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1. Introduction. The theory of Jacobi forms (that is, automorphic
forms on the Jacobi group and its generalizations to higher degree) has been
studied by several authors (cf. [7, 29, 20, 21, [11]). In particular, Shintani
introduced the standard L-function attached to a Jacobi form of arbitrary
degree, and afterward Murase derived in a series of papers [20], 21] its mero-
morphic continuation and functional equation by making use of its integral
expression. Moreover, Murase and Sugano derived in [22] an expression of
the standard L-function attached to a Jacobi form in terms of a power se-
ries generated by eigenvalues of Hecke operators. In this paper, we derive
a local expression of the standard L-function attached to a Jacobi form
in terms of a power series related to its Fourier coefficients. This can be
regarded as an analogue of Andrianov’s identity in [I] for Siegel modular
forms. As an application, we shall also prove a rationality theorem for a
formal power series related to a polynomial appearing in the theory of local
densities of quadratic forms, which is very similar to the result obtained in
[6] by Bocherer and Sato.

Let us describe our main results precisely. Let p be an arbitrary rational
prime. For any non-zero element a of the field Q, of p-adic numbers, we put

1 if Qya'/?) = Qy,
xp(a) = ¢ —1 if Qy(a'/?)/Q, is unramified,
0 if Qy(a'/?)/Q, is ramified.

Let n be a positive even integer. For each non-degenerate half-integral sym-
metric matrix B’ of degree n over the ring Z, of p-adic integers, we define
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the local Siegel series with complex parameter s by
bp(B's5) = > ep(tr(—=B'R)) up(R) ™,
RGSymn (Qp)/Symn (ZP)

where 1,(R) = [Z, R+ Zy : Zy], and e, is the standard additive character
of @p. It is well-known that such singular series appear naturally in the
study of Fourier coefficients of Siegel Eisenstein series of degree n and there
exists a unique polynomial F,(B’; X) in one variable X such that

(L—p ) [0 —
1- gp(B/)pn/zfs
where &,(B’) = x,((—1)"?det(2B’)) (cf. [18]). Let B be a non-degenerate

symmetric matrix of degree n — 1 over a subring R of Z, satisfying the
condition

by(B';s) = )Fp(B’;p‘S),

(1.1) (B +'rprp)/4 is a half-integral symmetric matrix over R for some
rg € R,

Then we can associate B with a non-degenerate half-integral symmetric

matrix
t?“B/Q (B—l—tTBT'B)/Zl

of degree n over R. Here we easily see that the vector rp is uniquely deter-
mined by B modulo 2R" !, and therefore B() is uniquely determined by B
up to GL,(R)-equivalence. For such a B over Z,, we define a polynomial

FY(B;X) in X by
R (B: X) = B (BY:X)
and put
GV(B; X)
- Z TFP(D)FZSI)(B[D_I};X)(p”XQ)Ordp(det D)’
DEGLp_1(Zp)\Mp—1(Zp)NGLn—1(Qp)

where 7,(D) denotes the generalized local Mobius function, that is, m,(D) =

ol >GLn1(Zp)

for some 0 < i < n—1 or not. We note that these polynomials do not depend

oo 1,1
(—=1)'p*=D/2 or 0 according as DEGLnl(Zp)< nolo

on the choice of rp. In addition, we also define a polynomial Bz(yl)(B;t) in
one variable ¢ by

(1 — &(BW)p==0/24) [T271 (1 — p2it142)
Gy (Bipmi1/21) |

1 ) —
BV (B;t) =
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On the other hand, for any positive even integers k and n, let ¢ be a
Jacobi form of weight k£ and of index 1 with respect to the Jacobi modular
group I/ | of degree n — 1, and o(¢) a Siegel modular form of weight

k — 1/2 with respect to the congruence subgroup Fén_l)(él) of the Siegel
modular group of degree n— 1 corresponding to ¢ under the Eichler—Zagier—

Ibukiyama correspondence o (cf. §§2.3 and 2.4 below). Let DI(,n_l)(Z) be the
set of all (n — 1) x (n — 1) matrices with entries in Z whose determinant is
a power of p. For each positive definite half-integral symmetric matrix B of
degree n — 1 over Z, we define a power series G ,(B;t) in t by

éqﬁ,p(B; t) = Z ﬂ-p(D)CO'((ﬁ) (B[D_l])(pkt)ordp(det D)’
DeCGL,_1(2)\DY " (z)
where C,4)(B) denotes the Bth Fourier coefficient of o(¢). Then our first

main result is the following:

THEOREM 1.1 (cf. Theorem 3.1 below). Suppose that ¢ is a Hecke eigen-
form, that is, a common eigenfunction of all Hecke operators, whose Satake

p-parameter is of the form (X((;)(p),...,x(nfl)(p)) up to the action of the
Weyl group. Then, for each positive definite half-integral symmetric matriz
B of degree n — 1 over Z satisfying the condition (1.1), we have
By (B; p"~1/2t) Gy p (B3 )
T (= xS @126 (1 = X (p)~tpn=1/21)
_ Z CJ(¢) (B[W] )p—(k—n—l) ordy (det W)tordp(det W) )
WeGL,_1(2)\DY ™ (z)

This can be regarded as an analogue of the so-called Andrianov identity,
which was obtained in the study of standard L-functions attached to Siegel
modular forms of integral weight (cf. [I], see also [5]). We also note that
the above identity for p # 2 can be derived from a similar result for Siegel
modular forms of half-integral weight due to Shimura and Zhuravlev (cf.
Corollary 5.2 in [25], see also Theorem 1.1 in [28]). However, we cannot use
their results to prove the above identity for p = 2.

Next, we explain an application of the above result to the rationality of
a certain formal power series related to the polynomial FZSI) (B; X). For each
non-degenerate half-integral symmetric matrix B of degree n — 1 over Z,

satisfying the condition (1.1), we define a Laurent polynomial Eﬁ” (B; X)
in X by

ﬁp(l)(B;X) — X—ordp((—l)"/Qdet(?B(1>)D(B(l))*l)/2FI§l)(B;p—(n+l)/2X)7
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and put
~(1) .
GIV(B; X, 1)

_ Z ﬂ_p(D)fzgl) (B[D_l];X)tordp(det D)’

DeGLp—1(Zp)\Mn—1(Zp)NGLrn-1(Qp)
where 9(B™) is the discriminant of the field extension
Qv IA@ED))/Q,.

We note that the functional equation va(l)(B;X) = va(l)(B;Xfl) holds
(cf. [12]). Thus I*N}Sl)(B;X) is a polynomial in X + X!, and therefore
éﬁ,l)(B; X, t) is a polynomial in X + X! and t. Now we put

R;()l)(B§Xa t) = Z ﬁ,gl)(B[W]; X)tordp(det W)'
WEGLn—1(Zp)\Mn—1(Zp)NGLn—1(Qyp)

By applying Theorem 1.1 to the Jacobi Eisenstein series, we obtain the
following:

THEOREM 1.2 (cf. Theorem 3.4 below). Let n be a positive even integer.
If B is a non-degenerate half-integral symmetric matriz of degree n— 1 over
Zy, satisfying the condition (1.1), then

By (B; p"/* 1) G (B; X, )

[1=) (1= pi 1 Xt)(1 — pi =1 X 1t)

RIV(B; X, t) = .
We note that Bocherer and Sato ([6]) obtained a similar identity for a
half-integral symmetric matrix of degree n. The above identity will play

an important role in proving a conjecture on the period of the Ikeda lift
proposed in [I3] by Ikeda (cf. [16] [17]).

Notation. We denote by Z, Q, R and C the ring of rational integers, the
field of rational numbers, the field of real numbers and the field of complex
numbers, respectively. We put e(z) = exp(2ry/—1x) for any x € C. For each
rational prime p, let Q, and Z, be the field of p-adic rational numbers and
the ring of p-adic integers, respectively. We denote by ord, the valuation of
Qp normalized as ord,(p) = 1, and by e, the continuous additive character
of Qp such that e,(x) = e(z) for any z € Q, which will be called the standard
additive character of Q.

Let R be a commutative ring. We denote by R* the unit group of R,
and by M,, ,,(R) the set of m x n matrices with entries in R. In particular,
we write M, (R) = M, »(R) and R" = M; ,(R). We denote by 1,,0, €
M,,(R) the unit matrix and the zero matrix of degree n, respectively. We
put GL,(R) = {U € M,,(R) | detU € R*}, where det U is the determinant
of U. For X € My, n(R) and A € M,,(R), we write A[X] = 'XAX €
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M,,(R), where ‘X denotes the transpose of X. Let Sym, (R) be the set of
symmetric matrices of degree n with entries in R. If R is an integral domain
of characteristic different from 2, let Sym) (R) be the set of all half-integral
symmetric matrices of degree n over R, that is,

tiiER (1§Z§’I’L), }
2, €R (1<i#j<n))

where Frac(R) is the field of fractions of R. In addition, for any subset S of
Sym,, (R), we denote by S* the subset of S consisting of all non-degenerate
elements in S. In particular, if R is a subring of R, we denote by S~ (resp.
S>0) the subset of S consisting of all positive definite (resp. semi-positive
definite) matrices. For any commutative ring R, the group GL,(R) acts on
Sym,,(R) in the following way:
GL,(R) x Sym,,(R) > (U, A) — A[U] € Sym,,(R).

For a subgroup G of GL,(R), and a subset S of Sym, (R) stable under
the action of G, we denote by S/G the set of G-orbits in S. For a subring

R’ of R we define an equivalence relation on Sym,, (R) as follows: for any
Ay, Ay € Sym,, (R),
def

(1.2) Ay ~pi Ay &= Ay = A [U] for some U € GL,(R').

For square matrices X € Mp,(R) andY € My (R), wewrite X LY = (X ).
In particular, we often write z L Y instead of (z) L Y for any z € R.
We can simply write the diagonal matrix with entries x1,...,x, in R by
xy L Loy,

Sym) (R) := {T = (ti;) € Sym,,(Frac(R))

2. Preliminaries

2.1. Siegel modular forms of integral weight. Let G,,(R) be the
real symplectic group of degree n, that is,
Gn(R) :=Sp,(R) = {M € GL2,(R) | ‘M J, M = J,,},
where J,, = (_Ofn (1)2) For any S € Sym,(R) and A € GL,(R), we put
n,(S) = (1" S ) and d,(A4) = (A On ), respectively. We easily see that

0, 1, 0, tpg-1
the elements n,(S),d,(A) and J,, generate G,,(R). The discrete subgroup

I, := Sp,,(Z) = G,(R) N My, (Z) of G,,(R) is called the Siegel modular
group of degree n. For any N € Z~(, we denote by Fén) (N) the congruence
subgroup of I, defined by

Ny :={(AB)eTl,|C=0, (mod N)}.
We denote the Siegel upper half-space of degree n by $,,, that is,
O ={Z=X++vV-1Y € Sym,(C) | Y > 0 (positive definite)}.
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For any M = (ég) € Gp(R) and Z € $,, we easily see that j(M,Z7) :=
CZ + D € GL,(C) and we put M(Z) := (AZ + B)(CZ + D)~'. As is
well-known, this defines a transitive action of G, (R) on $,.

For any k € Z, a C-valued holomorphic function F(Z) on $), is called
a (holomorphic) Siegel modular form of degree n and weight k if it satisfies
the following two conditions:

(i) F(M(Z)) = det(§(M,Z))*F(Z) for any M € I};
(ii) F possesses a Fourier expansion of the form

Fz)= Y Ap(Ble(t(BZ)),

where tr(x) denotes the trace of a matrix.

In particular, a Siegel modular form F' is called a cusp form if it satisfies
the stronger condition Ap(B) = 0 unless B > 0 (positive definite). We
denote by My (I7,) and Sk(I},) the C-vector spaces consisting of all Siegel
modular forms and Siegel cusp forms of degree n and weight k, respectively.
For further details on Siegel modular forms of integral weight, see [1] or [§].

2.2. Review of the theory of Jacobi forms of higher degree. In
this subsection, we introduce some basic facts on Jacobi forms of integral
weight whose index is a scalar. For further details on Jacobi forms, see
[7, 20, 21, 29].

2.2.1. Jacobi group and complex analytic Jacobi forms. Let G,,=Sp,,(Q)
={M € GL2,(Q) | *‘M J, M = J,}; we naturally identify G,, with its image

under the natural inclusion

A B

€ G-
C D “

GnaM:< >H[M]::

We denote by H,, the Heisenberg group consisting of all elements of the form

1 0|k p 1 A
0 1,|% o0, 0 1,
A ), K] =
(A 1), K] o o
0 1, —x 1,

for some (A, 1) € Q" @ Q" and k € Q. Then
Gy = A{[(\ ), 6] - [M] € Gy | [(A ), k) € Hpy M € G}

is a Q-algebraic subgroup of G, 41; it is called the Jacobi group of degree n.
We note that the Jacobi group Gi is a semi-direct product G,, x H,, and
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forms a connected non-reductive Q-algebraic group with the center

Z; ={1(0,0),#] | ¥ € Q}.
It is easy to see the following;:
LEMMA 2.1. For each [(A, p), &), [(N, i), k'] € Hp, and M= (4 B) Gy,
we have
(2.1) [N ), w] - [N 1), 6] = [N+ N+ p'), 6+ K+ 2070,
(2.2) [(A,p), &] - [M]
= [M] - [(AA + pC,AB + uD), k + (AA + pC) "(AB + uD) — \'y).

Proof. Since it is an easy calculation, we omit the proof. =

According to the action of G41(R) = Sp,,1(R) on the Siegel upper
half-space 9,11, the group G; (R) of real points of G; naturally acts on
the space 9, x C" as follows. For each g = [(\,n), x] - [M] € G (R) with
M= (A5) € G,u(R) and (1,2) € H, x C", we put

g{(7,2) :== (M (1), 2(CT + D)™' + AM(7) + p).

We easily see that this action is transitive and the stabilizer of the point
(vV=11,,0) € $, x C" in G(R) coincides with Z/(R) - K., where K, is
the stabilizer of /—11,, € 9, in G,(R), that is,

Koo = {(_AB i) € Gu(R) ' A++V-1Bis unitary}.

The map g — ¢{v/—11,,0) induces a diffeomorphism of the quotient
GJ/(R)/(Z!(R) - Ky ) onto $, x C".

Let [ and m be non-negative integers. For any C-valued function ¢(r, z)
on $),, x C", we define the action of g € G(R) on ¢ by

(¢|l,m9)(7—v Z) = Jl,m(ga (7_7 Z))_1¢(9<7—’ Z)),
where for g = [(A, ), K] - [M], we put

J1m(9, (7, 2)) = det(CT + D)l
x e(—mk —m7['N] = 2mA 'z —mA u+m{(C7 + D) 'O (2 + A+ p)]).

It is easy to see that for any g; € G/(R) (i = 1,2),

(@l1mg)|1mg2 = @li,m(9192)-

In particular, it follows from Lemma 2.1 that for any M, M’ € G,,(R) and
(A, ), 6], (N, 1), K] € Hy(R), we have



240 H. Katsurada and H. Kawamura
(b‘l,m[M] l,m[M/] = ¢‘l,m[MM/]a
Olim [N 1), Kl [N, 1), 6] = Blim[(A+ Ny g+ 1), k4 K+ 2074,
0, 1,
Ol Ml [0+ 0 (727 ) 0 ) = N
= ¢‘l,m[()‘7:u’>7 ’KJ] : [M]

We also define a subgroup of G (R) by I/ := I, x H,(Z), where H,(Z) is
a subgroup of H,(R) consisting of all elements with integral entries.

n n

Let [ and m be positive integers. A holomorphic function ¢(7,z) on
$Hn x C™ is called a (holomorphic) Jacobi form of degree n, weight [ and
index m if it satisfies the following two conditions:

(1) @limy = ¢ for any v € I/
(ii) ¢ possesses a Fourier expansion of the form

o(1,2) = > co(T,m)e(tr(TT) 4+ 12)
TeSymj, (Z),rez"
with ¢ (T, 7) = 0 unless 4mT — 'rr > 0.
In particular, a Jacobi form ¢ is called cuspidal if it satisfies the stronger

condition c4(7,r) = 0 unless 4mT — trr > 0. We denote by J,,,(I}/) and

Ji P '7) the C-vector spaces consisting of all Jacobi forms and cuspidal
Jacobi forms of degree n, weight | and index m, respectively.

As an important example of Jacobi form, we consider Fourier—Jacobi
coefficients of Siegel modular forms of arbitrary degree n > 1. For any

ke Z,let F € My(I3,) possess a Fourier expansion
F(Z) = Z Ap(Be(tr(B'2))  (Z € $,),

B’eSym} (Z)>o

and we put

T 2z
Z = (t ) with 7 € 9,1, z € C" L and 7’ € 9.
z T

Then we have the so-called Fourier—Jacobi expansion

(£ )= S

where

2y onra= X ae(([, ) )etwmn ot

/2
TeSym},_(Z),rez"1 /
AmT—trr>0
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We easily see that ¢, € Jgm(I7_;) for each m € Zsq. In particular, if
F € Si(I7,), then ¢y, € J(i':sp(F;l]_ )

As another example, if k is an even integer such that k > n + 1, for each
m € Z~g, we define the Jacobi Fisenstein series of degree n — 1, weight k
and index m by

62’;1)(7, z) = Z TV, (1,2))™F (T € Hp_1, z€ CPY),
YER NI NG
where
PLy = (o] [(A8)] € GLy | €= 0,00, A= 0},
We easily see that the right-hand side of the above definition is absolutely

convergent and @lgnnzl) € Jem(L7)_}). Moreover, Bocherer (J4]) showed that

for any m € Z-g, there exists a certain relation between (’3,(4”7;1) and the

(n—1)

mth coefficient e, "~ of the above Fourier-Jacobi expansion of the Siegel

Eisenstein series E,E:n) € My(I,). In particular, when m = 1, we have
Qf(n_l) (n 1)
k1 = Gk
For later use, we give an explicit formula for the Fourier coefficients of

(n—1)

€,, ~ incase n is even. Let k be a positive even integer such that & > n+1.

The Siegel Eisenstein series E,gn)

by

of weight k with respect to I, is defined

EM(Z)= Y det(CZ+ D))" (Z €9,

(C.D)
where (C, D) runs through a complete set of representatives of the equiv-
alence classes of coprime symmetric pairs of size n. For each positive def-
inite half-integral symmetric matrix B’ of degree n, we denote by 0(B’)
the discriminant of the field extension Q(+/(—1)"/2det(2B'))/Q and put
f(B") = /(=1)"/2det(2B")/o(B'). 1t is well-known that §(B') € Zs¢. Fur-
thermore, we denote by xp/ the Kronecker character corresponding to the
above field extension. For each B’ € Sym;,(Z)~, the B’th Fourier coefficient
A,(Cn)(B’ ) of E’,(Cn) is described as

(24  AP(B) =, k)L <1fk/2+n/2 x)f(B')E /2
X H F n+1)/2)

plf(B’)

where
n/2

E(n k) = 2"2C(1— k) [T ¢ +2i —20) 7"

=1



242 H. Katsurada and H. Kawamura

L(s, xp’) denotes the Dirichlet L-function associated with x s, and
ﬁp(B/; X) — X_Ordp(f(B/))Fp(B,;p_(n+1)/2X).
We note that if B € Sym)_;(Z)~¢ satisfies condition (1.1), then ﬁ,gl)(B; X)
= F »(BW; X). Thus we have
PROPOSITION 2.1. Under the same assumption as above, let e,(cnl_l) pos-
sess a Fourier expansion

eg?fl)(r, z) = Z cgffl)(T, re(tr(Tr) 4+ r'2).
TeSym?* _,(Z), reZn-1

Then, for each T € Sym?:_,(Z) such that By = AT —trr > 0 withr € Z"1,

we have
n—1
(T, )

= £ WL = k4 /2, xu)f(BE )2 T ED (Braph0),
pli(BY)

where

ngl) B <t7‘1/2 (Br :/ir)/4> - <tr1/2 TT/?> € Sym ()>0.
Proof. Since
e () = A7 BY),
the assertion immediately follows from (2.4). =

Returning to the general theory of Jacobi forms, we now consider the
action of Hecke operators on Jacobi forms. Let M € Sp,,(Q) and decompose
the double coset I/ M T/ into disjoint right cosets:

r’mr! = |_| r’ g,

where d is the number of right cosets, that is, d = [[l7M I : I}/]. Then, for
any ¢ € Jym(I7)), we define the action of the double coset I7 M T/ on ¢ by

Ol M =

where the summation on the right-hand side is well-defined. We easily see
that for any v € I/,

(Pl M) 1my = Sl MT,
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that is, @l MI) € Jym(L})). Moreover, if ¢ € J wP(I/), we have
Olim ) MI) € J5P(I7]). Here we note that each double coset I MI/
with M € G,,(Q) contains a unique representative of the form

dp(6y Lo L6,) = (61 Lo L) L (67 L-vv Lyt
with 0 < 61| -+ - |d,. Moreover, let D =467 L --- L, and D' =6} L --- L 4],
be two diagonal matrices with 0 < 01|+ [0n, 0 < 87| --|d],. We easily see
that if (8,,6,,) = 1, then for any ¢ € J;,,(I})),

¢’l,mFﬁ]dn<DD/)Fﬁ] = ¢’l,mp7{dn(D)FnJ’l,mFﬁ]dn(D/)Fﬁ]-

A Jacobi form ¢ € J;1(I7)) is called a Hecke eigenform if it is a common
eigenfunction of all actions of double cosets I}/ M I’/ with M € G,,(Q), that
is, for any M € G, (Q), the equation

Sl ML = A(M)d
holds with some A, (M) € C. We easily see from the above argument that ¢

is a Hecke eigenform if and only if it satisfies for any rational prime p and
D=p® L 1p* e D(Z) with0 < ay < -+ < ay,
¢|l,mF7{dn(D)F71J = )‘¢(D)¢
with Ay(D) € C.
2.2.2. Jacobi forms on the adele group. Let A be the adele ring of Q and
let ¥, be the character of Q\ A such that Y5 (z~) = e(z) for any zo, € R.
In addition, for each m € Z, we put (k) = ¥u(mek) for any k € A. We
denote by GJ(A) the adele group of the Jacobi group G defined in the
previous subsection. It follows from the strong approximation theorem for
G that
Gi(A) = G Q)G (R) K,
where K = | J GI(Zp).
Let I and m be positive integers. A C-valued function f on G (A) is
called a Jacobi form of weight [ and index m if it satisfies the following two
conditions:

(i) The transformation formula
F(1(0,0), K]ygkooksn) = det(j(koo, V—11,)) ' (1) f (g)

holds for any k € A, v € GJ(Q), g € GJ(A), koo € Ko and kg, €
K{.

(ii) For any (7,z) € 9, x C", we fix an element g, € Gi(R) such that
Joo(v/—11,,0) = (7, 2) and put

(2.5) Py(7,2) 1= Jim(goos (V—111,0)) f(goo);



244 H. Katsurada and H. Kawamura

with the factor of automorphy J; m, : Gi1(R) x (£, x C") — C defined
in §2.2.1. Here we easily see that the value @; does not depend on
the choice of go. Then the function @ is holomorphic on £, x C".

In particular, a Jacobi form f is called cuspidal if it satisfies the further
condition that

|det(1m(7'))l/2 exp(—2mm tr(Im(7)~* [tlm(z)]))@f (1,2)]

is bounded on $),, x C". We denote by J; (G2 (A)) and J =P (G (A)) the
C-vector spaces of the Jacobi forms and cuspidal Jacobi forms of weight [
and index m on the group G (A), respectively.

It is easy to see that for each f € J;,,(G;(A)), the associated function
@ is an element of Jj,,(I7)). In particular, if f € JI%SP(G;{(A)), then & €

cusp
Jl,m

LEMMA 2.2. The map Jpn(GL(A) 3 f s @p € J (L)) induces C-lin-
ear isomorphisms Jy (G (A)) = Jim (1)) and ;2P (Gh(A)) = J7P (1)),

Proof. Since it is straightforward, we omit the proof. m

(I’7). Furthermore we have

2.3. Standard L-functions attached to Jacobi forms. In this sub-
section we study Shintani’s standard L-functions attached to Jacobi forms.
In particular, we derive an explicit formula for the standard L-function at-
tached to the Jacobi Eisenstein series of index 1. It might be given in a
classical way, but here we treat it adelically.

Let p be an arbitrary rational prime. For simplicity, we write G];Z , Gp,
K];,], K, and Z};] instead of G;}(Q,), Gn(Qp), G (Z,), Gn(Zy) and Z(Q,),
respectively. We denote by ¥, and | * |, the restriction of ¥4 to Q, and the
p-adic valuation of Q, normalized as |p|, = p~!, respectively. Let 7, =
I (GZ{ , K];] ;¥,) be the C-algebra consisting of C-valued functions ¢ on G;f
satisfying the following two conditions:

(i) The equation
([(0,0), Klkgk’) = Tp(k)(g)
holds for any k € Q,, k, k' € Kﬁ] and g € G,‘Z.

(ii) The function ¢ is compactly supported modulo Z]‘,f .

We note that 7, forms a C-algebra with the convolution product
(prr@2)(9) = | @ilgapa(a)dr  (o1,92 € H5),
Zi\Gy

where dz is a Haar measure on Z]{ \ GP‘Z normalized by §, I\Z K] dr = 1.

The algebra 7, is called the Hecke algebra of (Gg, Ki)]) with respect to the
additive character ¥,.
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We put
N{;] = {[(0, ), 0]dn(A)ny (S) € GJ | e Qp, A€ Unp, S € Sym,(Qp)},
T, =T(Qp) :={dn(t1 L--- L t,) € G, | t; € Q' }
and T'(Zy) =T, N Kp, where Uy, C GL,(Q,) is the group of upper unipo-

tent matrices. We fix Haar measures dn and dt on N;,] and T, respectively
normalized by

S dn =1 and S dt = 1.
NJNK} T(Zp)
We define the module d(t) of t € T}, to be the ratio d(tnt~1)/dn. For any
a=(ay,...,a,) € Z", we put

T :pal 1oL pa" € GLn(Qp)

We easily see that

6NPJ (ﬂa) =p > (2n+3—2i)ay )

Let Xo(T}) be the group of unramified characters of 7}, that is,
Xo(T,) = {x € Hom(T},,C*) | x is trivial on T(Z,)}.

In particular, if n = 1, then Xo(7}) coincides with the group Xo(Q,') con-
sisting of all unramlﬁed characters of Q. For any x € Xo(7}) and ¢ € 74,
we define the zonal spherical functzon wX( ) by

Z X (dn(7ma))@(dn(ma)),

aEZn
where
B(t) = o, ()72 | p(nt)dn  (teT).
Ny

It was shown by Murase that the map ¢ — @, (¢) gives a C-algebra homo-
morphism of 7, to C and that every C-algebra homomorphism of 7, to
C is given by ¢ — ©y(p) for some x € Xo(T},) (cf. Proposition 4.10 and
Theorem 4.15 in [20]).

On the other hand, for any x € Xo(7}), let ¢, be the C-valued function
on GJ defined by

¢x([(0,0), #Int[(A, 0), 0]k) = W (r)(xI /)(t) charzy ()

for any k € Qp, n € Ni)]’ tely, AeQyand k € KJ, where we denote by
charzy the characteristic function of Zg. Here we note that each x € Xo(7})
can be written in the form

X(dn(t1 L+ Lt)) = xW(t1) - x"M (L),
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with uniquely determined n unramified characters YV, ...,y e X, Q)
In that case, we simply write y=(x), ..., x("™). For each x=(xV, ..., x(™)
€ Xo(Tp), we easily see that

(2.6) ¢, ([(0,0), K]nt[(A,0),0 HX D)t 872072 chargn (A)

for any/fer,neNg,t:dn(tlj_---J_tn) €T, AeQy andkEKi,}.
For each rational prime p, we define the action of the Hecke algebra 77,
on the space J;1(G;(A)) as follows: for any f € J;1(G(A)) and ¢ € 7,

(fre)g) == | flgz Ne)dz (g€ Gy(A).
ZI\G]
A Jacobi form f € J;1(G;(A)) is called a Hecke eigenform if it is a common

eigenfunction of all elements of ®p J,, that is, for any rational prime p and
¢ € J,, the equation

fro=Xp(0)f
holds with some Af(¢) € C. Since, for each p, the map Ay : 77, — C gives
a C-algebra homomorphism of ., to C, it determines a x¢ € Xo(7},) such
that

Ap(p) = Wy, (9)
for any ¢ € J,. Then the Satake p-parameter of f is defined to be the orbit
of xy = (XS}), e ,chn)) in Xo(7},) under the action of the Weyl group W,
of type C,, isomorphic to the semi-direct product of S, and {£1}". We also
call the vector (chl)(p), . ,X;n)( )) € (C*)"/W,, the Satake p-parameter

of f. Then, for a Hecke eigenform f € J;1(G;(A)), we define the standard
L-function attached to ¢ by

s, f,5t) HH{ P =xY)p

p =1

which was introduced by Shintani in his unpublished paper, and afterwards
was studied by Murase (cf. [20, 21]).

By Lemma 2.2, for each f € J;1(GJ(A)), we obtain the associated ele-
ment $f € JlCUSp(F 7). Then we easily have the following relation between

the action of the Hecke algebra ., on f and the operation ®¢|, 117/ M T/
for some M € Gn(Z[p~!)):

LEMMA 2.3. Let f € J;1(G(A)). For any a = (ay,...,a,) € Z™ with
0<a; <+ < ay, we have

Bropn = Prlia 1 dp(ma) I
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Here ¢, is the element of 7€, defined by
og) = {%(Fu) if g € Z]KJdn(ma)K;] and g = [(0,0), k]kd, (o )k,
0 otherwise,

where k € Qp and k, k' € Ki?]' In particular, if f is a Hecke eigenform, then
Dy is also a Hecke eigenform in the sense of §2.2.1.

Let ¢ € J;1(I)) be the Hecke eigenform corresponding to a Hecke eigen-
form f € J;1(GJ(A)) via the mapping defined in (2.5), that is, ¢ = @. By
Lemma 2.3, we naturally define the standard L-function attached to ¢ as

L(s,¢,St) := L(s, f,St), that is,
s,.6,5t) == [] H{ P~ = xP ) )y

p<oo i=1
where we put X((;) (p) = chi) (p) fori=1,...,n.

If ¢ is a cuspidal Hecke eigenform, the following analytic properties of
L(s, ¢,St) have been shown by Murase ([21]):

LEMMA 2.4 (cf. [21]). If ¢ € J;*P(I7)) is a Hecke eigenform, then the

standard L-function L(s, ¢, St) has a meromorphic continuation to the entire
complex plane C. More precisely, the function

n
L*(s,¢,8t) = [ Te(s +1 - 1/2 = §)L(s, ¢, St),
i=1
with I'c(s) = 2(2m)~*I'(s), is meromorphic on C and satisfies the functional
equation
L*(1 —s,¢,St) = e, L*(s, ¢, St),
where
o {—1 ifn=1,2 (mod 4),
" 1 otherwise.
REMARK. Murase derived similar properties for the standard L-functions
attached to more general cuspidal Jacobi forms whose index is a matrix.

In the rest of this subsection we consider the standard L-function at-
tached to the Jacobi Eisenstein series (’31(? € J1.1(Gl(4)).

For any quasi-character £ : Q% \A* — C*, we define a C-valued function
ag on G (A) by
Ge([(0, 1), Klgl(X, 0), Olkookin) = E(det(A))p0(A)j (Koo, V=T 1)~
for any k € A, g = (ég) € GJ(A), koo € Ko and ks, € K, where
vo = 1, po.,
charzn (A) if v=p<oo,
exp(—27At\) if v = 0.

Pop(A) = {
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Then we define the Eisenstein series E¢ on G (A) associated with ¢ by

Be(g) = > e(vg) (g€ Gi(A)).
yeP](Q)\G;(Q)

(n)

In particular, we denote by &’ the Eisenstein series on GJ(A) associated

with a special character &(x) = |z|} (z € AX). We easily see that 51(711) is
an element of J;1(G;(A)) and corresponds to the Jacobi Eisenstein series

Qil(q) € Jl,l(Fﬁ]) in the same manner as in Lemma 2.2. Hence we also call

51(711) the Jacobi Fisenstein series of weight [ and index 1. Then we have

PROPOSITION 2.2. The Jacobi Eisenstein series El(?) € J11(GJ(A)) is a
Hecke eigenform, that is, for any ¢ € ®p Hp,

EN x 0 = Ae(p)E

with Ag € C*. Moreover, the Satake p-parameter of £™ s taken to be
¥ 1,1
of the form
(plf(n+1)+i71/2)

up to the action of the Weyl group W,.

1<i<n

Proof. For any quasi-character & of Q*\AX, we take a x = (xM, ..., x(™)
€ Xo(T}p) such that

(2.7) XD () = £(ta)|tal, 7202 (8 € Q)

for each 1 <4 < n. Then, by (2.6) and the definition of ;5;, we have 5; = Oy
Therefore it suffices to prove that for any ¢ € J, and A € Qp,

(2.8) (@x * ) ([(A, 0),0]) = ¢ - chargy ()

with some ¢ € C*. Indeed, if A & Zy, there exists 0 # u € Z; such that
W, (A') # 1. Thus we have

(@x * @) ([(A, 0),0]) = (& * ) ([(A,0),0] - [(0, ), 0])
= (&x * @) ([(A, 1), A])
= (&x *©)([(0, 1), '] - [(A,0),0])

= Tp(A ') (éx * ©)([(1,0),0]),
and (¢y * ©)([(A,0),0]) = 0. Now we have proved that the Eisenstein series
E¢ is a Hecke eigenform. Moreover, it follows from (2.8) that

c=(x)lap) = | dlo)elg™)dg =Bilp)
ZIN\G}
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and hence the eigenvalue Ag(p) coincides with the zonal spherical function
Wy (). Therefore it follows from (2.7) that

X(z’) (t;) = &(ti)\ti\;@”*?’*%w _ |ti‘§;(2n+372¢)/2

for each i. By substituting ¢; = p, we obtain () (p) = p~+(@n+3-20/2 apd
complete the proof. m

By Proposition 2.2, we obtain the following conclusion:

COROLLARY. Letl be a positive even integer such thatl > n+ 2. Then

L(s,&7,8t) = L(s, €}, st) = [[ (s — 1+ 1/2 + )¢(s + 1~ 1/2 — ).
=1

In particular, L(S,SZ(T), St) and L(s, (’El(q),St) converge absolutely for Re(s)
> |—n—1/2. In addition, they have meromorphic continuations to the entire
complex plane C and satisfy functional equations under s — 1 — s.

REMARK. Let k and n be positive even integers such that £ > n+1. As
mentioned in §2.1, (’3,2”; ' coincides with the first Fourier—Jacobi coefficient

e,gnf U of the Siegel Eisenstein series E,gn) € My (I,) of degree n and weight k.

Thus it follows from the Corollary to Proposition 2.2 that

L(s, el(ﬁ), St)

n—1
_ H H{(l _ pk—(n+1)/2 p—s+z—n/2)(1 _ (pk—(n+1)/2)—1p—s+z—n/2)}—1
p =1
n—1
=[G +k—1/2—4,E5) ),
=1

where Eéiln € Msy_,(I'). Moreover, replacing elgnf b by the first Fourier—

Jacobi coefficient ¢; € J,:iSp(F,{fl) of a Siegel cusp form F' € Si(I7,) which
is connected to a normalized Hecke eigenform f € Sor_,,(I7) via a lifting
procedure due to Ikeda (cf. [12]), we also obtain a similar explicit formula
for the standard L-function attached to ¢ (cf. [10]).

2.4. Eichler—Zagier—Ibukiyama correspondence between Jacobi
forms and Siegel modular forms of half-integral weight. For later
use, we recall that there exists a natural C-linear correspondence from the
space of Jacobi forms of even integral weight and of index 1 into that of
Siegel modular forms of half-integral weight.
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For any (7,z) € 9, x C" and (r1,72) € Q" ® Q", we define the theta
series of characteristic (r1,72) by

Oy (1. 2) = 00 (7.2) = 3 e((r/2)['(A+ r0)] + (A1) (= + 12).
AEZ™

In particular, for any r € Z", we put 6,(7,2) = o™ (1,2) == 98})2 0)(27, 22).
We note that the function 6,(7, z) depends only on rmod 2Z". For a fixed
T € 9p, it is known that (0,.(7,2)).czn/2zn forms a basis of the C-vector
space 9571) consisting of all C-valued holomorphic functions #(z) on C" which
satisfy
O(z + A1+ p) = e(—tr(7['A] + 202))0(2)
for any A\, u € Z".
For any 7 € $,,, we put

0(r) = 0)(7) = 0l 3, (27,0) = Y e(r['N]).
AEZ™
Then, for any M = (é g) € Fén) (4), we define Shimura’s factor of auto-
morphy by
6 (M (r))
— g AN Sl L
J(M,1)=J"(M,T) : 5 ()

As is well-known,
J(M,7)? = (1)1t P=D/2 4et(Cr + D).

For any | € Z, a holomorphic function F(7) on $,, is called a Siegel
modular form of degree n and weight | — 1/2 if it satisfies the following two
conditions:

(i) F(M(7)) = J(M,7)2=1F(r) for any M € I\ (4).

(ii) For any M = (& },) € I, the function det(Cr + D)~H/2F (M (7))

possesses a Fourier expansion of the form

det(CT+ D)""PFE(M(r) = > Cru(B)e(tr(Br)/4),
BeSym;}, (Z)>o
where det(C'1 + D)_Z"H/ 2 is an appropriately defined single-valued

function of 7. We note that such a F' possesses a usual Fourier ex-
pansion
F(r)= Y Cp(B)e(tr(Br)).
BeSym;}, (Z)>o

In particular, a Siegel modular form F' is called a cusp form if it satis-
fies the stronger condition Cp p(B) = 0 unless B > 0 (positive definite).

We denote by Ml,l/z(Fén) (4)) and Sl,l/g(FO(n) (4)) the C-vector spaces of
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Siegel modular forms and Siegel cusp forms of degree n and weight [ — 1/2,
respectively.

We now define the generalized Kohnen plus space Mlt1/2(]}§n) (4)) to

consist of all elements I € M;_1 /o(1 é”) (4)) whose Fourier coefficients Cr(B)
satisfy the condition

Cr(B) = 0 unless B = (—1)"*! 'rgrg mod 4Sym? (Z) for some rp € Z" !,

and put S, (15" (4)) 1= Myt |, (1§ (4)) N Sp_ (15" (4)). These spaces
were introduced by Kohnen ([19]) for n = 1, and by Ibukiyama ([I1]) for
general n.

Now, we recall an important fact that if [ is even, then there exists a
C-linear isomorphism between the space J; 1 (I}]) of Jacobi forms of index 1

and the generalized Kohnen plus space M, . (I én) (4)) defined as follows.

1—1/2
Let ¢ € J,1(I)) possess a Fourier expansion of the form
o(1,2) = > co(T,m)e(tr(TT) +7iz).
T€Sym;,(Z), €™
AT —trr>0

Since, for each 7 € 9,, ¢(7,2) belongs to the space @5”) generated by

(0:-(7, 2))rezn j2zn, @ can be expressed as
o(rz) = D he(r)8i(r,2)
reLn /220

with some 2" holomorphic functions (h;(7)),czn/2z» on $, whose Fourier
expansion is of the form

he(r) = Y (T r)e(tr((T — 'rr/4)T)).
TeSym?, (Z)
AT —trr>0

Then we put

o(@)r) =Y hedr).
rezn /22n
The following statement was shown by Eichler and Zagier ([7]) in the case

n = 1 and by Ibukiyama for general n:

PROPOSITION 2.3 (cf. Theorems 1, 2 in [11]). If1 is even, then the map
¢ — o(¢p) gives a C-linear isomorphism

T (L)) = ML (15 (4)),

1-1/2

which is compatible with the actions of Hecke operators. Furthermore, its
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restriction to the space Jf‘llSp(F;{) also induces a C-linear isomorphism
TP = 81y (17 @)
We call it the Eichler—Zagier—Ibukiyama correspondence.

REMARK. When [ is odd, the space J;1(I}/) is not isomorphic to the

Kohnen plus space M;", . (I, (n)( 4)). However, we note that a similar claim

1-1/2
is also valid for the space JlSkeW(F‘]) of skew holomorphic Jacobi forms,
which was shown by Skoruppa (|26, 27]) in the case n = 1 and by Arakawa
([2]) and Hayashida (][9]) for general n.

We easily see by the definition that the Fourier expansion of o(¢) can
be expressed in terms of Fourier coefficients of ¢ as

a(@) ()= > c((B+ 'rarp)/4,rpe(tr(Br)),
BeSym,, (Z)>o
where rp denotes an element of Z" such that B + 'rgrp € 4Sym’(Z). We
note that rp is uniquely determined by B modulo 2Z", and furthermore
co((B+'rprg)/4,7) does not depend on the choice of the representative of
rp mod 2Z". Moreover, if ¢ coincides with the first Fourier—Jacobi coefficient
of a Siegel modular form F' € M;([,+1), we have

a@) )= Y. Ap(BW)e(tr(Br)),
BeSymn(Z)ZO
where B(Y) € Sym? ,;(Z) denotes the matrix defined in §1, and Ax(BW) is
the BWth Fourier coefficient of F. In particular, let n and k be positive even

integers such that £ > n+1 and take ¢ = e,(:fl) € Ji1(I77_;). Then we have
the following explicit formula for the Fourier coefficients of the associated

form o (e, V) € M, (13" Y (4)):
PROPOSITION 2.4. Under the same assumption as in Proposition 2.1, let
Ce

(€1 1)) possess a Fourier expansion
e = Y A Beltn(B)).

Then, for each B € Sym_(Z)~¢ satisfying the condition (1.1), we have

(n-1)p
Gy 1/2( )
=£(n,k‘)L(l—k—l—n/Q,XB(l))f(B( k=(n+1)/ H F B;pk_(”+1)/2).

pIF(BM)
Proof. If B = AT — 'rr with T € Sym}_;(Z) and r € Z"!, we have

C’én 1};( )= (nl_l)(T, 7). Thus the assertion follows from Proposition 2.1. u
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3. Andrianov-type identity for power series attached to Jacobi
forms. Throughout this section, let n and k be positive even integers such
that k > n+1, and fix a rational prime p. For a subring R of Z,, we denote
by Sym,,_; (R)™" the subset of Sym,,_; (R)* consisting of all elements which
satisfy the condition (1.1) in §1:

Symn—l(R)(l)
= {B € Sym, {(R)*| B +'rgrp € 4Sym* ,(R) for some rg € R"1}.

As mentioned in §1, with each B € Sym,,_;(R)()) we can associate an ele-
ment

BW — ( L re/2 > € Sym’ (R)*.
t?“B/Q (B—i—tTBTB)/Zl

For B € Sym,,_,(Z,)"), we define a modified local Siegel series b;(,l)(B; t) as
follows. For each R € Sym,,_;(Zp[p~']) andr € Z~ !, if R € p~!Sym,,_,(Z,)

with [ > 0, we put
w(Rsr) =p~ "V, (R)Y? N ep(—R['a] +rR'z/2+ 2R 'r/2),
xEngl/plZ;Hl
where p,(R) = [Z! 'R+ Z7~' : Z7~'], and the right-hand side does not

depend on the choice of I. Suppose that B € Sym,,_;(Q,) is of the form
B = 4T —'rr with T € Sym,,_1(Q,) and r € Z7~!. We put

bV (B;t) = > w(R;7)e,(—tr(TR))torde(re(R),
ReSym,, 1 (Zp[p~'])/Sym,,_(Zp)

We note that this series coincides with «;(B,t) of [23] if p # 2 and r = 0.
As will be shown later, the above definition does not depend on the choice
of T and r (cf. Proposition 3.1 below).

On the other hand, if m>1, for each S € Symy,_,(Z,), T € Sym,,_;(Q,),
r e ngl and e € Z~q, we put
Ac(S, T, )
(=1 L S)[X]+" rzy/2 }

(Zp))’

=X € Mmn—1(Zp)/p"Minn—1(Z
{ m,n 1( p)/p m,n 1( p) + taglr/2—T€peSym:;—l

where x, € Zg_l denotes the first row of X. We easily check that it is
well-defined. Furthermore, if both S and (trl/Q T:/pz
pelmmn=1+n(n=1/2) 4 A (S T 1) has the same value for each

e > ord, (det <tr1/2 T; 2));

) are non-degenerate, then
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this value will be denoted by 04,(31)(5, T,r). We note that 041()1)(5, T,r) coin-
cides with the usual local density a,(—1 L S,T) if r = 0. Then we obtain
the following lemmas:

LEMMA 3.1. Suppose that B € Sym,,_1(Q,)* is of the form B = 4T —"'rr
with T € Sym,,_1(Q,) and r € Z~. Then

o) (B;pF/2) = apy (Hi—1, T, 1),
where
0 1/2

He1=HLl---1H with H:<
—_— 1/2 0

) € Syms(Zy).
k—1
In particular, bél)(B; t) = 0 unless B € Sym,,_;(Z,)™M).
Proof. By Lemma 3.4 of [24], we have
1 (R. —k+1/2
b5 (B;p )
= Z Z e (—R['z] + rR'z/2+ zR'r/2)
ReSym,, _(Zp[p~])/Sym,,_1(Zp) xczpy~ " /plzp~*
> p—(k—l)Ordp(up(R))p—(n—l)lep(_tr(TR))

=YD ep(—Rl'a] +rR'z/2 +xR'r/2)p~ " Vley(—tx(TR)p~ 1"
R =z

X > e,(tr(Hy_1[Y]R))

YeMog_2,n—1(Zp)/P'Mag—2n—1(Zp)

=> > > eplt((~"wa + Hea[Y]+'rz/2+ wr/2 = T)R))p~ G+ D=
R z Y

= # A, (Hy_1, T, r)p (GE=D(n=)=n(n=1)/2)
Thus the assertion holds. =

LEMMA 3.2. Suppose that B € Sym,,_1(Q,)* is of the form B = 4T —"rr
with T € Sym,,_1(Q,) and r € Zg_l. Then

ap(Hy, BY) = (1 — p~®) o, (Hg—1, T, 7).

Proof. The proof is similar to that of Proposition 2.4 in [I4]; we give a
sketch. For each £ = (&) € Z2F, we put

Ac(Hy, BY) = {X € Moy n(Zyp) /0 Mo n(Zy) | Hi[X]—BW € p*Sym’;(Z,)}
and
Ae(Hi, BY; )
= {X = (2j) € Ac(Hy, BY) | 21 = & (mod p°) for 1 < i < 2k}.
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We easily see that A.(Hy, B1;€) # 0 only if & € A.(Hy,1). Fix such
a & Then £ # 0 (mod pZIQ,k). Thus by Lemma 2.3 in [14], we can take
U € GLok(Zy) and K € Symj;,_,(Zy) such that

1
L (112 - o o
(1) (1/2 O)J_K—Hk[U], (il) K ~z, He_; (i) U e = ‘
0

For each X € A.(Hy, B1;¢), we write X = (*¢ | V) with Y € My ,,_1(Z,),
and

Y =1y, with y;,y, € ZZ‘l and Y3 € May_2n-1(Zp).

Then, by an easy calculation, we have
Y1 +yo/2—1/2€pZy
and
‘Y191 + K[Ya] + "9192/2 + ‘yoy1/2 = T € p°Sym;,_(Zy).
Thus we have
~'y1y1 + K[Ys] + 'ryy /24 'y 7/2 = T € p°Sym;,_(Zy),
that is, (fé) € Ac(Hp_1,T,r). Moreover, we easily see that ¥ (1{/;)
induces a bijection between A.(Hy, BV;¢) and A.(Hj_1,T,r). Thus
pe(f2kn+n(n+1)/2)#Ae(Hk7B(l))
_ pe(_2k+l)#Ae(Hk, 1)pe(—(2k—1)(n—1)+n(n—1)/2)#Ae(Hkil7 T, T‘)
= ap(Hy, Day(Hp—1, Tyr) = (1 = p")a(Hy 1, T, 7).
Hence the assertion holds. =
Now, by combining Lemmas 3.1 and 3.2, we obtain the following:
PROPOSITION 3.1. For each B € Sym,,_;(Z,)") and s € C, we have
b (Bip ) = (1 p70) by (BY: )

Proof. 1t is well-known that for each B’ € Sym (Z,)* with n < 2k, the
Siegel series by(B'; s) in §1 satisfies the equation

b(B'; k) = ap(Hy, B).
Hence, by Lemmas 3.1 and 3.2, we have
b (B p ™) = (1= p~*) ", (BW; k)

for infinitely many k, and hence the assertion follows. =
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REMARK. The definition of the series bz(,l)(B;t) for B = 4T — 'rr with
T € Sym,,_1(Q,) and r € Z~! does not depend on the choice of T" and r.
Indeed, if T' € Symy;,_(Z,), the vector r is uniquely determined by B mod-
ulo QZZ_I, and the matrix (trl/2 TC/FQ) is uniquely determined by B up to
GL,(Z,)-equivalence. Thus, by Proposition 3.1, bl(,l)(B;t) is uniquely de-
termined by B. If T' & Sym;,_(Z,), we have b;(,l)(B; t) = 0. Furthermore, if
B = 4T" v’ is another expression, then 7" does not belong to Sym;,_;(Z,)

either. This proves that bl(,l) (B;t) is well-defined.
Now we put
BO(Bit) = > 7y (D) B (BID s ) (" £2)7r 4t ),
DEGLy 1 (Zp)\D}" ™" (2Zy)
Then, by Proposition 3.1, we obtain the following rationality theorem for
the polynomial Bl(yl)(B; t) defined in §1:
PROPOSITION 3.2. For each B € Sym,,_,(Z,)"), we have
BV (B;p" 2N (B; p /%) = ] (1 - p*'t?).
i=1
Next, we study the standard L-function attached to a Hecke eigenform
and some power series related to it. For a Hecke eigenform ¢ € J; 7P (I _,),

and D € DI"V(Z), let
Oliea i adn-1 (D)L = As(D)9
with Ay(D) € C. Then we define a power series Z,(t, ) by

Zp(t, ¢) — Z )\¢(D)tordp(det D),
DeED" Y (2)

where EDénfl)(Z) denotes the set of all elementary divisors of the form
p*t L -+ 1L p®-1 with 0 < a3 < -+ < ap—1. The following statement is
shown by Murase and Sugano:

PROPOSITION 3.3 (cf. Lemma 6.5 in [22], see also Theorem 5.5 in [3]).
Let ¢ € Jk,l(Fﬁ]_l) be a Hecke eigenform whose Satake p-parameter is of the

Jorm (), ... XV () € (CX)"Y /W1, Then

Ti:[l 1 — p2i2
' i1 (L= XY 120 (1 — X (p)-1pn-1r2)
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Let
o 1% n—
ZU = { <W> € Map_2.n-1(Z) ‘ V,W € D{"(Z), ged(V, W) = 1},

where ged(V, W) = 1 means that V and W are coprime to each other. For
each () € %’(n_l)v R € Sym,,_1(Z[p~']) and (A1, A\2) € Z" 1 @ Z", we
put

tw—l tv ‘ tw—le—l .
My w.r !_( 0., ‘ Wyl )GGn—1<Z[P 1)
and
1 N\ 0 Ao
0 1n—1 t)\z On—l
A, ] o= [(A1, A2), A Ehe] = c H, 1(Z
(A1, A2] = [(A1; A2), A1 " A] 0 o N 0 1(Z)
0 On—l —tAl 1n—1

By combining Lemma 2.1 and some easy calculation (cf. [5]), we obtain the
following:

LEMMA 3.3. We have
LG (Zp™ D = U I dn 1 (D)
DeED{" V()

= || L ] ©laMvwgl - s,

(V) B Qi)
W
where (V‘{,), R and (A1, \2) run respectively over

o (L1 L GLy1(2)\ 2" /GL, 1 (2),
o Sym,_(Z[p~'])/*WSym,,_,(Z)W, and
o (Z @z + (2 @ 2 ) Myw,r/ (2" ® Z" ) My,wig.

Furthermore, if Mywr € I dn—1(D))_, with D € ED(" 1)(Z), we
have ordy(det D) = ord,(det V det W 1, (R)).

Therefore, we get the following explicit formula for the actions of Hecke
operators:

COROLLARY. For each ¢ € Jy, 1(F

n—1

Z (¢|k,1 _1dp— 1( ) Zzp( 2n+3)dv,w,r det VE-1

DeED" Y (z) (W)

), we have
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x det WK Z e(T[*\1] +2X1 2)
(A1 A2)€(Zn—1@Zn—1) /p°V.W.R (Zn—1ty gzn—1)
X G(T[VIW T + RIW ™Y, (2 4+ M7 + A) VW),
where (V‘l//) and R run over the sets stated in Lemma 3.3, and dy,w,r =
ordy(det V det Wp,(R)).
Proof. For each () € 2’;(”71) and R € Sym,,_,(Z[p~']), we have
Fﬁ]—lMV,W,RFnJ—l = Fﬁ]—1dn71(D)Fﬁ]—1

for some D =p®t L ... Lp*-1 ¢ EDén_l)(Z). Then we have

(Zn—l @ Zn—l) + (Zn—l D Zn_l)MV,W,R/(Zn_l @ Zn_l)MV,W,R
~ (anl D anl) + (anl D Znil)dn—l(D)/(Znil D Znil)d’n—l(D)
~ 7" /7" 1D,

It follows from Lemma 3.3 that #(Z"1/Z"~'D) = pVW:k and ay, ..., an_1

< éy,w,r- Thus we have a natural surjection
_ (anl ) anl)/pév,W,R(anl ty ® anl) N anl/anlD,

and #ker(m) = p®?=3)%.w.r det V. Thus the assertion holds. m

By the above corollary, we obtain the following conclusion:

PROPOSITION 3.4. Suppose that ¢ € Ji1(I)_,) is a Hecke eigenform and
the associated form o(¢) € MJ_I/Q(F(E”A)(ZL)) under the Eichler-Zagier—
Ibukiyama correspondence possesses a Fourier expansion

a(o)(7) = > Co(g)(B)e(tr(BT)).

BeSymy,_(Zp)>o

Then, for each B € Symn_l(Z)(l) we have

>0’
nl:[ 1 _p2it2
i1 (1= x5 =201 = X5 ()1 p1/28)
= bz()l)(B[tvfl];t) CU(Qs)(B[tVil][W])
)
w

(

Xp

1

Co(¢)(B)

(k—n—1) ordy(det W), k ordy (det V)tordp(det V det W)

p s
where (V‘{,) runs over the set stated in Lemma 3.3.
Proof. We put
L) = S Dlde (D) e D),

DeED Y (7)
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By the Corollary to Lemma 3.3, we have

(Dleadp()(r2) =D Y ey(Tor)
T r
> Z p(k:—l) ordp(det V')—k ordp (det W)tordp(det V det W)
(¥ )e@n1lGLy 1 @N\Z" Y /GLy1(2)
x e(tr(T['W 1 Vr + {(r'W1HV)2))

X > e(tr(T[fWR)) torde (e (R)
ReSym,, _(Z[p~1])/'WSym,,_,(Z)W

X Z p B =3viwre(tr(20 2 + L WY 4+ M)A 7))
M ezZn—1/p’V.W.RZn—1.ty/
X Z e(tr("(r' WV 4+ A)A9)).
Xo€Zn—1/p’V.W.RZn~1
Since
> e(tr(‘(r'wtY 4 X)A9))
Xo€Zn—1/p°V.W.Rzn—1
p("_l)‘;V’W»R if rtw—t ezr1,
B { 0 otherwise,
and

Z e(tr(T[TW 1 R))torde (ke (7))
ReSym,,_,(Z[p~1])/*WSym,,_,(Z)W

(det W)™ > e(tr(T['W 1 R))torde (e (1))
ReSym,,_ (Z[p="])/Sym,,_(Z)

if T['W 1] € Symy,_4(Z),

0 otherwise,
we have
(@), 14p(8)) (7, 2)
= Z Z Z plordp(det V)+(—k-+n1) ordy (det W) jord, (det VV det W)
T r (I‘/{/)
X > e(tr(TR)) (pt)°» n(R)

ReSym,,_(Z[p~'])/Sym,, 1 (Z)
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X Z p_(n_l)‘SV,W,RC(b(T[tw]’TtW)
A EZn—1/pP VW, RZn—1.1y
x e(tr("(r'V +2)1)2)) e(tr((T[V] + '(r'V + \)A)T))-
For a fixed 79 € Z™ !, we put
Si(ro) = {h € Z" PPV RZM TV | 20 = rg mod Z" VY,

and
Sa(rg) = {r € Z"1 /pPvwrZ L | p 'V = 1y mod 2271},

For each \; € Si(rg), the map A\; — (2A\1 — ) !V =1 induces a bijection
between Sj(rg) and Sa(rg). Thus we have

(¢|k,1Ap(t)) (7_, Z) — Z Z Z pk ordy(det V)—(k—n—1) ordp(det W)tordp(det V det W)

Ty
% Z e(tr(TR))(pt)ordp(Mp(R))p*("*l)lSv,W,R
ReSym,, (Z [—1])/Symn 1(Z)
x> (T We(tr('roz))e(tr(T['V]+(rorg — H(r V) (r'V)) /4)7))

reSa(ro)
= ZZ (tr(ToT + 'roz))
T0

% Z Z phordp(det V)= (k—n=1) ord, (det W) )~ (n=1)dv,w.r
(IEI//) reSa(ro)
x cs((To — ‘roro/A)[' VW] + (rr/4)[' W], W)
X > e(tr(((To — troro/4)[FV Y + trr /4) R)) (pt ) O dr (ke ()
ReSym,,_(Z[p~'])/Sym,,_,(Z)
Then, for a fixed r € Z"~1 /27"~  the map
(r+ 22" 1) 4 2pv R gL VR ZTL 5 ey 0y s € 7L JpPvimir L
is a bijection, and we have
co((To = roro /[ VIW] + ("(r + 2u) (r + 2u) /[ W], (r + 2u) 'W)
= cs((Ty — troro /) [V W] + (frr/4)['W], r 'W).
Thus we have

(Plk,14p( ZZ (tr(Tor + *roz))
> Z p kordp(det V)—(k— n—l)ordp(detW)tordp(detVdetW)

()
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% Z (pt)ordp(up(R))p—(n—1)5V,W,R
ReSym,, 4 (Z[p~—1])/Sym,,_,(Z)
X > cs((To — troro/H VW] + (rr/4)[TW], W)

rezn=1/2zn1
rtV=rgmod2Z" 1!

X Z e(tr(((To— 'roro/4)['V "+ trr /44 fuut tur )2+ fru/2) R)).

ueanl/p‘sV, W,Ryn—1

We easily see that for an element r € Z"~! /277! the sum

Z (pt)ordp(yp(R))p—(n—1)5v,W,R
RESymnfl (Z[pil])/Symnfl(Z)
X Z e(tr(((Ty="troro/4) LV H4+brr J4+ uu+tur /241 ru/2) R))

u€Zn—1/p’V.W,Rzn~1

equals bz(gl)((élTo —troro) [V 71;t) or 0 according as (Tp — ‘roro/4)[FV 1] +
trr/4 € Sym?_,(Z) (that is, (4Tp — troro)['V 1] € Sym,,_;(Z)M) or not. In
the former case, such a vector r is uniquely determined by Tp, 7o, and V,
which will be denoted by r; = r1(Tp, ro, V). Furthermore, we have
((4T0 — tT‘QTQ)[tV_l] + t’l“1’r'1)[tV]
= (4T0 — tTQT’Q) + t(T’l tV)?“l tV € 4Sym;kl_1(Zp),

and 7'V = ro mod 2Z" ! in that case. Thus

(Pl 4p(t) (7 2)

_ Zze(tr(TOT+t’f‘02)) Z pkordp(detV)—(k—n—l)ordp(detW)
e ()
% 7fordp(det\/'det W)bz()l)((4T0 _ troro)[tvfl]; t)
x co((To = ‘roro/H[V W] + (rir /W], m "W).
Now we take an element B € Sym, (Z)1) so that B = 4T, — ‘rorg with
Ty € Sym’,_1(Z) and 7o € Z"~1. Then we have
C¢>(T07 TO) = Ca(¢)(B)7
co((To = troro /[ VW] + (rir /) [ W], m'W) = Co) (BI'VHI'W]),
and

) ((4Tp — troro) [V t) = bV (BI'V 15 ).

Since ¢l 14,(t) = Zp(t, ¢)¢, the assertion follows immediately from Propo-
sition 3.3. m
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1

For each B € Symn_l(Z)g()), let éqg’p(B; t) be the polynomial in ¢ defined

in §1. Then, by making use of the same argument as in [5] combined with
Propositions 3.2 and 3.4, we obtain the following:

THEOREM 3.1. Letn and k be positive even integers such that k > n+1.
Suppose that ¢ € JM(F?;] 1) is a Hecke eigenform whose Satake p-parameter

s of the form (X((;)(p), .. ,Xén_l) (p)) € (C"Y/W,_1. Then, for each B €

Symn_l(Z)%, we have

BV (B; p"1/24)Gy (B; t)
T2 (= x5 (=226 (1 = X (p) 1 pr1/21)
= Z CO'(QS) (B[W] )p_(k_n_l) Ordp(det W)tordp(det W) .
WeGL,—1(2)\DY" " (2)

For each D € M,,_1(Z) N GL,-1(Q), we define the generalized global
Mébius function w(D) as [[, mp(D), where 7, is the local Mébius function
defined in §1. We easily see that this is a finite product. For each B &

Symnfl(Z)g(%a we put

Hy(B;s) = > T(D)Cy()(B[D™']) det D™*TF (s € C),
DEGLn_1(Z)\Mn_1(Z)ﬂGLn_1(Q)

which is a finite sum, and f[¢(B;s) =11, é@p(B;p*S). In addition, we

also put BM(B;s) = I, Bél)(B;p_s). Then Theorem 3.1 can be restated
globally as follows:

THEOREM 3.2. Under the same situation as above, we have
BW(B;s)L(s, ,St)Hg(B; s +n — 1/2)

= > Coy(py(BIW])(det W) s 7F+3/2,
WGGLnfl(Z)\Mnfl(Z)ﬁGLnfl(Q)
. PR . . (n—l)
1(\/[oreover, by applying Theorem 3.1 to the Jacobi Eisenstein series €y
n—1)

=€, € sz,l(Fﬁ]_l); we obtain the following conclusion:
THEOREM 3.3. Let n and k be as above. For each B € Sym,,_;(Z,)",
By (B;p" 124Gy (B; ph~ (/2 pntD)/2y)
H?;f(l — pi—lpk=(n+1)/2p(n+1)/24) (1 — pi=lp—h+(n+1)/2p(n+1)/2¢)
_ Z szgl) (B[W];pkf(n+1)/2)(p(n+1)/2t)0rdp(det W)7
WEGLy-1(Z,)\Dy" " (Z,)

where ﬁlgl)(B;X) and @S)(B;X,t) are polynomials defined in §1.
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Proof. Suppose that B € Symn_l(Z)g[)). The Bth Fourier coefficient of

(65C 1 )) e M 1/2(F(§n_1)(4)) is expressed as

En, k)L(L = k/2+ n/2.x5a)f(BO) 2T EO(Bsph /2
plf(BM)

(cf. Proposition 2.4). Thus the assertion follows from Theorem 3.1 and the
Corollary to Proposition 2.2. Moreover, we easily see that it can be extended
to any B € Sym,,_;(Z,)"). =

For each B € Sym,,_,(Z,)™", let R,(jl)(B; X, t) be the formal power series
in X + X! and ¢ defined in §1. Eventually, we obtain the rationality for

R;l)(B; X, t) as follows:

THEOREM 3.4. Let n be a positive even integer. For B € Sym,,_1(Z,),
we have

B, (Bsp/* )Gy (B; X, 1
[15 (1= pi LX) = pi 1 X 1)

Proof. We write both sides of the above equation as power series in ¢ as

1 . _
R\V(B; X,t) =

R )(B; X, t) ZA

and (1) (1)
B, (B; "> 14)Gy) (B; X, t = :
Dy B 00 (LD Y B,
[o (-t XA —pmiX=) i
where for each i, A;(X) and B;(X) are polynomials in X + X ~!. Then, by
Theorem 3.3,

Ay (ph= (/2 = gy (ph- (/2

for infinitely many k. Thus A;(X) = B;(X) for each i, completing the
proof. m

REMARK. For a given pair of positive even integers n and k as in Theo-
rem 3.1, let f € Sop_p, (1) be a Hecke eigenform, which possesses a Fourier

expansion
oo

7 = as(N)e(Nz) (= € )
N=1
normalized by af(1) = 1. For each rational prime p, we denote by «,, the
Satake p-parameter of f, that is, an algebraic number determined by the
condition ay, + o = af(p) p k(0 +D/2 yniquely up to inversion. By sub-
stituting X = «,, in the main identity of Theorem 3.4, we can also derive a
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result similar to Theorem 3.3 for a power series related to the first Fourier—
Jacobi coefficient of a Siegel cusp form F' € Si(I7,) which is connected to f
under Ikeda’s lifting procedure (cf. [12]). We note that it will play an impor-
tant role in a proof of Ikeda’s conjecture on the period of such an F', which
was proposed in [13] (cf. [16] 17]).
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