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Some identities for multiple Dedekind sums
attached to Dirichlet characters
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Kazuhito Kozuka (Miyazaki)

1. Introduction. For any rational number x, we denote by [x] the great-
est integer not exceeding x and put

((x)) =
{
x− [x]− 1/2 if x is not an integer,
0 otherwise.

For integers h and k with k > 0, the classical Dedekind sum s(h, k) is defined
by

s(h, k) =
∑

µmod k

((
µ

k

))((
hµ

k

))
.

In [5] Dedekind obtained the identity

s(ph, k) +
p−1∑
b=0

s(h+ bk, pk) = (p+ 1)s(h, k)

for any prime number p ((28) of [5], (2.8) of [13]). In [7], Knopp extended
this as

(1)
∑
ad=n
d>0

d−1∑
b=0

s(ah+ bk, dk) = σ(n)s(h, k)

for any positive integer n, where σ(n) =
∑

d|n d. This identity was also
extended to higher-order Dedekind sums in [12] and to Dedekind type sums
in [1], [11] and [8].

It is known that (1) is equivalent to the following identity due to Sub-
rahmanyam ([16]):

(2)
n−1∑
b=0

s(h+ bk, nk) =
∑
d|n

µ(d)σ
(
n

d

)
s(dh, k)
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for any positive integer n, where µ(n) is the Möbius function ([6], [8],
[11], [14]). In [11], Nagasaka extended identities (1) and (2) and their
equivalence to Dedekind type sums attached to Dirichlet characters. In [8],
the author obtained somewhat more generalized results by elementary meth-
ods. In addition, making use of the generalized Euler numbers, he also de-
duced explicit extensions of (1) and (2) and their equivalence to higher-order
Dedekind sums attached to Dirichlet characters.

In this paper, we generalize the above results to multiple Dedekind sums
attached to Dirichlet characters. For that purpose, following mainly the
methods in Section 3 of [8], we deduce an expression of multiple Dedekind
sums by Euler numbers and obtain identities of certain rational functions,
which will be transformed into our main results.

Throughout the paper, we denote by Q, Z and N, the rational number
field, the ring of integers of Q and the set of positive integers respectively,
as usual. We put N̄ = N ∪ {0}. For any m,n ∈ Z, we denote by δ(m,n) the
greatest common divisor of m and n.

2. Definition of multiple Dedekind sums. Let Bm and Bm(X) be
the mth Bernoulli number and polynomial, respectively, defined by

t

et − 1
=
∞∑
m=0

Bm
tm

m!
and

tetX

et − 1
=
∞∑
m=0

Bm(X)
tm

m!
.

For x ∈ Q, we put {x} = x− [x] and define B̃m(x) = Bm({x}).
For any primitive Dirichlet character ψ, we denote by fψ the conductor

of ψ. For any x ∈ Q with denominator relatively prime to fψ, we can define
the value ψ(x) by multiplicativity. We define the twisted Bernoulli function
B̃m,ψ(x) attached to ψ by

fψ−1∑
j=0

ψ({x}+ j)te({x}+j)t

efψt − 1
=
∞∑
m=0

B̃m,ψ(x)
tm

m!
,

or equivalently

(3) B̃m,ψ(x) = fm−1
ψ

∑
jmod fψ

ψ(x+ j)B̃m

(
x+ j

fψ

)
(cf. p. 301 of [15]).

Let P = (p1, . . . , pn, p) ∈ Nn+1, H = (h1, . . . , hn) ∈ Zn and k ∈ N. In
addition, let Ψ = (ψ1, . . . , ψn, ψ) be an (n + 1)-tuple of primitive Dirichlet
characters, put fΨ = (

∏n
i=1 fψi)fψ and assume that δ(k, fΨ ) = 1. We define
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the multiple Dedekind sums attached to Ψ by

S(P,H, k, Ψ) =
∑

a1,...,anmod k

( n∏
i=1

B̃pi,ψi

(
ai
k

))
B̃p,ψ

(
a1h1 + · · ·+ anhn

k

)
.

Note that if P = (1, 1), H = (h) and Ψ = (1, 1), then S(P,H, k, Ψ) =
s(h, k)+1/4. If P = (m+r−1, r) with m ≥ r ≥ 1, H = (h) and Ψ = (χ, ψ),
then S(P,H, k, Ψ) equals the higher-order Dedekind sum S̃

(r)
m+1(χ, ψ, h, k)

of [8]. We also note that in [3], Carlitz considered the case where P =
(1, . . . , 1) ∈ Nn+1, H = (h1, . . . , hn) and Ψ = (1, . . . , 1) to extend the well-
known reciprocity formula for Dedekind sums, and that its further general-
izations are studied in [4] and [9].

3. Expressions by Euler numbers. For a parameter u, we put

R(T, u) =
u

1 + T − u
.

As in [10], we define the modified Euler numbers Em(u) by

R(et − 1, u) =
u

et − u
=
E−1(u)

t
+
∞∑
m=0

Em(u)
tm

m!
.

Note that E−1(u) 6= 0 only if u = 1, and that we have E−1(1) = 1 and
mEm−1(1) = Bm for m ∈ N. It is known that

(4) kmB̃m

(
a

k

)
= m

∑
ζk=1

Em−1(ζ)ζa

for a ∈ Z and k,m ∈ N ((6.4) of [2]). In [8, (3.8)], we obtained a gener-
alization of (4) for B̃m,ψ(x). Let us recall some basic formulas around it.
For any primitive Dirichlet character ψ, we define the numbers Em,ψ(u)
(modifications of the generalized Euler numbers of [17]) by

(5)
fψ−1∑
a=0

ψ(a)ufψ−aeat

efψt − ufψ
=
E−1,ψ(u)

t
+
∞∑
m=0

Em,ψ(u)
tm

m!
.

Note that E−1,ψ(u) 6= 0 only if u is a primitive fψth root of unity. Let ζψ
be an arbitrarily chosen primitive fψth root of unity and put

τ(ψ, ζψ) =
∑

jmod fψ

ψ(j)ζjψ,

the Gauss sum attached to ψ and ζψ.
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Lemma 3.1. Let k ∈ N with δ(k, fψ) = 1 and m ∈ N̄. Then∑
ρk=u

R(T, ρ) = kR((1 + T )k − 1, u),(6)

Em,ψ(u) =
τ(ψ, ζψ)
fψ

∑
jmod fψ

ψ−1(j)Em(ζjψu),(7)

∑
ρk=u

Em,ψ(ρ) = km+1ψ(k)Em,ψ(u),(8)

ψ(k)kmB̃m,ψ

(
a

k

)
= m

∑
ζk=1

Em−1,ψ(ζ)ζa for m ≥ 1 and a ∈ Z.(9)

Proof. In general, for any polynomial f(X) with degree less than k, we
have

(10)
f(X)
Xk − u

=
1
ku

∑
ρk=u

ρf(ρ)
X − ρ

.

Formula (6) follows from (10) by taking X = 1 + T and f(X) = ku.
In order to prove (7), we first note that replacing k and u by fψ and ufψ

respectively in (10) and taking f(X) =
∑fψ−1

a=0 ψ(a)ufψ−aXa, we obtain

fψ−1∑
a=0

ψ(a)ufψ−aXa

Xfψ − ufψ
=

1
fψu

fψ

∑
jmod fψ

fψ−1∑
a=0

ζjψuψ(a)ufψ−a(ζjψu)a

X − ζjψu

=
1
fψ

∑
jmod fψ

fψ−1∑
a=0

ψ(a)ζjaψ
ζjψu

X − ζjψu

=
τ(ψ, ζψ)
fψ

∑
jmod fψ

ψ−1(j)ζjψu

X − ζjψu
.

By taking X = et, formula (7) follows from the definitions of Em(u) and
Em,ψ(u).

Next taking T = et − 1 in (6), we see that∑
ρk=u

ρ

et − ρ
=

ku

ekt − 1
,

which means ∑
ρk=u

Em(ρ) = km+1Em(u).
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Then by (7), we deduce∑
ρk=u

Em,ψ(ρ) =
τ(ψ, ζψ)
fψ

∑
jmod fψ

ψ−1(j)
∑
ρk=u

Em(ζjψρ)

=
τ(ψ, ζψ)
fψ

∑
jmod fψ

ψ−1(j)km+1Em(ζkjψ u)

=
τ(ψ, ζψ)
fψ

km+1ψ(k)
∑

jmod fψ

ψ−1(j)Em(ζjψu)

= km+1ψ(k)Em,ψ(u).

Thus we obtain (8).
Finally let us prove (9). By (3), (4) and (7), we see that

ψ(k)kmB̃m,ψ

(
a

k

)
= ψ(k)kmfm−1

ψ

∑
jmod fψ

ψ

(
a

k
+ j

)
B̃m

(
a+ kj

kfψ

)
=
m

fψ

∑
jmod fψ

ψ(a+ kj)
∑

ξ
fψk=1

Em−1(ξ)ξa+kj

=
m

fψ

∑
jmod fψ

ψ(a+ kj)
fψ−1∑
i=0

∑
ζk=1

Em−1(ζiψζ)ζi(a+kj)ψ ζa.

When j runs through all the residue classes modulo fψ, so does a+kj. Hence
the above equals

τ(ψ, ζψ)
fψ

m

fψ−1∑
i=0

ψ−1(i)
∑
ζk=1

Em−1(ζiψζ)ζa,

which also equals the right hand side of (9) on account of (7). This completes
the proof.

As seen in the proof of (7), we have the following equation equivalent
to (7):

(11)
τ(ψ, ζψ)
fψ

∑
jmod fψ

ψ−1(j)R(ζ−jψ et − 1, u)

=
τ(ψ, ζψ)
fψ

∑
jmod fψ

ψ−1(j)ζjψu

et − ζjψu
=
E−1,ψ(u)

t
+
∞∑
m=0

Em,ψ(u)
tm

m!
.

Making use of (9), we can easily generalize formula (3.9) of [8] to multiple
Dedekind sums as follows:
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Proposition 3.2. Let P = (p1, . . . , pn, p) ∈ Nn+1, H = (h1, . . . , hn)∈ Zn
and k ∈ N. Let Ψ = (ψ1, . . . , ψn, ψ) be an (n+1)-tuple of primitive Dirichlet
characters and assume that δ(k, fΨ ) = 1. Then

kp1+···+pn+p−n(ψ1 · · ·ψnψ)(k)S(P,H, k, Ψ)

= p1 · · · pnp
∑
ζk=1

( n∏
i=1

Epi−1,ψi(ζ
hi)
)
Ep−1,ψ(ζ−1).

For any m ∈ N, we put mH = (mh1, . . . ,mhn). By Proposition 3.2 and
formula (8) and by direct calculation, we also obtain

Corollary 3.3. Let P,H, k, Ψ be as above. For any m ∈ N with δ(m, fΨ )
= 1, we have

mp1+···+pn−n(ψ1 · · ·ψn)(m)S(P,mH,mk, Ψ) = S(P,H, k, Ψ).

Note that Corollary 3.3 contains formula (2.3) of [5] (or equivalently
(2.7) of [13]) and (4.1) of [2] as special cases (cf. [8, (2.3)] for the case of
Dedekind type sums).

4. Main theorem. For any m,N ∈ N and any (n+1)-tuple of primitive
Dirichlet characters Ψ = (ψ1, . . . , ψn, ψ), we set

σm,Ψ (N) =
∑
d|N

dm(ψ1 · · ·ψnψ)(d).

For any d ∈ N, we put Id = {(b1, . . . , bn) ∈ Zn | 0 ≤ b1, . . . , bn ≤ d − 1}.
Now we state our main

Theorem 4.1. Let P = (p1, . . . , pn, p) ∈ Nn+1, H ∈ Zn and k,N ∈ N.
Let Ψ = (ψ1, . . . , ψn, ψ) be an (n+ 1)-tuple of primitive Dirichlet characters
and assume that δ(kN, fΨ ) = 1. Put s(P ) = p1 + · · ·+ pn + p− n. Then we
have

(12) N s(P )−p(ψ1 · · ·ψn)(N)
∑
ad=N
d>0

∑
B∈Id

dp−nψ(d)S(P, aH + kB, dk, Ψ)

= σs(P ),Ψ (N)S(P,H, k, Ψ),

where we put aH + kB = (ah1 + kb1, . . . , ahn + kbn) for H = (h1, . . . , hn)
and B = (b1, . . . , bn). We also have

(13) N s(P )−n(ψ1 · · ·ψnψ)(N)
∑
B∈Id

S(P,H + kB,Nk, Ψ)

=
∑
d|N

µ(d)(ψ1 · · ·ψn)(d)ds(P )−pσs(P ),Ψ

(
N

d

)
S(P, dH, k, Ψ).

Furthermore (12) and (13) can be deduced from each other.
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In order to prove the theorem, we show the following

Proposition 4.2. Let H = (h1, . . . , hn) ∈ Zn and k,N ∈ N. We have
the following equalities of rational functions in indeterminates T1, . . . , Tn, T :

(14)
∑
ad=N
d>0

∑
ζdk=1

∑
(b1,...,bn)∈Id

( n∏
i=1

1
d
R((1 + Ti)a − 1, ζahi+kbi)

)
R(T, ζ−1)

=
∑
d|N

∑
ζdk=1

( n∏
i=1

R((1 + Ti)d − 1, ζdhi)
)
R(T, ζ−1)

and

(15)
∑
ζNk=1

∑
(b1,...,bn)∈IN

( n∏
i=1

1
N
R(Ti, ζhi+kbi)

)
R(T, ζ−1)

=
∑
d|N

µ(d)
∑
c|N
d

∑
ζk=1

( n∏
i=1

R((1 + Ti)cd − 1, ζdhi)
)
cR((1 + T )c − 1, ζ−1).

Furthermore (14) and (15) can be deduced from each other.

Proof. For each m ∈ N, we choose a primitive mth root of unity in such
a manner that ζm

′
mm′ = ζm for any m,m′ ∈ N. Note that for any m, k ∈ N,

we have

(16) {(d, ζ) | d |m, ζdk = 1} =
{(

m

a
, ζjmk

) ∣∣∣∣ 0≤ j ≤ mk−1, a | δ(m, j)
}
.

By applying (16) for m = N , the left-hand side of (14) equals

Nk−1∑
j=0

∑
a|δ(N,j)

∑
(b1,...,bn)∈IN/a

( n∏
i=1

a

N
R((1 + Ti)a − 1, ζj(ahi+bik)Nk )

)
R(T, ζ−jNk)

=
Nk−1∑
j=0

∑
a|δ(N,j)

(
a

N

)n( n∏
i=1

N/a−1∑
b=0

R((1 + Ti)a − 1, ζjahiNk ζ
jb
N )
)
R(T, ζ−jNk).

Note that ζjbN is an N/δ(N, j)th root of unity and that when b runs through
the integers with 0 ≤ b ≤ N/a − 1, ζjbN runs through all the N/δ(N, j)th
roots of unity N/a

N/δ(N,j) times. It follows that the left-hand side of (14) equals

Nk−1∑
j=0

∑
a|δ(N,j)

(
a

N

)n( n∏
i=1

δ(N, j)
a

∑
ζN/δ(N,j)=1

R((1+Ti)a−1, ζjahiNk ζ)
)
R(T, ζ−jNk).
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Taking u = (ζjahiNk ζ)
N

δ(N,j) = ζ
jahi

N
δ(N,j)

Nk in (6), we see that this equals

(17)
Nk−1∑
j=0

∑
a|δ(N,j)

(
a

N

)n( n∏
i=1

N

a
R
(
(1+Ti)

Na
δ(N,j) − 1, ζ

jahi
N

δ(N,j)

Nk

))
R(T, ζ−jNk)

=
Nk−1∑
j=0

∑
a|δ(N,j)

( n∏
i=1

R
(

(1 + Ti)
N

δ(N,j)/a − 1, ζ
jhi

N
δ(N,j)/a

Nk

))
R(T, ζ−jNk).

When a runs through the integers with a | δ(N, j), so does δ(N, j)/a. Hence,
by applying (16) again, (17) equals the right-hand side of (14), that is, (14)
holds.

Next, similarly to the way we have deduced (17), we see that the left-hand
side of (15) equals

(18)
Nk−1∑
j=0

1
Nn

( n∏
i=1

N−1∑
b=0

R(Ti, ζ
j(hi+bk)
Nk )

)
R(T, ζ−jNk)

=
Nk−1∑
j=0

1
Nn

( n∏
i=1

NR((1 + Ti)N/δ(N,j) − 1, ζjhiN/δ(N,j)Nk )
)
R(T, ζ−jNk)

=
Nk−1∑
j=0

( n∏
i=1

R((1 + Ti)N/δ(N,j) − 1, ζjhi/δ(N,j)k )
)
R(T, ζ−j/δ(N,j)Nk/δ(N,j)).

We also see that the right-hand side of (15) equals∑
N1|N

∑
cd=N1

d>0

µ(d)
∑
ζk=1

( n∏
i=1

R((1 + Ti)N1 − 1, ζdhi)
)∑
ξc=ζ

R(T, ξ−1)

=
∑
N1|N

∑
c|N1

µ

(
N1

c

) ∑
ξck=1

( n∏
i=1

R((1 + Ti)N1 − 1, ξN1hi)
)
R(T, ξ−1).

By applying (16) for m = N1 and taking ξ = ζjN1k
, this equals

(19)
∑
N1|N

N1k−1∑
j=0

∑
a|δ(N1,j)

µ(a)
( n∏
i=1

R((1 + Ti)N1 − 1, ζjhik )
)
R(T, ζ−jN1k

)

=
∑
N1|N

∑
0≤j≤N1k−1
δ(N1,j)=1

( n∏
i=1

R((1 + Ti)N1 − 1, ζjhik )
)
R(T, ζ−jN1k

).

Note that

{(N/δ(N, j), j/δ(N, j)) | 0 ≤ j ≤ Nk − 1}
= {(N1, j) | N1 |N, 0 ≤ j ≤ N1k − 1, δ(N1, j) = 1}.

Hence, (18) equals (19), that is, (15) holds.
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Now, let us prove the equivalence between (14) and (15). We first note
that substituting Nk for k transforms (14) into

(20)
∑
ad=N
d>0

∑
ζdNk=1

∑
(b1,...,bn)∈Id

( n∏
i=1

1
d
R((1+Ti)a−1, ζa(hi+bidk))

)
R(T, ζ−1)

=
∑
d|N

∑
ζdNk=1

( n∏
i=1

R((1 + Ti)d − 1, ζdhi)
)
R(T, ζ−1).

Conversely, by substituting N · H = (Nh1, . . . , Nhn) for H = (h1, . . . , hn)
in (20) and noting that∑

(ζ−1)N=ρ−1

R(T, ζ−1) = NR((1 + T )N − 1, ρ−1),

(20) gets transformed into∑
ad=N
d>0

∑
ρdk=1

∑
(b1,...,bn)∈Id

( n∏
i=1

1
d
R((1+Ti)a−1, ρahi+bik)

)
NR((1+T )N−1, ρ−1)

=
∑
d|N

∑
ρdk=1

( n∏
i=1

R((1 + Ti)d − 1, ρdhi)
)
NR((1 + T )N − 1, ρ−1).

Replacing T by (1+T )1/N−1, we see that this formula is equivalent to (14).
Consequently, (14) is equivalent to (20). Similarly, (15) is equivalent to

(21)
∑

ζN2k=1

∑
(b1,...,bn)∈IN

( n∏
i=1

1
N
R(Ti, ζhi+biNk)

)
R(T, ζ−1)

=
∑
d|N

µ(d)
∑
c|N
d

∑
ζNk=1

( n∏
i=1

R((1 + Ti)cd − 1, ζdhi)
)
cR((1 + T )c − 1, ζ−1).

Hence, it is sufficient to prove the equivalence between (20) and (21).
The left-hand side of (20) equals∑

ad=N
d>0

∑
ξd2k=1

∑
(b1,...,bn)∈Id

( n∏
i=1

1
d
R((1 + Ti)a − 1, ξhi+bidk)

) ∑
ζa=ξ

R(T, ζ−1)

=
∑
d|N

∑
ξd2k=1

∑
(b1,...,bn)∈Id

( n∏
i=1

1
d
R((1 + Ti)N/d − 1, ξhi+bidk)

)
× N

d
R((1 + T )N/d − 1, ξ−1).

Replacing Ti with 1 ≤ i ≤ n by (1 +Ti)1/N − 1 and T by (1 +T )1/N − 1, we
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see that (20) is equivalent to∑
d|N

∑
ξd2k=1

∑
(b1,...,bn)∈Id

( n∏
i=1

1
d
R((1 + Ti)1/d − 1, ξhi+bidk)

)
× 1
d
R((1 + T )1/d − 1, ξ−1)

=
1
N

∑
d|N

∑
ζdNk=1

( n∏
i=1

1
d
R((1 + Ti)d/N − 1, ζdhi)

)
R((1 + T )1/N − 1, ζ−1).

By the Möbius inversion formula, this is also equivalent to∑
ζN2k=1

∑
(b1,...,bn)∈IN

( n∏
i=1

1
N
R((1 + Ti)1/N − 1, ζhi+biNk)

)
× 1
N
R((1 + T )1/N − 1, ζ−1)

=
∑
d|N

µ(d)
d

N

∑
c|N
d

∑
ζckN/d=1

( n∏
i=1

R((1 + Ti)cd/N − 1, ζchi)
)

×R((1 + T )d/N − 1, ζ−1),

that is, the left-hand side of (21) equals∑
d|N

µ(d)d
∑
c|N
d

∑
ζckN/d=1

( n∏
i=1

R((1 + Ti)cd − 1, ζchi)
)
R((1 + T )d − 1, ζ−1).

By (6) this also equals

∑
d|N

µ(d)d
∑
c|N
d

∑
ξkN/d=1

( n∏
i=1

R((1+Ti)cd−1, ξhi)
)∑
ζc=ξ

R((1+T )d − 1, ζ−1)

=
∑
d|N

µ(d)d
∑
c|N
d

∑
ξkN/d=1

( n∏
i=1

R((1 + Ti)cd − 1, ξhi)
)
cR((1 + T )cd − 1, ξ−1)

=
∑
d|N

µ(d)d
∑
c|N
d

∑
ξkN/d=1

( n∏
i=1

R((1+Ti)cd−1, ξhi)
) c
d

∑
ρd=ξ

R((1+T )c−1, ρ−1)

=
∑
d|N

µ(d)
∑
c|N
d

∑
ρkN=1

( n∏
i=1

R((1 + Ti)cd − 1, ρdhi)
)
cR((1 + T )c − 1, ρ−1)

= the right-hand side of (21).

Thus, we see the equivalence between (20) and (21). This completes the
proof.
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Proof of Theorem 4.1. Let F (T1, . . . , Tn, T ) be the rational function ex-
pressed by (14). Put

IΨ = {(j1, . . . , jn, j) ∈ Zn+1 | 0≤ ji≤ fψi − 1 for 1≤ i≤ n, 0≤ j ≤ fψ − 1}.

By taking T1 = ζ−j1ψ1
et1 − 1, . . . , Tn = ζ−jnψn

etn − 1 and T = ζ−jψ et− 1 for each
(j1, . . . , jn, j) ∈ IΨ , let us consider the function

(22)
( n∏
i=1

τ(ψi, ζψi)
fψi

)
τ(ψ, ζψ)
fψ

×
∑

(j1,...,jn,j)∈Iψ

( n∏
i=1

ψ−1
i (ji)

)
ψ−1(j)F (ζ−j1ψ1

et1−1, . . . , ζ−jnψn
etn−1, ζ−jψ et−1).

Since (1 + Ti)a − 1 = ζ−ajiψi
eati − 1 for 1 ≤ i ≤ n, writing ψ−1

i (aj)ψi(a) =
ψ−1
i (j) and replacing tpi−1

i by api−1tpi−1
i , we see from (11) that the coefficient

of tp1−1
1 · · · tpn−1

n tp−1 in the expansion of the function (22) equals∑
ad=N
d>0

∑
ζdk=1

∑
(b1,...,bn)∈Id

1
dn

( n∏
i=1

ψi(a)Epi−1,ψi(ζ
ahi+bik)

)
× Ep−1,ψ(ζ−1)ap1+···+pn−n

=
∑
d|N

∑
ζdk=1

( n∏
i=1

ψi(d)Epi−1,ψi(ζ
dhi)
)
Ep−1,ψ(ζ−1)dp1+···+pn−n.

Then by Proposition 3.2 and Corollary 3.3, we obtain (12). Similarly (13) is
deduced from (15).

Finally let us prove the equivalence between (12) and (13). We first note
that (12) is equivalent to

(23)
∑
d|N

∑
B∈Id

ds(P )−n(ψ1 · · ·ψnψ)(d)S(P,H + dkB, d2k, Ψ)

= σs(P ),Ψ (N)S(P,H,Nk, Ψ).

In fact, replacing k by Nk in (12) and making use of Corollary 3.3, we obtain
(23) from (12). Conversely, (12) is deduced from (23) by replacing H =
(h1, . . . , hn) by N · H = (Nh1, . . . , Nhn) and making use of Corollary 3.3.
Similarly (13) is equivalent to

(24) N s(P )−n(ψ1 · · ·ψnψ)(N)
∑
B∈Id

S(P,H +NkB,N2k, Ψ)

=
∑
d|N

µ(d)σs(P ),Ψ

(
N

d

)
S(P,H,Nk/d, Ψ).
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Now the equivalence between (23) and (24) is obvious by the Möbius inver-
sion formula. This completes the proof.
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