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On the distribution of primitive Pythagorean triangles
by

Kur Liv (Jinan)

1. Introduction and main results. A primitive Pythagorean triangle
is a triple (a, b, c) of natural numbers with a? + b?> = ¢?, a < b, ged(a, b, c)
= 1. For a large real number z, let P(x), A(z) and H(z) denote the number
of primitive Pythagorean triangles with perimeter, area and hypotenuse less
than z, respectively. Many authors have studied the asymptotic behavior of
P(z), A(x) and H(x).

In 1900, D. N. Lehmer [10] showed that

__log?2

P(z) r+o(x), H(x)= 2. LT o(z).

2
T
In 1948, D. H. Lehmer [9] proved
_log2

(1.1) Pr)=—z+ O(z'?log ).
7r
In 1955, J. Lambek and L. Moser [§] obtained (1.1) again and proved
1
(1.2) H(z) = %x—i—O(acl/z log x)
and
(1.3) A(z) = cx'? + 0(z'/?),

where ¢ = (27°)~Y/21%(1/4).

In 1955, R. E. Wild [21] proved
(1.4) A(z) = cz'’? — 2" + Rarea(),
where

/ 1/3)[(1 +2-1/3
‘- |§E3;4;’((1 :41/3)) and  Rarea(x) = O(z"/*log z).
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In 1980, J. Duttlinger and W. Schwarz [3] proved that there exists a
positive constant § > 0 such that

(15) Rarea(m) — O(:L,l/4ef5log1/2:p)‘

It is difficult to reduce the exponents 1/2, 1/2, 1/4 in the error terms of
(1.1), (1.2), and (1.4), since the current technique depends on the strongest
estimations of ) _ u(x), and the best zero-free regions of the Riemann
zeta function so far. Therefore it is natural to search for stronger estimates
under the Riemann Hypothesis (RH). The exponent 1/4 in Rupea(x) was
improved by several authors under RH (see [11], [15], [14], [16], [22]). It
is also of interest to consider the distributions of P(z), A(x) and H(x)
unconditionally in short intervals.

In this paper, we shall prove the following

THEOREM 1.1. If RH is true, then for any € > 0, we have

log 2 5
(1.6) P(:U) = 0g2 T+ O(:U 15584008 +5).
Y

THEOREM 1.2. For any sufficiently small € > 0 and piist2® < { <z,
we have
_log2
T2

(1.7) P(x+ H) — P(x) H+O(Hz®).
THEOREM 1.3. For any sufficiently small € > 0 and pote T < [ <z,
we have

(1.8) Az +H) — Alz) = g Ha '\ 4 O(Hz™'/?7%),
where ¢ is as in (1.3).

Notations. We use {t} and [t] to denote the fractional part and the
integer part of ¢, respectively, and ||¢|] to denote the distance between ¢
and the nearest integer; ¢ denotes a small positive constant which may be
different at different occurrences; p(n) denotes the Mobius function; e(t) =
e m ~ M means M < m < 2M and m =< M means c;M < m < coM
for some ¢y > ¢; > 0.

2. Proof of Theorem 1.1

2.1. Some preliminary lemmas. The following lemmas will be needed
in our proof. Lemma 2.1 is the well-known Euler-Maclaurin summation
formula (for example, see Theorem 2.1 of Chapter 2 in [17]). Lemma 2.2 is
due to Vaaler [19]. Lemma 2.3 is Theorem 2.2 of Min [12] (see also Lemma 6
of Chapter 1 in [20]). Lemma 2.4 is Theorem 2 of Baker [I] with (k,\) =
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(1/2,1/2). Lemma 2.5 is Theorem 3 of Robert and Sargos [18]. Lemmas 2.6
2.8 are Lemma 6, Proposition 1 and Lemma 1 of Fouvry and Iwaniec [5],
respectively.

LEMMA 2.1. Suppose f(u) is three times continuously differentiable on
[a,b]. Then
b

> f(n) = F(w)du— F(0)(b) + fla)d(a) +¢1(b) f(b)

a<n<b a

b
—1(a) f'(a) = {1 (u) £ (u) du,

where ¥(t) = {t} —1/2, ¥1(t) = {t}%/2 — {t}/2 + 1/12.
LEMMA 2.2. For any Hy > 2, we have
wt)= 3 a(he(ht) + o( 3 b(h)e(ht)),
1<|h|<Hg 0<h<Hy
where a(h) < 1/h and b(h) < 1/Hy.
LEMMA 2.3. Let Ay, ..., As be absolute positive constants. Suppose f(x)
and g(x) are algebraic functions on [a,b] and

A1 " AQ " A3
< < —= —_— U 1

l9(2)| < A4G,  |d(x)] < AsGUTY, Uy > 1.
Suppose o < f'(x) < 8 for x € [a,b]. Then

S gme(f ) = et 3 b2 (4, — uny)

a<n<b a<u<p f”(nu)
+O0(Glog(B—a+2)+Gb—a+R(U T +UM))

)]

where ny is the solution of f'(n) = u,
() = { It if t is not an integer,
08— a if tis an integer,
1 if a <u <, or both a and 3 are not integers,
bu= { 1/2 if u =« or 3 is an integer,
i {\/W if " >0,
LI i <o

LEMMA 2.4. Let a,aq, a9, z be real numbers such that zaayas # 0 and
ag¢N. Let M > 2, My > 1, My > 1, and let an, and byym, be complex
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numbers with |am| < 1, |bmym,| < 1. Let Fy = |z|M*M{*" M3?*. If Fy >
Mle, then

(0% a1 g
E g g A by my€(zmmitmy?)

m~M mi~My mo~Mo
< MMy Mo{(My M) ™2 4 F}O M3 ( My My) =2 /6Y log (2M M Ms).
LEMMA 2.5. Let a(a—1)By #0, X > 1. Define

Mo
*
‘ g Zm!| = max ‘ E zm’
M<M1<M2<2M
M<m<2M m=M-

and
*

mehPnY
5= S| 5o g

h~H n~N ' M<m<2M

where H, M, N are positive integers. Then for any € > 0, we have
X 1/4 1 1
1+e
S <. (HNM) << N 2) +M1/2 >

LEMMA 2.6. Let 0 < L < N <vN < AL and let a; be complexr numbers
with |a;] < 1. Then

L
1 —it it (it —1
S = S( S al >N (v — 1)t~ dt + O(log(2 + L)),
N<n<vN —L L<I<AL

where the constant implied in O depends on \ only.

LEMMA 2.7. Let X and Y be two finite sets of real numbers, X C
X, X], Y C[-Y,Y]. Then for any complex functions u(zx) and v(y),

3> u@mey)
reX ye)y
<200+xY) Y u@uE) Y @)l

x,x' €EX yy' €y
lz—a'|<y ! ly—y'|<X 1

LEMMA 2.8. Let o #0, A>0, M >1 and N > 1. Let A(M,N; A) be
the number of quadruples (m,m,n,n) such that

~ o ~ ﬂ
() - () ]<2
m n
with M <m, m <2M and N <n, n <2N. Then
A(M,N; A) < MNlog(2MN) + AM?N?.

2
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2.2. Reduction of the problem. We always assume z > 0 is a large
real number in this paper. Define

Dper(z) == {(cv, 8) € R?: 202 +2af <z,0< < a}.

Let Lyer(z) and L, () denote the numbers of lattice points and of primitive
lattice points inside Dper(z), respectively (“per” comes from “perimeter”).

LEMMA 2.9. We have
= x = x
P) =30 (5 ) L) = 3 ) ().
k=0 m=1
Proof. This is contained in Lambek and Moser [§]. =
For Lye(z), we have the following

LEMMA 2.10. We have

(21) Lper(x) =T — 02$1/2 + Eper<$)a
where
log 2 2+1
(22) C1 = Oi ) C2 = f4+ ’
T
(2.3) Eper(z) = — > w(2d> +0(1).
%11/2<d§%3¢1/2

Proof. Let 2’ = 3((2z +1)'/2 —1). By the definition of Lpe(z), we have

(2.4) Lpa(z)= > 1= Y 1- > 1

2d22di<xz 2d2+2dI<z 2d2+2di<xz
I<d 1<d d=l

-y ¥ =[5
d<z' [<min(d,5;—d) 2

T zl/2
-2 2 (a7
d<iz1/2 sal/2<d<a’
=21 +25, - Z3— 2?24 0(1),
where
€T

s ¥ g ==X a4 sy
szl/2<d<a’ dg%xl/Q d<z’

It is easy to see that

(2.5) Sh= ;[:”12/1 ([3612/2] + 1) = % - 9612/2 (‘7"12/2> +O(1).
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Similarly,

2 2
fon L

(2.6) Y3=1"— () + O(1).

=R

For i, we have

o ne  (5mo(E)Y)

%xl/2<d§x’
T 1 xr 1
_7 S B I 1
;Y i X oum)-s X
§x1/2<d§x’ %x1/2<d§m’ %21/2<d§x’
Iy ToV2=1 4 S u(E) o
2 ) d 4 2d ’
§x1/2<d§1” %z1/2<d§§~’01/2
By Lemma 2.1 we have
1
(2.8) Z 7
121/2<d<a’
I/
1 1/2 1
= | Sadt— V2272 + 2:c—1/2¢<$2 > + O()
1a1/2 t !

1/2

- 10g<;((2m )2 1)) - 1og<"”> VB2

2
1/2
+ 227 Y2y <x> +0 <1>
2 T

_ log 2 B @x_l/g o \/§$_1/27J)($,) +2$—1/2¢('xl/2> +O<1)'
2 x

2 2 T
Now Lemma 2.10 follows by (2.4)—(2.8). =

Lemma 2.10 is important in our proofs of Theorems 1.1 and 1.2. Note
that the expression (2.3) of Eper() is similar to

Az)=-2 % w(fl) +0(1),

d§I1/2

which appears as the error term in the Dirichlet divisor problem. Therefore,
many approaches used in the study of A(z) can also be applied to the
estimate of Eper(x). The latest result for the upper bound of A(x) reads
(see Huxley [0])

26947

Alz) < x%(log ) 8320 ,
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Similarly, combining (2.3) with the results of Huxley [6], we immediately get
(2.9) Eper() < 2167,
Suppose 1 < y < /2 is a parameter to be determined. By Lemma 2.10,
we decompose Ly, () as
()

(2.10) Lier() = Y p(m) per< ) + D n(m

m<y m>y
:claczz’ur(n2 UZZM + 51 + S,
m<y m<y

where ¢, co are defined by (2.2), and

(2.11) Si=Y /«L(m)Eper<T:2>a

m<y

2.12 Sy = m)L er<x>.
( ) mz>yﬂ( ) per| 2

2.3. Estimation of S;. We shall estimate Sy in a standard way. The
key step is a familiar contour integration technique in the spirit of Mont-
gomery and Vaughan [I3], which is used in many occasions when estimating
primitive lattice points (for example, see [7], [16], [23]). We only give an
outline of the technique here.

Suppose s = o + it. For o > 1, define

oo
Z(s) = Z Tq(;L), where r(n) = Z 1.
n=1 2d?4-2dl=n
l<d
Obviously, r(n) < d(n) < n®.
LEMMA 2.11. Z(s) has the following properties:

(i) Z(s) has an analytic continuation to o > 1/4, which has two simple
poles at s = 1, 1/2 with residues ¢y, —ca/2 respectively, where ¢y, co
are defined by (2.2).

(ii) Suppose 1/4 < 6 < 1/2 is the smallest o such that Epe(z) < z%.
For any real parameter T' > 10, we have

2T 2
9440

S Z( T —l—zt)
T

Proof. This can be proved in the same way as Lemma 5.2 of Zhai [22]
(quoted as Lemma 4.4 in this paper) with slight modifications only. =

dt < T,

To estimate S9, we need the following lemma, the proof of which is
contained in Nowak [16].
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LEMMA 2.12. Assume RH. Suppose that for some o > 1/2, T > 10,

2T
\ 1Z(0 +it)]? dt < T,
T

Then

p(m) O+¢ ote, 1/2—20
So = 0]
v= e 30 Ol aTey e,

where 6 is as in Lemma 2.11(ii).

By (2.9) and Lemmas 2.11, 2.12, we take § = $31 +¢, 0 = % and

651
y = x1926, thus

(2.13) S=er Y M;TZ) + O O/ 1642, ~(5+40)/5)
m>y
=z Z plm 1108 T ).
m>y

2.4. Estimation of S;. By (2.11) and Lemma 2.10,

si=-Tum ¥ o5z + O

m<y z1/2
2m u—-¢§m

Our aim is to prove S < 215105 T for Y= 2 76%6 . By Lemma 2.2, we have
Sl < |Sl($, Y, H0)| + |SQ(1’,:U, HO)‘ + 331/2—'—6[_10_1 + Y,

where

Si(z,y, Ho) = Z p(m) Z a(h) Z 6(25:12)’
1/2

m<y h<Hy 21/2 x
2m —V2m
So(z,y, Hy) = g g b(h g e th ,
2um
m<y ' h<Hp z1/2 z1/2
2m <u A*Vﬁ

1899

with a(h) < 1/h and b(h) < 1/Hp. From now on we will take Hy = x 15408 ,
thus

(2.14) S1 < |1 (2, y, Ho)| + |Sa(w, y, Ho)| + wi5ms <,
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We shall only prove Si(x,y, Hy) < 1540575, The proof of So(x,y, Hy) <

215108 ¢ is similar and easier. By Lemma 2.3,

Sl(x7y7 HO)
1 \/§$1/2h1/21)1/2
1/4
<23 T pu(m) Y ha(h) Y 1 /213/43/4 e( m > ‘
m<y h<Hyp h<v<2h
5805
+ 15408 ,

Let n = hv. By a splitting argument and partial summation, we have

(2.15) 27581 (z,y, Hy) < z'/* sup  M~V2N"3/4S¥(z, M, N)| + x%,

<M<y
I<KN<H?
where
. V2 21/2p1/2
i 8 = 3 lm) Y- ane
mn~M n~N m
with |a,| < 1.

We shall estimate M~1/2N~3/48¥(z, M, N) in three cases.

CAsE 1: M < 23/ N « HZ. Note that Sj(z,M,N) is the same
exponential sum as in [2] apart from the constant v/2. We use the result
of [2] directly to obtain

(2.16) e MTVENT3A S (&, M, N)| < 2%/,

for M < z3/" and N < 23/11. This estimate is acceptable for us, since
2 3/11 1, 5 5805
Hy <z /A1 and 1+ 1 < 508
CasE 2: 2311 <« M <y, 27332 M? < N < H2. By Lemma 2.4 (take
my =1,mg = 7’1,),

1953

eTEMTY2NTA ST (@, M, N)| < MY2NTY4 4 /P2 NL/S « gsios,
CasE 3: 21" <« M <y, N < o~ 553 M2 By the skillful decomposition
due to Montgomery and Vaughan [I3] and a splitting argument, we can

decompose S} (z, M, N) into at most O(log M) sums of the following two
forms:

5= Y (W) K < M3,

n~N  k~K o peME-D
212172

EgzZaank Z CT€<\/§I<:T>7 M1/3<<K<<M1/2,

n~N k~K r~Mk—1
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where by < M€ and ¢, < M*€. Applying Lemma 2.5 to X with X, M, H,
N replaced by z'/2M N2, MK~!, K, N, respectively, we get
(217) o MTYVANT34
< VBNTVANYS /A L NVAR/2 | p=1/2 32 n—1/4
1953 1953

<<w%M1/12+x 15408 M2/3 4 312 f3/2 « g 1508

Applying Lemma 2.6 to the sum over r in Y5, we get

IMK1
< Ve -0 an > b(MET
—%MK*l n~N k~K
1/2,,1/2
X Z cprt 6<\ka:r )’dt—FO(NKlogx).

FME—l<r<2Mk=1

Applying Lemma 2.7 to the three-dimensional exponential sum in the inte-
gral with X = \/51‘1/27“*1 and Y = n1/2k‘*1, we get

_ — 1/2 ,1/2
(2.18) 2Ny < A ANVANT2 AV AL 4 N,
where
A = ) 1 Ay = 3 1.
‘x1/2r 21/2p= |<<N 1/2 \ni/Qkfl—né/ngl\<<x_1/2MK_1
Tl,TQNMK 1 1"1,7‘2NMK_1
k1,ko~K

For A; we have

(2.19) A < > 1

‘7”17T2|<<$71/2M2N71/2K71
7’1,7’2NMK71

<MK Y1427 2MAN"V2KY),
Applying Lemma 2.8 to Az, we have
(2.20) Ay < NK1og(NK) + (¢~ V2 MN~V2) N2 K2,
Combining (2.19), (2.20) with (2.18) yields

x—EM—l/QN—3/422
< 2 VAN ¢ NVARY2 L 2N VAR -1/2 4 1 /A -1)2

1953

< 2 VAM 4 o isis MP 4 MY3 27 MY s,

Now 51 K 215105+ follows by combining the estimates in Cases 1-3 with
(2.14) and (2.15).
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2.5. Proof of Theorem 1.1. Under the assumption of RH, we have

m
caz'/? ) “(m ) « 21/2Hey=1/2 « s

m<y
Combining this and the estimates for Sp, Se with (2.10), we get
(2.21) Ler(2) = 1¢(2) 12 + O(w 75005 +).

Theorem 1.1 follows immediately from (2.21) and Lemma 2.9.

3. Proof of Theorem 1.2. By (1.1), it is easy to see that (1.7) holds

for 2'/2t2¢ < H < z. Hence we only need to prove (1.7) for pie T2 < H <
21/2t2¢ By Lemma 2.9, we write

1) )= 3 ) (e 525~ e 22

m=1
SRS
m<xf® m>x¢
say. By Lemma 2.10 and (2.9), we have
3 =) H + Ot o),
m<xf€
To estimate ) ., we need the following lemma which is contained in the
proof of Theorem 1 of Filaseta and Trifonov [4].

LEMMA 3.1. For any integer k > 1, we have

Z 1< yxfs/Z +$1/(2k+1)+5.

z<nmF <z+y
m>x®

Now we estimate ) Note that Lyer(z) =), 7(n). Hence by

m>x€*
Lemma 3.1,
Yo Y wmer Y 1eHst R
m>xe r<mm?<z+H z<mm?<z+H

m>x€ m>x®

where we have used the estimate 7(n) < n°. By the above arguments, we
get
Lo (x+H)— L (2) = e1((2)""H + O(Hz ¢ + zi1s <),

per per

This together with Lemma 2.9 yields Theorem 1.2.

4. Proof of Theorem 1.3. Define
Darea(z) == {(o, B) € R? : af(a® — %) <z, 0 < f < a}.
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Let Larea(z) and L., (z) denote the number of lattice points and primitive

lattice points inside Dayea(), respectively. For s = o + it, o > 1, define

Ay = > wd, fk)= Y L
d*mn(m?—n2)=k mn(m2—n?)=k
d>y
and
— Z fl( sy) F(S,y) — /JJ(4S)'
d
k=1 =1 d>y

Obviously
(4.1) Fi(s;y) = Fa(s)F(s;9).

To prove Theorem 1.3 we need the following lemmas. Lemma 4.1 is due
to Lambek and Moser [§]. Lemma 4.2 is due to Nowak [I6), p. 176]. Lemmas
4.3 and 4.4 are (4.7) and Lemma 5.2 of Zhai [22], respectively. Lemma 4.5 is
a well-known result on the mean value of Dirichlet polynomial (for example,
see Theorem 2.2 of Chapter 29 in [I7] with ¢ = 1).

LEMMA 4.1. We have

[e.e] T o0
Az) = Z( )kL{area (4k> where  Lyea( Z f1(m) Larea (m4> .

k=0
LEMMA 4.2. We have

Larea(l/') = 631'1/2 - C4$1/3 + Farea(l')a

where

2
m’ ca = 1¢(1/3)|(1+ 2717,

Forea(z) < 6 (log x) 146 .

C3 =

LEMMA 4.3. For 1 <y < z'/*, we have

>

d<y

Farea<d4> ’ < ;U616 10g308 -+ x1/8y1/2 log4 T

LEMMA 4.4. Fy(s) has the following properties:

(i) Fa(s) has an analytic continuation to o > 1/8. It has two simple
poles at s = 1/2, 1/3 with residues c3/2, —c4/3, respectively, where
c3, ¢4 are defined in Lemma 4.2.
(ii) Fo(o +it) < min(log|t|, 5.27) for o >1/2 and |t| > 2.
(iit) Fy(o +it) < [t|4=39) 3 logt uniformly for 1/8 < oy < o < 1/2 and
[t] > 2.
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(iv) For any T > 10, we have

2T 2
24
F2 <73 + Zt)

)

LEMMA 4.5. For any arithmetic function a : N — C, we have

T
j |y
—T '"n<lzx

From (1.4) and (1.5), it is easy to see that (1.8) holds for 2%/4*¢ < H < z,

hence we only need to prove (1.8) for wo16 T2 < H < 23/4+¢ Lemma 4.1
gives

r+ H x
(4.2) L;rea(‘r + H) — Lyrea( Z pu(d ( area <d4> — Larea <Cl4> > .

Suppose 2° < y K z1/% is a parameter to be determined. We divide the sum
over d into two sums,

(4'3) Lgirea@: + H) L/area Z + Z

dt < Tlog™T.

2 dt <Y (T +n)la(n)*.

n<x

d<y d>y
say. By Lemmas 4.2 and 4.3,
p(d)
(4.4) Yo =cslla+ )2 =2ty s
d<y d<y
—eal(a + H)E - o103y 3 D)
= d4/3

+ O(x%-i-e 4 x1/8+sy1/2)'
By the definition of Layea(z), we have

(4.5) Y= ud) > 1

d>y d>y 4 <mn(m27n2)< z+H
= > pd)= D fiksy).
r<d*mn(m?2-—n2)<z+H r<k<z+H
d>y

By Perron’s formula,

14+e+ix
1 x+ H
> Ak =g | Ay T T g o)
T i S
r<k<x+H 14+e—ix

Move the line of integration above to Rs = g9 = 73 By the residue theorem,
we have
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(4.6) > Alky) =Res,_1/3 + Res,_y /5 + O(zF)
r<k<z+H
1 oot+ix oo+ix l4+e—ix (SC + H)S s
+ %< S — S — S )FQ(S)F(S; Y) . ds
o0—1T 14+e+ix o0—1x

where Res,_1 /21 /3 are the residues of Fy(s)F(s; y)w ats =1/2,1/3,
respectively. By Lemma 4.4(i),

(4.7) Ress—1 /9 + Res_y /3 = c3((z + H) 1/2 1/2 Z p(d
n>y
w(d
— cal(a + H)Y3 — 51/3) di/g .
n>y

By Lemma 4.4(ii) & (iii), we easily get
1 o0—iT 14e+ix .

(4.8) —( |+ | ) < o6 e,

2 1+e—ix oo+ix
Now we only need to estimate

1 oo+ix T (ZL‘ + H)Jo—i-it _ xao-‘rit
— F it)F' it;
= S S b(o0 +it)F (oo + it; y) o0 + it

op—ix 0

i

< {11}

say. By Cauchy’s equality, Lemma 4.4(iv) and Lemma 4.5, we have

Y ) z+H
’ S ’ = ’ SFQ(O'O + it)F(og + it; y)( S yoo it du) dt’
0 0 T
z+H Yy
< S u” ! du ‘ SFQ(O'O + it)F (oo + it;y) dt‘
T 0

Yy )
< ((x+ 1) — 2 (]| Bao + it)P dt)1/2(§ (oo + it; y) 2 dt)1/2
0 0

1/2
< ono—1y1/2<Z(y+d)d—8ao> < Hxao—ly3/2—4cro
d>y
and

x
S Fy(oo + it)F (oo + it;y)
y

(l’ + H)Uo+it _ xag—i—it
oo + 1t

4
2M 2M

. . g\ /2 , 9 N\ 1/2
y<M<Lz M M
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< 797 max M71/2<Z(M +d)d78"0>1/2

y<M<Lx =y
< xo’o-‘r& max (y1/2—40'() _|_M—1/2y1—40'0) < $UO+Ey1/2_4UO-
y<M<KLz
Thus
1 og+ix
(49) 27 S < on’o—ly3/2—4a'0 +CL’UO+Ey1/2_4UO.
m oo—1iT
Combining (4.6)—(4.9) with (4.5), we get
d
(4.10) > =cs((z+ H)V2 =22 “;2)
>y n>y
—cq((z 4+ H)Y? = 21/3) uld)
n>y d4/3

+ O(x%ﬁ  Hao01y3/2-400 +$ao+sy1/2f4ao).
This together with (4.3), (4.4) yields
Lirea(2 + H) = Liyea (@)
= ()M (@ + H)? = ') — eaC(4/3) 7 (@ + H)MP — 2
+ O(x%—i—a +x1/8+ay1/2 +Hx00—1y3/2—400 +$Uo+ay1/2—40'0)

_ 073((2)71}[:671/2 + O(xéingrE) 4 O(x1/8+sy1/2 T xcro+€y1/274cro)

2
+ O(H$UQ—1+6y3/2—40'0 +H:L'_2/3).
Take y = z2/471/3290 On recalling op = %, it is easy to check that the

second O-term is < x5 ¢ and the third O-term is < Ha~/2=¢. Thus
(411)  Lipgalo + H) = Ligea(a)

- 0273 C(2) "V Hz Y2 + O(Hz Y27 4 goi6 o),
Now Theorem 1.3 follows from (4.11) and Lemma 4.1.
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