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Infinite series identities from modular transformation
formulas that stem from generalized
Eisenstein series

by

SUNG-GEUN Lim (Pohang)

1. Introduction. B. C. Berndt [3] has found a general class of Eisen-
stein series and has computed transformation formulas for them. In [5] he
has also converted these transformation formulas into transformation for-
mulas for a large class of functions containing the classical Dedekind eta
function. By this process, in [4], [5] he has established a number of interest-
ing infinite series identities, many of which are stated in the Notebooks of
Ramanujan [I1] or are proved by many authors.

In [8], using the latter transformation formulas (Theorem 2.1), the present
author also evaluated many infinite series identities, a number of which
are given by other authors including Ramanujan and B. C. Berndt, and
many of which are new series or generalizations of series given by other
authors. In this paper, we give more general infinite series identities. In
Section 3, we obtain a few classes of infinite series for an arbitrary positive
integer ¢. A special case of those series (when ¢ = 2) is considered in
Section 4. Some of them have already been found by Berndt [4], [5] and other
authors. But many of them are new series involving hyperbolic functions and
trigonometric functions. In particular, we obtain some elegant symmetric (in
a, ) identities in Section 4.1.

2. Notation and preliminaries. We basically follow the notation
in [5]. The branch of the argument for a complex w is defined by —m <
argw < 7. We set e(w) = e*™ and V7 = V(1) = (ar +b)/(cT + d) always
denotes a modular transformation with ¢ > 0 and ¢ =0 (mod N) for every
complex 7. Let = (r1,72) and h = (hi, ha) denote real vectors, and the
associated vectors R and H are defined by
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R = (Rl, Rz) = (arl + cro, bry + d?“z),
H = (Hl,HQ) = (dhl — bhg, —Chl + (lhg).

For a positive integer N, let Ay denote the characteristic function of the
integers modulo NV, i.e.,

An(m) = {1 if m =0 (mod N),

0 otherwise.

For a real number x, [z] denotes the greatest integer less than or equal to =
and {z} := x — [z]. For real a, z and Re(s) > 1, let

(2.1) Y(x,a,s) = Z (e(n:n)

n+a)s’
n—+a>0 + )

If x is an integer and « is not an integer, then ¥ (z, a, s) = ((s,{a}), where
((s,z) is the Hurwitz zeta function. The function ¢ (z,q, s) can be ana-
lytically continued to the entire s-plane [2] except for s = 1 when z is an
integer. Let H = {7 € C | Im(7) > 0}, the upper half-plane. For 7 € H and
an arbitrary complex number s, define

An(r, 50 h) = Z Z e(Nmhy + (Nm + 1)1 +r2)(n — hg)).

_ 1—-
Nm+r;>0 n—hs>0 (Tl h2) ’

Let
HN(Ta ST, h) = AN(Ta ST, h) + 6(8/2)AN(7—7 s =, _h)

It is easy to see that the logarithm of the classical Dedekind eta function is
expressed using Hpy. We now state the theorem about transformation for-
mulas for a large class of functions containing the classical Dedekind eta
function.

TueoreM 2.1 ([5], [8]). Let @ = {r € C | Re(r) > —d/c}, on =
c{Ra} — Nd{R1/N} and ¢ = N . Then for T € Q and all s,

(cr +d)*Hy (V7 s;7, h) = Hy(r, 5 R, H)
— An(r1)e(—rih1)(er +d) " I(s)(—2mi)~*
X (P(ha,12,8) + e(s/2)p(—he, =12, 5))
+ AN (Ri)e(—RiH1)I'(s)(—2mi) (¢ (Hz, R2, s) + e(—s/2)(—Ha, — Ry, s))
+ (2mi) " °Ln(7,s; R, H),

where



Infinite series identities 243
LN(Ta S5 R) H)
= Y e(=Hi(Nj+ N[Ri/N] = ¢) = Hy([Re] + 1+ [(Njd + on)/c] = d))
j=1

e~ (Tt d)(NG—N{R1/N}u/e ,{(Njd+on)/chu

e~(crtdu —e(cHy + dHy) e* — e(—Hy)

X S w1

C
where C' is a loop beginning at +o0o, running in the upper half-plane, en-
circling the origin in the positive direction so that uw = 0 is the only zero

of

du,

(e~ (U _e(cHy + dHy)) (e* — e(—Hy))
lying “inside” the loop, and then returning to +oo in the lower half-plane.

Here, we choose the branch of u® with 0 < argu < 2.

REMARK 2.2. Note that after evaluation of Ly(7,s; R, H) for an inte-
ger s, the transformation formula in Theorem [2.1] will be valid for all 7 € H
by analytic continuation.

For computations of the integral in Theorem 2.1 when s is an integer, it
is useful to employ the generating function

text o tn

for Bernoulli polynomials B, (x), n > 0. The nth Bernoulli number B,,
n > 0, is defined by B, = B, (0). Put B, (z) = B,({z}), n > 0. Recall that
By 11 =0, n > 1, and that Be,41(1/2) =0, n > 0. The following formulas
are helpful (see [I]):

(It] < 2m)

(2.2) B,(1—2z)=(-1)"B,(x),
c—1

(2.3) ZBn(j/C +2) =B, (cx).
§=0

For the zeta function ((s), we know from [7, p. 194] that

22M71|BQM‘W2M

(2.4) C(2M) = o M >0,
and
(2.5) C(1—2M) = —l;’)?—MM, M > 0.

For brevity, we let
Di(hg,r9,5) == —(ct +d)"°I'(s)(—2mi)”*°
X (Y(ha, 72, 5) + e(s/2)Y(—ha, =12, 5)),
Dy(Hs, Ra, s) := I'(s)(—2mi) " *()(Ha, Re, s) + e(—s/2)1)(—Ha, —Ra, 5)),
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and

(2.6) Zi(s,z) :=C((s,z) £((s,1 —x).

3. Several classes of infinite series. In this section, we study a more
general series than those in [8]. Let N be a positive integer, and let r; and
ro be arbitrary real numbers. For any integer n, put

r=(ri,r2/c), h=1(0,0), s=-—n.

Let V denote a modular transformation corresponding to

1 -1
<c —c+ 1) ’
where ¢ = N¢ for ¢ > 0. Let z =c¢7+1—c. Then V7 =1/c —1/cz. The
condition 7 € @ gives Re(z) > 0 and z € H. We also have
Ri=r1+ry, Ro=-—-ri—ro+ry/c

We consider four cases of N, r1 and 79 and, by the same process as in [§],
deduce (i)—(iv) below.

(i) If N {7y, then
(3.1)  Hy(V7,—2n;7r,0)

CObh(Mk (2(T1+T’2) _9 [Tl .

k=1

(3.2) Hy(VT,—2n—1;r,0)
sinh mk( (7“1-0-7“2) 2[%1] 1+ (1 _ Q{TNI )%))

- Z k2”+2 s1nh(7rk(1 ))

(i) If N |ry, then

cos(2mrak/c)

3.3 Hy(Vr,—2n;7,0) = 2§ :

( ) ( n;r, — an—‘rl 21rzk 171) _ 1)
- sin(27rek /)

3.4 Hy(Vr,—2n—1;r,0) = 20 ) ! .

( ) N( T n T ) lk:]- k2n+2(627”k(l71) _ 1)

(iii) If N Ry =71 + 72, then
(3.5)  Hy(r,—2n; R,0)
o~ cosh (5 (S +2[2x2] + 1+ (2{ =3} — 1)2))
k2t sinh (T (1 — 2)) ’

k=1
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(3.6) Hp(r,—2n—1;R,0)
= (5 (3 + 2[5 + 1+ ({752} ~1)2)
k2nt2 sinh(”c—i/l“(l —2)) .

k=1

(iV) IfN | Ri =17y + 7y, then

2
(3.7) Hy (1, —2n; R,0) = cos(lez“zk/c) |
1 k2n+1(6 7 (1=2) _ 1)
in(2mrok
(3.8) Hy(r,—2n— 1; R,0) —m§: $M;Z2k) .
£ pant2( 2HE(1-2) )

Next, by the residue theorem, we find that

(3.9) Ln(r,—n;R,0)
¢ n+2 p (M)B o k(L@N/N)
n+2— o

_27”22 <

| —k)!
== El(n+2—Ek)!

Applying (3.1)—(3.9) to Theorem we obtain a general class of infinite
series.

)k—l‘

3.1. Case of N t rp and N { (r; + r2). In this case, Ay(r1) =
An(R1) =0, and by Theorem we see that, for any integer n and z € H
with Re(z) >0

(3.10) z"HN(VT —n;r, O) = HN(T —n; R,0) + (27m')"LN(T, —n; R, 0).

Putting (3.1] , , , and into ( and employing Re-

mark [2.2] we ﬁnd that for any 1nteger n and z € H
TI"L]{,‘ 2(ri+r2) _ orri] _ _ r11)1
(3.11) ZznZCOSh( (%% ?[N]k 3+(1 2{%}1)3)
pt k2n+l smh(% (1-1))

e 2[4 1+ () - 1))
k2 sinh (28 (1 — z))

k=1
e 142 j—{(r1+r2)/N} Jjton/N
21 By () Bangk () i
(2mi) ;;g% K(2n +2 — k)| ==
and
(.12) 2n+1zs1nh (z () —o[5] 14 (1-2{%})1)

k2n+2 sinh ( ik ( ) )
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i sinh (% (S + 2742 + 1+ (2{=52} —1)2))
k22 sinh (2 (1 — 2))

¢ 243 p (M)Bg 3 k(j+QN/N)

2n+2 c nro— c k—1
CURDIDY K(2n+3— k) (=2

7j=1 k=0

THEOREM 3.1. Let a, 8 > 0 with a3 = w%. Suppose that v, v’ are real
numbers such that r, v + 1’ are not integers. Then, for any integer n and
for any positive integer ¢,

= cosh((2(r + 1) = 2[r] — V)7wik/c + (1 — 2{r})ak/c)

“ pt E2ntlsinh((a —im)k/c)
o i cosh((=2r + 2[r + '] + V)wik/d + (1 — 2{r +'})Bk/c’)
prt k2rtlsinh((8 + im)k/c)
¢ 2n+2 7“+r j+on /N
_ 92n+l Z Z Bk(] L })B2 (] Qc]y/ ) (_ﬂ_i)kanfk+1
: k: (2n+2—k)! ’
=1 k=0
and

o172 i sinh((2(r +7') = 2[r] = V)wik/d + (1 — 2{r})ak/)
k22 ginh((o — im)k /)

k=1

172 = sinh((=2r 4 2[r + 7] + V) 7wik/d + (1 — 2{r +7'})Bk/c
— (—p) 2y (( [ kQ”JQSHJK(ﬂ{+iﬂ);/c@ { HBk/C)

k=1

/

c 2n+3 ] {r+r})B2 e k(]-f—QN/N)

DY Z k!(2n 43 — k)! .

7j=1 k=0

Proof. Put z = mi/a in (3.11)) and (3.12), and replace r1/N and ro/N

by r and 1/, respectively. Then the desired results follow. =

Wi>kan—k+3/2'

We now assume that r is a real number with 0 < r < 1 and ' = 0 in
Theorem Then it is easy see that

{j+i5v/zv} _ {j—i—c’{—Nrc},—FNc’r—r} _ {];r}

Thus, from Theorem [3.1] we obtain the following theorem.

THEOREM 3.2. Let o, 3 > 0 with a3 = w2. Let r be any real number
with 0 < r < 1. Then, for any integer n and for any positive integer ¢,
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2. cosh((1 — 2r)(a — im)k/c)
— k2 +lsinh((o — im)k /)

2. cosh((1 —2r)(B +im)k/c)
k2 tlginh((8 + im)k/c)

(3.13) o™

= (-A)™"

k=1

c 2n+2 Bk ]— B2n+2 k( r)

PP Fn+2— k)l

=1 k=0

)k n— k:-i-l

(—mi

and

—n—1/2 sinh((1 — 2r)(a —im)k/c)
(3.14) « Z k2n+2smh (o —im)k)d)

B e 1/QZ:Smh (1 =2r)(B+im)k/)
N k2r+2sinh((8 + im)k/c)

' 2n+3 — —r
By ( j ") Bopn43— k( )
_ 92n+2 — ik t3/2.
2.0 k:' s e
7=1 k=0
COROLLARY 3.3.
= csch((a —im)k/c)
« Z k.2n+1
k=1
= csch((B +in)k/ )
Z k2n+1
k=1
d 2n+2 2] 1 B ( '—1)
_ 92n+l 2n+2—k _ai)kan k1
ZZ k'2n+2—k) (=mi)"a

7j=1 k=0

Proof. Put r =1/2 in (3.13). =

COROLLARY 3.4.

Z cosh(mk/c") sin(wk/c)
kA t1(cosh(2rk /') — cos(2mk /)

(27T)4n+1 ' 4An+2 Bk( )B4n+2 k( 1) ( i)k_l
S S ' — -
== k:.(4n +2—k)!
Proof. Let a = 3 = m in Corollary and replace n by 2n. Use
2i cosh(z) sin(y)

csch(z — iy) — csch(z +iy) = cosh(2z) — cos(2y) )
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COROLLARY 3.5.

sinh(wk/c) cos(mk/c)
Z k4 +3(cosh(2rk /') — cos(2mk /)

= (277)4n+3 d 475_:4 Bk(2 _1)B4n+4 k(QJ 1) (—i)*
2 s El(4n +4 — k)! )

Proof. Let @ = 3 = = in Corollary and replace n by 2n + 1.

Use
. . 2sinh(x) cos(y)
h(z — h = '
csch(z — 4y) + csch(z + iy) cosh(2z) — cos(2y)

COROLLARY 3.6.

achsch (o —im)k /) +ﬂchsch (B+im)k/) =~ /2.

k=1

Proof. Put n = —1 in Corollary .

COROLLARY 3.7.
/

ksinh(rk/c’) cos(nk/c) ¢
; cosh(2wk/c') — cos(2nk/d) ~  2m

Proof. Put n = —1 in Corollary .

COROLLARY 3.8.
csch((oz—m k/c) icseh ﬁ—l—mr)k:/c) 5—a+7ri<c,1>‘
k=1 k=1
Proof. Put n =0 in Corollary It is easy to see that

Enl) £ (-0

Jj=1

COROLLARY 3.9.

cosh(nk/¢) sin(rk /') 7 <C, 1>.

Z k(cosh(27k/c/) — cos(2nk/c’)) 12

Proof. Let a = = 7 in Corollary .



Infinite series identities

COROLLARY 3.10.

. 1/QZ:sech a—m) 7)

k.2n+2

_ e 1/QZsech ((B+im)5)

k2n+2

/

c 2n+3 4—1 BZn+3 k( —1)

_ 92n+3 Z Z

7=1 k=0

Proof. Let r=1/4 in (3.14)). =

COROLLARY 3.11.

a1/2<§:sech<(a —im) 2]2/) * ;>

k=1

k:‘ 2n+3 —k)!

— 1/2<Zsech< + i) k>+;>

Proof. Let n = —1 in Corollary We see that

45 —1
QZZ k' 13_1 k)( )( riYha k12 _%a

7=1 k=0

249
(_W,L-)kanfk+3/2.
1/2 + % (—,8)1/2. -

3.2. Case of N |ry and N { (r1 +73). By Theorem 2.1} for any integer

n and z € H with Re(z) > 0,

2"Hy(VT,—n;r,0) = Hy(7,—n; R,0) + (278)" Ly (T

+ lim Dy(0,72/c, ),
S——n

where D;(0,72/c, s) is defined in Section 2. Since

e e ) A

)
:—c’[ NC/:| —(Nc’—l)[
we find that

PR fimdre ] -

c N c

Recall the notation of Z4 (s, x) defined in (2.6)), i.e.,
Zi(s,x):=((s,x) £((s,1 —x).

, TN R7 0)
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Then, using Lemma 2.2 in [§] and employing Remark we have, for any
z € H,

o0

n 2cos(2mrak/c
(3.15) 22 ; k2n+1(e"’(’;f’“(z—1/) ) g
i cosh(Z (2[R2] + 1+ (2{R} — 1)2))
k2”+1 sinh (Z (1 — 2))
L () ()

27_” 2n+1 Z Z

k=1

(_Z)kil + JO(n)v

o k(2n—|—2—kz)
where
—(2miz)?"(—2n — 1) 2, (—2n,{rs/c}) ifn <0,
Jo(n) := { log(1 — e=2mir2/c) if n=0,
—22Mp(—r9/c,0,2n + 1) if n >0,
and

2nt1 2i sin 27Tr2/<:/c)

i sinh (%" (2[%’] 1+ (2{%} - 1)2))
k‘2”+2 sinh (ZE(1 - 2))

c 2n+3 (j {7‘2/ })

27” 2n+-2 Z Z

k=1

Boyis— k(L[Z?/N])

(=2)* + Jo(n),

== k: (2n+3 —k)!
where
(2miz)?"H(—2n — 2)! Z_(—2n — 1,{ry/c}) ifn < —1,
Jo(n) :== < (2miz) (7 cot(m{ra/c}) — mi) ifn=-1,

220 (—rg /e, 0,2n + 2) if n>0.

THEOREM 3.12. Let o, > 0 with o3 = 2. Let r be any real num-
ber which is mot an integer. Then for any integer n and for any positive
integer

e i 2cos(2nrk/c)

k2n+1 (e(a—iﬂ')Qk/c’ _ 1)

_ ni cosh((2[r] + 1)mwik/c + (1 — 2{r})Bk/)
k2 +lginh((8 + im)k/c)

k=1

k=1
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c 2n+2 ( +[r]

_ 92n+l Z Z 2n o k) ) (—Wi)kan_k—ﬂ gy (n)7

7j=1 k=0

where
—(=4p)"(=2n =1 2 (=2n,{r/}) ifn <O,
Ji(n) := { log(1 — e~ 2mir/c"y ifn =0,
—a ™p(—r/d,0,2n + 1) if n > 0.
Proof. Put z =7i/a and ro/N =7 in (3.15). =

THEOREM 3.13. Let o, 3 > 0 with a3 = ©%. Let r be any real number
that is not an integer. Then for any integer n and for any positive integer c,

_ 2isin(2nrk/c)
n—1/2
Z k2n+2 (a—im)2k/c )

e sinh((2[r] + 1)mwik/c + (1 — 2{r})Bk/c
) 1/22 (( [k]2"+2>sinh/((ﬁ +(m)k/{c/)}) /<)

k=1
¢ 243 p j j+
22”+2Z Z k! QRB_?; — ;;)( [ ]) (_mv)kan—k+3/2 + J1(n),
7=1 k=0
where
(—=4B)" V2 (—2n — 201 Z_(=2n — 1,{r/d}) ifn < -1,
Ji(n) =< —ial2cot(m{r/c'}) — Jal/? ifn=-1,

a " Y2(=r/d,0,2n + 2) if n > 0.
Proof. Put z =mi/a and ro/N = r in (3.16)). =
PROPOSITION 3.14. Let o, 3 > 0 with af8 = 2. Then for any integer n
and any positive integer

e 2cos(mk/c
- (rk/)

k2n+1 (e(afiﬂ')Qk/c’ _ 1)

k=1

cos(mk /)
Z k2 tlginh((8 + im)k/c)

B (%) Bango—i (%)
22n+1 20’ n k. _n—k+1 J
;kzo I<:'2n+2—k) (=mi)"a™ T 4 o (n),

where
—(=48)"(—2n — ) 2. (—2n,1/2¢) if n <0,
Jo(n) := { log(1 — e~™/) ifn =0,
—a "P(—1/2¢,0,2n + 1) if n > 0.
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Proof. Put r =1/2 in Theorem

PROPOSITION 3.15. Let o, B > 0 with 045 = w2. Then for any integer n
and any positive integer ¢,

_ 2sin(mwk/c)
n—1/2
Z k2n+2 (a—im)2k/c! )

B e 1/22 sin(mk/c)
N k22 sinh((8 + im)k/c’)

2n+2 ¢ B 2] 1 B2n+3 k( ) Nk n—k+3/2
+ 12 ]Zl kzo k;' 2n+3 B! (—mi)* o + Ja(n),
where
(=1)™(4B)" /2 (=2n — 2N Z_(—2n — 1,1/2¢) if n < —1,
Ja(n) == a2 cot(r/2c) + Lat/? if n=—1,

—ia 24 (=1/2¢,0,2n + 2) if n > 0.
Proof. Put r =1/2 in Theorem .
COROLLARY 3.16.

— 2kcos(rk/c) > k cos(mk/c) d
az ela—im)2k/c" _ 1 _ﬂz:l sinh((6 +im)k/d) 2
Proof. Let n = —1 in Proposition [3.14] =

COROLLARY 3.17.

o2 Z 2 sin( ﬂk/c

ela—im)2k/c/ _

= (-p)V/? sin(7k/c’) L ™
Zblnh (B +im)k/c) 2 cot 2¢ )"

Proof. Let n = —1 in Proposition |3.15] =

COROLLARY 3.18. Let r be any real number with 0 < r < 1. For any
positive integer M,

Y Z k*M=1 cos(2nmrk/c) sin(2mk /)
cosh(2ak/c’) — cos(2mk/c’)

B E*M=1 cosh(28rk/c) sin(2mk/c)
T Z cosh(2p8k/c") — cos(2mk/c’)

Proof. Let 0 <r <1 and con51der the imaginary parts in Theorem
in the case of n =—-M < 0. =
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COROLLARY 3.19. Let r be any real number with 0 < r < 1. For any
positive integer M,

GM-1/2 Z E*M=2gin(2mrk/c) sin(2nk /)
cosh(2ak/c’) — cos(2mk/c’)

B M1 qM—1/2 k*M=2ginh(28rk/c) sin(27k/c)
= (=1 b Z cosh(20k/c') — cos(2mk/c’)

Proof. Let 0 < r < 1 and consider the real parts in Theorem in the
caseof n=—-M < 0. n

3.3. Case of N |ry and N |(r; +r2). By Theorem [2.1] for any integer
n and z € H with Re(z) > 0, we have
Z"Hn(VT,—n;1,0) = Hy(1,—n; R, 0) 4+ (27i)" L (7, —n; R, 0)
+ shrfln(Dl(O’ ra/c,s) + Da(0, —r1 —ro +12/c, 8)),

where D;(0,72/¢,s), D2(0,—r1 — 12 + 72/c, s) are defined in Section 2. By
the given conditions on r; and ro,

ON 2 ry+ 72 T2
N:c'{—ﬁ—rz—l—N/}—(l—Nc'){ N }:c,{Nc’}'

Hence employing Lemmas 2.2 and 2.3 of [§] together with Remark we
find that, for any z € H,

e} [e.o]

(3.17) »2n Z 2 cos(27rok/c) . Z 2 cos(2mrok /)

1 k2n+1<6221k(;—1) _ 1) N 1 an—i—l( 2Mk(1 —z) 1)

¢ 2n+2
Bi(j/¢)Banyo—w(j/c + {7”2/6})
2 2n+l k + J
i) ; kzo Kl(2n 42— k)| (),

where if ¢ { rg, then
(1 — 22)(270)?"(—2n — 1) Z(—2n, {ra/c}) ifn <0,
J3(n) =1 —2miBy(ra/c) if n=0,
V(ra/e, 0,1+ 2n) — 22™p(—re/c,0,14+2n)  if n >0,
and if ¢|rq, then
(1—22")¢(1+2n) ifn<0,
J3(n) =< wi—logz if n =0,
(1—22")¢C(1+2n) ifn > 0.
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For ¢t ry, we also deduce that, for any z € H,

2isin(2mrak/c) > 2isin(2mrak/c)
»2ntl 2 _
(318) Z 9 2 27rzk 1 -1) - Z MM+ 27rik(1_z)
1 k2t (2 —1) Dk 2(e -1)
~ N Bili/¢)Bonesii/¢ + {ra/e})
2 2n+2 2n+3— o \k—1
i) le kzo Kl(2n + 3 — k)] (=2 + Js(n),
where

(2 1) (2mi) T (—2n—2)! Z_(—2n—1,{rs/c}) ifn < —1,
J3(n) := ¢ L(271 = 1) cot(mra/c) — $(z71 + 1) if n=-1,
Y(ra/c,0,2 + 2n) + 22" ) (—ry/c,0,2 + 2n) if n>0.
THEOREM 3.20. Let o, 3 > 0 with a3 = w2. Suppose that r is an integer
and ¢ is a positive integer with ¢ { r. For any integer n,
[e.e] o0

e Z 2cos(2nrk/c) _ (=) Z 2cos(2nrk/c)

fe2n+1 (€2k(a—i7r)/c’ _ 1) - k2n+1(62k(ﬁ+iﬂ’)/c’ _ 1)

k=1 k=1
_ gt i%ir:z Bi(j/c 52;;2+k2(]_/2)+ {r/c}) "R ik 4 Ja(n),
j=1 k=0
where
Pn(an — (~By) (=2 — 2 (~2n, {r/c})  ifn <,
Ju(n) == —2miBy(r/c) ifn=0,

(=B)"(r/d,0,142n) —a ™p(—r/d,0,14+2n) ifn > 0.
Proof. Put z =mi/a and ro/N = r in (3.17). =

THEOREM 3.21. Let o, 3 > 0 with a3 = 72. Suppose that r is an integer
and ¢ is a positive integer with ¢’ { r. For any integer n,

2ZSID 27(7‘]{3/6)
n—1/2
Z k.2n+2 e2k(a—im)/c/ )

2isin(2nrk/c)
_ —n—1/2
- Z k.2n+2 e2k(B+im) /! _ )

¢ 2n+3
Bi(§ /) Bonys—k(i/ +{r/c}) .k n-
2n+2 k ] 2n+3—k\J . k_ n—k+3/2
-2 Z Z k!'(2n + 3 — k)! (—=mi)" + Ja(n),

7j=1 k=0
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where
(2201 (—yrHI/2 — ) (20 - 2))
x Z_(=2n—1,{r/c}) if n < —1,
Taln) 1= 3 R (@l = (=B)V2) cot(mr/) — Ll + (~B)Y2) ifn =1,
(=B) " YV24(r/d,0,2 + 2n)

+ a2 (=1 /0,2 4 2n) if n > 0.
Proof. Put z =7i/a and ro/N = r in (3.18). =

COROLLARY 3.22. For any positive integer M,

2 kML cos(2mrk /) sin(27k /)
— cosh(27k/c") — cos(2mk/c’)

=0.

Proof. Let « = f = mw in Theorem Replace n by —2M for any
positive integer M, and use
1 1 isin(z)
3.19 4 — . = .
(3.19) er—iw —1 et —1  cosh(x) — cos(x) -

COROLLARY 3.23. For any positive integer M,

o0

cos(2nmrk/c) sin(2wk /)
p kE*M+1(cosh(2mk /) — cos(2mk/c))

4M+1 EC:ZBQIHl ]/c B4M+1 Qk(]/C +{T/C/})
j=1 k=0 (26 4+ DM +1 = 26!

B (27T)4M+1 B Z
2(4M + 1)1 M ¢ )

Proof. Let a = 3 = 7 in Theorem[3.20] Replace n by 2M for any positive
integer M. For n > 0, applying Corollary 3.47 of [8], we find that

(_1)kz+1

sin(2nrk/c
¥(r/d,0,1+4n) —(—r/c,0,1 +4n) = 2i Zk4n+1/)

B (27r)4”+1 B r
T Un+ 1) e )
Employing (3.19) and considering the imaginary parts, we arrive at the
desired results. m

COROLLARY 3.24. For any positive integer M,
c 2M-1

Boy, ]/C )B k(G/c +{r/d}) _
; kzo 2 41‘1]\2—21—%) (-)F=0.
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Proof. Let o = 8 = 7 in Theorem [3.20, Replace n by 2M — 1. Consider

the imaginary parts. m
COROLLARY 3.25.

ai k cos(2nrk/c) +ﬂ§: k cos(2nrk/c)

Pt €2k(a i) 1 Py e%(ﬁ-ﬁ-iﬂ) -1

= ﬁ4_7t2a (¢(2, {T/c/}) +¢(2,1— {T/C/})) B C,/4.
Proof. Put n = —1 in Theorem .

COROLLARY 3.26.

cos(2mrk/d) sin(27k /)
Z k(cosh(2rk/c’) — cos 27rk:/c )

=7 Z By(j/d)Bi(j/c +{r/c}) — aBi(r/c).
j=1
Proof. Let a = 3 =m and n = 0 in Theorem Use (3.19). =

COROLLARY 3.27. Forcd #1,

cos(2rk /) sin(2wk /) (d=2)(+2)m
Z k(cosh(2mk/c') — cos(2mk/c))) 6c/

Proof. Let r =1 in Corollary [3.26] =

COROLLARY 3.28.

o0

i sin(2nrk/c’) sin(27k /) Z sin(2mrk/c) cos(2wk /)
— cosh(27k/c') — cos(2mk /') cosh(2mk/c’) — cos(2mk /)

=1

B L
cosh(27k /') — cos(2mk/c’) '

Proof. Let n = —1 in Theorem [3.21] and consider the imaginary parts. m

THEOREM 3.29. Let o, 3 > 0 with o8 = w2. Suppose that r is an integer
and ¢ is a positive integer with ¢’ |r. For any integer n,

o0 [e.9]

“n 1 B . 1
i z; ey 1) ) kz_: R (R 1)

c 2n42

n By, ]/C B2n 2 k(]/c) n— . 1
2y Y o 2n+2+_ 0 ° kL (—mi)k 4 5Jég(n)
7=1 k=0
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where
(=B)™ =™ ifn <0,
Jy(n) = %loga—%logﬁnLgi ifn =0,
(=B)"™—a™)C(1+2n) ifn>0.
Proof. Put z = mi/a in (3.17). For n < 0, use (2.5)), i.e., ((1 + 2n) =
B_9,/(2n). =
COROLLARY 3.30. For any positive integer M,
i E*M=1gin(2rk/c)
— cosh(2mk/c') — cos(27rk:/c’)
Proof. Let o = 3 = 7 in Theorem [3.29] and replace n by —2M for any
positive integer M. Equate the real parts. "

=0.

COROLLARY 3.31. For any positive integer M,

Z sin(27k/c)
— kAMA+1 cosh(2mk /') — cos(2mk /)

_ _w o % B2k+1(j/CI)B4M+172k(j/C/) (_1)k

2 (2k+1)!(4M+1—2k)!

j=1k=0
Proof. Let a = 8 = 7 in Theorem [3.29] and replace n by 2M for any
positive integer M. Equate the real parts. "
COROLLARY 3.32. For any positive integer M,
¢ 2M+1

Yy BuOlbunaallc) iy o

7=1 k=0

Proof. Under the conditions in the proof of Corollary equate the
imaginary parts. m

COROLLARY 3.33.
oo oo
k k d 1
O‘; h(a—injd _1 T ﬁ; hGrme 1 4 T (6 +a).
Proof. Put n = —1 in Theorem and use ((—1) = —1/12. =
COROLLARY 3.34.

i k cos(2mk /) B i ke=2mk/c! _i’+i
£~ cosh(2mk/c') — cos(2mk/c) B £~ cosh(2mk/c') — cos(2mk/c)  4Am 12°
Proof. Let a = 8 = 7 in Corollary Use
1 1 -
(3.20) Lo, 1 cos@) - ¢ .

er=w —1  ertw —1  cosh(z) —cos(x) cosh(x) — cos(z)
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COROLLARY 3.35.

oo

1 > 1
2k(a—im)/c’ _ Z 2k im)/c’
2 (K= ﬂke<m»v 0

—_

(B—a)+ 1 log 5 N (' — 1)1(206,— 2)7i

T 12¢
Proof. Put n =0 in Theorem [3.29] =
COROLLARY 3.36.
i sin(27k/c) (=D =2
k(cosh(2mk/c’) — cos(2mk/c)) 12¢/
Proof. Let a = 3 = 7 in Corollary and apply . u
COROLLARY 3.37. For any positive integer M,
i E*M+L cos(2mk /) _i AMA1 o —2mk/c! N Binio
cosh(27k/c') — cos(2mk /) p cosh(2rk/c') — cos(2mk/c!)  4M +2°
Proof. Let o« = = mw in Theorem and replace n by —2M — 1 for
any positive integer M. Use . n
COROLLARY 3.38. For any positive integer M,
Z cos(2mk/c)
— kE*M=1(cosh(2rk /) — cos(2mk/c))
727rk/c

= kzl k*M=1(cosh(2mk/c) — cos(2mk/c))

k=1

T)AM—1 d 2M N Buny e
(2 )2 3 BQk((;Ii)!()ZlB]\ZM_QQkkg!/ ) (—1)k — C(AM — 1).

j=1k=0
Proof. Let o = 8 = 7 in Theorem [3.29] and replace n by 2M — 1. Equate
the real parts. =

COROLLARY 3.39.
¢ 2M-—1

Z Z Bok11(j/¢)Bapr—1- zk(]/c)( 1)k =0
(2k + D)I(4M — 1 — 2k)! '

j=1 k=0

Proof. Under the conditions in the proof of Corollary equate the
imaginary parts. m

4. Case ¢ = 2. In this section, we assume ¢’ = 2. Then using the results
in Section 3 of [8], we obtain a number of infinite series identities, many of
which are new.
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4.1. N {r; and Nt (r1 4+ r2). Put ¢ = 2 in Theorem [3.1] It is easy to
see that

o cosh((2(r +7') = 2[r] — V)mik/2 + (1 — 2{r})ak/2)
(4.1) Zl k2n+1lsinh((a — im)k/2)

_ o201 Z cosh((r + r")2mwik + (1 — 2{r})ak)
— k2n+1 sinh(ak)

G i sinh((2(r 4+ r")mi + (1 — 2{r})a)(2k + 1) /2)

— 2k + 1)2n+ cosh(a(2k + 1) /2) ’

and

(a2 3 o2 2lr ) Dmik/2 4+ (1= 2{r 4 1/)6k/2)

— k2 tlginh((8 + im)k/2)

_ 9201 Z cosh(—2mirk + (1 — 2{r +1'})Bk)
B k2n+1 sinh(Gk)

)i+ Z sinh((—2mir + (1 —2{r +'})B)(2k + 1)/2)
(2k + 1)27*1 cosh(B(2k + 1)/2)

THEOREM 4.1. Let o, f > 0 with a3 = w%. Suppose that r, v’ are real
numbers such that v, r +r' are not integers. Then, for any integer n,

" —n > sinh((2(r +7r")mwi + (1 — 2{r})a)(2k + 1)/2)
(=)a™ > (2k + 1)27+1 cosh(a(2k + 1) /2)

k=0

B et = sinh((—=27ir 4+ (1 — 2{r +1'})B)(2k + 1)/2)
= (=)"=A) kzzo (2k + 1)27+1 cosh(B(2k + 1)/2)

2n+2 By (j*{Té‘i’T/} ) BQn+27k (j+9év/N)

(—Wi)kan_k+1

I AT
it El(2n +2 — k)!
n 2 By(r + ') Bongo—i(on/N) (mi)Ean 1,
YiwA
kzzo K20+ 2 — k)|

Proof. Put (4.1) and (4.2) in the first equation in Theorem and use
Theorem 3.1 in [§]. =

Similarly we obtain the following theorem.

THEOREM 4.2. Let a, 8 > 0 with a3 = w%. Suppose that r, v’ are real
numbers such that v, r +r' are not integers. Then, for any integer n,
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(—1)Flqn-1/2 Z cosh((2(r +r")mi + (1 — 2{r})a)(2k + 1)/2)
2k + 1)27+2 cosh(a(2k + 1) /2)

B _— e cosh((—2mir+ (1 —2{r +r"})B)(2k +1)/2)
= (=)= v Z (2k + 1)27*2 cosh(B(2k +1)/2)

2n+3 By, (J {7"‘*‘7“/})32 (]+QN/N)
)

Nk n—k+3/2
Kl(2n+ 3 — k)! —mi)te

J
By (r + ") Banyz—k(on/N) (mi)kanht3/2,
k(20 + 3 — k)!

COROLLARY 4.3. For any positive integer M,

T] M Z sinh((2(r +r")wi 4+ (1 — 2{r})a)(2k + 1)/2)
2k: + 1)172M cosh(a(2k + 1)/2)

_ (—1)r ()M sinh((=2mir + (1 = 2{r +1'})3)(2k + 1)/2)
B Z (2k 4+ 1)1=2M cosh(B(2k +1)/2) '

Proof. Put n = —M in Theorem- .

COROLLARY 4.4.

[T] Z sinh((2(r +r")mi + (1 — 2{r})a)(2k + 1)/2)
(2k 4+ 1) cosh(a(2k +1)/2)

] sinh((—2mir + (1 — 2{r +7'})3)(2k + 1)/2)
=07 kzo (2% — 1) cosh(3(2k + 1)/2) +4

where
A {m'/4 if [on/N] is odd,
© | —mi/4  if [on/N] is even.
Proof. Put n =0 in Theorem .

COROLLARY 4.5. For any positive integer M ,

(-1 )[T] M-1/2 Z cosh((2(r +r")mi 4+ (1 — 2{r}H)a)(2k + 1)/2)
(2k + 1)272M cosh(a(2k +1)/2)

_ (—)IrH (- gy M1/ Z cosh((=2mir + (1 — 2{r + r'})8)(2k + 1)/2)'
(2k + 1)272M cosh(B(2k + 1)/2)

Proof. Let n = —M in Theorem .2l If M > 1, then Corollary is
obvious. If M = 1, then we can check that the sums over the Bernoulli
polynomials vanish. =
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Let us assume that r is a real number with 0 < r < 1 and 7’ = 0. We
see that

oN/N = —=2[Nr| —r.
Thus
(4.3) [on/N] = —-2[-Nr|]—-1, {on/N}=1-r
THEOREM 4.6. Let o, 8 > 0 with a3 = 2. Let r be a real number with
0 < r < 1. Then, for any integer n,

_nﬁiisnﬂm(ZwM"+»a(1——2r»(2k—%1)/2)
(2k + 1)2n*+1 cosh(a(2k + 1)/2)

o= sinh((=2mir + B(1 — 2r))(2k +1)/2)
= (=P) Z (2k + 1)27*1 cosh(B(2k + 1)/2)

k=0

k=0
2 2n+42 _
By ( 555) Bopga k(] “)

DI mzn+2—m (=mi)*a

7j=1 k=0
2n+2
7)Bany2 k(1) b gn—h+1
'*EI M2n+2—k)( mi) e

Proof. Let ' =0 and 0 < r < 1 in Theorem and apply (4.3). =

THEOREM 4.7. Let o, f > 0 with a3 = 2. Let r be a real number with
0 < r < 1. Then, for any integer n,

Ry Z cosh((2mir + a(1 —2r))(2k +1)/2)
(2k + 1)2n+2 cosh(a(2k + 1)/2)

B e 1/2ZCOSh —2mir + B(1 —2r))(2k +1)/2)
(2k + 1)27*2 cosh(B(2k + 1)/2)

2 2n 3 —r
22n+22 i B2n+3 k( ) (—Wi)kan_k+3/2
M2n+3 k)l
7j=1 k=0
2n+3
B Z 7)Bon g3k (r )( i)Ean k32,
M?n+3 k)l

Theorems [4 and - can be divided into two parts, i.e., the real parts
and the imaginary parts. We use

sinh(z + iy) = sinh z cosy & i cosh x sin y,

cosh(x £ 1y) = coshx cosy + isinhxsiny

for any real numbers x, y.
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THEOREM 4.8. Let o, 3 > 0 with a8 = 2. Let r be a real number with
0 <r < 1. Then, for any integer n,
e i sinh(a(1 — 2r)(2k + 1)/2) cos(nr(2k 4 1))
(2k + 1)?n+1 cosh(a(2k + 1)/2)

o0

_ ()" sinh(8(1 — 2r)(2k 4+ 1)/2) cos(nr(2k + 1))
a - (2k+ 1)2n+1 cosh(B(2k + 1)/2)

2 n+l
Bok (157) Banta—ak (2

p et 2k N(2n + 2 — 2k)!

k=0

[e=]

T) an—k—f—l (—ﬁ)k

nt1
Boy(r)Banyo—2k(T) i .
+§) (2k)!(2n+2 - 2k)! H=B)"

Proof. Equate the real parts in Theorem "

THEOREM 4.9. Let o, 8 > 0 with a3 = 2. Let r be a real number with
0 <r < 1. Then, for any integer n,

Y i cosh(a(1 — 2r)(2k + 1)/2) sin(7r(2k + 1))
“ (2k + 1)2n+1 cosh(a(2k + 1)/2)

o cosh(B(1 — 2r)(2k + 1)/2) sin(rr(2k + 1))
—(=B) Z (2k + )2”+1 cosh(B(2k +1)/2)

k=0

kO

Bojs1(555) Bong1—26(155)
- ]ZMZO 2k+ Tent 1ok @ P

"~ Boji1(r)Bong1-2k(1) i i
: WkZ:O 2k + Dl(2n + 1 — 2k)1 (—B)".

Proof. Equate the imaginary parts in Theorem "
THEOREM 4.10. Let o, B > 0 with a3 = w2. Let r be a real number with
0 <r < 1. Then, for any integer n,
on—1/2 Z cosh(a(l —2r)(2k +1)/2) cos(mr(2k + 1))
2k7 + 1)2n+2 cosh(a(2k + 1) /2)

e S sinh(B(1 — 2r)(2k + 1)/2) sin(rr(2k + 1)
= (-8 1/22 (2k + 1)2+2 cosh(B(2k + 1)/2)

2 n+l1 Jj—r
sz (5) Bonys—ak (155)
_ 92042 ) n—k+3/2( vk
;Z 2k)(2n + 3 — 2k) (=)

k
n+1
3 Bok(r) Ban-+3-2k(7) an k32 gk,

a £~ (2k)!(2n + 3 — 2k)!
Proof. Equate the real parts in Theorem "
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We see that the imaginary parts in Theorem [£.7] give the same theorem
as Theorem [£.10l

COROLLARY 4.11. For any positive integer M ,

ot = (25 4+ 1)*M=Lsinh(a(1 — 27)(2k + 1)/2) cos(mr(2k + 1))
oM cosh(a(2k + 1)/2)

o (25 + 1) Lsinh(B(1 — 2r)(2k + 1)/2) cos(mr(2k + )
=h kzzo cosh(B(2k +1)/2)

Proof. Put n = —2M in Theorem .

COROLLARY 4.12. For any positive integer M,

J2M-1 Z (2k 4+ 1)2M=3 cosh(a(1 — 2r)(2k + 1) /2) sin(7r(2k + 1))

)
= cosh(a(2k +1)/2)
)

_ peme 2 (2k + 1)2M =3 cosh(B(1 — 2r)(2k + 1)/2) sin(7r(2k + 1))
B kzo cosh(B(2k +1)/2) )

Proof. Put n = —2M + 1 in Theorem [4.9] =

COROLLARY 4.13. For any positive integer M,

o2M-3/2 Z (2k + 1)*M =4 cosh(a (1 — 2r)(2k + 1)/2) cos(nr(2k + 1))

— cosh(a(2k +1)/2)

_ponrar e (26 + D)4 sinh(8(1 - 2r) (2k + 1)/2) sin(mr(2k + 1))
=F kZ:o cosh(B(2k +1)/2) :

Proof. Put n = —2M + 1 in Theorem [£.10] The sums of Bernoulli poly-
nomials vanish when n = —1. =

Corollaries are symmetric with respect to o and 3.
COROLLARY 4.14. For any positive integer M,

i (2k + 1)*M=3sinh (7 (1 — 2r)(2k + 1)/2) cos(mr(2k + 1))
cosh(m(2k +1)/2)

=0.

k=0
Proof. Replace —n by 2M — 1 and let &« = 3 = 7 in Theorem [4.8] =

COROLLARY 4.15. For any positive integer M,

i (2k + 1)*M =1 cosh(m(1 — 2r)(2k + 1)/2) sin(wr(2k + 1))

cosh(m(2k +1)/2) =0

k=0
Proof. Replace —n by 2M and let a = 8 = 7 in Theorem .
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COROLLARY 4.16. For any positive integer M,
i (2k + 1)*M=2 cosh(n(1 — 2r)(2k + 1)/2) cos(nr(2k + 1))
— cosh(m(2k +1)/2)
Proof. Replace —n by 2M and let o = 8 = 7 in Theorem "
COROLLARY 4.17.

i sinh(a(1 — 2r)(2k + 1)/2) cos(mr(2k + 1))
(2k 4+ 1) cosh(a(2k +1)/2)

=0.

k=0

sinh(B8(1 — 2r)(2k 4+ 1)/2) cos(mr(2k + 1))
B Z (2k + 1) cosh(B(2k +1)/2)

Proof. Put n =0 in Theorem [4.8 =
COROLLARY 4.18.
i cosh(m(1 —2r)(2k 4 1)/2) sin(nr(2k + 1)) =

P (2k + 1) cosh(w(2k + 1)/2) -8
Proof. Put n =0 and let @« = 8 = 7 in Theorem ]
COROLLARY 4.19. For any positive integer M,

i sinh(7(1 — 2r)(2k + 1)/2) cos(mr(2k + 1))

prt (2k + 1)*M~=1 cosh(7(2k + 1)/2)

(27_(_ 4M 1 2 2M

]ZMZO 4M—2k() >(_1)k

oM
rAM=1 Boy (1) Banr—2k(r)

2 = (2k)I(4M — 2k)! (=1

Proof. Put n =2M — 1 for any positive integer M and let « = § = 7 in
Theorem (4.8 =

COROLLARY 4.20. For any positive integer M,

+

i cosh(m(1 — 2r)(2k + 1)/2) sin(7r(2k + 1))

— (2k + 1)*M+1 cosh(m(2k +1)/2)

27r aM+1 2 2M

ZZB%H (52) Bant1—26 (L )(_1)1€

— |
— £ (2 + 1)(AM + 1 — 2k)!

widM+1 2 Bojt1(r)Banr1-2k(r) 1

— (2k + 1)I(4M + 1 - 2k)!
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Proof. Put n = 2M for any positive integer M and let « = = 7 in
Theorem 4.9 =

REMARK 4.21. If we put r = 1/2, then Theorem yields Proposition
3.21 in [8], which is found in Ramanujan’s Notebooks [I1] and established
by other authors [8, p. 13].

4.2. N|r; and N {(r; +r2). In this case, we see that
ON 792 T2
ON _ ol —ppt 22| —oN| 2] 4 |12,
v =] o [R] [3
Thus {on/N} = 0. First, put ¢ = 2 in Theorem It is easy to see that

e}

(4.4) Z cos(m'“k:)

f2n+1 (e(afwr)k _ 1)

i1
- cos(2mrk) > cos(mr(2k + 1))
Zl Qk 2n+1 eZak’ ;) 2k.+1 2n+1 ea(2/€+1) + 1)’
and
> cosh((2[r] + 1)wik/2 4+ (1 — 2{r})Bk/2)
(45) ; I<:2”+1 sinh((8 + im)k/2)
B cosh((1 — 2{r})gk) 1= sinh((1—2{r})B(2k +1)/2)
N ; (2k)?n+1 ginh(Bk) (=1 Z;) (2k + 1)2n+1 cosh(B(2k +1)/2)°

We divide the two sums of Bernoulli polynomials in Theorem [3.12] into the
real and imaginary parts, namely,

2 242 p ] {} )B (j+[r])
2n+2—k n—k+1 Nk
(4.6) E E 2n 2 k) ! (—mi)
j=1 k=0

2 n+tl {r} J+lr]
_ B%(] )BQn+2 Qk( ) n—k+1 k
=2 k) (2n+2— 2k ¢ =0

. = BQk—&-l(&)BQn—i—l 2k( H) ek i
i) ChrDiEn+i—om @ P

From the imaginary parts of (4.6)),

2 B —{r} B J+[r]
(4.7) ;Z 2k+21k:+ 1)! ()2n2++i —2k2(1<;). )O‘n_k(*ﬁ)k
(=B)"

T22n+ 1) Bony1(fr),
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where
(1= A{r}/2 if [r] is even,
fr= { 1/2 —{r}/2 if [r] is odd.

In the case of n = 0, we find that

(4.8) $log(1 — e™2™") —log(1 — e~ ™) = % log |cot(nr/2)| + mid /4,

where
—1 if [r] =0 (mod 4),
5 — =3 if [r] =1 (mod 4),
3 if [r] =2 (mod 4),
1 if [r] =3 (mod 4).
For n > 0,

(4.9)  (=r/2,0,2n +1) = 272" Lp(—r,0,2n + 1)
4272 e (172,20 4 1).
In (4.9), the last term on the right hand side is expressed as

(4.10) 272 LTy (—p, 1/2 o2n 4+ 1)

Z cos(mr(2k +1)) ; i sin(7r(2k + 1))
2k: + 1 2n+1 (2k + 1)2n+1 ’

THEOREM 4.22. Let o, 3 > 0 with af = ©%. Let r be any real number
that is not an integer. Then, for any integer n,

. i 2cos(mr(2k + 1))
(Qk‘ + 1)2n+1(ea(2k+1) + 1)

k=0
00

) LS sinh(B(1 — 2{r})(2k +1)/2)
= (-D)I+(—p) Z(:) (2k + 1)2n+1 cosh(B(2k 4+ 1)/2)
n+l sz(#)émwﬂk(#)
(2)!(2n + 2 — 2k)!

an—k-‘rl (—ﬁ)k

_Til Bow(r) Bont2 -2k QR gk 7i(—3)" Bapt1(r)
< (2R)!(2

2k)!(2n + 2 — 2k)! 2(2n +1)!
22 7”(_5) B2n+l(fr)
* @2n 1 1) +1(n),

where
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227(—B)"(—2n — 1)! Z4.(—2n, {r/2})
— 271 (=2n — 1)! Z,(—2n, {r}) ifn <0,
I =
(n) L log [cot(mr/2)| + mid /4 ifn=0,
a™ " cos(mr(2k+1)) sin(mr(2k+1 .
<Zk OW D e 0%) if n >0,

and Z+(s,x), fr, 6 are defined in (2.6), ([4.7), (4.8), respectively.

Proof. Apply (4.4)), (4.5) and Theorem 3.42 in [§] to Theorem Em-
ploying (4.6)—(4.10|), we obtain the desired results. =

If 0 < r < 1, then the real parts of Theorem can be compared with
Theorem 4.17 in [5, p. 346].

Next, put ¢ = 2 in Theorem Similarly we obtain the following
theorem.

THEOREM 4.23. Let o, 3 > 0 with a3 = w2. Let r be any real number
that is not an integer. Then, for any integer n,

o172 Z 2isin(mr(2k 4+ 1))
Qk + 1 2n+-2 ea(2k+1) + 1)

- ) ol cosh(B(1 —2{r})(2k +1)/2)
= (-1 ()12 Z 2kt 1) = cosh(B(2k + 1)/2)

2 n+l J+lr]
sz+1 )an+2 e (T50)
_ 92n41 n—k+1/2/_ vk
miy D 2k+1 2n+2—2k). “ (=)
7=1 k=0
n+1 B B
2k+1(7) Bani2 2k n—k+1/2(_ mk
mz 2k + 1 2n+2—2k)a (=)
N (_1)n+1a1/25n+1B2n+2(T.) 22n+1(_1)na1/2ﬂn+132n+2(fr) N I(n>
2(2n+2)! 2(2n+2)! ’
where
2L (B2 (o — 9)1 Z_(~2n — 1, {r/2})
+ 27N (=g 2 (=2n = 2)1 Z_(—2n — 1, {r}) ifn< —1,
I(n):=

1)l )
E3al 2 ese(m(r}) ifn=—1,
_ (2k+1)) (2k+1 ,
a2 (S *> P TR im0,
and Z_(s,x), fr are defined in (2.6)), (4.7), respectively.

If 0 < r < 1, then the imaginary parts of Theorem [4.23] can be compared
with Theorem 4.17 in [5] p. 347].
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COROLLARY 4.24.

2. 2cos(mr(2k + 1)) B )l sinh((1 — 2{r})B8(2k +1)/2)
z;) (2k + 1) (ex(2k+1) — o Z (2k + 1) cosh(B(2k + 1)/2)

cot(g“)!-

o1/2 2sin(nr(2k + 1)) 1)lrl+1 512 cosh(B(1 —2{r})(2k+1)/2)
Z e(2k+1) 4 =(=0"s Z cosh(ﬂ(Qk +1)/2)

—i—ll
—lo
B g

Proof. Let n = 0 in Theorem .

COROLLARY 4.25.

—_1lrl
+ 3 ﬁl/Q(l —{r}) + ( 2) o2 ese(m{r}).
Proof. Let n = —1 in Theorem "
This last corollary is similar to Corollary 4.20 in [5 p. 349].

PROPOSITION 4.26. Let r be any real number that is not an integer.
Then, for any positive integer M,

> sin(rr(2k +1)) _ (=DM e (Bang—1(r) + 22"~ Banr1(£7)),

L= (2k+1)2M7L 2(2M - 1)
. cos(mr _1\M-12M
kz—o ((% ff)le)) = 12)(2M)! (B (r) = 22" Boua (),

where f, is defined in (4.7)).
Proof. Let n = M — 1 and equate the imaginary parts and the real parts
in Theorems [£.22] and [4:23] respectively. =

Proposition should be compared with Corollary 3.47 in [8] or The-
orem 3.2 in [4, p. 166].

PROPOSITION 4.27. Let o, 3 > 0 with a3 = 2. Then, for any integer n,

- 1/22 2(=1)*
2k‘ + 1)2n+2(eo¢(2k’+1) + 1)

g 1/9 sech(8(2k +1)/2)
ﬁ / Z 2k+ 2n+2

nt1l 5ok 2n+2

2 2 B 1/4)Bo,10_ .

( ) 2k+1( /) 2n+2—2k k+1/2( /B)k Il(n),
(2k + 1)!(2n + 2 — 2k)!

-7
k=0
where
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2-4n=3q=n=12p , 1 (1/4)/(2n + 1) ifn < —1,
Zi(n) := § 2al/? if n=—1,
—472 207 12(¢(2n + 2,1/4) — C(2n + 2,3/4))  if n > 0.
Proof. Put r =1/2 in Theorem [.23] For n < —1, we see [§]
(—1)n-bn-dg=2n-1p o 1(1/4)
(—2n —1)!

C(—2n—1,1/4) — ((—2n —1,3/4) =

For the sums of Bernoulli polynomials, use [1]
Bn(1/2)=-(1-2""B,, n>0.a

Proposition is already given by Berndt [0 p. 348], in a different
form with Euler polynomials E,(z), 0 < n < oo, under the assumption
hi = he = 1/2, where E,(x) is defined by

2€:rt oo n
P nz:()En(x) ] (t] < 7).

COROLLARY 4.28.

X g(_1)k 1 o
> <z§e+1>)+1 —galft=—plTy sech(B(2k+1)/2).
k=0

Proof. Let n = —1 in Proposition u
Berndt has also given a proof of this last corollary.

ExaMPLE 4.29. We obtain a class of interesting infinite series identities
from Theorem or for special values of r. For example, let r = 1/4

in Theorem [£.22] Then, using
1/vV2  if k=0,3 (mod 4),

cos(m(2k +1)/4) =
(l )/4) {—1/\/5 if k=1,2 (mod 4),
we have, for any positive integer M,

\/§QM Z (Qk—i— )2M 1 _\fa Z (2k+1)2M71

pa(2k+1) _ pa(2k11) _ |
k=0,3 (mod 4) k=1,2 (mod 4)

- 2 (2k 4+ 1)2M 1 inh(B(2k + 1)/4)
=—(-p)M Z cosh(B(2k +1)/2)

k=0
_ (2SM=2_9dM =2y g, 1 2M (_3)=M 4 9=2M (onr)1(—3)~M 2, (2M,1/8),

o(2k+1) _ o(2h11) _
k=0,3 (mod 4) (2k + 1) (ex@r+D) — 1) b1 s med sy (2R D) (2k+1) — 1)
sinh(8(2k + 1)/4)
§ : 71 1+
) V2 (2k+1) cosh(ﬁ(Zk—i— 1)/2) og( \f)

k:O
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and

_ 2k +1)72M-1 2k +1)72M-1
M E =7 M Z RS
ec(2k+1) _ o ea(2k+1) _ 1
k=0,3 (mod 4) k=1,2 (mod 4)

(-p) ™M & sinh(G(2k +1)/4)
V2 kzo 2k + 1)2M+1 cosh(B(2k +1)/2)

92M+1 +1

\/ik:

Baror(1/8,0)a™ F1 (=)
7 kZ:O M2k

M+1
1 +

~ 7 > Buak(1/4,0)a™ 1 (=)
k=0

+272M=20 =Mz (2M,1/8) — Z,(2M,3/8)),

(0}

+ 2k(3/8,1/2)aM (=)

_l’_

where

By (x)Banto-k(y)
K20+ 2 — k)l

4.3. N|ry and N |(r; 4+ r2). Suppose that r is even in Theorem
Since

Bn,k‘(xa y) =

and By k(z) = By iz, x).

[e.e] o0

272n71

1
Z Je2nt1 (ela—imk _ 1) - Z J2n+1(e2ak — 1)

k=1 k=1

1
o kzzo (Qk + 1)2n+1(ea(2k+1) 4 1)’

using Theorem 3.72 in [§], we find that

(411) « Z 2k + 1)2n+1 (ea2k+1) + |
k=0

—n 1
= (—B) Z < (2 + 1) (e BEED) 4 1)

2 n+2 . .
By (3/2)Banto—k(4/2) k n—k
22n n—k+1
2> Hent2 gk e
7j=1 k=0
1n—|—1

Bop Bonta—ak ka1 k| o—2n-2 1,
— - okl 22 [¢ () — = J
2 2= (2k)\(2n +2—2k)! (=8)" + (n) = 3a(n),



Infinite series identities 271

where
(—B)™" —a~m)Exen if n <0,
K(n):={ }loga — $log B if n =0,
(=p)™ — of”)C(l +2n) ifn >0,
and Jj(n) is defined in Theorem
THEOREM 4.30. Let o, 3 > 0 with a3 = w%. Then, for any integer n,

o0

. 1
(0%
kzzo (2k + 1)2n+1(€a(2k+1) + 1)

o0

n 1
=(=0) kZ:O (2k + 1)2n+1(BERHD) 1 1)

n+1 5op41 2k—1 —2k
2 -2 1-2 By B _
+ ( )( ) 2k P2n+2-2k an_k+1(—ﬁ)k + Il (’I’L),

(2k)!(2n + 2 — 2Kk)!

k=0

where
(27272 — _1)((—6)_” —a ) if n <0,
Li(n):=q (272 -27"Y(3loga — Llog B) ifn =0,
(2722 2—1)((—@—” —a™™)¢(2n+1) ifn>0.

Proof. In (4.11)), the imaginary parts of the sums of Bernoulli polyno-
mials can be expressed as

B 2) By, 2) ,_ ' if n =
_mzz 2;}:1 Jl/ 22 +11 2k§;€/ )an (_ﬂ)k _ {7”/‘1 ?fn 0,
iz k+DIEn+1-2k)! 0 ifn>0.
Use the definition of Jj(n) in Theorem and apply the formula (see [1])
Bn(1/2) = —(1-2""B,, n>0.
Then the desired results follow. m

If n # 0, then Theorem has been first stated by Malukar [9]. Berndt
[5] has also proved Theorem for n # 0. In the case of n < 0, Theorem
has been proved by Rao and Ayyar [12] and Nanjundiah [10].

COROLLARY 4.31.

o0 oo

2k+1 2k +1 1
O‘kzoea(zkﬂ )11 52 eBRk+D) 1 1 +o5(B+ta)
Proof. Let n = —1 in Theorem [4.30} Use ((—1) = —1/12. u
COROLLARY 4.32.

(e 9]

Z 2k +1 1
7 (2k+1 o4
k:Oe( )—|—1 24
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Proof. Let a = 3 = m in Corollary .
COROLLARY 4.33. For any positive integer M,

[e.e]

Z (2k + 1)4M+1 _ B4M+2 (24M+1 o 1)
67T(2]C+1) +1 SM + 4 :

Proof. Put n = —2M — 1 for any positive integer M and let « = ==
in Theorem [£.30 =

COROLLARY 4.34.

[e.e] oo
1 n 1 1 Z 1 n 11 3
—loga = —log 3.
@k + (@D 1) T8 8T ok (PO 1 1) 8
Proof. Put n =0 in Theorem 4.30] =

COROLLARY 4.35. For any positive integer M,

k=0

oo

1
(2k + 1)4M—1(67r(2k+1) +1)

k=0

_ AM-1 22]% (22 — 22672 (1 — 272%) Boy Byns—ok (—1)F
2 (2k)1(4M — 2k))!

— (27 _o7hycaM —1).
Proof. Put n = 2M — 1 for any positive integer and let « = § = 7 in
Theorem .30l w

Corollary has already been found by Glaisher [6], Sandham [I3] and
Berndt [5]. Corollary has also been established by Nanjundiah [10] and
Berndt [5]. Berndt has also proved Corollary

REMARK 4.36. The conclusion of Theorem [3.29] for r odd coincides with
Theorem [4.30} Proposition is the case ¢’ = 4 and r odd of Theorem
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