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1. Introduction

1.1. Background. In the 1840’s, Liouville [16] established the existence
of transcendental numbers by actually constructing one. His construction
was based on his discovery that for any algebraic number « of degree n > 2,
there exists a real number ¢(a) > 0 such that

2]

al g
for all integers p and ¢ with ¢ # 0. It was this work which first demonstrated
the now well-established link between transcendence and diophantine prob-
lems.

In 1909, Thue [25] improved upon Liouville’s diophantine result by in-
troducing a method which eventually led, in 1955, to Roth’s proof [20] that
for any irrational algebraic number « and any € > 0, there exists ¢(a, €) > 0
such that

c(a,€)
’q‘2+e
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q

for all integers p and ¢ with g # 0.

We call the exponents on |¢| in these inequalities irrationality measures
for a and Roth’s irrationality measures are essentially best possible.

But the reader should not be misled by this phrase “best possible”, for
here, as is often the case, there is more to be done. From Liouville’s proof it
is possible to explicitly determine the constant, ¢(a), but this is not true for
the results of Thue or Roth. This is important as an irrationality measure
even slightly less than n along with an explicit constant (such a result is
called effective) can yield bounds on the size of solutions of many classes of
diophantine equations.
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At present, there are three methods available for obtaining such effective
irrationality measures.

The first is due to Alan Baker, who, in 1964, published two papers [3,[4] in
which he obtained such effective irrationality measures for certain algebraic
numbers of the form 2™/™. As an example, he showed that for all integers p
and ¢, with ¢ # 0,
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Such results, via this technique, have since been improved, notably through
Chudnovsky’s analysis of denominators of the coefficients of certain hyper-
geometric functions [I3]. The best result currently known, from [28], states
that for any integers p and ¢, with ¢ # 0,
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Baker also pioneered the second method. Later in the 1960’s, he [5]
established a remarkable result: lower bounds for linear forms in logarithms.
Among the many applications of this result, in a refined form, are effective
irrationality measures which are better than Liouville’s for any algebraic
number of degree at least three. The reader is invited to consult [6] where
effective irrationality measures for numbers of the form ¥/n with n € Z are
established.

Finally, in the early 1980’s, Bombieri [8] combined elements of the non-
effective method of Thue and Siegel with a result of Dyson, which was
itself discovered for such diophantine approximation purposes, to create a
method which under suitable conditions gives rise to effective irrationality
measures much better than Liouville’s. Along with van der Poorten and
Vaaler, he [9] later refined this method in the case of numbers which are
cubic irrationalities over number fields.

1.2. The present work. In this article, we shall consider ideas re-
lated to the first method, the basis of which lies in the work of Thue, his
Fundamentaltheorem [26]. This work was a continuation of his earlier results
[23] 24] in which he explicitly determined polynomials P,(x) and @,(z) such
that

Qr(2)z'/" — Po(z) = (z — 1) 1S, (2),

where S, () is regular at x = 1.

Siegel [21I] recognised these P.(z) and Q,(x) as hypergeometric poly-
nomials. He [22] also recognised that the polynomials, F'(x), satisfying the
differential equation in Thue’s Fundamentaltheorem are those given in our
Lemma [3.2] for m = 2.
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In earlier papers [11} 12, 5], Thue’s Fundamentaltheorem was used to
completely solve several families of Thue equations and inequalities. In this
paper, we investigate the precise conditions under which Thue’s Fundamen-
taltheorem yields effective irrationality measures for algebraic numbers.

As a result, we show that Thue’s Fundamentaltheorem includes all the
effective irrationality measures for numbers of the form z!/™, which can be
obtained by Baker’s first method above and its refinements.

But, in addition to that, we also obtain effective irrationality measures
for a new family of algebraic numbers. These results include all the previous
ones ([LT}, 12} 15, 27]) derived from Thue’s Fundamentaltheorem.

Furthermore, like Yuan [32], we are able to extend our results to diophan-
tine approximation over imaginary quadratic fields (the only other number
fields besides Q that possess the property of “discreteness” of its integers).

However, there are some related tools that are not dealt with here. In
particular, it is possible to use Padé approximations to several functions
simultaneously to obtain effective irrationality measures (see [13]). A striking
example of applying this technique is Bennett’s paper [7], in which it is used
to obtain effective irrationality measures for numbers of the form (b/a)'/™,
where a and b are “small” rational integers. These cannot be treated by the
usual “non-simultaneous” technique.

See also Wakabayashi’s papers [30), B1] where simultaneous Padé approxi-
mations to the functions /1 — a;x and /1 — asx are used to obtain effective
irrationality measures for the real roots of some families of polynomials of
the form z* — a?2? + b. These roots are not covered by our results here.

Finally, in a forthcoming paper [29], we show why Thue’s Fundamen-
taltheorem holds and, as a consequence, generalise the results here.

1.3. Structure of this paper. We structure this paper as follows. Af-
ter some notation in the next subsection, Section 2 contains the statements
of our general theorems followed by two corollaries. In Section 3, we present
Thue’s original statement of his Fundamentaltheorem followed by our own
simplified version. In Section 4, we establish the form of the polynomials to
which Thue’s Fundamentaltheorem applies. Section 5 contains information
on the roots of these polynomials. Section 6 contains two diophantine lem-
mas. This is followed in Section 7 by some analytic results on the size of the
numerators and denominators of the hypergeometric polynomials as well as
bounds for the values of the polynomials. Section 8 contains the proof of
Theorem Section 9 contains the proof of Theorem finally, we prove
our two corollaries in Sections 10 and 11.

1.4. Notation. In order to state our results, we start with some nota-
tion.
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For positive integers m and n with (m,n) = 1 and a non-negative inte-
ger r, we put

Xmnr(x) =2F1(—r,—1r —m/n;1 —m/n;x),

where 9 F denotes the classical hypergeometric function.
We use X7, . to denote the homogeneous polynomials derived from
these polynomials, so that

X:n,n,r(x7 y) = erm,n,T(x/y)‘

For Thue’s Fundamentaltheorem itself, we will only use X1 ,,, so for
convenience we will write X, , rather than X, , in what follows.

We let Dy, . be the smallest positive integer such that Dy, p » Xy nr(2)
has rational integer coefficients (and again D, , in place of D1, ).

For a positive integer d, we define Ny, , to be the greatest common
divisor of the numerators of the coefficients of X, , (1 — dz).

We will use v,(x) to denote the largest power of a prime p which divides
into the rational number x. With this notation, for positive integers d and n,
we put

Nap = Hpmin(vp(d),vp(n)+1/(p*1))'
pln

For any complex number w, we can write w = se’?, where s > 0 and
—m < ¢ < 7 (with ¢ = 0 if s = 0). With such a representation, unless
otherwise stated, w!/™ will signify s'/e“/™ for a positive integer n, where
s'/™ is the unique non-negative nth root of s.

Lastly, following the function name in PARI, we define core(n) to be the
unique square-free divisor, ny, of n such that n/n; is a perfect square.

2. Results

THEOREM 2.1. Let K be either Q or an imaginary quadratic field and
let 51 be an algebraic integer with [K(f1) : K] < 2.

If K=Q orK(81) =K, then let T = 1, else let T be an algebraic integer
in K such that K(51) = K(y/7).

If B1 € K, then let Ba,v1,v2 € K with the v;’s non-zero, 8o # (1 and
Bo an algebraic integer.

If [K(B1) : K] = 2, then let (B be the algebraic conjugate of 1 over K,
v1 € K(B1) and 2 be the algebraic conjugate of v1 over K (so y1 = 2 if
they are elements of K).

For an algebraic integer x € K and a rational integer n > 3, put
Z(x)

U(zx)

Ux) = —v(z—05)", Z@)=n(-p5)", Wk)=
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and
_ Bilx = B)W (2)Y™ — Bo(x — B1)
(= )W ()" — (z = B1)

Let g be an algebraic number such that U(x)/g and Z(x)/g are algebraic
integers (not necessarily in K(51)). For each non-negative integer r, let h,
be a non-zero algebraic integer with h,./g" € K and |h,| < h for some fized
positive real number h.

Let d be the largest positive rational integer such that (U(x)—Z(x))/(dg)
is an algebraic integer and let C,, and D, be positive real numbers such that

Ir'l—1/n)r! nl'(r4+1+1/n)\ Dy, D, \"
(2.1) max<1’ Tor+1—1/m)  [(i/n) )Ndm <Cn (/\/dn>

holds for all non-negative integers r.

A(z)

Put
B = 208 (| T — V2@ VO + V2D
Q = —2r (max(|\/T@) — VZ@), VT @ + VZ@)},
‘g‘Nd,n
. log @
logE’

¢ = IVFI(Je = Bl + |z — Ba))CaQ
x max(L, 5h|v/7| [1 - W(@)""| e — Ba] [A(z) - B1]Cu )",

If E > 1 and either 0 < W(z) < 1 or |W(z)| = 1 with W (z) # —1, then

(2.2) A(z) — pla] > q|1+

for all algebraic integers p and q in K with q # 0.

REMARK 2.2. As we will see in the proof of Corollary the inclusion
of the h,.’s here can permit the use of a larger value of g and hence improved
reduced values of k.

REMARK 2.3. The inequality (2.1)) does not impose any constraint, for,
as we will demonstrate in Lemma [7.4] such an inequality always holds.

We can also obtain a similar, though slightly weaker, result for other
values of W (x) near 1. This allows us to extend and refine the results of
Heuberger [14].

THEOREM 2.4. Let K be an imaginary quadratic field and B1, B2, 71,
Yo, T, x, n, U(x), Z(z), W(x), A(z), d, g, hy, h, Cn, Dpn, Ny, be as in
Theorem 2.1]. Put
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|9INan 4(U(2)] — | Z(x) — U(x)])

E=">. 2@ - U@E
D,

Q= L2 U@ +|Z().

~log@

~ logE’

¢ =4h|V7|(lx = Bl + |z — Ba])Cn@Q
x max(L, 2h|\/7| |1 = W (2)"/"| |z = Ba| | A(z) = B1|Ca E)".
If E > 1, max(|1 — W(x)|,|1 = 1/W(z)|) <1, then
(2.3) |A(z) —p/al >

for all algebraic integers p and q in K with g # 0.

C‘q|fi+1

REMARK 2.5. The condition that K be an imaginary quadratic field is
no restriction since the case of K = Q is completely covered by Theorem 2.1}

We now give two corollaries of Theorem [2.1] showing how it contains,
and extends, currently known results as well as prov1d1ng new results. They
cover all cases where [K((31) : Q] <2

In the first corollary, we establish effective irrationality measures for
numbers of the form z!/". Together with Lemma it also strengthens
Theorem 2.1 in [32] and extends it to any algebraic number in an imaginary
quadratic field which lies on the unit circle.

COROLLARY 2.6. Let K be an imaginary quadratic field and n > 3 be a
rational integer. Let a and b be algebraic integers in K with the ideal (a,b) =
Ok and either a/b > 1 a rational number or |a/b| = 1 with a/b # —1. Let
d be the largest positive rational integer such that (a — b)/d is an algebraic
integer. Let Cy, Dy, and Ny, be as in Theorem . Put

Nd"{mm(\ﬁ—ﬂ a+ Va2,
(1Va — VB, [va + V)12,

~log@
~ logE’
= 4ya\ch<2.5 a(ab_b) an> .
If E > 1, then
1
2.4 p)t/n — -
(2.4) [(a/b) p/al > gl

for all algebraic integers p and q in K with g # 0.
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Our second corollary covers the cases when 8 and s lie in a quadratic
extension of Q. There is some overlap with Corollary as we allow 31 € Q
here, but the formulation here allows Corollary [2.7] to be readily applied to
parametrised families of algebraic numbers.

COROLLARY 2.7. Let m, t and x be rational integers with n > 3 and
t # 0. Let By = a + b/t be an algebraic integer with a,b € Q and b # 0
and let B2 = a — b\/t. Let ~v1 be an algebraic integer in @(\/E) with y2 as its
algebraic conjugate. We can write U(z) = —yo(x — B2)" = (u1 + uzv/t)/2
where uy,us € Z. Put
g1 = ng(“’lv UQ), g2 = ng(ul/glu t)a
1 ift=1mod4 and (u1 —u2)/g1 = 0 mod 2,
93=1% 2 ift=3mod4 and (u; —uz)/g1 = 0 mod 2,

4  otherwise,

gs = ged <COT€(9293) ged(2,n)n )
" ged(u1/g1,ged(2,n)n) )’
05
V0394
I 19| Nan
Dy min(jugVE + /udt — u3])’

Q= D, max(Jugv/t £ \J/udt — u?|)
B ’g’Nd,n ’

o log ()
logE’
¢=4/2t(]x = Bi| + |z — B2])CaQ
% (max(1,5v/[24] [1 = W ()" [z — o] | A(2) — B11Ca )",
where d is the largest positive rational integer such that uy/(dg) is an alge-

braic integer and A(x), Cn, Dn, Nan and W (z) are as in Theorem 2.1] If
E > 1 and either 0 < W(z) <1 or |W(x)| = 1 with W(x) # —1, then

(2.5) |A(x) —p/q| >

C‘q|fi+1
for all rational integers p and q with q # 0.

REMARK 2.8. The factor g4 here may appear wasteful as (u/g1)+/93/92
is already an algebraic integer. It arises from an interdependence between d
and g here. The factor of /gy allows us to increase the size of d by a factor of
g4 and hence obtain a net benefit of |/gs. This can be important in practice
(for example, filling the gap 1200 < ¢ < 40000 in [2]).
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3. Thue’s Fundamentaltheorem

LEMMA 3.1 (Thue [26]). Let F(z) be a polynomial of degree n > 2 and
assume that there is a quadratic polynomial G(x) with non-zero discriminant
such that

2

(1) G) ey (P@) ~ (n— 1) - (C(a)) - (P(a))
n(n—1) d? B
U (@)F@) =0
We write
d d
Y (2) = 20(a) - (P(x)) ~n (G () F(),
n2 — 2 2
=" () ~200) 1, cw@)).
N

Let us define two families of polynomials Pl(x) and QL(z) by the initial
conditions

Qi) = 2",
Qi) = 250 (Go) g (Fa) - "5 L GE)F@),
Pi(a) = 22,

(n+1)G(z)F(x)
3 )

2
Pi(z) = 2Q' () —
and, for r > 1, by the recurrence equations

Al 1) = D@0 = (14 5 )Y @@ 0) — (07 + DF@)Qh 1 (o),

An(r+1)=1)P () = <7° + ;)Y(QJ)PT'(Q:) — (nr + 1)F?(z)P'_, ().
(a) For any root o of F(x),
aQL(x) — Pl(x) = S (),

where SI.(z) is a polynomial divisible by (x — )
(b) Put

Z(@) = ;(;(% + F(x)> and U(z) = ;(;@% - F@;)).

2r+1
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Then
(VAN Q1 (2) = A() X, (Z(2),U(x)) — B(x) X, (U(x), Z(x)),
(VA" P(x) = C(2) X}, ,(Z(2),U(x)) = D() X, . (U(), Z(x)),

where
= (- (2 B
- (it - (3
- (ot (3 -

These results can be found in Thue [26, Theorem and equations (35)-
(47)] or Chudnovsky [13] (see, in particular, Lemma 7.1 and the remarks
that follow (pages 364-366)).

We have added two extra hypotheses, requiring that the degree of F(x)
be at least two and that the discriminant of G(x) be non-zero. If n = 1,
then h = n — 1 = 0, with the result that A(x) = B(x) = C(z) = D(x) =0
and the relationship between the P/(x)’s and @/.(x)’s and the hypergeomet-
ric functions fails. When the discriminant of G(z) is zero, the recurrence
relationship for the P/(z)’s and Q..(z)’s does not hold.

Also notice that there are some differences in notation between the
lemma above, which is similar to Chudnovsky’s [13], and that of Thue. In
particular, here,

e Thue’s U is replaced by G here,

e our n and r are switched from [26],

e our P/(z)is2(r—1)By,(z)/3 and our Q..(z) is 2(r—1) A, (x)/3 in Thue’s
notation (we use the superscript as we will simplify these polynomials
further in what follows),

e we capitalise Thue’s a, b, ¢, d, and z,

e what we call Y(x) and U(x), correspond to 2H (z) and y(z) respec-
tively in Thue’s paper,

e we label Thue’s U, (2,y) as X, ,(Z(z),U(x)).

However, this lemma can be simplified considerably and that is the ob-
jective of this section.
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We start with a result regarding the differential equation in ({3.1]).

LEMMA 3.2. Let m and n be positive integers with n > m and let
Bi,. .., Bm be distinct complex numbers. Put G(x) = (x — 1) -+ (x — Bm).
An analytic function F(x) is a solution of the differential equation

32 Y (") G0 o () =0

N 1
=0

if and only if it is of the form
F(z) = vila — 6)"
i=1

for some choice of y1,...,vm € C.

Proof. Note that is a homogeneous linear differential equation of
order m. The theory of these equations is well-understood (see, for example,
Chapter 4 of [10]).

By Theorem 4.1.2 of [10], given m linearly independent solutions (F(z),

.., Fn(z)) of the differential equation, then any solution is given by
v1Fi(x) + -+ v Fp(x) for some constants 1, . . ., vn,. Here we show that
Fi(z) = (z — )", ..., Fn(x) = (x — Bn)"™ are such linearly independent
solutions.

Putting F(x) = Fj(x), we get

amn—i n!

e (F@) = e (),

so we can write (3.2) as

Z(—l)i <TL - m + Z) di; (G(SE)) L (l’ _ ﬁj)n—(m—i)

]
1=0

— (- DDy (G

Note that the sum in the last expression is in fact the Taylor series
expansion of G(;) = 0, since deg G(z) = m. Therefore, the entire expression
is 0. Hence (x — (3;)" satisfies the required differential equation for each
j=1,...,m and it only remains to show that these m solutions are linearly
independent.

This is equivalent to showing that their Wronskian is not always zero.
We can write this Wronskian as
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(z = p)" s (@ = Bm)"
n(z—p)"t o (e = By)" !
det
nl(xz — )= (m=1 nl(x — B)"~(m=1)
(n—m+1)! (n—m+1)!

(J? _ ﬁl)mfl .. (ZL‘ _ Bm)mfl
_ (ﬁ n!(x — @')”_(m_l)) dot (z— Br)™ 2 (x — Bm)™ 2

Pl (n—i+1)!
1 1
B ) ) — (r — 3.
e B

This function is identically zero only if the 3;’s are not all distinct, a condi-
tion which we exclude here. =

We now present our simplified version of Lemma, (3.1

LEMMA 3.3. Let 81, B2, 71 and v2 be complex numbers with 81 # [Bo.
For any integer n > 2, we put

Uz) = =z — B2)"  and Z(x) =z —5)"
For all non-negative integers r, we define
Qr(z) = (x = 02) X, (Z(2), U(x)) = (z — B1) X, . (U(x), Z(x)),
Pr(z) = iz — f2) X5, . (Z(2),U(x)) — Boz — B1) X, . (U(z), Z(2)).
For any root, o, of
F(z) =n(z = f1)" + 72z — 52)",
the polynomial

Sp(z) = aQy(z) — Pr(z)

is divisible by (z — a)* 1.

Proof. First note that we may assume that G(x) is monic since wher-
ever G(z) is used in Lemma the leading coefficient can be eliminated.
Therefore, we can write G(z) = (z — f1)(z — (2).

Applying Lemma3.2] with m = 2, we see that a polynomial F'(z) satisfies
the differential equation in if and only if it is of the form above.

Also h = (TL2 — 1)(,81 — ,82)2/4 and \ = (ﬁl — ﬁ2)2/4.
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Next, we need to calculate Thue’s Y (x):

Y(z) =2G(z) (F(ﬂf)) %(G(fﬂ))F(ﬂf)
=2(z — 51)(33 — B2)(mn(z — B1)" " + yan(z — B2)" )
—n(2z — (B1 + B2))(n(z — B1)" + v2(x — B2)")

=n(61 — B2)(n(z — B1)" —y2(z — B2)")
=20V (i (2 — B1)" — ya(x — B2)™).
Thus

Z(x) = ;(;ff) +F(:r:)>
= e = B — el — Bo)" + i — B + (e — o))
=m(x — B)".

Similarly, we find that U(z) = —y2(x — B2)".
Now we determine the expressions for A(x), B(x), C(z) and D(x):

Alz) = 2= DA(@) = V(@)Qo(@) + 2VAF(2)Qo(x)
A4V F(x)

h d
S vera (2G<x>dm<F<x>>

—(n—1) %(G(x))F(a:) —Y(x) + zﬁF(x)>
h d
= AFE <dx(G(x))F(a:) +2VA F@))

_(P-1DVA ‘61)ﬁ<di( (@ ))+2\F)

[\

2

=z 6_1 (B1 — B2)(x — B2).

A similar argument establishes that

-1
(B1 = B2)(x — B1),

B(z) =
as well as the relationships C(x) = f1A(x) and D(z) = f2B(x).
Therefore,
(VN Qu(x) = A(2) X (Z(2), U(2)) — B(2)X;; ,(U(z), Z(x))
L)

x{(x = B2) Xy (Z(2),U(x)) = (z = B1) X, (U(x), Z(x)) }
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and
(VN"Pl(z) = C(2) X, .(Z(x),U(x))=D(2) X, . (U(x), Z(x))

2_
T (B )
XA Pr(x—02) X5, . (Z(x), U(x)) = Po(z=P41) X5 (U(2), Z(2)) }-
We now set P.(z), Q.(z) and S,(z) to be 6/((n? — 1)(B1 — B2)) times
(VN Pl(x), (VA QL(z) and (VA)TSL(z), respectively.
From the statement of Thue’s Fundamentaltheorem (Lemma [3.1j(a)), for
any root « of F(x),

aQr(z) — P (x) = Sy (z),

2r+1

where S, (z) is a polynomial divisible by (z — «) ]

4. The form of the polynomials
LEMMA 4.1. Let 31, B2, v1 and vy be complex numbers with 31 # (B2 and
let n be an integer with n > 3. For any number field K, we have
0# F(z) =7z — B)" +y2(x — f2)" € Klz]
if and only if either

(a) one of the ~y;’s is zero (say 1), B1 is any complex number, vz is a
non-zero element of K and (o is element of K other than (31,

(b) ﬁlaﬁ?vVlarYQ S K} or
(¢) [K(B1) : K] = 2 and By is the algebraic conjugate of (1 over K,

v € K(B1) and 7 is the algebraic conjugate of y1 over K (soy1 = 7o
if they are elements of K).

REMARK 4.2. The condition n > 3 here is necessary. If 81 = 7, B2 =
—1/m,y1 = 1/(7?+1) and vo = 72/(72+1) with n = 2, then F(z) = 22+ 1.
Here we have transcendental values for 31, (2, 71 and e, yet F(z) € Q[z].

Proof of Lemma 4.1. We will consider the four highest-order coefficients

of F(x):
Nn+r2=uack,

161+ 2B2 = a2 €K,
NP7 + 72085 = a3 €K,
MO+ 205 = as € K.
Using these expressions, we find that

a3 — azasfs + (a3 — ara3) B3 _ BiNE — B3Pt + B1B3niye — Bamve

az — a1} Y1 (61 — B2)
=106} + 125.

(4.1)
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If ag — a182 = y1 (1 — P2) = 0, then 1 = 0 (since we assumed (31 # (2).
From the expression for our polynomial, this implies that #; can be any
complex number and that 45 must be an element of K. If 75 = 0, then (3
can be any complex number (# (). And if 72 # 0, then f2 must be an
element of K (again, # [31).

These cases constitute part (a) of the lemma, along with the assumption
that F(z) # 0, so we can assume ag — ajf32 # 0 in the remainder of the
proof.

From the first and last terms of the above relationship, we obtain a
polynomial, f(z), such that f(32) = 0. Namely,

(4.2) f(B2) = (a3 — a1a3) 53 + (araq — azaz) Bz + (af — azas) = 0.
Therefore, 35 is an algebraic number of degree at most 2 over K.
From the expression in (4.1]) for the a;’s, we find that

_az—a1f
(43) LT
_a1(f1 — B2) — (a2 —a1f2) a1 —as
(44 " B — B2  Bi—B
a3z —azf
(4.5) 61 = p—N il

Let us consider the case of 8y € K. From the expressions above, we see
that 51,71,72 € K. Hence we find ourselves in case (b).

Therefore, in what follows, we assume that Gy ¢ K.

We now show that (3 is the algebraic conjugate of f2. To demonstrate
this, we substitute the expression for 31 in into the polynomial f(z).
We find that

(a2 — a132) f(B1)
= (a3 — a1a3)(az — azfa)® + (ara4 — azaz)(az — azfz)(az — a13)
+ (a3 — agas)(az — a182)”
= (a3 — a1a3)(a3 — az32)* + (a2 — a1B2)(ara3a4 — ajay + a3asfs — aa3fs)
= (a5 — a1a3)((az — azfa)? — (a2 — a132)(as — azf))
= (a3 — a1a3)f(B2) = 0.
Therefore 31 is the algebraic conjugate of 32. Hence, from , the algebraic
conjugate of 1 is (ag — a151)/(B2 — $1) = 72, as required. m

REMARK 4.3. From a diophantine point of view, there is no interest in
the cases of 1 = 0 or v2 = 0 (that is, part (a) of this lemma), since the
resulting polynomial is a power of x — (B2, where J2 € K. So in the following
we shall not consider this case any further.
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REMARK 4.4. This proof is quite detailed, but it does provide an explicit
means to easily test if a given polynomial F'(x), of degree n, is of the required
form.

Let A be the lead coefficient of F(x), B be the coefficient of F(z) of
degree n — 1, C' be the coefficient of F(x) of degree n — 2 and D be the
coefficient of F'(x) of degree n — 3.

Set a1 = A, ag = —B/n, ag = C’/(g) and as = —D/(g) Find 1 and (s
as the roots of f(z) in and then find v and 2 from and (4.4).

5. Roots of these polynomials. We start with the following lemma
describing the roots themselves.

LEMMA 5.1. Let n, 1, B2,71,72 and F(z) be as above. Then

_ Bin/2)m = B
(= /32)t/m =1
is a root of F(x) for each nth root of —y1/v2, except 1 in the case of v

= —o. Furthermore, for any two distinct nth roots of —v1/v2 (again ex-
cluding 1 in the case of y1 = —72), the corresponding «’s are distinct.

Proof. We start by substituting the above expression for « into F(z):

_(Blm/) =6\ i/ =08\
F(a) = 71< (o1 /)7 — 1 ﬂ1> + 72( v 52)
_ Pr — B2 " (Br = B2) (—=71/32)Y™\"
- ”1<<—71/72>1/n - 1> +72< (/1) — 1 )
(81— B2)" (11 + v2(=711/72))

T Gy

Next, we consider when two of these a’s are equal. Let (—v;/72)"/" be
a fixed nth root of —vy; /2. Suppose that

Br(=71 /7)™ — Ba _ Bk (=1 /7)Y — Be
(= /72)/" =1 Ch(=m/7)/m =1
for some (¥ = exp(27ik/n). Then
PG (—71/72)™ = Bi(=m1/32) ™ = Bal (=11 /72) ™ + B
=BG (=71/92)*" = Ba(=m1/32) " = BrGu(=m/72) /" + Ba-

So
(B — B)CE (= /7)™ = (B1 — Ba) (=1 [22) ™
This implies that either 51 = (33 (a condition which we exclude), v; = 0 and

42 # 0 (which we have again excluded, see Remark 4.3) or ¢¥ = 1, which is
to say that the two a’s are equal. =
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In the following lemma, we determine when the roots of the polynomials
are real for polynomials with rational coefficients.

LEMMA 5.2. Let n, (1, (2,71,72 and F(x) be as above.

(a) If K= Q and K(81) is an imaginary quadratic field, then F(x) has
n real roots.

(b) Suppose that K = Q and K(f1) is contained in a real quadratic field
and write B = a + by/t with a,b € Q.

If —v1 /72 > 0, then F(x) has two real roots for n even and one real root
for n odd. These roots are

(=/y)/" +1
(=1 /7)tm—1

(5.1) a7 :a+b\/7§

and, for n even,

2 _ I/n _
:a—l—b\/f( "1/72) 1

a1 —a (= /)M +17
where (—y1/v2)"/™ denotes the unique positive real nth root of —y1 /2.

If —v1/v2 < 0, then F(z) has no real roots for n even and one real root,
oy above, for n odd, where (—y1/72)"/™ denotes the unique negative real nth
oot of —11 /7.

Proof. When K(f1) = Q, the result is well-known, so we restrict our
attention to the case of [K(81) : Q] = 2. In this case, we can write 31 =
a + byt and Py = a — by/t, where a,b € Q.

(a) From Lemma we know that as j runs through the integers from
0ton—1,

(5.2) ag =a+

1/n

Bre®m i/ (—yy ya) " — By
eQm'j/n(_,-yl/,-m)l/n -1
1/n

runs through the roots, where (—v1/72)"/™ denotes a fixed root of —v1 /2.

Multiplying the numerator and denominator by the complex conjugate
of the denominator and substituting the expressions for 3, 82 and e2™4/™
we find that the roots are of the form

a+ b/t

LG/ — 1 = 2ifsin(2mg /m)R((—y1 /72) ") + cos(2mi/n)S (=71 /72) ™)}
(o 22) 7P+ T+ 2sin(2m /m)3((—71/72) /") — Zeos(2ag/mR((— [72)177)

If t < 0, then 1 and 79 are also complex conjugates, and |(—v1/72)"/™|?

=1, so the roots are of the form
ot b/"F sin(2mj /n)R((=y1/72)"/™) + cos(2mj /n)S((=y1/72) /™)
1+ sin(2mj /n)S((=71/72) /") — cos(2mj /n)R((=y1/72)'/™)
So all the roots are real numbers.
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(b) Now suppose that ¢t > 0 and —y; /2 > 0. Then R((—y1/72)"/") =
(=1 /72)Y™ and S((—71/72)"/™) = 0, so we can write the roots as

o pyi NP2 = 1 = 2isin(@mj /n) (=1 /70) "
(=71/72)2/™ + 1 = 2 cos(2mj /n) (=71 /72) /"
These roots are real if and only if their imaginary part is zero, which only
happens if 25 is a multiple of n (i.e., j = 0 or j = n/2). Hence, there are
precisely two real roots when n is even and precisely one real root when n
is odd.
These roots are

WE(m/)*" =) (/)P - 1)
(=711 /72)2/™ = 2(=m /72) /" + 1 ((=m /)" —1)2
bVE (= /7)™ +1)

a—+

= a+ y
(=71 /72)t/m =1
and similarly for n even,
WEH(/)*" =) (/) 1)
(=711 /72)2/™ + 2(=m /72) /" + 1 (=71/72)Y" 41

If —y1/72 < 0 and n is odd, then we let (—v;/72)*/" denote the unique
negative real nth root of —v;/~2 and by the same argument as above, there
is one real root of F'(x) and it is of the form

OV ((—71/72)*" = 1) - OV ((=71/72)" /" + 1)
(=1 /72)2" = 2(=m/72) /" + 1 (/)" =1)
If —1 /72 < 0 and n is even, then the roots are as above and can be real
only if
(5.3)  sm(@mj/mR((—71/72)"") + cos(2m7 /m)S (=7 /72) /")
is zero. For n > 2, both the real and imaginary parts of (—v; /72)/™ are non-

zero, which means that for ([5.3]) to be zero, both cos(27j/n) and sin(27j/n)
must be 0. This is impossible, hence there are no real roots in this case. =

LEMMA 5.3. Let A(z) and W (z) be as in Theorem 2.1] and let F(z) be
as above. For any x € C such that W (x) is not a negative real number or
zero, F(A(x)) = 0.

Furthermore, for each root, a, of F(x), we can find a value of x such
that A(x) = a (in particular, A(a) = ).

Proof. We can write W (z)'/" as e2™k/™ (2 — 1) (=71 /72) Y™/ (x — B2) for
some integer k. Hence

a—+

2™ kI 31 (=1 [y2) Y™ — Ba
eQﬂ'ik/n(_,Yl/,YQ)l/n -1
By Lemma this quantity is a root of F(x).

Alz) =
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To show that A(a) = «, observe that since « is a root of F'(x), we have
y1(a — B1)" + y2(a — F2)™ = 0 and hence
_mla—p)"

Y2l — B2)

Therefore, by our choice of nth root,

:ﬁl(a—ﬁ2)W(a)l/”—52(a—51) Bi(a—PBa)—P2(a—51)

= = . nu

(a—=Ba)W ()" —(a—p) (@—=P2)—(a—=p1)

W(a) = 1.

Ala)

6. Diophantine lemmas. The following lemma is used to obtain an
effective approximation measure for a complex number 6 from a sequence
of “good” approximations in an imaginary quadratic field.

LEMMA 6.1. Let 8 € C and let K be either Q or an imaginary quadratic
field. Suppose that for all non-negative integers r, there are algebraic integers
pr and g, in K satisfying DPrar+1 # Dr41Qr with ‘QT| < koQ" and ‘%‘9 - pr‘
< boETT, for some real numbers ko, by > 0 and E,Q > 1. Then for any
algebraic integers p and q in K with |q| > 1/(2¢y), we have

£ ! = K _log@
‘9 — q‘ > W, where ¢ = 2koQ (200 F) and Kk = s &

REMARK 6.2. This is a generalisation of Lemma 2.8 in [12] to quadratic

imaginary fields.

Proof of Lemma . Let p, g be algebraic integers in K with |q| >

1/(2¢p) > 0. Choose
log(2¢o|q|)
= | 250U
o { log £ *
Since E > 1 and 20y|q| > 1, we have ng > 1.
It also follows that log(2¢p|q|)/log E < ng and hence for all n > ny,

(6.1) EoE_n < gOE—IOg(%O‘Q‘)/IOgE = 1/(2|q|) < 1.

If we have ¢, = 0 for some n > ng, then from (6.1)), |pn| = |gnt —pn| < 1,
which implies that p, = 0, since all non-zero algebraic integers in these
fields are of absolute value at least 1. This contradicts the supposition that
DPnni1 # Pnti1qn- LTherefore, g, # 0 for all n > nyg.

So, for any n > ng with p/q # pn/qn, we have

1 ¢ 1
oL > _L > - > :
q qn q dn |qC.7n| E |Qn| 2|QQn|

again using (6.1) and the fact that p,q — ¢,p is a non-zero algebraic integer
and hence of absolute value at least 1 in such fields.

>

Pn p‘_‘e_pn
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The choice of ng yields

log (2 log E
Q< exp( cehold) * o 10g@> = (2Bt|q))"
ogE
If p/q #pno/Qnoa then
‘9 - p’ 1 1 1

= > > > .
gl 2lqqne| ~ 2lqlko@Qm0 T 2ko(2E4p)"|g| T
If p/q = pno/‘]noa then p/q e pnO+1/QTLO+]. and we obtain
P 1 1
0— = > > A
‘ q| "~ 2lqgno+1] — 2|glko@mott T 2koQ(2E¢y)" gl
LEMMA 6.3. Let K be either Q or an imaginary quadratic field and let
0 € C. Suppose that

>

g0 — p| > Clq|™",

for some C k> 0 and all p,q € Ok, the ring of integers of K, with q # 0. Let
ai,az,as,aq € Og with ajay — azag # 0 and put 0’ = (@10 + a2)/(asb + a4).

Then
C

>
|ag + azf|(las|(1 + [0]) + [a1])
for the same C,k > 0 and all p,q € O with q # 0.

|q0/ —p‘ P ’q|_ﬁ7

REMARK 6.4. This is an explicit version of the results in Section 8 of [13],
as well as an extension to include the imaginary quadratic fields. It can
be used to obtain effective irrationality measures for numbers that can be

obtained from 6 by means of fractional transformations.
Proof of Lemma[6.3 We can write
—a40' + as
6.2 0= ——7-—.
( ) CL39/ — a1

Suppose we have g8’ —p = § for some §. Using this expression, we can write
0’ = (6 + p)/q and substituting this expression for 6’ into (6.2)), we find that

0(asp — a1q) — (azq — asp) = —d(aq + azh).
From our hypothesis that
Q0 — P| > ClQI™,
for some C, k > 0 and all P,Q € Ok with @ # 0, we know that
|0(as + asf)| > Clasp — a1q|™"
or

9] lasp — a1q|™".

> N
lag + a0
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We can assume that |§| < 1. Therefore, |p| < |¢f’| + 1. So
|asp — a1q| <'as|(1+ |0'q|) + |a1q]|
< las|(lgl +16"al) + |arq| = lgl(las|(1 + |¢"]) + |ax])-

Hence

C
>
|as + az0|(las| (1 +[6]) + |ai |
completing the proof of our lemma. =

|q0/—p‘ )K IQ|7H7

7. Analytic bounds. The following lemma is part of Lemma 2.3 in [12]
with one important change. In Lemma 2.3 of [12], we only allowed non-zero
values for x. We have removed this condition here as it is not used, or
required, in the proof of Lemma 2.3 in [12].

This is important and fortunate, as x = 0 was actually used to obtain
the theorems in [12] [I5 27]. Therefore, despite the statements in each of
those papers of a result like that Lemma 2.3 which does exclude = = 0, the
proofs of the theorems in those papers are still sound.

Note that the condition that W (x) is not a negative real number or zero
is required here with the current proof as it is used in the proof of Lemma 2.2
of [12], a lemma which is used as part of the proof of Lemma 2.3 of [12].

LEMMA 7.1. Let r be a non-negative integer. If W (z) is not a negative
real number or zero, then

(7.1)  Sp(z) = {ol(z — B)W ()" — (z — B1))
—(Bi(x = Bo)W ()" = Bolw — B1))} X, (U (), Z(x))
—(z = B2)(a = B1)U(z)" Ry pny (W(2)),

where

Dt 1R m/m) = gyt — wia))yemim=r=" d.
1

I'(m/n)r!

Rm,n,r(W(fc)) =

Proof. We proved this result for r positive in [12]. It is part of Lemma 2.3
there upon noting that x — fo, = — (1, Gi(z — B2), B2z — (1) are
6/((n%? —1)(B1 — B2)) times the a(x), b(x), c(x) and d(z) there respectively
(see the proof of our Lemma [3.3| for details).

As noted above, we have removed the unnecessary condition that z be
NON-zero.

So it only remains to consider r = 0. Since
W (x)

| em/mtdt = W)™/ -1,
1

I'(14+m/n)

Rinno(W(z)) = I'(m/n)

we have
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}
W(z))

{a((z = B)W (@)™ — (& = 1)) — (Bl — B)W (2)'/" — Bz — 1))
x Xp o(U(2), Z(x)) = (x = Ba) (e = B1)U (2)° R 0(
=of(z — B2) — (= B1)} — {Bi(xz — B2) — B2 — B1) }
= aQo(x) — Po(x) = So(x),
and hence holds for » = 0 too. =

Recall that Lemma states that for any root, a, of F'(z), we can find a
value of x such that the first quantity on the right-hand side of the expression
for S,(x) is zero. This is very important for our needs as otherwise this
term would actually grow exponentially with r, whereas we require S, (x) to
decrease exponentially quickly to zero with r.

We will show next that the U(z)" Ry, n (W (x)) term approaches 0 ex-
ponentially with 7.

LEMMA 7.2. Let m, n and r be non-negative integers with 0 < m < n
and (m,n) = 1.
(a) If either u and z are distinct positive real numbers, or u and z are
complex numbers with |u| = |z| # 0 and z/u # —1, then
nl'(r+1+m/n)
mI'(m/n)r!
x min(|v/u — vz, [Vu + v/z]),

" Ry (w)] < 2.381 — 0™

where w = z/u.
(b) If uw and z are complex numbers with |1 — z/u| < 1, then

nl(r+1+m/n) |z — ul? "
mI'(m/n)r! <4(|U| — |z - U\)) ’

[u R (w)] < ™™ — 1

where w = z/u.

Proof. (a) We first consider the case when u and z are distinct positive
real numbers. Using the definition of R, ,,»(w) from Lemma we put
1-8)(t—-w
poy = 120
We find that (d/dt)f(t) = —(t* — w)/t* and that (d/dt)f(t) = 0 precisely
when ¢ = ++/w. Therefore, |f(t)| < (1 — /w)* for all ¢ in the closed interval
between w and 1.
As we saw in the proof of Lemma
w
S = dt = (n/m) (W™ = 1),
1
and the lemma follows in this case.
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We next consider the case when u and z are complex numbers with
lu| = |z|. We proceed similarly to the proof of Lemma 2.5 in [12]. For
w = e with 0 < ¢ < m and /w = €*?/2, by Cauchy’s theorem,

(72) R () = I'(r+1+m/n)

(@ =0yt —w))yem/mr=at,
C

I'(m/n)r!
where
C={t|t=¢"Y 0<0<yp}
Put
ply= LT g gy = e,

Define F(6) = |f(e?)[, so
F(0) =4(1 —cos0)(1 —cos(6 —¢)) for 0 <6 <.

A simple calculation shows that

/ _ . P . Q 80_0
F'(0) = 16sm<9 2)811128111 5

The only values of 0 < 6 < ¢ with F'() = 0 are § = 0, ¢/2 and ¢. It is
easy to check that

F - A 4
) < Flor) =4(1-con s ) =1~ valt

and hence
P
[ 707 gt < §17(e)g(e™)] db < olt = Vil
C 0

Hence
I'(r+1+m/n)

I'(m/n)r! - \/m%

‘Rm,n,r(w) | <o

for such w.

Note that since |p| < 7, the integrand used in is continuous over
the path of integration.

The same argument can be used to extend this result to all w on the
unit circle using the same definition of the square root.

Notice that |1 — y/w| < |1 4+ y/w| for such w, as the real part of /w is
non-negative. Therefore,

[Vu(l = Vw)| < min(|vVu = vz, [Vu + V).

Finally, observe that since
|p[V/1 = (mg/n)?/12 < (n/m)/2 = 2 cos(mp/n) = (n/m)|1 — w™™",
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we have
(n/m)|1 — w™/™|

V11— 72/12

since |mp/n| < 7, so the result holds in this case too.

lo| < < 2.38(n/m)|1 — w™/™|

(b) Following the proof of Lemma 2.4 in [14], we use the change of
variables t = (1 — A\) + Aw to obtain
I'(r+14+m/n)

I'(m/n)r!

1
< L (@ =) (1 + Aw — 1))/,

0
With the estimates A(1 — A) < 1/4 and |1 + AMw —1)] > 1 — |w — 1] for
0<A<1land |w-—1] <1, we find that

I(r+1+m/n) jw—1 '
| R, (w)] < T(m/n)r! (4(1 — |w — 1\))

Ry nyr(w) = (w— 1)27"Jrl

1
x ‘g (w — 1)(1 + Aw — 1))/ d)\’
0
_| m/n_l‘nf(r—i-l—i-m/n)( lw — 1|2 >r
- mI(m/n)r! 41 —|w—=1|)) "’

and conclude the proof by substituting w = z/u. m

LEMMA 7.3. Let m, n and r be non-negative integers with 0 < m < n
and (m,n) = 1.

(a) If either u and z are distinct positive real numbers, or u and z are
complex numbers with |u| = |z|, then

[ X (2 W] [ X (0, 2))

It —m/n)r! o
T 11— myn) oVt Vel [V = V23
(b) If w and z are complex numbers with max(|1 — z/u|,|1 —u/z|) < 1,
then
* " 'l —m/n)r! i,
< .
‘Xm,n,r(zyu)’7 ‘Xm,n,r(ua Z)’ <2 T(r+1—m/n) {2(|u’ + |ZD}

Proof. (a) We first consider the case when u and z are distinct positive
real numbers.

For positive integers 7, from Lemma 5.2 of [28], we have

| X (2 W) 1 X (0, 2)| < (Ve V2)
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Since X, ,, o(u,2) = 1, this also holds for r = 0. Since

ra—-m/n)rt r 1
(7.3) F(r—i—l—m/n)_7"—m/n'”1—m/n>17

the desired upper bound holds.

Now we turn to the case when u and z are complex numbers with
|u| = |z|. This is an extension of Lemma 2.6 of [I12] to non-negative r and to
any u and z with w = z/u = €? where —7 < ¢ < 7. We proceed similarly
here and determine the maximum of the function

F(0) = |f(e?)> = 4(1 — cos0)(1 — cos(0 + ¢))

defined there for 0 < 0 < 27 and fixed —7 < ¢ < 7, again observing that
since 1 is a positive integer, f is continuous. Since

d . : e\ . 0 . —p—10

@F(Q) = —16 sm(@ + 2> sin 5 sin ——,

the only values of 6 for which (d/df)F(f) = 0 are § = 0,27 (so that
sin(0/2) = 0), —¢/2,m — ¢/2,2m — ¢/2 (so that sin(6 + ¢/2) = 0) and
—, 2w — ¢ (so that sin(—(6 + ¢)/2) = 0).

0 =0,2m: F(0) =0.
0= —p/2: F(0) = 4(1 —cos(—¢/2))(1 —cos(¢/2)) = 4(1 —cos(p/2))>.
0=m—p/2: F(0) =4(1 — cos(m — ¢/2))(1 — cos(m + ¢/2))

= 4(1 + cos(p/2))%.
0 =21 —¢/2: F(0) =4(1 — cos(2m — ¢/2))(1 — cos(2m + ¢/2))

= 4(1 — cos(p/2))2.

o 0 =—p: F(0) =4(1 — cos(—y))(1 —cos(0)) = 0.
o =21 —¢: F(0) =4(1 — cos(2m — ¢))(1 — cos(27)) = 0.

Since —7/2 < ¢/2 < 7/2, we have 0 < cos(¢/2) < 1 and hence the
maximum value of F () is 4(1 + cos(¢/2))?. We can write |1 + yw|? =
(1 4 cos(/2))? + sin?(p/2) = 1 + 2cos(¢/2) + cos?(p/2) + sin?(p/2) =
24 2cos(p/2).

Hence F(6) < |1++/w|* and following the same steps as in the remainder
of the proof of Lemma 2.6 of [12], we find that

z,u)| < 4’u|r1ﬂ];£«1+1n1/:l)/:i)

X, 1+ Va2,

,n,r(

Since
IVl 1+ Vw| < max(|vu + vz, [Vu — Vz]),

we see that

4 't —m/n)r!

X <
| “ 1+ Vw2 I'(r+1—m/n)

m,n,r

max(|vu + V2], [V = V2|

(z,u)]
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Since w is on the unit circle, we can write 1 + /w = 1+ wy &+ /1 — wii,
where 0 < w; < 1. Hence, |1 + y/w|? = 2+ 2w; > 2, and so

4
_ < 2.
1+ Vw|* ~
It follows that
. I'(l—m/n)r!
X (2] €2 g0 (Vi + V[V VR

To bound | X7,
m/n;1 — m/n;w™') is the complex conjugate of oFy(—r, —r — m/n;1 —
m/n;w), as shown at the end of the proof of Lemma 2.6 of [12].

Finally, for 7 = 0, we have X, ,, .(z,u) = X}, .(u,2) = 1. From ,
the desired upper bound holds for » = 0.

(b) We prove the upper bound for X
|1 — z/u| < 1. The proof for X},

We can readily extend the proof of Lemma 2.5 of [14] to any 0 < m < n,
so the desired result holds for positive integers, r, since

4e2/n 1
T (2V/3)rt!
forr>1,n > 2, |1—z/u|l < 1,and 27"/ (14 |z/u|)" /™ < {2(14|z/u|)}"
for such u and z.
The proof for r = 0 is identical to that in (a). =

(U, 2)| from above, we appeal to the fact that o F1(—r, —r—

*
m,n,r

u, z) is identical.

(z,u), assuming that

,n,r(

|1 - Z/u’2r+1‘w’m/n <1

LEMMA 7.4. Suppose that d, m, n and r are non-negative integers with
d>1,0<m<n and (m,n) = 1.

(a) Let Dy and Ngy,r be as in the Introduction. Then
(Dmynﬂ"/Nd,n,T)Xm,n,r(l - dl‘) S Z[IL‘]

Moreover, with di = gecd(d,n) and do = ged(d/di,n), we have
(1 TTpja, 27) | N,

(b) Define
pln

p prime
Then each of the coefficients of the polynomial
27
< >2F1(—73 —r £ m/n; =2r;npyx)
r

is a rational integer times non-negative integer powers of pn. For
n >3, up < 1.941logn, and for n > 420, p, < 1.18logn.
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(c) Formn in Tables 1 and 2 and putting either (C,, Dy) = (C1,n, D1n) or
(Cn,Dy) = (100, Dy ) in those tables, we have
I't—m/n)r! nl'(r+1+m/n)\ Dmn,r “c Dn \"
I'ir+1—m/n)"  mI(m/n)r! Nanr "\Nan)
(d) If Ngy | n, then (7.4) holds with C,, =1 and D,, = np, for alln > 3,
and C, =1 and D,, < 1.18nlogn for alln > 3, n # 6.
REMARK 7.5. In practice, for a particular value of n one should use the
results in Tables 1 and 2 or, for other values of n, calculate nu, explicitly.

However, the values of C, and D,, in part (d) will be useful in obtaining
results for arbitrary n.

(7.4) max<1,

REMARK 7.6. As Wakabayashi states in Remark 3.1 in [31], it can some-
times be beneficial to have a smaller value of C,, even at the expense of a
somewhat larger D,,. This is the reason for providing D ,, in Tables 1 and 2.
For a given n, it is the smallest value of D, > Dy, for which we can take
Cn < 100.

REMARK 7.7. It appears that npu, is approximately 7/e” times the best

possible value for D,,. That is,
s T n/2 ]
nM”%eWGXP(qﬁ(n) | Z cotn).
J=1,(jmn)=1

REMARK 7.8. To check the calculations used as part of the proof of
part (c), we checked the results for all n considered there and all » < 400
against calculations done in Maple 8. No differences were found. As well
as providing a test for the correctness of the code used, this also provides
further evidence that Proposition 3.2 of [28] yields exact information on the
prime decomposition of Dy, ..

Proof of Lemma 7.4. (a) The fact that (Dmnr/Nanr)Xmmnr(1 — dx)
€ Z[z] follows immediately from the definitions of these quantities.

The second statement is a more general version of Proposition 5.1 of [13]
and we follow Chudnovsky’s method of proof.

We can write

Xl —dx) =

rin”

P_m(d[I}),

(n—m)---(rn—m)

where
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Table 1. Denominator bounds: 3 < n < 80

n Cin logDi,n  logDayn | n Cin logD1,n  logDan
3 2.0-107 0.93 0.97 41 1.2-10° 3.37 3.51
4 4.9-10° 1.60 1.64 42 2300 4.81 4.86
5 8.8-10° 1.37 1.42 43 2.4-10° 3.42 3.55
6 35000 2.75 2.78 44 48000 4.27 4.34
7 3.8-10" 1.66 1.75 45 31000 4.33 4.42
8 25-108 2.26 2.39 46 3800 4.26 4.32
9 4.1-10" 2.19 2.27 47 240000 3.51 3.59
10 2.6-10° 3.02 3.11 48  2.4-10° 4.67 4.77
11 9.7-10° 2.06 2.19 49 6400 3.80 3.86
12 3.9-10% 3.18 3.27 50 540 4.58 4.62
13 1.9-10% 2.21 2.31 51 200000 4.24 4.35
14  6.9-10' 3.24 3.37 52 210000 4.42 4.46
15 94000 3.21 3.31 53 13000 3.64 3.70
16 3400 2.99 3.09 54 190000 4.79 4.88
17 75000 2.50 2.57 55 1400 4.25 4.34
18  6.9-107 3.64 3.71 56 2.6-10° 4.61 4.71
19 1.2-10° 2.61 2.73 57 52000 4.35 4.48
20 14000 3.60 3.68 58 22000 4.48 4.56
21 2.2-107 3.47 3.55 59 1.2-107 3.75 3.96
22 750000 3.58 3.66 60 160000 5.30 5.38
23 150000 2.80 2.90 61 14000 3.79 3.85
24 140000 3.93 4.08 62 3500 4.54 4.60
25 29000 3.16 3.28 63 14000 4.61 4.70
26 6.3-10° 3.72 3.83 64 1900 4.44 4.49
27 840000 3.38 3.48 65 41000 4.41 4.51
28 16000 3.87 4.00 66 1200 5.22 5.27
29 27000 3.02 3.14 67 7400 3.89 3.94
30 1.4-10° 4.53 4.63 68 6800 4.67 4.74
31 1.3-107 3.09 3.20 69 5100 4.54 4.63
32 1.1-10° 3.70 3.83 70 54000 5.22 5.31
33 95000 3.85 3.94 71 3500 3.95 4.03
34 4200 3.99 4.06 72 1.2-10° 5.09 5.16
35 890000 3.85 4.00 74 2200 4.71 4.78
36 1.8-107 4.36 4.41 75 240000 4.87 4.99
37 3200 3.27 3.35 76 1.8-10' 4.78 4.86
38 1100 4.09 4.13 77 11000 4.55 4.60
39 40000 4.00 4.10 78 8.1-10° 5.37 5.50
40 16000 4.33 4.37 80 39000 5.07 5.13

127
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Table 2. Denominator bounds: 81 < n < 486

n Cin logD1,n  logDsn n Cin logD1,, logDan
81 170000 4.57 4.69 132 250 5.99 6.00
82 1000 4.82 4.86 134 50 5.33 5.33
84 35000 5.58 5.65 138 3400 5.93 5.98
85 1400 4.67 4.70 140 270000 6.00 6.14
86 2800 4.87 4.95 142 41 5.40 5.40
87 2300 4.77 4.85 143 42 5.17 5.17
88 1700 5.02 5.09 144 1200 5.85 5.90
90 11000 5.72 5.80 150  2.1-10° 6.28 6.41
91 1200 4.71 4.75 154 130 5.95 5.96
92 720 4.97 5.01 156 3400 6.15 6.21
93 1600 4.84 4.90 162 1000 5.99 6.03
94 160 4.96 4.97 163 9.4 4.95 4.95
95 670 4.78 4.83 168 7 6.34 6.34
96 11000 5.40 5.52 169 8.1 5.16 5.16
98 49000 5.22 5.35 170 820 6.07 6.10
99 5900 5.03 5.10 174 91 6.18 6.18
100 4300 5.31 5.38 180 89 6.49 6.49
102 240 5.63 5.65 182 54 6.12 6.12
104 600 5.18 5.25 186 1100 6.25 6.29
105 3000 5.95 5.60 190 27 6.19 6.19
106 2400 5.08 5.14 198 7300 6.44 6.48
108 5200 5.53 5.58 210 1900 6.98 7.01
110 2400 5.64 5.70 216 510 6.32 6.34
111 200 5.03 5.05 222 9.5 6.44 6.44
112 1900 5.36 5.40 234 3.0 6.61 6.61
114 1000 5.74 5.78 242 8.7 6.20 6.20
116 360000 5.21 5.33 243 2.0 5.91 5.91
117 700 5.20 5.23 250 3.5 6.38 6.38
118 7000 5.19 5.24 256 37 6.05 6.05
120 11000 6.04 6.08 286 4.3 6.60 6.60
121 23 4.76 4.76 326 1.2 6.41 6.41
122 4400 5.23 5.30 338 1.0 6.61 6.61
124 1700 5.28 5.35 360 6.0 7.31 7.31
125 46 4.94 4.94 420 2.3 7.79 7.79
126 22000 6.01 6.08 432 1.0 7.19 7.19
128 79000 5.20 5.32 486 1.0 7.36 7.36
130 360 5.80 5.83
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(Notice that this differs from [I3]. This is due to the fact that X,(z) and
Y, (z) have been incorrectly switched in (4.3), (4.4), (5.2) and (5.4) of [13].)
So

Uy rin™tdidydy (2r — i i
Xm,n,r(l - dI) = Z <H kn — m) il r (_I) )
1=0 “k=1

where d3 = d/(dyd2). Since (kn —m,n) = 1 for any integer k, it is clear that
d} is a divisor of the numerator of X,, , (1 — dz).

Now suppose that do > 1 and let p be a prime divisor of dy. Then
p/p**™ is an integer, since v,(i!) < i/(p — 1) < i. Hence we can remove a
factor of p*»(") from r!. Doing so for each prime divisor of do completes the
proof of part (a).

(b) The first statement is a slightly stronger and more general version of
the statement of Lemma 2.4 of [I2], but it is, in fact, what is proved there.
Note that the restriction to j = +1 is never used in the proof.

Let f(x) be a positive non-decreasing function for x > 2 and suppose we
want to show that p, < f(n). If n; is the largest square-free divisor of n,
then Hny = Hn- If Py < f(nl)v then Hn = oy < f(nl) < f(n) So we need
only prove p, < f(n) for square-free n.

Furthermore, g(z) = /(=1 is a decreasing function for z > 1. There-
fore, we can further reduce our consideration to n = p; - - - pg, where p; is
the ¢th prime. So we can write

log 11, = Z ]1)0§]; Z logp Z(logp 10gp>

P<pk P<pk p
log p log p T logp T logp
<2 p +Zp(p_1)+ S b1 S p P
<Pk p<P P-1 P—-1

Following the notation of [1, §27.7] (i.e., letting f(z) = — {](log t)/(t—1) dt),
we get

Tl Tl log?(P — 1 log?
S ogp - | 18P 4y — Og(2)+f(P—1)— lim (f(z)+ °g2 Z)
PP P-1 e
Using the functional relationship f(x) + f(1/z) = —(log?z)/2 (see
(27.7.5) in [1]) with = 1/z, we see that
1 2 2
lim f(2) + —2— = —f(0) = — .
Therefore,
! 1 2 log?(P—1) "¢l logt
logpin < Y ng+27(og_p1> +%+7Og (2 ) _ { to_gldt
p<p ¥ p<p PP 1
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for any prime P > 3. With P = 107, we find that
1
log fin < 282 L.
< p
P<pk
For pi, > 32, by the Corollary to Theorem 6 of [19],
1
log i < Y ~2P 108

P<pk
< log pr — 1.33258 + 1/logpk + 0.8 < logp,, — 0.244.

Recalling that n = p;---pg, we have logn = 6(py), where 6(zx) is the
logarithm of the product of all primes < z. Hence, from Theorem 10 of [19],
for pr > 1427, we have 0.95p; < 0(px) = logn and so logpy < loglogn —
log 0.95. Thus log i, < loglogn — 0.1927 and the result holds for such n.

A computation for 11 < pj < 1427 shows that log i, < loglogn +0.162,
or pu, < 1.18logn, in this range.

By means of another computation, we find that for 3 < n < 2310,
tn < 1.18logn holds except for n = 3,4,6,10,12, 18, 30,42, 60,210 and 420
and that p, < 1.941logn for these n, completing the proof of part (b).

(c) The basis of the proof of this part of the lemma will be Lemma 3.3
from [28] and we shall proceed as in the proof of Lemma 5.1 there. However,
to determine how much computation will be needed, we must first find a
feasible value for D,,, so we begin with the analytic bounds.

(c-i) Analytic estimates

Numerator estimates. We use d; and ds as in part (a).

If dy = 1, then Ny, = di is a divisor of n and, from Lemma 3.5(a)
of [28], Ny, is a divisor of Ny . Hence N /Nyp,r < 1.

If do > 1, then there exists at least one prime, p, such that p contributes
purM+/(=1) t6 N, From part (a), we know that

N(Zn chn I1 pids proe(d) le i prop(m)+r/(p=1)
<75) N = r vp (1) - T vp (1)
dnr Ay [Tpja, P di [Tpa, P
= T p/ D) < T pr/ @Dl
pld2 pln

the last equality holding since [, pvr(d) T, pur(™) = d.
Now 0 <r/(p—1) —vp(r!) < (logr)/logp+ 1/(p — 1). Therefore,

(7.6)

where w(n) is the number of distinct prime factors of n.
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I'-term estimates. Observe that
rad—-m/n)yr r 1
I(r+1—m/n) r—m/n.ul—m/n
for n > 2. Similarly,
nl'(r+1+m/n) r+m/n 14+m/n
mI(m/n)rl r o 1
for n > 1. Furthermore, since (z 4+ a)/x is a decreasing function of z for
fixed positive a,

>1

>1

nl'(r4+14+m/n) I'(l—m/n)r!

mI'(m/n)r! I'(r+1—m/n)’
I'(t—m/n)r! nl(r+1+m/n)\  I'(1—m/n)r!
(7.7) maX<1’F(7‘+1 —m/n)"  mI(m/n)r! > S I(r+1—m/n)

Notice that —log(1—z) = z+2%/24+23/3+ -+ for |z| < 1. Furthermore,

(m+x2)—(x+x2/2+x3/3+---)>x2<;—§(1+1’+:€2+--')>

(i)

for 0 < x < 3/5. Therefore, —log(1 — z) < x + 2% for 0 < x < 3/5, and so

F1;£1+_1ni/2)/r1i) - H 1 n”lc/(in ) fm P (Z N log<1 N ZZ))

1=2

IN

n <mnrlogr—m2+m2r>
= exp 5
n—m n2r
< nem/n*pm/n < (en)r("*l)/n
for r > 1, n > 2 and n > m. Hence
'l—m/n)r! nl(r+1+m/n) dn _

1, , < w(n)+(n—1)/n
max< I'r+1—-m/n) mI'(m/n)r! Nanr (en)r Hn
for n > 2.

We saw in part (b) of this lemma that u,, < 1.18logn for n > 420; it

follows that eu,, < 3.21logn for such n. Computing ey, for 3 < n < 420,
we find that eu, < 5.26logn for all n > 3.
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From Théoreme 11 of [I8], w(n) < (1.3842logn)/loglogn for n > 3, so
for n > 30, we have w(n)+(n—1)/n < 1.42logn. Computing w(n)+(n—1)/n
for 3 <mn <29, we find that w(n) + (n — 1)/n < 1.591logn for all n > 3.

Therefore,

r(1—m/n)r! nl(r+1+m/n)\ Nin
I'r+1-=m/n)” mI(m/n)r! N pr
< 5.26r15%18 ", Jogn

(7.8) max(1,

for n > 3.
We divide the prime divisors of D, ,, » into two sets, according to their

size. We let Dfi )n,r denote the contribution to D,, ,, from primes at most

(nr)'/? and let Dy(,f, )nn“ denote the contribution from the remaining, larger,
primes.

Dﬁrﬁ)n,r estimates. From Lemma 3.3(a) of [28], we know that

DE), < [ plteenn)/ions),
pg(mn)l/z
Now |z| < 2[z/2] + 1, so
(7.9) DY), <exp{2¢(v/nr) + 0(v/nr)}
< exp{(2.07766 + 1.01624)y/nr} = exp{3.1y/nr},
from Theorems 9 and 12 of [19].
From ([7.8) and (7.9)), we know that

r'l—m/n)r! nl'(r+1 +m/n)> Nin DS
Iir+1-—m/n)"  mIl(m/n)r!

N m,n,r
d,n,r

< 5.26r15018 0y (1og n) exp{3.1y/n7}.

(7.10) max<1,

Dﬁrﬁ Zm estimates. For each n in Tables 1 and 2, we let ¢, denote the
analytic bound obtained from Table 1 of Ramaré and Rumely [I7] such
that |0(x;n, k) — 2/¢(n)| < epx/d(n) for x > 100, where 0(z;n, k) is the
logarithm of the product of all primes p < x with p = k mod n and ¢(n) is
Euler’s phi function.

From Table 2 of [17], we can also find €], such that |6(z;n, k) —x/p(n)|
< e /x for x < 1010,

Combining these two results, we can find Xo = (¢(n)e, /e,)? < 109 such
that the analytic bound |0(x;n, k) — z/¢(n)| < enx/P(n) holds for = > Xj.
We then compute 6(z;n, k) for all z < Xy to find the last value X; that
breaches the analytic bounds of Ramaré and Rumely for n.
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Put
N—1 n/2
n 1+e, 1—e¢,
Dy.nN = —
N exp{ o(n) <Z Z <nA+€ nA+n€>
A=0¢=1,(
n/2
1+e,
SN =)
=1, (¢,;n)=1

and compute D, y for N > 1 to find the value of Ny, that minimises it.
We use Dy, min to denote this minimum value.
From Lemma 3.3(b) of [28], we see that for any positive integer N sat-
isfying nr/(nN +n/2) > (nr)1/2, we have
N—1 n/2
D <exp{d Y (Or/(nA+Oinsk)
A=0 ¢=1, (4;n)=1
/ — O(nr/(nA+n—0);n, kg))}
n/2

X eXp{ Z Q(nr/(nN—l—ﬁ);n,k‘g)},
=1, (¢,n)=1
where ky = (—m)£~! mod n.
So, for 7 > X (Nmin+1/2) = Tcomp, we have D%L o+ < D}, - Combining
this inequality with (7.10)) yields

(1 —m/n)r! nF(T+1+m/n)> N

,T D
I'ir+1-—m/n)"  mIl(m/n)r! Ny ™"

< 5.26r159108"y (1og 1) exp{3.1y/nr + 1 10g Dy mmin }

for 7 > reomp. Hence we can choose D,, to be any real number greater than
or equal to

10g(5.267cemmp 6 "n 1 [
Tcomp Tcomp
Therefore

< rt—m/n)r! nl(r+1 —i—m/n)) dn
max| 1, ,

I'r+1—-m/n)"  mI(m/n)r! Nanr
for all » > rcomp, provided C, > 1. Note that as D, is taken closer to the
minimum possible value above, the associated value of C,, increases. We will
try to strike a balance between the sizes of these two quantities. Therefore,
we will often take D, slightly larger than its minimum possible value here.

We now know D,, as well as how much computation is required to estab-
lish our desired inequalities for all » > 0 (a computation which will yield C,,),
so we are ready to describe the required computations.

(7.11) max<1,

Dy nr <D, <C,Dj,
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(c-ii) Direct calculations. First, for each 1 < r < 1000, we directly
calculate

ra—m/n)r! nl(r+1+m/n)

max| 1, , S
I'(r+1—m/n) mI'(m/n)r! i

along with the product over all prime divisors of n of the maximum of 1 and

Ngvp(n)ﬂ,n/vap<n)+17n7,,'

(c-iii) Calculated estimates. For 1000 < r < reomp, we take the
following steps.

(1) Computation of the I" terms in the max term.

(2) Estimation of the numerator. We calculate the product over all prime
divisors of n of p'/(P=D=vp(rh)

This provides an upper bound for N 1;771 /Ndn, over all possible values
of d.

This is much faster than calculating the maximum possible value of

dn /Nan,r precisely over all values of d. However, if, for a particular value
of r, after the denominator steps that follow, this estimate leads to a large
value of C,,, then we do calculate the maximum possible value of N’ cg,n /Ndnr
precisely.

(3) The computation of the contribution to Dy, p, , from the small primes,
that is, primes, p, satisfying p < (nr)/2, using Proposition 3.2 of [28].

We speed up this part of the calculation, and the following parts, by
calculating and storing the first million primes (the last one being 32 441 957)
and their logarithms before we start the calculations for any of the r’s.

(4) The computation of the contribution to Dy, ,, » from all primes greater
than /nr and at most (nr — 1)/(nA(r) + 1) for some non-negative integer
A(r), which depends only on 7. We use Lemma 3.3(b) of [28] as well as the
cached primes and their logarithms here.

(5) The computation of the contribution to Dy, from the remaining
larger primes using the same technique as in [28] of using Lemma 3.3(b)
there and calculating the contributions from each interval and congruence
class via the endpoints of these intervals. The only difference is that here
we grew A(r) dynamically over the course of the calculation.

In this manner, we proceeded to estimate the size of the required quan-
tities for all 7 < reomp to complete the proof of part (c) of the lemma.

All these calculations were performed using code written in the Java
programming language (JDK 1.5.0.11). The code is available upon request.

(d) Following Chudnovsky [13] and defining tin,r =[], plr/e=D] (note
that we use a somewhat different notation from Chudnovsky to avoid con-
fusion with (py,)"), from his Lemma 4.2, we know that

(n—m)---(rn —m)

! n,r



Thue’s Fundamentaltheorem 135

is an integer and that (n_m)‘}w/‘nm‘xmmm (z) has integer coefficients. We
will bound this integer from above to obtain our upper bound for D,, ..

When considering the I" terms in the proof of part (c), we saw that
_ | — |
max(l, r't—m/n)r! nl(r+1+ m/n)) (1 —m/n)r!

I'ir+1—m/n)"  mI(m/n)r! S I'(r+1—m/n)
Now
(n—m)---(rn—m) :nrf(r+1—m/n)
r! ra—m/n)r!
Hence

I'l—m/n)r! nl(r+1+m/n)
max| 1, ,
I'(r+1—m/n)” mI(m/n)r!
Since Ny, |n, we saw when considering the numerators in part (c) that
5,n/Nd7n77’ <1 and so

) Dm,n,r < nrﬂn,r-

) (1 —m/n)r! nl(r+1+m/n)\ N, Dmmnr
max ,
"T(r+1-—m/n)"  mIl(m/n)r! N

<0 ppr < (npy)" < (1.18nlogn)”
for all n > 420 from part (b). In fact, we see that nu, < 1.18nlogn holds
for all n > 3, except n = 3,4,6,10,12, 18, 30,42, 60,210 and 420. For these
excluded values of n, we can use the data in Tables 1 and 2 associated with

part (c), along with some calculation, to show that the desired result holds
and we can take C,, =1 and D,, = 1.18nlogn foralln >3, n # 6. u

LEMMA 7.9. Let 1,02, Pr(z),Qr(x) and F(z) be defined as in Lem-
ma [3.3] and let a,b,c and d be complex numbers satisfying ad — be # 0.
Define

K. (z) = aP.(z) + bQ,(x) and L.(z)=cP.(z)+ dQ,(x).
If (x = Br)(x — B2) F(z) # 0, then
K1 ()L (@) £ Ko(2)Losr (2)
for allr > 0.

Proof. Lemma 2.7 of [12] states this with our P/(z) and Q.(z) in place
of P,(x) and Q.(z). Upon noting that our P.(z) and @Q,(z) are constant
multiples of P/(z) and @Q).(x), the result here holds. m

8. Proof of Theorem We first determine the quantities defined
in Lemma [3.3l We have

e =g =% (575)




136 P. M. Voutier

Notice that

U(z) — Z(x) and S Z(x) —U(x)
Ul(x) W (z) Z(x)

8.1. Construction of approximations. We now construct our se-
quences of approximations to A(z).
From Lemmas [3.3] and for » > 0, we have

Qr(z) = (x = 02) X, . (Z(2), U(x)) = (z = B1) X, (U (), Z(x)),
Pr(z) = Pi(x = $2) X, . (Z(2),U(z)) = Bao(x = 1) X, . (U(z), Z()),
Sr(x) = =(x = f2)(A(z) — B1)U ()" Ry r (W (2)).

These quantities will form the basis for our approximations.

Recalling the definitions of g and d from the statement of Theorem [2.1
we put Uy (z) = U(z)/g and Z)(x) = Z(z)/g and have

X5 Ulx), Z(x)) = 9" X5, (Ur(2), Z1(x))

= (9Z1(x))" X r (1 —d

W(x)=1-

Zl(fﬂ)—Ul(ﬂ«“)).

le (CC)
From Lemma a),
Doy x (11— 2@ =0i@)\ ;%) = Vi)
Nagr dz(x) 7, (z)
and, as a consequence,
Doy Zy(z) — Ur(=) Dy
A r : XTL r 1—-d — xR (U 7Z
1(z) Namr ™ < dZ: (z) . e (Ui(x), Z1(2))
is an algebraic integer. Hence
hyDn, h,D,, ,
9" Nanr n,r(U(JU)v (2)) Nanr n,r(Ul (), Z1(x)),
han r % han N

are algebraic integers in K(f;) (switching the U’s and Z’s in the above
argument to prove the latter). Since =, 1 and (3, are algebraic integers, it
follows that

h,.D h,.D
8.1 r&n,r 3 r&n,r . ) .
( ) ngd’n,r (1’)7 TNd,nfr Q (w) e K(ﬁl)
If [K(51) : K] =1, then we let
han r han r
8.2 = — P.(z) and ¢, = : ().
(8:2) = N (z) © = N Qr ()

If [K(B1) : K] = 2, then by hypothesis, 3; and /3, are algebraic conjugates
over K, as are y; and 72, and since x € K, U(z) is —1 times the algebraic
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conjugate of Z(z). Hence, (v—031) X}, ,.(U(x), Z(x)) is the algebraic conjugate
of (=1)"(z — B2) X7, ,(Z(x),U(x)). Similarly, Ga(x — 1) X, . (U(z), Z(x)) is
the algebraic conjugate of (—1)"f1(x — B2) X, .(Z(z),U(x)).

So if [K(51) : K] = 2 and r is odd, then we let

h.D h.D
(8.3) Pr = gTZ\fdnJr P.(x) and g, = gTZ\fdnjr ().
If K= Q and 7 is even, then
han,r * a+ b\/E
(33 - /61) ngd,nJ’ Xn,r(U(x)’ Z(I)) = 2
for some choice of rational integers a, b, t with ¢ # 0. Hence
han r
————— Q. (x) =-beLZL.
\/igTNd,n,r "
Similarly,
h.D
—— P (x) € Z.
\/igTNd,n,r
Soif K= Q, [K(81) : K] =2 and r is even, then we let
h.D h.D
(8.4) Dp = ﬁ P.(z) and ¢, = \/E;ij\rflj Qr(x).
,n,” ,n,T
If K is an imaginary quadratic field and r is even, then
h.D .
(x—Br) g/}vd"”" X (U(x),Z(z)) =a+byT
7n,7"

for some a,b € K and where 7 is as in the statement of the theorem. Hence
han,r han,r

r(xr) = —2by/7T and T r(z) € Ok.
Qi) = <2 and V7 IR Qu(a) € Ox
Similarly,
hy Dy e
— P, .
\ﬁ ngd,n,'r (x) © OK

So if K is an imaginary quadratic field, [K(8;) : K] = 2 and r is even,
then we let

han,r
(8'5) Pr = \/7>-

gTNd,n,r

han,r
gTNd,n,r

Pr(x) and QT':\/;

Qr(x).

These are the numbers we shall use for our approximations. We have

¢ Alx) — pr = sr,
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where
han 'S
8.6 Sy =ty ’
( ) gTNd,n,r
h'I’D?’L,’I‘ T
= —t; N, (x — B2)(A(x) — B1)Ur(z)" Rp (W (),

where ¢, = 1, 1/+/t or /7 depending on values of p, and ¢, used above and
the last equality holds due to the expression for A(z) in the statement of
Theorem 2.7] and Lemma [7.11

8.2. Estimates. We now want to show that these are “good” approxi-
mations; we do this by estimating |¢,| and |s,| from above.
Since |t|, |/7] > 1, it follows that |t.| < |\/7|. Hence
D *
(8.7 lar| < hlv7l == A{l(z = B) X5, (Ui (2), Z1 ()|
d,n,r
+ (@ = B2) X5, . (Z1(x), Ur(2))[}

< 20lylle = 1l + o — e (2 )

)

x {max(|\/Ui(z) + v/ Z1(z)], v/ Ui () — v/ Z1(2) )}

from (8.2)—(8.5), the triangle inequality, the definitions of C,, Dy, h, Ny,
and Q,(z), as well as Lemma [7.3]a).

Furthermore,
ty hr Dn,r

d,n,r

(8.8) s = (z — f2)(Alx) — ﬁl)Ul(w)ar,r(W(fv))‘

< 24RV7T| 1 = W ()" |z — B |Alz) — 5”6"(/\2/)”)
d,n

)

x {min(|v/Ui(z) + v/ Z1(2)], |V Ui(z) = VZ1(2) )}
from (8.6), the definition of h as well as Lemma [7.2{(a).
Recall that we are only considering 0 < W(z) < 1 or [W(z)] = 1 in
Theorem so only parts (a) of Lemmas and are required here.

We can apply Lemma [7.9 to see that p,q¢,11 # pri1qr-
From and (88.8]), we can set

ko = 2h|V/T|(|x — B1| + |z — B2])Cn,
lo = max(0.5,2.4h|v/7|[1 — W (2)"/"| |z — Bo| |A(z) — B1]Cp),

B =" win(| O + VAL VO )~ VAN,
Q= 2 {max((VTE + VA, VI - VA
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Hence we have £ = (log Q)/log E and ¢ = 2koQ(2(oE)" in Lemmal6.1] Since
1/(2¢p) < 1, our result follows.

9. Proof of Theorem The proof is identical to that of Theorem[2.]]
except that we apply parts (b) of Lemmas and rather than parts (a).
With this change, we have

ko = 2h|/T|(|z — B1| + |x — B2|)Cn,

lo = max(0.5, h|\/7| |1 — W (2)/"| |z — Bo| |A(z) — B1[Cn),
Nan A(U1(2)| = |Z1(z) — Ur(2)])

Y= T 1z -t@E
Q= &2<\Ul<x>| L Z@).

Hence we have r = (log Q) /log E and ¢ = 2koQ(2{oE)" in Lemmal6.1] Since
1/(26y) < 1, our result follows.

10. Proof of Corollary We first determine the quantities defined
in Lemma Put 31 =0, =b—a,y1 =1,7 = —(b/a)" ! and z = b.
We have
bnfl

U(e) = e~ Bo)" = oy
Z(z) =z —p)" =",
Z(z) a7t x "
W(zx) = = .
() U(z) b1 <x—b+a)
Hence, since U(b) = ab™ !, Z(b) = b™ and W (b) = b/a, using the notation
of Lemma 5.3

(‘T - b+a’)na

Bi(b — B2)W (b)M/™ + Ba(b — B1)

A = W - )
__ (b—a)p  (b—a)/a) D
T Tal/a) b 1 (bJa)r o

Since (a,b) = Ok, by assumption, we can take g = b" ! and h, = h = 1.
So we put U (x) = a, Z1(x) = b and take d to be the largest positive rational
integer such that (a — b)/d is an algebraic integer.

Observe that
blb—a \__ (b))
a\ «o N a ’

so if

qr& — Py = Sp,
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then
Sr

ap(—(b/a)/") = b((b — a)g, — p) = —b(b — a) 5

We use the p,’s and ¢,’s defined in the proof of Theorem (note that
they are members of Ok). In particular, with the expressions in this section
for the relevant quantities,

hy Dy Dy,
=z — P.(b) = —— (a — b)bX .(a,b).
gr Nd,n,'r ( ) d,n,r ( ) ’ ( )
Note that p, and b((b — a)g. — p,) are both divisible by b(b — a), so we have
apy 1/n Dr _Sr
—((b - —q | =—.
i (b)) <b_a q> .
Therefore, by Lemma (a) along with the definitions of C,,, D,, and Ny,

we have

(0.1) || < 2laiea (2 ) tmax(va-+ VoLV - Vi)Y

Pr

b(b—a) Nin
Similarly, by Lemma [7.2)(a),
Sr Dn,r r
| = | v o R (7 0)

D,
Nd,n

Next, we require an upper bound for |1 — (b/a)'/™|.
If b/a € Q, then 0 < b/a <1 and 0 < (a — b)/a < 1. From the binomial
theorem, we have

1= (b/a)™
=1 (1~ (a—b)/a)"/"|

an—ab{len;%l(a;b)+(n;123fz”_1)(a;b)2+...}‘
< 0 () (57)

If [b/a| = 1, then we can write b/a = ¥ for some —7 < ¢ < 7. So we

have
11— (b/a)"™| = /2 — 2cos(p/n).
|1 —a/bl =+/2—2cosp.

Now (2/m)%2¢? <2 —2cosp < ¢? for all —7 < ¢ < 7. Hence
11— (b/a)'/" < lp/n| = m/(2n)(2/m)|¢| < 7/ (2n)[1 = (a/b)].

g2.38|1—<b/a>1/"|a|cn( )T{min<|\/a+ Vi, Iva - VB

Similarly,
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Therefore,

a(a — b)

—| <1.25
- b

(0}

(10.2)

Dn " . 2r
c(Mm)mmm@+ﬁuﬁhv%}

since n > 3.
From (10.1)) and (10.2)), we can set

ko = 2|a|Cp,
ala —b)
b

% fomin(|V/a -+ VBl [Va— VB)} 2,
Q_MﬁmMJ+¢Hf—fu

Hence k = (log Q) /log E and ¢ = 2koQ(2{pE)" in Lemma

We have |a/b| > 1 and |a—b| > 1, since the closest distance between two
algebraic integers in an imaginary quadratic field is 1. In addition, C, > 1
(since Dy, o = 1). Therefore, 1/(24y) < 1 and our result follows.

lo=1.25
Ndn

Cn,

11. Proof of Corollary We do not specify a value of x here, so
we need only concern ourselves with determining d, g, h, and h, and hence
obtaining expressions for F, () and c.

®g
Using the definitions of g and the g;’s in Corollary we will show that
7)\/93/g2/g1)? is an algebraic integer (and in Q(v/¢)). Since g4 € Z, it

will follow that U(z)/g = /94 U(x)\/g3/92/g1 is also an algebraic integer.
Writing

U2(r)gs 93{(“1>2 <U2>2t} 1 up g
20> W\ o) 2 + Vit e Q(Vt),

g1/ 92 9192 g1 2
we have
U2 2 2t U2 2(0,2 2t 2
Trace( (2$)93> - g3(u1;_u2 ), NOI'HI< (2«73)93> = 93(u1 4’LL22 ) .
9192 29792 9192 169795

If both of these quantities are rational integers, then the minimal polyno-
mial of U?(x)gs/(g?g2) over Q will be monic with rational integer coefficients
and hence U?%(x)gs/(g3g2) is an algebraic integer.

From the definitions of g; and go, we see that ¢/go, u1/(g192) and ua/g1
are all rational integers, so (u? +u3t)/(g?g2) and (u? —u3t)?/(gig3) are both
rational integers.
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If t =1mod 4 and (u; —uz2)/g1 = 0 mod 2, then

u%_i_u%t_{Omodél if u1/g1 = u2/g1 =0 mod 2,
g% g% 2mod 4 ifui/g1 =wuz/g1 =1 mod 2,
while

W2 2

%+%t 0 mod 4

91 91

if t =3 mod 4 and (u; —u2)/g1 = 0 mod 2.
In both cases, t is odd, so gs is also odd and thus Trace(U?(z)gs/(g392))
€.
If neither of these conditions holds (i.e., if we are in the “otherwise” case
of the definition of g3), then g3 = 4 and again Trace(U?(z)g3/(g3g2)) € Z.
We proceed in a similar way to show that Norm(U?(z)gs/(g292)) € Z.
If t =1 mod 4 and (u; —u2)/g1 = 0 mod 2, then

22
T~ g mod 4.
91 91

If t =3 mod 4 and (u; — u2)/g1 = 0 mod 2, then
u% u% {0m0d4 if u1/g1 = u2/g1 = 0 mod 2,

91 91 2mod 4 if u;/g1 = ua/g1 =1 mod 2.

Since in both cases t is odd, gz is also odd, so Norm(U?(z)gs/(g292)) € Z.
If neither of these conditions holds, then g3 = 4 and again

Norm(U*(2)g3/(992)) € Z.
Since Z(z) is —1 times the algebraic conjugate of U(x), Z(x)/g is an
algebraic integer as well.
® h,
Since g2 € Q, we can take h, = 1 for r even. However, if, for example, go
is a proper divisor of ¢ or if g3 = 2, then g need not be a perfect square. Since

929394/ core(gagsga) is a perfect square, we can take h, = \/core(g2g3g4) for
r odd. From the definition of g4 we see that g4 | core(g2gs3), so core(gagsga) <

core(gags). Since go |t and g3 = 1, 2 or 4, we have core(gags) < 2t. Hence
h, < /2t for r odd.

od
Since U(x) — Z(z) = w1, our definition of d is correct.

e IV and @
Since U(z) = (u1 + ugx/i)/2, we have Z(l‘) = (—uy + u2v/t)/2. Hence,

(VU (x) £/ Z(x))* =U(x) x)+£2\/U T) = ugVt + \Judt —

giving rise to our expressions for £ and Q.
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ec
From our determination of h, above, we can let h = /|2t|. Since K = Q

here, we have 7 = 1 and hence take ¢ to be

4/ 12t] (Jz — B1] + |z — B2])Cn@

x (max(L,5y/[20] |1 = W(2)"/"| & — Bl |A(2) — B1]C. E))"
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