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1. Introduction and notation. For every Laurent polynomial P ∈
C[X±1

1 , . . . , X±1
n ] \ {0}, the (logarithmic) Mahler measure of P is defined by

m(P ) :=
1�

0

· · ·
1�

0

log |P (e2πit1 , . . . , e2πitn)| dtn · · · dt1.

It is known that, in some cases, the Mahler measure relates to zeta or L
values, for instance, Smyth [6] showed

(1.1) m(1 +X + Y ) = m(1−X − Y ) =
3
√

3
4π

L(2, χ−3),

where χ−3 is the quadratic character attached to Q(
√
−3) and L(∗, χ−3) is

the Dirichlet L series associated with a character χ−3. See [3], [4] and the
references therein for other known cases.

Kurokawa, Laĺın and Ochiai [5] introduced the k-higher Mahler measure
of P and the multiple higher Mahler measure of P1, . . . , Pl defined by

mk(P ) :=
1�

0

· · ·
1�

0

logk |P (e2πit1 , . . . , e2πitn)| dtn · · · dt1

and

m(P1, . . . , Pl) :=
1�

0

· · ·
1�

0

l∏
q=1

log |Pq(e2πit1 , . . . , e2πitn)| dtn · · · dt1,

respectively. Here, P and Pj ’s (j = 1, . . . , l) are in C[X±1
1 , . . . , X±1

n ] \ {0}.
In [5], Kurokawa, Laĺın and Ochiai evaluated some examples of k-higher
Mahler measure and the multiple higher Mahler measure and showed a
relation between the multiple higher Mahler measure of 1−X and multiple
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zeta values:

mk(1−X) = (−1)kk!
∑
h≥1

1
22h

∑
b1,...,bh≥2
b1+···+bh=k

ζ(b1, . . . , bh),

where ζ(b1, . . . , bh) is the multiple zeta value defined by

ζ(b1, . . . , bh) :=
∑

0<n1<···<nh

1

nb11 · · ·n
bh
h

for (b1, . . . , bh) ∈ Nh with bh ≥ 2. They also proved

m2(1 +X + Y ) =
5π2

54
,

which is a generalization of the result (1.1) of Smyth. Further, Akatsuka
evaluated mk(a − X) (a ∈ C, |a| < 1), and showed in [1] that mk(a − X)
can be written in terms of multiple polylogarithms.

In this article, we will evaluate the multiple higher Mahler measure
m(1−X−Y1, . . . , 1−X−Yk) and see that those values relate to multiple L
values. However the type of multiple L values in our case is slightly different
from that of the multiple L values treated by Arakawa and Kaneko [2]. Our
result is another generalization of the result (1.1) of Smyth.

2. Statement of result. To state the main theorem, we have to intro-
duce some notation.

We put

w−3(n) :=
(−1)nχ−3(n)

n
, w̃−3(n) := nw−3(n), with χ−3(n) :=

(
n

3

)
.

Then we define multiple L values by

L(r1, . . . , rk;w−3; k, v) =
∑

0<n1<···<nk

w−3(nk − nk−v)
nr11 · · ·n

rk
k

(2.1)

for v = 1, . . . , k − 1, and

L(r1, . . . , rk; w̃−3; k) =
∑

0<n1<···<nk

w̃−3(nk)
nr11 · · ·n

rk
k

.(2.2)

In particular, for the case of k = 2, we have

L(r1, r2;w−3; 2, 1) =
∑

0<n1<n2

(−1)n2−n1χ−3(n2 − n1)
nr11 n

r2
2 (n2 − n1)

=
∞∑

m1=1

∞∑
m2=1

w̃−3(m2)
mr1

1 m2(m1 +m2)r2
,
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which is a “Mordell–Tornheim L value” (for instance, see [7]). Therefore, if
we put

LMT,2(s1, s2, s3; w̃−3) :=
∞∑

n1=1

∞∑
n2=1

w̃−3(n2)
ns11 n

s2
2 (n1 + n2)s3

,

then we can write LMT,2(r1, 1, r2; w̃−3) = L(r1, r2;w−3; 2, 1).

Theorem 2.1. For any positive integer k, we have

(2.3) m(1−X − Y1, . . . , 1−X − Yk)

=
(−1)kk!

3

∑
h≥1

21−2h
∑

b1,...,bh≥2
b1+···+bh=k

ζ(b1, . . . , bh)

+
(−1)kk!

√
3

2kπ

{
L({1}k−1, 2; w̃−3; k) +

k−1∑
j=1

(T1,j + T2,j)
}
,

where {1}µ = (1, . . . , 1︸ ︷︷ ︸
µ

) is a µ-tuple,

T1,j =
κj−1∑
v=1

min{j,κj−v}∑
h=1

(
k − v − 2h
j − h

)
(2.4)

×
∑

(a1,...,ah)∈Sk−vh

L({1}a1 , 2, . . . , {1}ah , 2︸ ︷︷ ︸
k−v−h

, {1}v;w−3; k − h, v)

and

(2.5) T2,j =
κj∑
v=1

min{j,κj−v+1}∑
h=1

(
k − v + 1− 2h

j − h

)
×

∑
(a1,...,ah)∈Sk−v+1

h

L({1}a1 , 2, . . . , {1}ah−1
, 2, {1}ah︸ ︷︷ ︸

k−h−v

, {1}v+1;w−3; k−h+ 1, v),

with Skh := {(a1, . . . , ah) ∈ Nh
0 | a1 + · · ·+ ah = k − 2h}; here N0 := N ∪ {0}

and κj = k − j.

Remark 2.2. When h = 1, the last sum on the right-hand side of (2.5)
is L({1}k;w−3; k, v).

Corollary 2.3. If we put k = 2 in Theorem 2.1, then

m(1−X − Y, 1−X − Z)

=
1
3
ζ(2) +

√
3

2π
{L(1, 2; w̃−3; 2) + LMT,2(1, 1, 1; w̃−3)}.
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3. Preliminary lemmas. The following two lemmas are important and
essential tools for evaluating Mahler measures.

Lemma 3.1 (Jensen’s formula). For α ∈ C \ {0}, we have
1�

0

log |α− e2πit| dt = log max{1, |α|}.

Lemma 3.2 (Kurokawa, Laĺın and Ochiai [5]). Let x = e2πit with 0 <
t < 1. Then

(3.1) logk |1− x| = (−1)kk!
2k

k∑
j=0

Li1,...,1︸︷︷︸
j

(x) Li1,...,1︸︷︷︸
k−j

(x−1),

where

Lir1,...,rk(x) :=
∑

0<n1<···<nk

xnk

nr11 · · ·n
rk
k

is the multiple polylogarithm.

4. Proof of Theorem 2.1. From the definition of the multiple higher
Mahler measure and Lemma 3.1, we have

(4.1) m(1−X − Y1, . . . , 1−X − Yk)

=
1�

0

{ k∏
q=1

1�

0

(log |1− e2πit − e2πitq |) dtq
}
dt

=
1�

0

(log max{1, |1− e2πit|})k dt =
5/6�

1/6

logk |1− e2πit| dt.

The right-hand side of (3.1) can be split as

(4.2) Li1,...,1︸︷︷︸
k

(x) + Li1,...,1︸︷︷︸
k

(x−1) +
k−1∑
j=1

{Dj + 2<Sj(x)}

for x = e2πit (0 < t < 1), where

Dj :=
∑

0<l1<···<lj−1<u
0<n1<···<nk−j−1<u

1
l1 · · · lj−1n1 · · ·nk−j−1u2

,

Sj(x) :=
∑

0<l1<···<lj
0<n1<···<nk−j

lj<nk−j

xnk−j−lj

l1 · · · ljn1 · · ·nk−j
.
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We can easily evaluate
5/6�

1/6

Li1,...,1︸︷︷︸
k

(e2πit) dt =
√

3
2π

L({1}k−1, 2; w̃−3; k)(4.3)

and
5/6�

1/6

Dj dt =
2
3
Dj ,

since χ−3(n) = 2 sin(2πn/3)/
√

3. It is shown in [5] that

(4.4)
k−1∑
j=1

Dj =
k−1∑
h=1

2k−2h
∑

(a1,...,ah)∈Skh

ζ(ah + 2, . . . , a1 + 2).

Note that the sum on the right-hand side of (4.4) vanishes for h > [k/2].
Hence

(4.5)
k−1∑
j=1

5/6�

1/6

Dj dt =
2
3

k−1∑
h=1

2k−2h
∑

(a1,...,ah)∈Skh

ζ(ah + 2, . . . , a1 + 2).

Similarly,

5/6�

1/6

<Sj(e2πit) dt

=
√

3
2π

∑
0<l1<···<lj

0<n1<···<nk−j
lj<nk−j

(−1)nk−j−ljχ−3(nk−j − lj)
l1 · · · ljn1 · · ·nk−j(nk−j − lj)

=
√

3
2π

S̃j .

We split S̃j as follows:

S̃j =
κj−1∑
v=1

∑
0<l1<···<lj

0<n1<···<nκj
lj=nκj−v

+
κj∑
v=1

∑
0<l1<···<lj

0<n1<···<nκj
nκj−v<lj<nκj−v+1

(4.6)

= T1,j + T2,j ,

where κj := k − j. To calculate T1,j , we consider the following finite sum:

Uj,v :=
∑

0<l1<···<lj
0<n1<···<nκj−v<nκj−v+1

lj=nκj−v

1
l1 · · · ljn1 · · ·nκj−v

.
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By an argument similar to that of [5], we have

Uj,v =
min{j,κj−v}∑

h=1

(
k − v − 2h
j − h

)
×

∑
(a1,...,ah)∈Sk−vh

ζnκj−v+1({1}a1 , 2, . . . , {1}ah , 2),

where

ζN (r1, . . . , rk) :=
∑

0<n1<···<nk<N

1
nr11 · · ·n

rk
k

is a finite sum. Consequently, we obtain

T1,j =
κj−1∑
v=1

min{j,κj−v}∑
h=1

(
k − v − 2h
j − h

)
(4.7)

×
∑

(a1,...,ah)∈Sk−vh

L({1}a1 , 2, . . . , {1}ah , 2︸ ︷︷ ︸
k−v−h

, {1}v;w−3; k − h, v).

Similarly,

(4.8) T2,j =
κj∑
v=1

min{j,κj−v+1}∑
h=1

(
k − v + 1− 2h

j − h

)
×

∑
(a1,...,ah)∈Sk−v+1

h

L({1}a1 , 2, . . . , {1}ah−1
, 2, {1}ah︸ ︷︷ ︸

k−h−v

, {1}v+1;w−3; k−h+ 1, v).

Combining (4.3), (4.5), (4.7) and (4.8), we have Theorem 2.1.
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