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1. Introduction. Let F(Xi,...,Xx) be a quadratic form in N > 2
variables with rational coefficients, and suppose that F' is isotropic over Q.
In his celebrated 1955 paper [1], J. W. S. Cassels proved that in this case
there must exist a non-trivial rational zero of F' of small height, where the
explicit bound on the height is <y H(F)N=1/2; here H(F) stands for the
height of the quadratic form F', to be defined below. In an addendum to
the same paper Cassels demonstrated an example due to M. Kneser which
shows that the exponent (N — 1)/2 on H(F') cannot be improved. Cassels’
result has since been generalized and extended by a variety of authors to
many different contexts. Notably, S. Raghavan [I2] has proved a similar
result for quadratic and hermitian forms with coefficients over a number
field, A. Prestel [11] extended Cassels’ theorem to rational function fields,
and A. Pfister [9] proved it over algebraic function fields (see for instance
[5] for additional more recent bibliography).

It appears, however, that the case of hermitian forms has not been stud-
ied further since Raghavan’s paper. In this note we consider the situation
of an isotropic hermitian form on a vector space over a positive-definite
quaternion algebra, defined over a totally real number field, and prove that
there exists a basis for this space consisting entirely of small-height zeros
of our hermitian form. More precisely, our main result is as follows; height
functions h, Hine, and H?, the height on D with respect to an order O, are
to be defined in Section 2] below.

THEOREM 1.1. Let D = (O‘I’{ﬁ) be a positive-definite quaternion algebra
over a totally real number field K, where a, 8 are totally negative algebraic
integers in K. Let O be an order in D. Let N > 2 be an integer, and let
Z C DV be an L-dimensional right D-subspace, 1 < L < N. Let F(X,Y) €
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DX Y] be a hermitian form in 2N variables, and assume that F is isotropic
on Z. Then there exists a basis yy, ...,y for Z over D such that F(y,,) :=
F(y,,y,) =0 foralll1 <n <L and

(1) h(y1) < Ag(N, L, §) Hing (F) D2 HO(2)%,
(2) h(y)h(y,) < Ak (N, L, a, §)* Hw(F)* ~ HO(2)®,
where the constant Ax (N, L, «, B) is defined in below.

All notation used in Theorem [[.1] is defined in Section 2l The investi-
gation of small-height linearly independent zeros of quadratic forms goes
back to the works of H. Davenport [3], J. H. H. Chalk [2], R. Schulze-Pil-
lot [I7], H. P. Schlickewei [14], H. P. Schlickewei and W. M. Schmidt [15],
and J. D. Vaaler [I8], [19], among others. Our Theorem [1.1}is essentially a
non-commutative analogue of a similar result by J. D. Vaaler in [19] over
a number field. We use Vaaler’s result as one of the main tools in our ar-
gument. We use the height function machinery over quaternion algebras as
defined by C. Liebendoérfer in [6].

In Section [2] we define our notation, introduce the necessary quadratic
and hermitian forms, and develop heights in both commutative and non-
commutative settings. The proof of our main result, which we present in
Section 4 uses comparison inequalities between heights over a quaternion
algebra and heights over its ground number field, which we prove in Sec-
tion [3] We believe that these comparison lemmas will be useful for future
work in non-commutative Diophantine analysis with height functions. We
discuss the optimality of our bounds in Remark at the end of Section

2. Heights and quadratic forms. We start with some notation. Let
K be a number field of degree d over Q, O its ring of integers, M (K) its
set of places, Ak its discriminant, and let us write N for the norm from K
to Q. For each place v € M(K) we write K, for the completion of K at
v and let d, = [K, : Q] be the local degree of K at v, so that for each

(3) > dy=d.

veM(K), vlu

For each place v € M (K) we define the absolute value | |, to be the unique
absolute value on K, that extends either the usual absolute value on R or C
if v| 0o, or the usual p-adic absolute value on Q, if v | p, where p is a rational
prime. Then for each non-zero a € K the product formula reads

(4) I la¥=1.

veM(K)
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We extend absolute values to vectors by defining the local heights. Let
N > 1, and for each v € M(K) define a local height H, on K} by

Hol@) = max, il

and for each v | 0o define another local height H, on K.Y by

N
1/2
Ho(@) = (3 |il?)

i=1
for each & € K¥. Then we define two global height functions on K*:
(5) H(@) = [[ H(@"" H@) =]]H(@)™"x ] Hol@)™/

veEM(K) v{oo v]oo

for each & € KV. Notice that due to the normalizing exponent 1/d, our

global height functions are absolute, i.e. for points over Q their values do

not depend on the field of definition. This means that if € @N then H(x)
and H(x) can be evaluated over any number field containing the coordinates
of x.

We also define an inhomogeneous height function on vectors by

(6) hz) = H(1, z),

hence h(x) > H(x) for each = € @N. In fact, the values of H and h are also
related in the following sense: for each & € K, there exists a € K such
that ax € O and

(7) H(x) = h(ax).

We will also define two different height functions on matrices. First, let
B be an N x N matrix with entries in K; then we can view B as a vector
in KV* and write H (B) to denote the height of this vector. In particular, if
B is a symmetric matrix, then
Q(X,Y)=X'BY
is a symmetric bilinear form in 2N variables over K, and
QIX):=Q(X,X)=X'BX

is the associated quadratic form in N variables. We define H(Q), the height
of such quadratic and bilinear forms, to be H(B).
The second height we define on matrices is the same as height function

on subspaces of KV. Let X = (&1 ... 1) be an N x L matrix of rank L
over K, 1 < L < N. Define
(8) H(X) :H(ml/\'--/\mL).

For each v | 0o, the Cauchy—Binet formula guarantees that

(9) Ho(X) = |det(X*X)| V2,
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where X* is the complex conjugate transpose of X. On the other hand,
x1 A--- Az can be identified with the vector Gr(X) of Grassmann coordi-
N

nates of X under the canonical embedding into K (2). Namely, let Z be the
collection of all subsets I of {1,..., N} of cardinality L; then |Z| = (]X) For
each I € 7, write X for the L x L submatrix of X consisting of all those
rows of X which are indexed by I. Define
(10) Gr(X) = (det(X7))rer € K(2).
By our remark above, H(X) = H(Gr(X)). Now let V C K~ be an L-
dimensional subspace, 1 < L < N. Choose a basis 1, ...,z for V over K,
and let X = (x1 ... x) be the corresponding N x L basis matrix. Define
the height of V to be

H(V):=H(X).

This height is well defined, since it does not depend on the choice of the basis
for V: let yq,...,y; be another basis for V over K and Y = (y; ... y)
the corresponding N x L basis matrix; then there exists C' € GLp(K) such
that Y = X, and so

Yy AN ANyp = (det Qe A+~ AN,

hence, by the product formula, H(y; A---Ayp) =H(x1 A--- Axp).
It will be convenient for us to define certain field constants that we use
in our inequalities. Following [18], first define, for every v € M(K),

o V20(L/2+ 1)YE if v s real,

(11) ro(L) = (2m) Y20 (L + 1)Y?L  if v is complex,
1 if v 1 o0,
and let
(12) Cr(L) =2 Ak T ro(n)®/,
veM(K)

for each L > 1. Finally let
(13) B (L) = 2" Cre(1)2Ce (L — 1)1,

We can also extend the height machinery to the context of quaternion
algebras, using the approach of [6]. Let K as above be a totally real number

field; then K has precisely d archimedean places vy, ..., vq, corresponding
to the embeddings
(14) on: K — K, =R

for all 1 < n < d. Then for each a € K, |a|,, = |on(a)|, where | | stands
for the usual absolute value on R. We will also write a(™ for the algebraic
conjugate oy (a) of a € K under o,. Let o, € Ok be totally negative,
meaning that o™ := ¢, (a) < 0 and ™ = ¢,(8) <0 forall 1 < n < d.
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Let D = (0‘[’(5 ) be a positive-definite quaternion algebra over K, generated
by the elements i, j, k which satisfy the following relations:

(15) P=a, 3 =p, ij=—ji=k k®=—af.

As a vector space, D has dimension four over K, and 1,17, j, k is a basis.
From now on we will fix this basis, and thus will always write each element
x €D as

z=x(0)+z(1)i + x(2)j + z(3)k,

where z(0),2(1),z(2),x(3) € K are respective components of x, and the
standard involution on D is conjugation:

T =xz(0) —xz(1)i —x(2)j — z(3)k.
We define trace and norm on D by
Tr(z) =z +7 = 22(0), N(x) =27 = 2(0)? — ax(1)? — fz(2)* + afz(3)%

The algebra D is said to be positive-definite because the norm N(z) is given
by a positive-definite quadratic form. In fact, since the norm form N(z) is
positive-definite, D,, := D Qg K,, is isomorphic to the real quaternion
H =R + Ri + Rj 4+ Rk for each 1 < n < d. Hence each embedding o,, of K,
1 <n <d, induces an embedding oy, : D — D,, , given by

ou(@) = 2(0)™ + 2(1)™i + 2(2)Wj + 2(3) k.

From now on we will write (™ for o,,(x). Then the local norm at each
archimedean place is also a positive-definite quadratic form over the respec-
tive real completion K,

N () = Mz
= (2(0)™)? — a™(2(1)™)? - B (2(2)™)? + oM M) (2(3)™)?

for each 1 < n < d. We now have archimedean absolute values on D,
corresponding to the infinite places vy, ...,vg of K: for each x € D, define

[y, = /N (2)
for every 1 < n < d. It will be convenient to define
Svn(a7ﬂ) = maX{l’ |a|vn7 |ﬁ|vn7 |a/8|vn}1/27

tu, (a, B) = min{1,|aly,, |Blu,, @B, }'/2
for each 1 < n < d, and also let

d
(17) H Svn «Q B t(avﬁ) = H tvn(a

n=1 n=1

(16)
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Since local norm forms are positive-definite, we immediately have the fol-
lowing inequalities:

Now, generalizing notation of [0], we can define an infinite homogeneous
height on DV by

19 H : e
(19) @) = (I pm b )
and define an infinite inhomogeneous height on DY by
(20) hint(z) = Hine(1, @)

for every & € DV, Clearly, Hin¢(2) < hine(). The infinite height takes into
account the contributions at the archimedean places. As in [6], we also define
its counterpart, the finite height. Let us once and for all fix an order O in D;
our definition will be with respect to the order O, and this height will be
denoted by Hf(i% Specifically, for each & € OV, let

(21) Hé?l(:c) =[0:0x1+ -+ O$N]71/4d.

This is well defined, since Oz1 + --- 4+ Oxy is a left submodule of O. Now
we can define the global homogeneous height on OV by

(22) H®(z) = Hint(x) Hi (@),
and the global inhomogeneous height by
(23) h(x) := Hint(1,2) HE, (1, @) = hint(z) > HO (z),

since O + Oz + --- + Oxy = O. To extend this definition to DV, notice
that for each & € DV there exists a € Ok such that ax € OV, and define
HO(x) to be H®(ax) for any such a. This is well defined by the product
formula, and HO(xt) = HO(z) for all t € D*.

We will now define height on the set of proper right D-subspaces of DY,
again following [6]. Recall that D splits over E = K(y/a), meaning that
there exists a K-algebra homomorphism p : D — Matoy(FE), given by

(24)  p(z(0) + z(1)i + 2(2)j + x(3)k)

B ( z(0) +z(1)/ao  z(2)+ 3:(3)\/E>

Bx(2) —z(3)va) =(0) —z(1)va/’
so that p(D) spans Matoo(E) as an E-vector space (see Proposition 13.2a
(p. 238) and Exercise 1 (p. 240) of [10]). This map extends naturally to

matrices over D. Let Z C DV be an L-dimensional right vector subspace
of DN, 1 < L < N. Then there exists an (N — L) x N matrix C over D with
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left row rank N — L such that Z is the solution space of the linear system
CX = 0. Define

)

d
(25) Hiu(©) = (T] laet(oiccl,)
n=1

where C* is the conjugate transpose of C. The analogue of Cauchy—Binet
formula works here as well (see (2.7) and (2.8) of [6], together with Corol-
lary 1 of [7]), and so we have an alternative formula:

d 1/2d
(26) () = (TT X laet(p(Co)I2,)

n=1 Cy

where the sum is taken over all (N — L) x (N — L) minors Cj of C. Also
define

(27) HE(C) = [0MF: oo™,
where C is viewed as a linear map OV — OV, Then we can define
(28) H®(Z) = H°(C) := Hywe(C)HE,(C).

This definition does not depend on the specific choice of such matrix C. By
the duality principle proved in [§],

(29) HO(Z) = HO(Z"),
where Z+ = {y € DV : x*y = 0 V& € Z}. This means that if x1,..., g
is a basis for Z over D and X = (&1 ... ) is the corresponding basis

matrix, then

1/4d
(30) HO(Z) = HO(X) := ([O0%: X"(O™)] H [det(p(X* X))y, )
n=1
which is completely analogous to the definition of the height H®(C) in ,
here X! is viewed as a linear map O — ON-L,
It will also be convenient to define a map []: D — K*, given by

[2] = (2(0), z(1), 2(2), x(3))
for each z = x(0) + 2 (1)i + 2(2)j + x(3)k € D. This map obviously extends

)

o[]: DN — K*N given by [x] = ([z1],...,[zn]) for each = (z1,...,2N)
€ DV Clearly, this is a bijection; in fact, it is an isomorphism of K-vector
spaces, and we will write [ |71 for its inverse.

By analogy with heights over D, we will also write

mf H H dv/d7 Hﬁn H H dv/d

v]oo vfoo
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for every & € K. Then by Lemma 2.1 of [6], for every x € O% we have
(31) Hﬁn(%) = [OK : Ole 4+ 4+ OKfEN]_l/d.

Also, if V' is an L-dimensional subspace of KV and C is any (N — L) x N
matrix over Ok of rank 1 < L < N, viewed as a linear map Og — O%iL,
such that V = {x € KV : Cx = 0}, let us write

Hing(C) = [ Ho(C)2/4, Hin(C) = [ Ho(C)™/,

v|oo vtoo
and then by Lemma 2.1 and Proposition 2.4 of [6], we have
(32) Hgn(C) =[O~ : C(OR)] V1.

This means that the definitions over K and over D are really analogous.

Now let F(X,Y) € D[X,Y] be a hermitian form in 2N variables with
coefficients in D, so that F(ax,y) = aF(x,y) and F(y,x) = F(x,y) for
each a € D and z,y € DV. We also write F/(X) for F(X, X); then F(x)
€ K for any € DV. Let us also write F = (f,,;;) for the N x N coefficient
matrix of F'; then f,; = fi, for any 1 <I,m < N, and F(X,Y) = X'FY.
Just as for quadratic and bilinear forms over K, we will talk about the height
of the hermitian form F over D, where by H(F) (respectively, Hin(F),
HE (F)) we will always mean HO(F) (respectively, Hin(F), HS (F)), view-
ing F as a vector in DV *. We define the corresponding bilinear form B
over K by taking the trace of F, i.e. B([X],[Y]) = Tr(F(X,Y)); then the
associated quadratic form

(33) Q([X1) := B([X], [X])

in 4N variables over K is equal to 2F(X). Therefore F(x) = 0 for some
x € DV if and only if Q([z]) = 0. Write B for the 4N x 4N symmetric
matrix of B over K; then each entry of IF corresponds to a 4 x 4 block in B.
Specifically, if fyu = frua(0) + fur(L)i + frut(2)j + frua(3)k € D, then the
corresponding block in B is of the form

2fmi(0) 20 fru(1) 268fmi(2)  —2a8fm(3)
—20fmi(1)  —2afmu(0)  —20Bfmu(3) 206 fm(2)
—2Bfmi(2)  208fmB3)  —28fmu(0) —2aBfnu(1)
200fmi(3) —2a8fmu(2)  2a8fmu(1)  208fmi(0)
so B = (B(fm))1<mi<n, and Q(z) = z!Bz for each z € K*N. As defined
before, we will write H(Q) (respectively, Hin(Q), Han(Q)) for H(B) (re-
spectively, Hing(B), Hen(B)), viewed as a vector in K16V,

Finally, we define the constant that appears in the upper bounds of our
main result, Theorem Let Ao be the discriminant of the order @, which

(34)  B(fuu) :=

)
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is the ideal in Ok generated by all the elements of the form
det (Tl“(whwn))oghmgg € Ok,

where wy, ...,ws are in O, and let

N(40)'/?  N(4ap)
N(4aB) "N(Ap)'/2 [’
where N stands for the norm from K to Q. Then define

(36) Agx(N,L,a,p)

4L
_ o(20L—3)/2 A7AL—1 4(N—-L) s(a, B)
=2 N V/ Bg (4L) M(O) (t(a,ﬁ)(4L_1)/2 ,

where the field constant By (L) is defined in (L3)), M(O) is as in (35)), and
s(a, ), t(a, B) are defined in (L7)). We are now ready to proceed.

(35) M(O) = max{

3. Height comparison lemmas. In this section we will derive some
inequalities between heights over K and over D, which we later use to prove
our main result. We start with the following simple lemma.

LEMMA 3.1. For each x € OV,
(37)  ton B)H () < Hine(@) < hine() = h(w) < 25(a, G)h([z]).
Proof. For each v | oo, implies that
tolo B)H([e]) < o Janly < 250 (0, 6)Ho([a]),

and hine(x) = h(z) by (23). =
Similarly, we can obtain inequalities between height of a hermitian form

over D and its associated trace form.

LEMMA 3.2. Let F' be a hermitian form over D and let Q) be its associated
trace form over K, as in . Then

t(e, B)
(38) 2s(a, B)?
HO(F) < 20/ %5(a, B)N(ap) IN(O)H(Q),
where N stands for the norm on K, and
(39) N(O) = min{|N(7)["/?: v € Ok is such that ~i,vj, vk € O}.

Proof. As in Section 2| above, let F = (f,,;) be the N x N coefficient
matrix of F'. There exists a € Ok such that simultaneously all the entries
of the matrix alF are in O and all the entries of the matrix aB of the corre-
sponding bilinear trace form of aF as defined in Section [2 are in Ok. Notice
that H®(aF) = HO(F) and H(aB) = H(B) by the product formula. Hence
we may assume without loss of generality that all entries of F are in O and

H(Q) < Hinf(F)7
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all entries of B are in Og. Now for any 1 < m,l < N and v € M(K) such
that v | 0o,

HU(B(fml)) < 231}(05;6)2 max ‘fml(k”v

0<k<3

2
< S il < T Hu(B(f),

by , and so

to(a, B)

— = H,(B) < <2 H
2sv(a,6)2 v( ) = ISIT%(})S(N’fml’v = Sv(ayﬂ) ’U(]B)7

meaning that

t(o, B

e 0 Hur(Q) < Hia(F) < 25(00) i (Q).

There exists v € Ok such that i, vj, vk € O. Out of all such elements ~ let

us pick the one with the minimal norm |N(v)|. Notice that

Hint(YF) = N(9) [V Hin (F) = N(O) Hine (F),
where (0O) is as in (39), and so becomes
t(a, _
s Hur(Q) < Hi(F) = 9O) ™ Hig 1) < 25(0, ) (@),
Now we need to obtain a similar inequality for the finite heights. For

each 1 < m,l < N, write B(fy)nn for the nh-th entry of the 4 x 4 matrix
B(fmi), 0 <n,h < 3. Then, by we have

(40)

(41)

N 3 ~1/d
(42) Hin(B) = (O : > Y OxB(fudun| < 1.

m,l=1n,h=0

On the other hand, define Oy(F'),,; := O fni(0) + Ovi fru (1) + OJ frru(2)
+ Ovk fi(3) for each 1 < m,l < N, then we obtain

(43)  HG(VF)
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where the identity in the third line of follows by (2.23) of [6]. Now
observe that HO(F) = HP(yF) by the product formula, and so (38)) follows

by combining , , and . "
REMARK 3.1. Notice that cannot be replaced with an inequality of

the form Hg,(B) < Hf?n(Fa which means that Hin¢(F') in the upper bound

of the first inequality of (38)) cannot be replaced with HY(F). Consider the

following example. Let D = (_1(@_1), and let O be the order spanned by

(1+i+4+j+k)/2,i,j,k over Z. Let n € Z, and let F' be the hermitian form
over D given by the matrix

< 0 i—i—nj)
—i—nj 0 /)
Then

HS(F) = [0 : O(i 4 nj)| Y4 = (N +nj)?) Y4 = (1 4+ n?) V2
On the other hand, B(f11) is the 4 x 4 zero matrix, while
0 -2 —-2n O
2 0 0 2n
B - )
V)=t 0 o0 2
0 —-2n 2 0
and so
Hgn(B) = [Z: 2Z + 2nZ] ' = 1/2.
Since the integer n can be arbitrarily large, it is clear that we cannot have
Hgn(B) < HS (F) in this case.
In the next lemma we will compare the heights of a D-subspace of DV
with respect to two different orders, O and Oy in D.

LEMMA 3.3. Let O1 and Oy be two orders in D, and let Z C DN be an
L-dimensional right vector D-subspace of DN, 1 < L < N. Then

(44) M- N=L O (7)< HO(7) < MN-LHO1 (2),
where
(45) M = M(O1,0s) := max{N(Ap, Ap}) /%, N(Ap, A5 )2}

Proof. Let C be an (N — L) x N matrix over D with left row rank N — L
such that Z is the solution space of the linear system C X = 0; then we can
view C' as a linear map DV — DN~ and
(46) Hg!(C) = [0y F: C(OM) V4, HgR(C) = [0 ~F - C(o5)] /4.

Let 4y be the order ideal of the pair O, 02, which is the product of the
invariant factors of Oy in O; (see for instance p. 49 of [13]). Then & is
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a fractional ideal of Ok generated by all the elements of the form det(¢)
as ¢ runs through all K-linear maps sending O; into Os. In an analogous

manner, let Uy be the order ideal of the pair Oy, O1. Then implies that
(47)  Hgl(0) < NN FH2(C),  Hg2(C) < N(the)V " Hg! (O).
By definition of 4; and s, it is easy to see that

Ao, =500, Ao, =U3A0,,
and so
(48) N(th) = N(A0, 452, N(th) = N(Ap, Ag!)Y2.
Combining with finishes the proof. m

REMARK 3.2. Notice that if O7 = Oy, then M = 1, and so there is
equality throughout in . In fact, given any two orders O; and Oz in D,
the existence of constants C7, Co depending on O1, 09, N, L such that

CLH?N(Z) < H?(Z) < C2H(Z)

for an L-dimensional right vector D-subspace Z of DY was observed by
Daniel Bertrand, and is discussed on p. 116 of [6].

We will apply Lemma [3.3]in the particular situation when O; is the order
O we picked in Section [2] and O3 is the order Op defined by

3
(49) OD = ZoKnrm where o = 1) m= /i7 2 = ja N3 = k.

n=0

LEMMA 3.4. Let Z C DV be an L-dimensional right vector D-subspace
of DN, 1< L < N. Then

(50) Mm(O)" NP HO(Z) < HO (Z) < m(0)NLHO(Z),
where M(O) is defined in (3F).
Proof. A simple computation shows that Ap,, is generated by
det (Tr(nann))o<hn<s = —16a%3%,
and the lemma now follows from Lemma [3.3] =

Next we compare the height of a D-subspace of D™V with respect to Op
with the height of its image under [ ].

LEMMA 3.5. Let Z C DV be an L-dimensional right vector D-subspace
of DN, 1< L < N; then Vz := [Z] € K*N is a 4L-dimensional K -subspace
of K*N | and

(51) H(Vz) = HOP(Z),
where Op 1s as in .
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Proof. Let o1,...,04 be the d real embeddings of K as in , and
define
d

(52) L=(01,...,00) : K = [[ Ku, =R,

n=1
which extends naturally to a map from K to RV Then the composition
of [ ] with ¥ is an embedding of D into R*V9, and

Az = X([ZNOY)) = 2(Vzn O
is a lattice of rank 4Ld in R4V since [ON] = O, By a well-known theorem
of W. M. Schmidt (see Theorem 1 on p. 435 of [10]), we can relate the

determinant of Az to the height of V. Specifically, as was worked out in (17)
of M,

(53) det(Az) = |Ag|F/2H (V)"

On the other hand, C. Liebendorfer in [6] relates the determinant of Az to
the height of Z. Lemma 3.2 of [6] implies that

det(Az) = det(X[Op)) H(Z)*,

where a straightforward extension of Lemma 3.1 of [6] gives

det(Z[Op]) = v/ Ak|,

and so
(54) det(Az) = |Ag|*/2H(Z)*.

It should be remarked that Lemmas 3.1 and 3.2 in [6] are proved for the
case when the number field K is just QQ, however the extensions of these
lemmas to the case when K is a totally real number field are essentially
word for word: we are simply viewing Op as an Og-module, which itself is
a Z-module. The exponent d appearing on heights in our identities and
is just a normalization due to the fact that our heights are absolute.

Now combining with produces . u

4. Main result. We are now ready to prove Theorem

Proof of Theorem . Let Z C DV be an L-dimensional right vector
D-subspace of DV, 1 < L < N, and let F be a hermitian form in N
variables over D which is non-singular on Z. Then V; = [Z] € K*V is a
4L-dimensional K-subspace of K4V, and the corresponding quadratic form
Q@ is non-singular on V.

Notice that zeros of the hermitian form F' in Z are in bijective corre-
spondence with zeros of the quadratic form @ in Vyz, i.e. F(x) = 0 for some
x € Z if and only if Q([x]) = 0. By formula (1.4) of [19] (which is a corol-
lary of Theorem 1 of [19]) combined with our formula (7)), there exists a
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basis x1,..., x4, € O%{N for Vz such that Q(a;) = 0 for all 1 <[ < 4L,
h(x1) < h(x;) and

(55) h(z1)h(21) < Br(4L)(16N?H(Q))*" 1 H(Vz)?
for 1 <1 < L, where Bg(L) is as in . In particular,
(56) h(z1) < VBr(4L) (16N H(Q)) V2 H(V7),

which is the analogue of Cassels’ bound, and is sharp at least with respect
to the exponent on H(Q).

REMARK 4.1. The height of the quadratic form @ used by Vaaler in [19]
is slightly different from ours: he uses La-norms at the archimedean places
instead of the sup-norms that we use for our height H(Q). To compensate
for this difference, we introduce the additional constant 16N? in front of
H(Q) in and (56). Our choice of the sup-norms at the archimedean
places makes comparison inequalities of Section [3| (especially Lemma
more natural and easier to work out.

To proceed with the proof, notice that F([x;]~!) = 0 for each 1 < < 4L,
and there exist
l=lh<lh<- <l <4L

such that [z;,]71,... [z, ]7! is a basis for Z as a right D-vector space;
we will write y,, = [z;,]”! for each 1 < n < L. Notice that in fact
Yi,-.-,Yg € Og. Now we need to estimate the heights of these basis vec-

tors, for which purpose we use the height comparison lemmas from Section
Specifically, inequalities and follow from inequalities and ,
respectively, after an application of the height comparison inequalities pre-
sented in Lemmas [3.1 as follows: Lemma [3.1] produces an upper bound
for each h(y,,) in terms of h(x;,); Lemma is then used to bound H(Q)
from above in terms of Hi,(F); finally, using Lemma we can express
H(Vy) in terms of H9P(Z), and then use Lemma to bound HOP(Z) in
terms of H®(Z) for an arbitrary order ©. Hence combining and (56)
with Lemmas|3.1H3.5 we obtain inequalities and . This completes the
proof. =

REMARK 4.2. Notice that the basis y,,...,y; for Z over D we con-
structed consists in fact of vectors with all of their coordinates in the or-
der Op. Moreover, for any order O" in D there exists b(0’) € K such that
the new basis vectors b(O')yy,...,b(O")y;, for Z have all their coordinates
in O while their projective heights H stay the same as those of y1,...,y;,
respectively.

REMARK 4.3. It is not clear to us whether the upper bounds in Theo-
rem are optimal or not. We should remark, however, that starting from
the bounds of Theorem and applying our height comparison lemmas,
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one does retrieve a Cassels-type bound with correct exponents for the cor-
responding quadratic trace form over K in 4N variables. More precisely,
assume for instance that the hermitian form F' has all of its coefficients
in Op, and at least one of these coefficients is equal to 1, so Hfng (F)=1
and thus Hiyt(F) = HOP(F). Let y; € Z be a non-trivial zero of F guar-
anteed by (1); let 1 = [y,] € Vz be the corresponding zero of Q. Then
combining (1) with Lemmas (3.1 we obtain

(57) H(z) <g,1ap HQ)W D 2H(V,).

If we take Z = DV, and so Vz = K*V then L = N, H(Vz) = 1, and
becomes precisely a classical Cassels-type bound for () over K. Moreover, our
exponent on Hiy¢(F') in is completely analogous to the bound obtained
by Raghavan for hermitian forms over number fields (see Theorem 2 and
Remarks at the bottom of page 114 in [12]).
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