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Reciprocity formulae for general multiple
Dedekind—Rademacher sums and
enumeration of lattice points

by

ABDELMEJID BAYAD (Evry) and ABDELAZIZ RAOUJ (Marrakech)

1. Introduction and statement of main results. The multiple Dede-
kind—-Rademacher sums that we introduce in this work are a generalization
of the Dedekind—Rademacher sums studied by Hall, Wilson and Zagier in
4] (from dimension n = 3 to arbitrary dimension n).

It should be noted that these sums which are expressed in terms of values
of Bernoulli functions are different from those introduced by Zagier [10] and
from Dedekind cotangent sums studied by Beck [1], which are expressed in
terms of the cotangent function.

We recall that the Bernoulli polynomials are defined by the generating
function

ze

zx o0 P
(1.1) — = ;Bn(x)m, 2| < 2m,

eZ

and that the Bernoulli functions are defined by

Bo(2) 0 ifxeZ,n=1,
" | Ba({z}) otherwise.

For each pair (a,b) of coprime integers, the classical Dedekind sum S(a,b)
is defined by

(1.3) S(a,b) = gBl (’Z)Bl (2)

t=0

(1.2)

Dedekind [2] introduced this sum in connection with the transformation
formula for the Dedekind n-function. But the story of the Dedekind sum
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started with a paper of L. Kronecker [5] written in 1885, seven years before
the widely cited paper of R. Dedekind [2] on Riemann’s work. In that pa-
per, Kronecker obtains a Dedekind sum by calculating the logarithm of the
quadratic residue symbol using the Gauss lemma. Rademacher introduced
the homogeneous sum S(a, b, ¢) given by

(1.4) S(a,b,c) i= 231 (?)Bl <Cat>

That is the Rademacher generalization of the classical Dedekind sum.

The most fundamental and important theorems for any generalized Dede-
kind sums are the reciprocity laws. The famous reciprocity laws for the clas-
sical Dedekind and Dedekind-Rademacher sums are as follows (we write N*
for the set of all integers n > 0):

THEOREM 1.1 (Dedekind-Rademacher).

(i) (Dedekind) If a,b € N* are relatively prime then
1 1/a 1 b
(15) S(a,b) + S(b,a) _—4+12<b+ab+a>.

(ii) (Rademacher) If a,b,c € N* are pairwise coprime then

1 1 /a c b
(16)  S(abe) +S(b,c.0) + S(e.a,b) =~ + 12<bc . ac)

The standard reference for ordinary Dedekind sums is Grosswald and
Rademacher [3].

Let us now introduce our main object of study, the multiple Dedekind—
Rademacher sums.

For a fixed integer n > 2, we let r1,...,7, be positive integers and
ai,...,a, be pairwise coprime positive integers, and we set, for any 1 < k
<n,

- 3 . 3 1
A =(a1,..., 0k, ... an), Rrg=(r1,...,Tky...,7n) E N,

We define multiple Dedekind—Rademacher sums by the formula
ap—1 ait
(1.7) Su(Ak Br)=>_ [I B (J)
=0 1<j£k<n Ak
It is easy to see for n = 3, k = 3, Ay = (a,b,c) and Ry = (1,1) that
S(a,b,c) = S3(As, R).

Our aim here is to prove that these sums satisfy certain reciprocity re-
lations under cyclic permutations of (a1, ...,dx,...,a,). We state the reci-
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procity law in terms of the generating function defined by

Lo S, (Ag, R 2mip; \ 7
(1.8)  Gu(And) = > n(Ar, Fi) [ (&X
. rlooor! ! a;
RkEN"71 lgj#kgn

where @), = (1, P,-..,0n) is an n — 1-uple of reals. We prove the
following generalized result:

THEOREM 1.2. Letn be an integer > 2, let ay, . .., a, be pairwise coprime
positive integers and let ¢1,. ..,y be real variables in the interval ]—1,1[
with sum zero. Then

(1.9) i S,(A
k=1
sin(r Y, £2)

:_(2z')1”1 [T- siiaff) ) Z 11 COt( >

k=11<j#k<n

By our result we recover the well known theorem of Hall, Wilson and
Zagier in [4], which is stated for n = 3. Precisely, we have the following inter-
esting relations deduced directly from the last theorem using the expansion
of sin(3_7_, Uj) for n =2,3,4,5.

COROLLARY 1.3. Under the hypotheses of Theorem we have the
simple identities

n 2 3 4 5
ve1 Gn (A, ®r) | O -3 éZ?:lcot(wi—j) 242:1<1<]<5cot( £L) cot(m J)

Proof of Theorem [1.1 We show how to obtain Theorem [I.]] from our
main result, Theorem 1.2 m We put a1 = a, ag = b, a3 = ¢ and we define

STl,T2 (a, b) C) = 53(14'37 ES), S7‘277‘3 (b, C, a) = S3(A‘17 ﬁl))
ST3,7’1 (C7 a, b) = 53(14'2, Eg)

Then we can write

Lo S, v (a,b,c) [ 2mipr\ " [ 2mi -
G3(As, P3) = Z (@ C)< mw) ( mm) ;

r1lr9! a

71,7220

L Srors(byc, ) <27rig02>T2_1 (2%2’@3)7"3_1

Gs3(A1,01) = Y

1o
o0 rolrs! b c
S S Sryr(Coa,b) (2mips r3—1 271 ri-l
G3(A2, P2) = Z r3lry! c a '

73,7120
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Theorem [[.2] shows that
Lo L Lo 1
(1.10) G3(A1,P1) + 63(Az, Do) + G3(A3,P3) = T

Write
S3(A, 1) = (part of total degree —2 in terms of @1, @, ¢3)
+ (part of total degree —1 in terms of ¢1, @2, ©3)
+ (part of total degree 0 in terms of ¢1, @2, p3)
+ (analytic part of total degree > 1 in terms of ¢1, p2, ¢3).
For each k =1, 2,3 we compute the homogeneous part of degree zero in

1,92 and @3 on the left-hand side of (1.10)), and we find that the part of
total degree | = 0 in terms of 1,2, s of

G3( A1, B1) + G3(As, Bo) + G3( A3, B3)

is equal to —i. Precisely,

P So2(a,b,c) a @2 Sagla,b,c) b 1
63( 37 3) SLI((I, b7 C) + 0‘2| b ng + 2|0' a 902’
e So2(c,a,b) ¢ 1 Saplc,a,b) a 3
G3(A2, @) = Siale,a,b) + =g 7 03 20 ¢ o
- - Sog(b,c,a) b Y3 Sgo(b,c,a) c 2
A1, P1) = S11(b Skt R A At S AT
Ss(Ar, 1) = S1a(b,,a) + =5 2 o0 T 200 b

Now by using the additive distribution formula (2.1)) and the definition (|1.4)),
we obtain

50,2(a7b7 C) g . ﬂ + 82,0(a7 bv C) b . ©1

02 b ¢ 200 a oo
1/a o2 b o1\=
(a, ’C>+2<bc o +— o 2(0),
5072(6,(1,1)) c . 1 Mﬂ@

Sile.a,b) + 220D £ AL
Li(e,a,b) + 012! a g03+ 210! c p1

lic o1  a ¢3\5
=S b)+ - —-—+ —-—=]B2(0
(c7a7 )+2<ab cp3+bc (P1> 2( )7
So2(b;c,a) b g3 n Sz,0(b;c,a) ¢ 2
012! c Y2 210! b w3

1/b 93 ¢ p2\5
—S(b (2.8 P2 B0).
S(,c,a)+2<ac i @3) 2(0)

Sl,l(a7 ba C) +

S1,1(b, ¢ a) +

Finally, the homogeneous part of degree zero of

63(1‘1'1,51) + 63(j2,52) + 63(E3,53)
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is
S(a,b,c)+ S(b,c,a)+ S(c,a,b) ! a+b+c
a,b,c c,a c,a,b)— = —+ —+—
T T T 12\bc  ac ab
since @1 + @2 + 3 = 0 and Bs(0) = %. This leads to
1 b 1
S(a,b,c)+ S(b,c,a) + S(c,a,b) — 12(& + 24 ¢ > =

be ' ac ' ab
by comparing both sides of (1.10)). =

REMARK 1.4. In general, for any integer N > 0, by comparing the
coefficients of degree N — (n — 1) of both sides of we get relations
for non-trivial Dedekind-Rademacher sums S, (A, R), 1 < k < n, with
> 1<jtk<n i = N, and r; > 1. This lets us express all the sums S (Ay, Ry)
as linear combinations of those.

2. Bernoulli functions and proofs of the main results. We use
throughout the notation e(z) = e*™* (2 € C).

2.1. Bernoulli functions: An overview. We will need the additive
distribution formula satisfied by Bernoulli functions, which was proved by
Raabe in [6]:

a—1
_ t —
(2.1) Va € N*, Vx € R, ZBm <az + a) = a'"™B,,(ax).
t=0

We recall the difference and addition formulas satisfied by Bernoulli poly-
nomials:

(2.2)  Bp(X +1) = Bp(X) =mX™ ! = mz_ <m> Bi(X) (meN),

k
k=0
(23 B +v) =Y () xmtaw) e,
k=0
Also we need the Fourier expansion formula for B,,(z) [4]:
. | 2mikx
(2.4) Bu(@)= - Y S (meN,zeR)
@mi)™, oy

Now we consider for all ¢ € R\ Z the function

%Z,cot(mb) if z € Z,
(2 FEO=1 eqze)

(@) —1 if z& Z.
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By the definition (1.1)) of B,,(x), for all ¢ € R\ Z we have

+oo -
(2.6) F(z,¢) =Y B’;L(!Z) (2mip)™ 1 (2 €R).

m=0
2.2. Proof of Theorem We begin by proving the following lemma:
LEMMA 2.1. Under the hypothesis of Theorem 1.2, we have

n oo th t;
§ Gn(Ak, Pr) = E E I | F( aj,%)-
k=1 (£, tn)EN" k=1 j=1

0<t;<a;—1 j#k

Proof. Using the distribution property (2.1) of B,,, we can rewrite
Gn (A, Pi) as
n . ri—1
1 [ 2mig;\ 7
Sn(Ay, 1) S — J
= 3 sl (%5)
RkEN j#k

- XY IAB (B )i

0<ti<a;—1 B _cNn—1J= 1
T<i<n € i+l

J
o0
1 — [ t;
S OELAC AR
— a;
0<t;<a;—1 j=1r;=
“1<i<n ];ék

Using the Laurent expansion (2.6 of F', we thus obtain

CHETRAESEDY HF<tk—j '>7

0<t;<a;—1 j=1
1<i<n  j#k

from which the lemma follows. =

LEMMA 2.2. Let (ui,...,up) € R™ be such that uy, — u; & Z for all
distinct k,j € {1,...,n}. Then

ZHF(UI‘? —uj,gbj) = 0.
k=1 j=1
ik
Proof. The Fourier expansions (2.4) and (2.6 give the identity
1 e(kz) 1 e((p—N)z)
F = — = — -_ 7
(2,¢) 2m’l§¢—k DS X

A=¢mod Z

where the last sum, obtained by writing A = ¢ — k, is to be interpreted as
a Cauchy principal value (sum over |A\| < L and let L — o0). Then
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5 e((ur, — uj)(¢5 = Aj))

: 1
HF(Uk—Uja%'):W Y )

where the sum >°* is over all (A1,..., \g, ..., \p) = (¢1,...,<]5k,...,¢n)
(mod Z™1). Now since 2?21 ¢j =0, by setting \, = — Z] ] )\ one has

D (k=) = A) =D (up — u;)( ZUJ )
=1 =1
ok

which is independent of k.
We also observe that

k=1 j=1
ik n J
1 * el— im1 Ui (05 — Aj
= E : Z ( Zj_ln J((bj ])> =0. =
(2mi)n—1 a [Ti=1 X
R=1(A e Ak AR) Jj#k

In order to prove the formula , we compute the sum

(27) 3 Zﬂp<tk tﬂqu])

(t1,rtn)ENT k=1 j=1
0<t;<a;—1 G#k

Thanks to Lemma we know that the contribution in the sum ([2.7)
coming from ty/ay — t;/a; ¢ Z for all distinct k,j € {1,...,n} and all
ty,tj € Z, is zero. Let (a1,...,an) and (t1,...,t,) be fixed. We set

> - TIr(E - )

k=1j=1
J#k

Our aim here is to calculate the quantity > .
We assume first that (¢1,...,%,) is of the form

(t1,... tn) = (0,...,0,tj0+1,..., ) € H{O} X H 10, aj,1]ﬂN.

Jj=jo+1

Throughout, we assume that every sum (resp. product) over the empty set
is zero (resp. 1).
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We will observe easily that the general case follows without difficulty.
For simplicity, in our compution we can assume that
Gl Gy < <),
aj — aj+1
We decompose the sum ) into two sums » ; + >, over k < jo and k > jo,
respectively. Let us put hj =t;/a; (j =1,...,n). On the one hand, we have

Jjo n n
ZI:ZZHF(hk_hj’¢] ZHF ]7@5]

k=1j=1 k=1j=1
ik itk
jo Jo
- ZHF ¢] H F ]7¢j
k=1j=1 7>70
Jj#k
jo
:Z ( d)k HF ¢] HF hj,gbj)
k= J<Jjo J>jo
e({=h;}t9))
= F(0
Jl<_ﬂ[0 ) J<ZJO F(0 (Z)J)J'l;[o e(¢;) —1
1 e((1—hy)¢;)
— F(0, ¢,
Irow 3w g 1L G

B 1e(¢j) +1 1 e sy @) (=25, hi®s)
B TR N R | A Oy

So after rearrangement

J<jo J<jo

e(— 1 hid;) 1
2 " Meton - (Eﬂ)%)][{o ”')“)ZF«),@)
B e(— Zj:l hj¢;) .
ST eton -0 L 0+ el=60) ZF 0.0

On the other hand, we have

— n N e(D sk 1<j<n e — hjto5)
ZQ - ];)EF(hk hj, ¢5) = k>zj0 Hj¢k(€(¢j) —
J#k
1
B 17— (e(e;) — 1) Igj:o(@(%) —1)

X €<Z(hk - hj)qﬁj)e(Z(l —hj+ hk)¢j>

i<k >k
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) k>Jo Jj<n J>k
_ e(= 2251 hjd;) B
TS (e0) 1) kZ o) = 1 <§ o)

Thus

Y, - fra s (T o) )

J>jo

We have thus shown that

2=,

e 2 j=1hi®;) 1
_]‘[_((@)—1)(1_[

ZF 0, ;) (Z“bJ)_l)

J<jo J<jo J>jo
For every t = (t1,...,t,), we set
J(#)={j:t; =0}.

By permutation, we can consider the previous case and so Y, equals

e( Z] 1;
T <<¢J>—1<( Z%) 1+j1}]§<6<—¢j>+1>;@).

We now consider the sum of 3" over all £ € [17=1[0,a; —1]NN. Let us write

2= 2 2

JC[1,n] {
J()=J

We see first that

f Jj=1 JgJ tj=
J(t)=J s
o (_ aj) - e(_¢3)
igr 1 6(_%)
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On the other hand, we have

—e(—55) B 1—e(—2)
211 a,j> oy =2 ==

It remains to give a formula for

5= 3 TT Stet—e) +1— =) PR
J j€J2 ’ 6(—%) _6(—¢j) jeJ F<07¢j).
By putting
1—e —¢—?
Q; (1+ ¢ 925])) 6( ¢])E€(ZJ_)¢)7
1 et
%= F(0,0;5) 26(¢j) +1

we may write

S:ZHajZﬁj.

J jeJ jeJ

We set 3 = ZjeJ Bj. It is clear that

S =H'(1),
where
=3 (I = 3 [ = [0+ o’y
J jeJ J jeJ =
Hence
a " aif;
S:Z.HI(HO"');H%'
Since
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with

A = —¢;) +
:e<_‘2>—e(—¢j)+1+e< <1+ 1]>¢>g>

it follows that
1 (1 e(=2))(1 ~ e(6)
N

On the other hand, we have

1+Oéj:

1
S o e v R 5 R

=(1—e(—0¢; . .
( ( j>)€(—(§j) —6(—¢j)

Hence, we obtain the following expression:

oyt _1=el=2)

Lta;  1+4e(-2)

and consequently

> SRt

B 1—e(-2) - 2]

0<t;j<a;—1k=1j=1 J= a; j
1<j<n jF#k

1 " :
a; a;
_jHll_e(_%’ +H§ ‘1’; 22 ¢>;)’
J
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which can also be rewritten as

> IRk 2e)
0<t;j<aj—1k=1j=1
1<]<n J#k

o e AT -
- k=11<j#k<n € (%) -1 Il 6(%) -1
Then we obtain our formula in terms of sin and cot:
Yk o,
> Il F< > cbj)

0<t;<a;j—1k=1j=1
1<]<n Jj#k

1 sin(m 327 &) 1
T (95 n—1 ; ®j An—1
(24)" H?:l Sm(”?j) (20) k=11<j#k<n
Now, by using Lemma we obtain

g;gn(ffk,@k ZHF(tk _ i (b').

k=1j=1
J#k

This finishes the proof of Theorem ]

3

o

o

[l
N

=
S8
~_

3. Connection to multiple Rademacher sums. Let a,...,a, be
pairwise coprime positive integers. Inspired by Rademacher’s work [7] we
define multiple Rademacher sums by

(3.1) Blay,. .. an zn:az H{tzaa]

=1 t;=
J#%
We have a connection between B(ai,...,a,) and our multiple Dedekind—
Rademacher sums S, (Ag, Rx) given by the following result:

THEOREM 3.1. For any pairwise coprime positive integers ai, . .., Gn, we
have
B(a17 ,Cln)
"1 il |J|+1 L)
=4 - > P i > 28y (ai; (@)ier)
z:l JC{I7 SnP\{d} k=0 LcJ

—72* Y. FO(II+1),

=1 JC{l, Sn\{i}
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where
a 1 1 —1
Ap=]lej, FO)=-7=——]] ()
j=1 211 +1 jes N
and
- wl tia
J:{lvan}\‘L Sk(al; al l€L ZBk( >HB1( l)

lel
Proof Let us put u; =t;/a;, i = 1,...,n. We have

]1_11 i) = i H - H <“l a; {”iaj}) = I?L:Ljf[l <Uz - alj{uiaj}>

J# J#Z J?él

X WG e

JA{1,...,n} jeJ

Note that if 7 € J then
-1
11 (CLJ) {uia;} =0,

jeJ

M2 5T ()

v oJc{l,..n\{i} jeJ

SO

It follows that

n

a;—1
(32) Blon,..a) =43~ Y H< )ZuiJH{uiaj}.

i=1 " Jc{l,...n\{i} jeJ ;=0 jeJ

Now, we set m = |J| + 1, u = {u;} and v = {u;a;}. Then we use the
difference formula (2.2) and the identity

{U}ZE(UH%, vER\Z

We deduce that, for all t; = 1,...,a; — 1 and all J C {1,...,n}\ {i},
||

7 1 [T+ 1\ —
I E Br(u;),
K |J]+1 k_o< k )
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By substituting these equalities in (3.2)), we obtain

B(ay,...,ap)

° a; ;
i=1 " Jc{l,...n}\{i}

1 [J]=|L| ai_li L
X Z <2> Z Bk(ul) HBl(uial)
LCJ 1

ti= l

1 |J|+1 -1
_Azaz 2 7] +1 (k) aj

i=1 JC{1,...,n}\{i}

x Z< )'Jl Ll(%lek(ui) Bi(wa) - B(0) [[ B1(0))

LcJ t;=0 leL leL
=
|J] +1
SN DY oy (V)
i=1 " Jc{1,...n}\{i} k=0
X Z2|L|<ZBk uz HB1 uzal ( )H§1(0)>
LcJ leL leL

We can rewrite this equality as follows:

B(ay,...,ap)

[J]|
= A, Z — Y kZ (’J’ * 1) > 28 (ai; (ar)ier)

i=1 " Jc{l )\ (i) Lcy

7, —
T +1\—=
— Ay Z* > F(J)Z(' ‘k >Bk(0).
i=1 " JC{L.n}\{i} k=0
Indeed,
z"': <|J| + 1)
k=0 k

<|J| + 1) <\Jyl+ 1>Bl(0)

10— By (0)(17] + 1)

||
-~ >
gl Mw

|+1
+
2 )

Finally, we obtain our desired formula. =

since |J| > 1.
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4. Connection to the enumeration of lattice points in pyramids
in dimension n + 1. Let ay,...,a, be pairwise coprime positive integers.
Let P denote the integral point (0,...,0, A,) in the Euclidean space R"*!
where A, = ay...an. For I C [1,n] let Py = (l‘gl), e ,xg),()), where 351(1) =
a; or 0 according to whether ¢ € I or not. Denote by N(ai,...,ay) the
number of lattice points (x1,...,2Tpn,Tp4+1) With 0 < x,41 < A, in the
pyramid with vertices P and Py, I C [1,n].

Sun [9] proves the following relation:

(4.1) N(ai,...,an) = An<ﬁ(ai ~1) - B(ay,.. .,an)).

i=1
By combining Theorem with (4.1) it is obvious that our multiple Dede-

kind—-Rademacher sums appear in lattice-point enumeration functions. More
precisely, we obtain

THEOREM 4.1. Letay,...,a, be pairwise coprime positive integers. Then

N(ay,...,ay)

= A [J(ai = 1)
=1
"1 ] |J|+1 L)
_AnZ; Y. F()) i > 2HSy(ai; (ar)ier)
i=1 " Jc{1,...n}\{i} k=0 LcJ
Ap 1 -
+7Z; > ()T +1).
i=1 " Jc{l,..n}\{i}

COROLLARY 4.2 (Explicit formulas). Let ay,as be coprime positive in-
tegers. Then

N(a1) = al(a;_ 1),

a1+ a 1 a?+a2 -1
1 2+>_1 2— 1

1
N(ai,a2) = aras <a1a2 - — D

3 4 4
Proof. (1) For n = 1, thanks to Theorem [3.1| we have

B(ay) = F(0) le <z> aka(f;l) - % - F(0) -2
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Hence
a; —1
Bl(ay) = 12 .
Using (4.1)) we obtain
-1
N(ay) = al(a; ),

(2) For n = 2, from our Theorem 3.1 we obtain

Blay, as)
2 ay;—1
—a(r0 2 (1) X5 ()
+ F({Q})(kzl::() (i) ;:Bk<“1) + 2;; (2) Sk(al,@)))
a2 () £ ()
()£ (2) ()
- ‘”2“2 <a11 -F(@)-3+;-F({2})-2+ - -F(@)-3+a2-F({1})-2>.
We remark that F(0 ) F({1}) = =4, and F({2}) = —£-. By using

the Raabe formula , We obtain

Blar, as) = aras (31 22: ( ) 1 FB(0)

0
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We rewrite this formula as follows:

Blar, a2) = — (a1 +a) + mas <361L1 < 23: <Z> Al By (0) - 331(0)>

k=0
_ 4@1@ <k§2::0 (2) a'~*By(0) — 2B1(0) + 4S(ay, aQ))>
+aras (321 23: <z) ol By (0) — 331(0)>

k

 dajay (;2:0 <2> By(0) = 2B:1(0) + 4S(a1,a2))>.

We use the addition formula (2.3 to obtain

0

o

1
B(ai,a2) = —=(a1 + a2)

2
1 1 Bg(al) 3 1 Bg(al) - BQ(O)
+ 2a1a2<3 o ( 22 + 2) 4a1a2< o +1+45(a1,a2)
1 Bg(ag) 3 1 Bg(ag) — BQ(O)
— | = 1+4 .
+a1a2<3 2( > + 2> 4a1a2< p +1+4S(az,a1)

We deduce from By(z) = z—3, Ba(z) = 2> —z+}, and By(z) = 2°—32%+ 3z
that
Blar,a) = —g(ar +a) + 5+ (242 ) — Lo +a)
ai,a ——(a1+a — | —=(a1+a
1,02 5la1 +a 6\ar T a glartaz
—(S(a1,az2) + S(ag, ap)).
By using our main Theorem we obtain
2 3(a; +a) 3 at+di-1
B = g, -t S aitapm ]
(a1,02) = 30102 1 17T o
From (4.1) we obtain the desired result

1 a1 +ay 1 a% + a% —1
N = = — il
(al, az) a1a9 (3&1@2 4 + 4) 12
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