lemma we need to have ¢ > B, which is
consistent with as soon as n > 10. However, in case n < 10, the estimate
in Theorem already follows from [12] Thm. 2]. More importantly, the
results of Lemma are subject to a set of hypotheses @ on m,p,q. We
need to show that such 7, p, ¢ exist in the specified intervals .
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By Corollary however, the set of primes not fulfilling these criteria is
finite. Thus, Bertrand’s postulate [8, Theorem 418] ensures that the intervals
specified in , with implied constants depending on F', contain primes
satisfying @D We are thus allowed to insert into Lemmata and
Then we have, for the main term in ,

(ﬂ_pq)leW(O’B’ﬂ_pq) < Bn(ﬂ'pq)il <F an4+(37n718)/(n2+8n74)‘
The same holds for the “main” auxiliary term—by Lemma [4.2] we have
&L <p Bn—4+(37n—18)/(n2+8n—4)
where, as mentioned above, the first, second and ninth terms in dom-
inate the expression. Thus, to finish the proof of Theorem [1.1]| it remains

to check that the remaining error terms occurring in Lemma |4.1| are small
enough. We shall omit these calculations.

The key argument in the proof of Theorem is the following lemma,
which is a version of a result by Heath-Brown (see [13, Thm. 4] and [2]
Lemma 5]).

LEMMA 5.1. Let f € Z[z1,...,xy] be a polynomial of degree d. Let
S(f, B) = {x € 27 f(x) =0, |x| < B}.
Then one of the following holds:
(i) There is a constant 0, depending only on n and d, with || f|| <n.a BY.

(ii) There exists a polynomial g € Z[z1,...,xy,] of degree d, not equal to
Af for any A € Q, such that g(x) = 0 for every x € S(f, B).

Proof. The result follows upon applying [2, Lemma 5] to the homoge-
nization Fy € Z[xg, ..., x| of f. »

Now we are able to prove Theorem Suppose that (i) holds in Lem-
ma [5.1] Then by Corollary [2.1] we have

I »<naB™.
pEP(F)
Thus it is possible, using Bertrand’s postulate, to find primes 7, p and ¢
satisfying @D and , with the implied constants in depending only
on n and d. Now we proceed exactly as in the proof of Theorem except
that all implied constants now depend only on n and d. We get the following
result.

THEOREM 5.1 (Theorem ) Under the hypotheses of Theorem (1.1
suppose furthermore that there is a constant § <, q 1 such that || f|| < q BY.
Then

N(f, B) <nid Bn74+(37n718)/(n2+8n74)'
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In case (ii) one easily sees that N(f, B) <, 4 B" 2. To improve this to
B"—3+¢ requires some work, to which we devote Section @ The estimate

given by Theorem [6.1] is enough to deduce Theorem [T.2]

6. Integral points on certain affine varieties. The aim of this sec-
tion is to prove the following result.

THEOREM 6.1. Letn > 4. Let f € Z[x1,. .., x| be a polynomial of degree
d > 4, whose leading form F defines a non-singular hypersurface in P&_l.
Let g € Z[x1,...,x,] be another polynomial, not divisible by f. Then

Bn73+1/12+€’ 4<n<l11,

N(faga B) <<n,d,£ {Bn—3+67 n > 12.

First we make some remarks on notation. Unless otherwise stated, we
work over Q, that is, A" = A& and P" = IP’&. We shall use the notation
V(y1,...,7) for the closed subset of A" defined by v = -+ = v = 0,
endowed with its reduced scheme structure. We denote by Hy C P" the
hyperplane defined by xg = 0. If U C A" is a locally closed subset, then we
define

U(Z,B)=U@QNZ"Nn[-B,B"

for any positive real number B, and N (U, B) = #U(Z, B).

In proving Theorem [6.1| we shall use results by Browning, Heath-Brown
and Salberger [2]. However, we shall need a slightly more general version of
[2, Thm. 2], which was shown to us by Salberger.

THEOREM 6.2. Let f € Q[x1, 29, 3] be an irreducible polynomial of de-
gree d > 3. Suppose that the leading form F of f has no irreducible factors
of degree 1 or 2. Then

BY/BV3+/a+e g3
N(f,B) <4, B3/(2\/3)+1/3+5, d=4 or5,
B'te, d > 6.
We achieve this generalization by noting that the hypotheses in [2]
Lemma 9] can be weakened. In the statement of that lemma, it suffices
to assume that X N H has no irreducible component of degree at most e.

Indeed, that is enough to provoke the contradiction in the last line of the
proof of the lemma.

From this we immediately get the following strengthening of [2, Prop. 1].

PROPOSITION 6.1. Let X C IE% be an integral surface of degree d > 3

such that every irreducible component of X N Hy (with its reduced scheme
structure) has degree at least 3. Let D =1 or 2, let Ip be any finite set of
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integral curves C C X of degree D, and let X = U[D C. Then

#{(z1,20,23) € Z> N [-B, B*; (1: 21,3, 23) € X(Q)}
<4 BFmax{B¥4 BYP #7p}.

In the proof of [2, Thm. 2|, one uses Heath-Brown’s determinant method
to prove that the integral points of height at most B on the surface .S defined
by f = 0 are contained in Odﬁ(BQ/ \/E) curves on S of bounded degree. It is
only in handling the contribution from lines and conics that the irreducibility
of F'is used. For the rest of the proof, it suffices to assume that f itself is
irreducible. Thus, letting Proposition play the role of [2, Prop. 1] in the
proof of [2, Thm. 2], we immediately deduce Theorem [6.2

Proof of Theorem [6.1 Let X = V(f) C A™ and let ¥ be any inte-
gral component of V(f,g) C A™. Note that X is geometrically integral by
assumption, so the dimension of Y is n — 2. We shall prove that

Bn73+1/12+a’ 4<n<l1l,
Bn—3+te, n > 12.

Let X,Y C P” be the respective projective closures. Let Xg = X N H
and Yy = Y N Hy. Our hypothesis implies that X is non-singular. Then,
as observed in [2I, Lemma 6.2], any closed subscheme of (Xo)g of pure
codimension one is the intersection of (X)g with a hypersurface G C Pl
This is a consequence of the Noether—Lefschetz theorem (use [10, Cor. 3.3,
p. 180] and the following exercises). Thus, every integral component of (Yp)g
has degree divisible by d, and in particular d |degY .

Let d' = degY. We can assume that Y is geometrically integral. Indeed,
in case Y is integral, but not geometrically integral, one can argue as in
the proof of [2I, Thm. 2.1] to conclude that all rational points on Y lie
on a proper subvariety, obtained as the intersection of all the irreducible
components of Y. Thus we can use a trivial estimate (e.g. Proposition
for suitably chosen ¢) to conclude that

(31) N(Y,B) <pq B" 3.

We have the following result, which we shall prove in Section [6.1

(30) N(Y7 B) <<n,d,€ {

PROPOSITION 6.2. Let X C Aé be an integral closed subvariety of di-
mension m < n — 2 and degree d. Let X C ]P’% be its projective closure
and Xo = X N Hy. Then there exists an ((m + 1) X n)-matriv A and an

(m + 1)-vector b, with integer entries of size O, q(1), such that the mor-
phism ™ : X — Ag“ given by x — Ax + b is birational onto its image.

In particular, its fibres consist of at most d points, and w(X) is an integral
closed hypersurface of degree d.
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Moreover, it induces a morphism @ : X — Pg“ with the following prop-
erty. If
X0:X071U'-‘UX071€

is the decomposition of Xq into irreducible components and deg Xo; = d;,
then 7 : Xo; — Pg“ 18 birational onto its image for each i. In particular,

7(X) N Ho = 7(Xo) = 7(Xo1) U+ - UT(Xog),
where each 7(Xo,;) is integral of dimension m — 1 and degree d;.

Thus we find a geometrically integral hypersurface W = 7(Y) c A"~!
of degree d’' such that N(Y,B) < d- N(W,¢B) for some constant ¢ <, 4 1,
and such that if W C P"! is the projective closure and Wy = W N H
(taken with its reduced scheme structure), then (Wp)g has no irreducible
component of degree less than d.

It is a standard fact [2, Lemma 7] that we can find a hyperplane H C
P71 defined by a linear form with integer coefficients of size Oy, 4(1), such
that the intersection of H with W or any of the irreducible components
of (Wo)g is again irreducible. Indeed, the set € C P"=1 of hyperplanes H
such that this fails is a proper closed subscheme of degree O, 4(1). After a
suitable change of variables (sending Hj to itself), we can assume that H
is given by x,_1 = 0. Letting H, C A" ! for any a € Z be the hyperplane
given by x,_1 = a, and putting W, = W N H,, we have

B
N(W,B)= Y N(W,,B).
a=—c'B
For all but O, 4(1) values of a, W, is geometrically irreducible, and W, N Hy
has no irreducible components over Q of degree less than d. Indeed, let H
be the linear pencil of hyperplanes AH + jHy parameterized by (X : ) € PL.
Since H ¢ &€, we have dim(H N &) = 0. The exceptional values of a yield an
acceptable contribution to by a trivial estimate for N (W, B).

Applying this process inductively, much as in [2], §4], we find a collection
of O, 4(B"™*) geometrically irreducible surfaces S C A3 of degree d’' such
that the curve Sy = SN Hy has no components over Q of degree less than d,
and such that the estimate

N(W,B) <Y N(S,c"B) + Ona(B"?)
S
holds for some constant ¢’ <, 4 1. There are now two cases to consider.

CASE 1: d’ > 2d. Then Theorem yields the estimate
N(S, B) <qe B,
which suffices to establish the desired bound for N(Y, B).
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CASE 2: d' = d. Then the estimate given by Theorem is
N(K B) <<n,d,€ Bn73+1/12+8.

For large n, we shall derive a better estimate by applying our main result
inductively.

In the present case we necessarily have Yy = XgN I} for some hyperplane
I'y ¢ P~ But then we must also have Y = X N I" for some hyperplane
I' ¢ P". (Indeed, let G be the family of I' € G(n — 1,n) such that Iy C I'.
Then Yy C Y NI for every I' € G, and the inclusion has to be strict for
some I'. If I intersected Y properly, then we would have Y NI" = YU Z for
some closed subscheme Z C Y of codimension one. But this would contradict
the fact that deg(Y NI") = d = deg Yy. Thus we conclude that Y C I'.)

Thus, in this case we have Y = X N L for some hyperplane L C A™. Now
A= LNZ"is a lattice of dimension 7 < n — 1. Thus, by [I3}, Lemma 1],
it has a basis by,...,b, such that for every x = >~ \;b; € AN [-B,B]"
we have \; < [x|/|bj| < B. Thus we get a bijection between Y (Z, B) and
Y'(Z,cB), where ¢ <, 4 1, h(y) = f(>_y;b;) and Y/ =V (h) C A".

By Lemma we can assume that ||h| <, 4 BY, since in case (ii) we
can use a trivial estimate as in to conclude that

(32) N(Y,B) < N(h,cB) <nq B2 < B".

Since X is non-singular, it is well known [I4, Appendix, Thm. 2] that Yj
can have at most isolated singularities. Thus, the same holds for the closed
subscheme Yy C P" defined by the leading form of h. Then we can find a
hyperplane IT C P", defined by a linear form with integer coefficients of size
Op,q(1), such that Yy N IT is non-singular. For a proof of this “effective”
version of Bertini’s theorem, see [19, Lemma 2.8]. After a suitable linear
transformation we may assume that II is given by y, = 0. For any a € Z,
let hy € Zly1,...,yr] be given by hq(y1,...,yr—1) = h(y1,...,yr—1,a). All
the polynomials h, then have the same non-singular leading form. Thus we
can apply the estimate of Theorem to get

N(hg, B) <n.a Bn—6+(37(n—2)-18)/((n—2)*+8(n—2)—4)

This yields an estimate

cB
N(Y,B) < N(h,eB) <ng »_ N(ha,cB) <na Br—5+(37n—92)/(n?+4n—16)
a=—cB

As soon as n > 12, we get N(Y,B) <, 4 B" 3. =

6.1. Birational projections of bounded height. Let Z C IP’% be an

integral closed subvariety of dimension m < n — 2. Throughout this section,
we work over QQ, but henceforth we shall omit this subscript. Let A be an
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(n —m — 2)-plane and I" an (m + 1)-plane such that AN I = (. We recall
the construction of the projection

mAar PP\ A— T

from A to I' (see [9, Lecture 3]). Identifying I" with P+ we write 7, :
P? ——» P+ It is known that for a generic A € G(n — m — 2,n), the
projection 74|z : Z — P™*! is birational onto its image. In particular, m(Z)
is integral and degma(Z) = deg Z. In [2| §3] it is shown that one can also
find such a projection where A is defined over Q and of bounded height. We
shall need an affine version of that statement.

Let us recall the notation of [2] §3]. Let Z C P™ be a closed subvariety
of dimension m and degree d. For any A € G(n —m — 2,n), define

Spz={MecGn—m-—1,n); ACM,#(MnNZ) > 2},
Y, ={AeG(n—m—2,n); dim Sy z > m},
Y, ={AeGn—m—2,n); ANZ #0}.

Then, in case Z is integral, it is shown [2, Lemma 6] that Y; and Y7, are
proper closed subvarieties of G(n—m—2,n) of degree O,, 4(1). Furthermore,
as soon as A ¢ Yz UY/, the morphism 74 : Z — P+ is birational onto its
image, and its fibres consist of at most d points.

Let now X C A" be an integral closed subvariety of dimension m and
degree d, and let Z C P™ be its projective closure. As soon as A C Hy, the
projection 74 maps A" = P* \ Hy into A", Thus, let

Go={AeGn—m-2,n); AC Hi} =G(n—m—2,n—1).
It is easy to see that
(33) (YZ U Yé) NGy C YZo U Yéo’

where Zy = ZN Hy. Applying the arguments of [2], we deduce that Yz, UY
is a proper closed subvariety of G(n—m—2,n—1) of degree O, 4(1). However,
since Zj is not necessarily integral, this requires the following generalization
of [2, Lemma 6], the proof of which is straightforward:

LEMMA 6.1. Suppose that the closed subvariety Z C P™ is equidimen-
sional of dimension m and degree d. Then Yz is a proper closed subvariety
of G(n—m —2,n) of degree Ogp(1).

By [2, Lemma 3] we can therefore find an (n—m —2)-plane A ¢ Yz, UY,,
that is defined over Q and of bounded height. The projection w4 : Z — P +!
is then birational onto its image. Moreover, m : Zo; — P™"! is birational
onto its image for each irreducible component Zy; of Zg.

Finally, choosing I" as explicitly described in [2], it is evident that w4

maps integral points of height at most B in A" to integral points of height
O q(B) in A™*!. This finishes our proof of Proposition
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