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1. Introduction. Let N, Ny, Z and C denote the sets of positive inte-
gers, nonnegative integers, integers and complex numbers respectively. For
n € Ny, and a1, ...,a6 € N we define

(1.1)  N(ai,...,ag;n) = card{(zy,...,z6) € Z° | n = aya? + - - - + agxl}.

Clearly,
(12) N(al,...,ag;O)zl.
As N(ai,...,as;n) is invariant under permutations of ay,...,as, we may
suppose that
ap < -+ < ag.
There are 21 sextuples (aq,...,aq) satisfying
(1.3) al,...,a6€{1,2,4}, l=a1 <as <+ < ag.

For the 4 sextuples
(ala v 7a6) = (1717 17 17 17 1)7 (L 17 17 17272)7 (1a 1a2727272)7 (17272727274)

it is known that N(a1,...,as;n) (n € N) can be expressed in terms of the
two sums
-4
1.4 = — |d®
(1.4) Ga(n) Z(n/d)d, n €N,
deN
dn
(1.5) Hy(n) =) (_4> a2, neN
* * d Y 9
i
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where (=#) (d € N) is the Legendre-Jacobi-Kronecker symbol for discrimi-
nant —4 given by

A +1 ifd = 1(mod4),
(1.6) <_d> ={ -1 ifd = 3(mod4),
0 ifd = 0(mod?2).

For n € N we have

( ) N(l,l,l,l,l,l;n):16G4(n)—4H4()
(18)  N(L,1,1,1,2,2in) = 8Ga(n) — 2(1 + (—1)") Ha(n),
(L9 N(1,1,2.2,2,%n) = 4Ga(n) — 2(1 + (~1)") Ha(n),
(1.10) N(1,2,2,2,2,4;n) = 2G4(n) — AHy(n/4)

(see [2, Theorem 2.3, p. 551]). (If f: N — C and m ¢ N we set f(m) =
Thus Ha(n/4) = 0 if n # 0 (mod 4).) Formula (1.7) is Jacobi’s classical
formula for the number of representations of a positive integer n as a sum
of six squares (see for example [I]).

For the 8 sextuples

(a1,...,a6) = (1,1,1,1,1,4),(1,1,1,1,4,4),(1,1,1,2,2,4),(1,1,1,4, 4, 4),
(1,1,2,2,4,4),(1,1,4,4,4,4),(1,2,2,4,4,4), (1,4,4,4,4,4),

) ) ) ) Y ) Y Y Y

N(ay,...,a6;n) (n € N) can be expressed in terms of G4(n) and Hy(n)
when n #Z 1 (mod 4); however, when n =1 (mod 4) the additional sum
(1.11) I(n) = Z (x> —49?), neN,n=1 (mod 4),

(z,y)€Z?

n=x2+4y?

is required. Let ¢ € C be such that |¢| < 1. A basic property of I(n) is

(1.12) > Im)g"=2q [](1—q™)"
nzln(:mlod4) =t

(see [I1} Vol. II, p. 377] and [I7, p. 122]). We have
6G4(n)+2I(n) ifn=1 (mod4),
(1.13)  N(1,1,1,1,1,4;n) = { 10G4(n) if n.= 2,3 (mod 4),

6G4(n) — AHy(n) ifn =0 (mod 4),
4G4(n) +2I(n) ifn=1 (mod 4),
4 if n = d4
(114) N(L1.1,1.4 4:n) = { 260 ifn =3 (mod 4),
6G4(n) if n =2 (mod 4),
2G4(n) —4H4(n) if n =0 (mod 4),
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3Ga(n)+321(n) ifn=1 (mod 4),
Gy4(n) if n =3 (mod 4),
3G4(n) if n =2 (mod 4),
Gi(n) —4Hy(n) ifn=0

( )

(1.15)  N(1,1,1,4,4,4;n) = E i
( )

(2G4(n) + I(n) if n =1 (mod 4),
( )

( )

( )

)

(1.16)  N(1,1,4,4,4,4;n) =

Ga(n) + 31(n) if n=1 (mod 4
(1.17)  N(1,4,4,4,4,4,n) =10 if n =2,3 (mod 4),
Gi(n) —4Hy(n) if n=0 (mod 4),
4G4(n) + I(n) if n =1 (mod 4),
(1.18)  N(1,1,1,2,2,4;n) = { 4G4(n) if n=2,3 (mod 4),
4G4(n) —4H4(n) if n=0 (mod 4),

(n)

(n)

(n)

+ I(n) if n =1 (mod 4),

(1.19)  N(1,1,2,2,4,4;n) = { 2Ga(n if n=2,3 (mod 4),
2G4(n) —4H4(n) if n =0 (mod 4),

(n) + 31(n) if n =1 (mod 4),

(1.20)  N(1,2,2,4,4,4;n) = { Gy(n) if n = 2,3 (mod4),
Gi(n) —4Hy(n) if n=0 (mod 4)

(see [3, Theorem 1.1]).

In this paper we consider the remaining 21 — 4 — 8 = 9 sextuples. For
the two sextuples
(a1,...,a6) = (1,1,1,1,1,2),(1,2,2,2,2,2),
we show that N(ai,...,as;n) (n € N) can be given in terms of the sums

(1.21) Gs(n) = 3 (n_/i)d?, nen,

(1.22) Hy(n) = Y (‘j) &2, neN,

where (=2) (d € N) is the Legendre-Jacobi-Kronecker symbol for discrimi-
nant —8, namely

if d=1,3 (mod 8),

_g +1
0 ifd=0 (mod 2).

In Section 5 we prove the following result.
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THEOREM 1. Letn € N. Then
(i) N(1,1,1,1,1,2;n) = 2Gs(n) — 5 Hs(n),
(11) N(1>272727212;n) = %Gg(n) - %Hg(n)

The formulas of Theorem 1 were stated but not proved by Liouville [14],
[15]. For the remaining 9 — 2 = 7 sextuples, we require for the evaluation

of N(ai,...,a;n) (n € N), in addition to Gs(n) and Hg(n), the integers
c(n) (n € N) defined by

(1.24) D en)g" =q [ - g1 -0 - ¢")(1 - ¢*)
n=1 n=1

It is known from the work of Martin [I6l Table 1, p. 4853] that c(n) is a
multiplicative function of n. We prove the following result in Section 6.

THEOREM 2. Let n € N. Then
(i) N(1,1,1,1,2,4;n)
B BGs(n) + §c(n) ifn=1 (mod 2),
| BGg(n) — 2Hg(n) — Se(n) if n=0 (mod 2),
(i) N(1,1,1,2,2,2;n) = ¥Gs(n) — 3Hz(n) + §¢(n),
(i)  N(1,1,1,2,4,4;n)
B 8Gs(n) + Fe(n) ifn=1 (mod 2),
B 8Gs(n) — 2Hs(n) —2¢(n) if n =10 (mod 2),
(iv) N(1,1,2,2,2,4;n)
B 8Gs(n) + 3c(n)  ifn=1 (mod 2),
B 2Hg(n) ifn=0 (mod 2),
(v) N(1,1,2,4,4,4;n)
Sc(n) if n =1 (mod 2),
%Gg(n) - %Hg(n) - %c(n) if n =10 (mod 2),
(vi) N(1,2,2,2,4,4;n)
2¢(n) ifn=1 (mod 2),
%Gg(n) - %Hg(n) - %c(n) if n =0 (mod 2),
(vii)  N(1,2,4,4,4,4;n)
B %Gg(n) + %c(n) if n=1 (mod 2),
B 2Hg(n) ifn=0 (mod 2).
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Following Ramanujan (see for example [4, p. 6]), we define the theta
functions ¢(q) and 1 (q) by

(1.25) pla)i= D0 %, W(g)i=D g
n=—00 n=0

The basic properties of p(q) are

(1.26) v(q) + o(—q) = 2¢(q"),

(1.27) ¥ (q) + ¢ (—q) = 2¢°(¢%),

(1.28) 0(@)p(—q) = ¢*(=¢*)

(see [, pp. 71, 72, 15]). As simple consequences of Jacobi’s triple product
identity, we have

00 _ 2n\b O — ™2
(1.29) v(q) = H (1n)2 ql _) DER p(—a) = H %’
and
(1.30) Y(q) = ﬁ (=g

n
(see for example [I0, pp. 282-284]). Setting

(1.31) By :=Ep(q) = [J0—¢"), keN,

we see from (1.29)—(1.31) that

E? E? E2 E?
1.32 = 2 — — =1 =2 2\ 4
(1.32)  ©(q) R o(—q) By Y(q) B ©(q”) FIEY
so that
E3E3
1.33 2y = 24

From (1.1) and (1.25) we deduce that

(1.34) ZNal,.. vagin)q” = @(q") - p(q™).

The proofs of Theorems 1 and 2 depend upon the following three results.
THEOREM 3. Let g € C be such that |q| < 1. Then

ZGS ,90 "(@e(d) - 5 e(@)e”(d”).
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THEOREM 4. Let g € C be such that |q| < 1. Then
1

1- ; > Hs(n)g" = =2 ¢ (@)p(d®) + %w(qw"’(qg)-
n=1

THEOREM 5. Let g € C be such that |q| < 1. Then
= " 1 3
> cm)d" = =7 S (@)e(e?) + 5 9 (96 (@*) — 5 (@)e’(a)-
n=1

Theorem 3 is proved in Section 2, Theorem 4 in Section 3 and Theorem 5
in Section 4.

In order to prove Theorems 3 and 4 we need the following results.

THEOREM 6. Let ¢ € C be such that |q| < 1. Let a € C\ {0,1,—1} be
such that a # q" for alln € Z. Then

ﬁ (1-a*¢")(1 —a?¢")(1 —¢")°
_ 41 — g—1,n)4
44 (I—ag®)*(l—a'q")
(1-a)® & d_—dy 2
1 LS (S
ol 2 (2
Carlitz [5, eq. (1.3), p. 168] derived this theorem from a well-known
formula in the theory of elliptic functions for the derivative of the Weierstrass
p-function [20, Question 24, p. 459]. An elementary proof has been given by
Dobbie [§].
THEOREM 7. Let a1, az,as,bi,ba,bs € C\ {0} be such that a; # q"a; for
alli,7 € {1,2,3} with i # j and all n € Z, and ayazas = bibobs. Then

(1—aiby (1 —aib; )(1 —aibs ') 1"—"[ ((1 —aib; ‘¢ ) (1 —ai'big?) (1 — aib; '¢’)
(1 —aia;")(1 —araz’) e (1 —aia; "¢9)(1 — ay *azq?)

L, 1= aj 'bag’)(1 — arbz '¢’)(1 — aflbsqj)> L= agby ) (1 —agby ") (1 — agbs ")
(1 —aiaz'g?)(1 - ay 'asg?) (1 —aza;")(1 — azaz”)

oo

x H (1 —asby '¢?)(1 — a3 'b1g”) (1 — azby '¢?) (1 — ag 'bag’) (1 — azbs '¢’)(1 — a3 'bsq’)
- (1 —azai'¢?)(1 — a3 a1g?)(1 — azaz '¢)(1 — a; 'asq?)

n (1—a3bf1)(1—a3b )(1 — azb3* H ( (1 —azbT ") (1 — a3 'b1g”)(1 — azby *¢’)

(1—a3a1 )(1—a3a2 - - 1—a3af1qj)(1—a§1a1qj)

2051002~ st )1 = a;lbsqfd) 0
(1= asa; 0)(1 — a3 "z

Theorem 7 is a special case of a result about sigma functions, which was
probably known to Weierstrass (see [20, Example 3, p. 451]). It can also be
found in or deduced from [I8], [19, eq. 7.4.3], [9, Ex. 5.23, p. 138] and [13].



Sextenary quadratic forms 295

Theorem 5 is proved using Berndt’s catalogue of theta functions in terms
of the parameters x = 1—¢*(—q)/¢*(q) and z = ¢?(q) (see [, pp. 122, 123]).

Finally, in Section 7 we show that c¢(n) defined in (1.24) satisfies the
relation ¢(2n) = —2¢(n), n € N.

2. Proof of Theorem 3. Let g € C be such that |¢| < 1. For a,b € N
with ¢ < b we define

o
(21) Ea,b = Ea,b(Q) = H(l - qbn-i—a).
n=0
From (1.30) and (2.1) we see that
o0 o
(2:2) By=JJ—=¢" =] —¢""") = Epp.
n=1 n=0

If b= 0 (mod 2), then /2 € N, b/2 < b and

o) o)

EyEyop = (1= ") [T = 72
n=0 n=0
— H b(2n+2 /2)( qb(2n+1)/2) _ H(l _ qbn/2)
n=1

so that
(23) Eb/2,b = Eb/2/Eb7 beN,b=0 (I'IlOd 2)
Thus, taking b =2,4,8 in (2.3), we obtain
(24) ELQ = El/EQ, E274 = EQ/E4, E4?8 = E4/E8.
Let ¢ € N. We have

c—1 c—1

bNo +a = | J(0(cNo + d) + a) = |_J (beNo + (bd + a))
d=0 d=0

and
(beNg + (bd + a)) N (beNo + (bd' +a)) =0 f0<d,d <c,d#d.
Note that 1 < bd + a < be. Thus (2.1) gives

c—1

(2.5) Eop = | [ Batode
d=0

Taking a = 1,b = 2,¢ =4 in (2.5), by (2.4) we have
(2.6) Ei18E38E58F78 = E1 9 = E/Es.
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Cooper and Hirschhorn ([6l, egs. (1) and (2)] or [7, Theorem 1]) have shown
that

2F33F5 s B3
2.7 + 2 — i ) ,
(2.7) () +¢(a”) FrsBrsbr
E\gEq sE?
2.8 —o(q?) =29 =5,
(2.8) pla) — (") = 2q By 5B s s
Multiplying (2.7) and (2.8) together, we obtain
E4
(2.9) #*(0) = (") = da 5 -
i
From the equations (2.6), (2.7) and (2.8), we have
1 1 EsEy
2.10 = 2
(2.10) B2, 2 (#(q) +¥(q7)) F\E?
q 1 EsEy
(2.11) e = 5 (9(@) — w(d?))
B3 E2, 2 B E2
Thus, appealing to (2.10), (2.11), (1.33) and (2.9), we have

ELE§ 1 ¢
1, \Efpt. Tl
4 1,878 3858
1 E3E.F2

=51 (©*(q) + ¢*(¢*))

so that

EZES 3 EQES 1 5 9 sy
2.12 g——28 3 The Dold) — £ ol 2.
- EsE{gB7 g EyE;5gFE3 g 87 (@)e(a”) e(a)¢”(a7)

For a € {1 3} we have

o0

Z Z d2 de _ i i d2q8df+ad Z quad + Z Z d2 8df+ad

e=1 =0d=1 1d=1
e_a(modS) f f=

that is,

(2.13) Z Zd? de _ 4279 1+q i (ZdQ ad)

e=a (mod 8)
By a similar calculation we have

oo

(2.14) Z Zd2qde — Z (Zd2q—ad) "
din

e=1 d=1 n=1
e=—a (mod 8)
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Then, by (1.21), (2.13) and (2.14), we obtain

Same-S(5 (G2 - 5 (2)or

&

n=1 d|n d,e=1
— i io: d2qde _ i i d2qde
a6{173}ezae(:r1110d8) =1 ac{l 3}65—621 od 8) =1
‘(144" | v ad) s
- ¥ q<1(_qaq)3)+z(zd2q d)q8>
ae{1,3} n=1 dn

Z i (Zd2q—ad> 4"

ae{1,3} n=1 dn
that is,

(215) Y Gs(mg" =Y > @'+ =g =g ™"
n=1 n=1 d|n

a(1+q) 1 +4%
(1-¢?® (1-¢?

Replacing ¢ by ¢® in Carlitz’s theorem (Theorem 6) and then taking
a = ¢, we obtain

(1—(])3 - — n
it q) g <Zd2(qd )

o0 8n+2)(1 q8n—2)(1 _ q8n)6 B (1 _ q)4 E274Eg
1 _ q8n+1) (1 _ q8n71)4 - (1 _ q2) E%,SE%B’

+

?::1

so that by ( 4)

(2.16) 1+4g )+Z(Zd2q ) =g E>ES

1 —q) =1 dn E4E1 8E7 8

Similarly, by taking a = q we obtain

(2.17) Hq +Z (Zd2 —Sd))q _ Ey B

1 a q n=1 d|n E4E§’8E§’8 |
Adding (2.16) and (2.17), and appealing to (2.15), we deduce

o
EyE§ 3  FEoE§
(2.18) Gs()q" = @ g + ¢
Z_:l E4E1 8E7 8 E4E§,8E§,8

The required result now follows from (2.12) and (2.18).
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3. Proof of Theorem 4. Let ¢ € C be such that |¢| < 1. Substituting
the values of ¢(q), ¢(—¢) and ¢(¢?) from (1.32) into (1.27), and multiplying
by E{E3E}E¢, we obtain

(3.1) E3(E? + ESE)ES — 2FE{E* = 0.
Multiplying both sides of this equation by

E3(By® — EYE}) E§ + 2B B,
we obtain
(3.2) E5(E3* — BEISES)ES + AEP2E2EBEL — AESE2® = 0.
Rearranging (3.2) slightly, we have
(3.3) AESE?® — EES = AE*FiE;°Ef — E{°E3EJES.

Dividing both sides of (3.3) by E{SEJE’ES, and appealing to (1.32), we
deduce

E3E?
EYE}

E} E§

3.4 _ P B
. FER B

(40M(¢%) — ¢*(q)) =4

Now let w = 2™/8, We define

(3.5) II 7 := H(l —wg")(1 —w'q"),
n=1
(3.6) II3 5 := H(l — W™ (1 —Wigh).
n=1
Thus,
o0
7135 = [[(1— wg™) (1 — w?¢")(1 = w’q")(1 - wq")
n=1
o0 (o] q n
- 1 + q H 4n
n=1 n:l -4
so that
(3.7) Il 71135 = Es/Ey.

Choosing a1 = 1, as = w, a3 = w3, by = w?, by = w? and b3 = WO in

Theorem 7, we obtain
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21+ w ﬁ ¢")’(1+w?q")’(1 — w?q")?
(1+ —|—w3 - 1— 1—w3 7)(1 — wPqn) (1 — w7q™)

CE: W)(l +0h)(1—w?) 77 (- w’¢")’(1 — 'g")’

C-wi+o?) A areeya—wgn

(L+w) (1 —w) (1 +o?) 75 (1w —wTg)? _
M el § e T

n=
Straightforward calculations show that
1+w?)(1 -
21+ )1 =w) _ 5
(14 w)(1+ w3)

(1—|—w)(1+w)(1—w)_ )
oty —V2+i

14+ w)(1—w)(1+w? .
( T1 —)(wz)u)—( JS) H= (v

Appealing to (3.5)—(3.7), we deduce

1+q ) (1+w2 n)2(1_w2qn)2
H (1 —wg™)(1 —w3¢™)(1 —wdq )(1—wq)

n=1
By 5 E3
_ b 1 d™2(1 4 272 — 4
s (I4+4¢")"(1+q™) BBy
n=1
ﬁ (1 _ w3qn)2(1 _ w5qn)2 _ IO_O[ 1 B Es 72
1 207)(1 — w2g™) 3,5 1 2n_F 3,5
H aroma=og i@ =75,
and
ﬁ (1 —wg")?*(1 —w'q") H _ 7172
1S = 6 1 i = 3 e

Thus (3.8) becomes, after dividing by iFs/FEy,

(3.9) (V2 - DI+ (V2+ D)3 5 = 22— — E2E2E8
Squaring both sides of (3.9), and appealing to (3.7), we obtain

8Ef  2E}
E{ESE; B}

(3.10) (3—2V2)II; + (3+2V2)II3 5 =
Appealing to (3.4), we see that (3.10) becomes

(311)  (3-2V2)Ili,+ (3+2V2)Ili; = =2 ¢
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Then, by (3.7), (3.11) and (1.33), we obtain
(34+2v2) ESE, __,  (3—2V2) ESE,
6 Ey, U7 6 Es
1 ESE
=5 p, Nallss) (G +2V2)I15+ (3 - 2V2)11;)
1 EVYE} 2E3E}
6 ExFf ESE?

= L o(@)el) (461 (@) - #'(0)

4
I 5

(40*(¢%) — ¥*(q))

3
so that
3+2V2) ESE 3—-2v2) ESE
(3.12) (3+2v2) ES 4]71_;14—( V2) Ej 4H3_§
6 EQ ’ 6 Eg ’
4 1
= 39(0)¢°(¢") — 3" (@)e(d")
The Gaussian sum for discriminant —8 gives
-8
w? 4+ w3 — WP — T = <d>\/ 8, deN

(see [12, Theorem 215, p. 221]). Hence
(3.13) (W —w™ ) — (W — w3 = <_dS> 2iv2, deN.

Taking @ = w in Carlitz’s theorem (Theorem 6), we obtain after a little
rearrangement

(3.14) i (Z(wd - w_d)d2> q"

n=1 d|n

(= w1 —wTg)t (G =w)?

_w(l+w) ﬁ 1+¢™)01-¢")°  wl+w)

n=1
and taking a = w® we get
oo
(3.15) (Z(w5d - w_5d)d2)q"
n=1 d|n

_w(1+u) ﬁ 1+¢*")(1—q")° w(1+w°)
- (1 _ w3qn)4(1 _ w5qn)4 (1 _ w5)3 ’
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Hence, from (3.13)—(3.15), we obtain

21'[22 Hy(n)q" = 22\/52 <Z (‘j) d2>qn

dn
_ Z (Z w —w d) o (w5d _w—5d))d2>qn
n=1 d|n
w(l+w) EYE,

(1 )3 E2 17
w w 6 w w w5 w5
5(1 4+ )E1E4H3_§1_< (14 w) (1+ )>

 (1-w’)?  E (1-w)3 (1—wd)3
_ —4i—3V2i BYE, ot +3v2i E1E4 8V
2 E, L7 2 Fy '
Dividing both sides by 2v/21i, we deduce
oo

-3 —-2V2 ESE, —3+2V2 ESE, 3

H n _ 1 H_4 1 H_4 g

Z s(n)q 1 B, T + 1 By 185 T

Thus, by (3.12), we obtain

2 — 3+2V2 ESE —2v2 ESE
1—72H8(n)q" +2v2 4H1_$ V2 BBy 3,5
6 E 6 E2 ’
4 1
= 39(0)¢"(@*) = 3¢° (@ (a”),
as asserted. m
4. Proof of Theorem 5. Let
4(_
(4.1) e=1- 20D ),

¢*q)
From Berndt’s catalogue of formulas for theta functions [4, pp. 122, 123],
we have

(4.2) wlq) =

(4.3) p(—q) = )1/4 12,

(4.4) old®) = 1/2( 1+ —93)1/2)1/2»21/2,
(45) w(q) 1/2 1/8x1/821/2‘

Appealing to (4.2)—(4.5) and (1.32), we obtain
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E5
4.6 2 =1/
o CEE
E2
(4.7) F; =(1- a;)l/421/2,
E} ~1/2 1/201/2 .1/2
(4.8) g 2751+ (L — ) o) e
28
ES 1o —1/8.1/8.1/2

Solving (4.7) and (4.9) for E; and Ej, then (4.6) for E4, and finally (4.8)
for Eg, we obtain

(4.10) By = 27 M0gm1/2451/24(1 _ )1/6,1/2,

(4.11) By =2 1371121121 _ py1/12,1/2

(4.12) By = 2723¢1/621/6(1 — 2)1/24,1/2,

(4.13) By =272 81121 )1 — (1 2)/2) 1412,

Then, using (4.10)—(4.13), we deduce
EBES + 2ESE?® + 4qFEPESESEL? — 3B{EI*E Fd
_ 2718 -5 3(1 o )5/2(1 - (1 )1/2)2 18 492 19q 5$5(1 —:L‘)5/2218
+2 19 75 3(1 )3(1 _ (1 _ )1/2)3 18
—3.9719 —5 4(1 )5/2(1 ( )1/2 18
— 2_19q_5l‘3(1 o $)5/22’18(2(1 - (1 )1/2)2
+22 4+ (1-2)21 - (1 —2)Y?)3 —32(1 - (1 —2)"?) = 0.

Thus
- 1 3 1
(4.14) OBV EyBYES® = = ESES + BBy By By — o EYE
Dividing both sides of (4.14) by EI"ESEFEL’, we obtain
1 EZ3 3EYE] 1 EP
4.15 E?EyEyF? = —— 2 e L
(4.15) AP E2R s = T EORSEZ T 4 BSES 2 BRESED

Appealing to (1.24), (1.31), (1.32) and (4.15), we deduce

> e(n)g" = —i P (Q)e(q®) + i 0 (0)p*(¢%) — %s@(q)s«ﬁ(q?)
n=1

as required. =
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5. Proof of Theorem 1. (i) We have, by Theorems 3 and 4,

o0
D ON(1,1,1,1,1,2n)" = ¢ (9)¢(d)
n=0

_ <_; (@) p(q?) + 490((1)905(612)) +

so that for n € N we get N(1,1,1,1,1,2;n) = 32Gs(n)— 2 Hg(n), as claimed.
(ii) By Theorems 3 and 4 we have

o0
D ON(1,2,2,2,2,20)" = ¢(9)¢°(¢)
n=0

= (—; P (@)e(d”) + gw(q)w"’(cf)) + <3 P (@)eld”) - 3 90(61)905(612))

—1_*ZH8 q + = ZGg

so that for n € N we obtain N(1,2,2,2,2,2;n) = %Gg(n) — %Hg(n), as
asserted. m

6. Proof of Theorem 2. In order to prove the formulas of Theorem 2,
we introduce the shorthand notation

(6.1) a:=9(q), b:=¢(—q), c=qeo(.
Then, by (1.26), (1.27) and (6.1), we obtain

2 2
(62) ol =30 =TT

By Theorems 3-5, and equations (6.1) and (6.2), we have

c- n_ (3 5 1 530 1 4
(6.3) ;Gg(n)q = <32a 16 ¢ b ) ab® |c,
(6.4) 1—giH (n)q" = 2a?’b2~|— ab* )¢
' 3" 3 3 ’

- n Logo 1 4
(6.5) Zc(n)q =13 b*— —ab” |c
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From (6.3)—(6.5) we deduce

(6.6) ac—l—i—fZGg n)q" —fZHg(n)q”,
n=1
(6.7) adb’e=1— 2 i Hg(n)q" + 8 ic(n)q”
Snzl 3n:1 ,
(6.8) ablc=1- 2 i Hg(n)q" — 16 i c(n)q™.
3n:1 3 n=1

Under the mapping ¢ — —¢q, we have a — b, b — a and ¢ — c. Thus
(6.6)—(6.8) yield

(6.9) atbe=1-2 3" Hy(m)(~q)" — 5 > cln)(~q)",
n=1 n=1

(6.10) (21— gzﬂgg(n)(—q)” FE3elm)(a)"
n= 1 n=1

(6.11) = 1+—ZG8 - g;ﬂs(n)(—@”-

(i) Fvaluation of N(1,1,1,1,2,4;n). Appealing to (1.34), (6.1), (6.6)
and (6.9), we obtain

[o.¢]
> ON(1,1,1,1,2,4;n)q"

n=0
= ¢ (@)e(d))e(q") = 3a°c + Fa'be
=1+ (XGs(n) — 11+ (-1)")Hs(n) — $(=1)"c(n))¢"
n=1

so that, for n € N,
N(1,1,1,1,2,4;n) = %Gg(n) _ %(1
_ | FGs(n) + 3e
% Gs(n) — 3 H,

+(=1)")Hg(n) — §(~1)"¢c(n)

(n) if n =1 (mod 2),
s(n) = §e(n) i n =0 (mod 2)

as asserted.

(ii) Evaluation of N(1,1,1,2,2,2;n). Appealing to (1.34), (6.1), (6.2),
(6.6) and (6.7), we deduce that

[o.¢]
D ON(1,1,1,2,2,2n)" = ¢*(q)p*(¢°) = $a’c + 3a’b’e
n=0

=1+ Z (1—36G8(n) — %Hg(n) + %c(n))q"
n=1
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so that N(1,1,1,2,2,2;n) = E—GGg(n) - %Hg(n) + %c(n) for n € N, as as-
serted.

(iii) Evaluation of N(1,1,1,2,4,4;n). Appealing to (1.34), (6.1), (6.2),
(6.6), (6.7) and (6.9), we obtain

o0
> ON(1,1,1,2,4,4;n)q"
n=0
= @ (@)pla)e*(q") = ga°e + ya'be + ja’tle

= 1+Z (8Gs(n) — L(1+ (=1)")Hs(n) + 2(1 — 4(=1)")e(n))¢"

so that, for n € N
N(1,1,1,2,4,4;n) = 8Gg(n) — 2(1 + (—1)")Hs(n) + 2(1 — 4(—1)")c(n)
_ %Gg(n) + %c(n) if n =1 (mod 2),
%Gs(n) — %Hs(n) —2¢(n) if n=0 (mod 2),

as asserted.
(iv) Ewaluation of N(1,1,2,2,2,4;n). Appealing to (1.34), (6.1), (6.2),
(6.6), (6.7), (6.9) and (6.10), we obtain

iN(1,1,2,2,2,4;n)q”
n=0

= () (@D)plg") = Lac + Latbe + La®b2e + La2bie
Z L1+ ()" Hs(n) + 2(1 = (~1)")e(n))q"

so that, for n € N,

N(1,1,2,2,2,4;n) = §Gg(n) — 5(1 4 (=1)")Hz(n) + (1 — (=1)")c(n)
_ 8Gs(n) +3¢(n)  ifn=1 (mod 2),
5Gs(n) — 3Hs(n) if n=0 (mod 2),

as asserted.
(v) Ewaluation of N(1,1,2,4,4,4;n). Appealing to (1.34), (6.1), (6.2),
(6.6), (6.7), (6.9) and (6.10), we obtain

o0
> ON(1,1,2,4,4,4;n)q"
n=0
= o (Q)e(®)p3(¢h) = ta’c+ %a4bc + 2a’b’c + Fa’bPc

=1+ (3Gs(n) = 5(1+ (~1)")Hs(n) + 3(3 = 5(~1)")e(n))q"
n=1
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so that, for n € N,

N(1,1,2,4,4,4;n) = 3Gg(n) — 5(1+ (—=1)")Hg(n) + 3(3 — 5(—1)")c(n)
_ { 3Gs(n) + Sc(n) if n =1 (mod 2),
3Gg(n) — 2Hs(n) — %c¢(n) if n=0 (mod 2),

as asserted.
(vi) Evaluation of N(1,2,2,2,4,4;n). Appealing to (1.34), (6.1), (6.2)
and (6.6)—(6.10), we obtain

o0
> N(1,2,2,2,4,4;n)q"

n=0

= 0(9)P* (D) (q") = LaPe + La'be + LaPbPe + La2bPe + Lab'e
=1+ (3Gs(n) — $(1+ ()" Hy(n) — 2(-1)"c(n))q"
n=1

so that, for n € N,

N(1,2,2,2,4,4;n) = 3Gs(n) —
2¢(n) if n =1 (mod 2),
2Hs(n) — 2¢(n) if n=0 (mod 2),
as asserted.

(vii) Ewvaluation of N(1,2,4,4,4,4;n). Appealing to (1.34), (6.1), (6.2)
and (6.6)—(6.10), we obtain

(o]
> ON(1,2,4,4,4,4;n)q"
n=0
1

= o(Q)e(®)*(¢*) = 1—6a5c + ia4bc + %a?’ch + iaQb‘o’c + %6 ab'c
=1+ (2Gs(n) - (1 + (~1)")Hs(n) + 2(1 — (~1)")e(n))q"
n=1

so that, for n € N,

as asserted. m
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7. A property of ¢(n). We close by proving the following property of

c(n):

(7.1) c(2n) = —2¢(n), neN.
As a consequence of (7.1) we have (as ¢(1) = 1)
(7.2) c(2F) = (=1)%2F, ke Ny.
Proof of (7.1). From (1.31) we have
Bi(—q) =[O - (=" =] -0+
n=1 n=1
i 1+q B 1_q2n1_q2n
21_.[ +2n_ El_qn 1_q4n
so that
E3
: Ei(—q) = —%-.
(7:3) (-0) = o5
Now, by (1.24) and (1.31), we have
(7.4) > c(n)q" = qE} By EyE]
n=1
so that, by (7.3),
= ElE2
7.5 —q)" = —q 5
(75) >0 =~ g
Thus, by (7.4) and (7.5), we obtain
) n _ — n - A\
nZlC( )" =5 ;C(n)q + 2HZIC(H)( 9)
Ej E?
E3E B =25 — =L ).
q B (E%Ef E2>

o

Appealing to (1.32), we deduce that

Mg

e(@n)" =~ aE3EER(o(a) — 9(~0)).

n=1

Recalling that

(@) — () = 4q9(¢")

(see for example [4 p. 71]) and that
¥(q®*) = it
Eg
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from (1.32) with ¢ replaced by ¢®, we obtain (by (7.4))

[e.e] [e.e]
Z c(2n)¢*" = —2¢° B3 B Fy B3 = —2 Z c(n)g*",
n=1 n=1

from which we deduce (7.1) on equating coefficients of ¢*" (n € N). u

Numerical evidence suggests that for an odd prime p and n € N, we have

(16) ") = cp)el™ ) — el ) it (f)zlandnzz,
and

1 -8
(7.7) c(p™) = 5 (14 (=1)")p™ if <p> =—1.
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