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1. Introduction. The half-space discrepancy is a typical problem in
the study of irregularities of point distribution, and represents a multi-
dimensional variant of an open problem first posed by Roth; see Schmidt [8,
pp. 124-125]. In its general form, it asks whether it is possible to choose N
points in a given bounded convex body in such a way that after cutting it
into two parts by hyperplanes in different ways, the numbers of points in the
two parts essentially depend only on the relative volumes. More precisely,
let P denote a distribution of N points in a bounded convex body B c R
For every unit vector o € X3 1 and every r > 0, consider the half-space
H,, ={t € R?:t.-0 <r}, where - denotes the usual inner product in RY,
and let S, = BN H,,. The problem is whether

1.1 inf d(PNnS,,)— N|B|I~YS,.,
(1.1) b S feard( ) = NIBI7HSor|
oeXg 1

is unbounded with V.

This question was first answered in the affirmative by Beck [2] in the
case when d = 2 and B is the unit disc, using Fourier transform techniques;
see also [3]. Subsequently, his almost sharp lower bound was improved by
Alexander [I] who used integral-geometric techniques to establish the L2
result that for every distribution P of N points in the unit disc, we have @

a—1/2
(1.2) | | leard(PnSsy) = NISol|” drdo > eNY2,
X1 0
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The unboundedness of in this special case follows immediately.

In fact, this last bound is sharp, in view of the amazing result of
Matousek [6] that there exist distributions P of N points in the unit disc
such that

sup ‘card(P NSer) — N|SU,T|‘ < cN1/4,
r>0
oed

from which the upper bound

a—1/2
| | leard(PnSsp) = NISoyl|” drdo < eNY?
Yy 0

follows immediately.

However, if one replaces the L? norm by the corresponding L' norm,
one gets a rather different picture. No lower bound corresponding to ((1.2)
is currently known, while Beck and the first author [4] have shown that for
every bounded convex body B C R? with centre of gravity at the origin and
every natural number N, there exists a distribution P of N points in B such
that

R(o)
(1.3) | | |eard(P N S,,) — NIB|7'[Sos]| drdo < cp(log N)?,
20
where R(c) = sup{t-o :t € B}.

A careful description of the above and related problems can be found in

Matousek [7, Sections 3.2 and 6.6].

2. Main results. The purpose of this paper is to establish an estimate
in the spirit of , in several variables and when the convex body is a
cube. More precisely, let Q = [~1,1]%. For every unit vector o € ¥ 1 and
every r > 0,
Pr=Qn{tecR:t .o <r}
denotes the intersection of the cube @ with one of the two half-spaces in R%
created by cutting R¢ by the hyperplane

(2.1) Sor ={teR:t -0 =1}
Our main result is the following.

THEOREM 1. Let M > 1 be an integer, and let N = (2M + 1)%. Then
there exists a distribution P of N points in the cube Q = [—1,1]? such that

sup S ‘card(P NP,,)— N27d\Pg’rH do < ¢4(log N)d.
r>0
= X
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For every integer M > 1, let
Dy (M) = card((M 4 1/2) Py, N Z%) — (M + 1/2)4|P, .
Theorem (1] follows immediately from the following result on lattice points

by a simple scaling argument.

THEOREM 2. For every integer M > 1, we have
sup | [Dg,r(M)|do < cq(log M)
r>0 b,
d—1
REMARK. If we replace the fraction 1/2 in the dilation (M +1/2) P, , of

the set P,, by a different number in the interval [0, 1), then we obtain the
trivial conclusion that D, (M) is of order M~ for every o and 7.

The remainder of the paper is organized as follows. In Section [3| we
begin our proof of Theorem [2 and split our argument into two cases. We
then discuss these two cases separately in Sections [4] and

3. Fourier transform and divergence theorem. For every z € R,
write
o(x) = (2 — 4fe)+ = max{2 — 4], 0}.

The function ¢ is supported in [—1/2,1/2], satisfies

| o(z)de =1,
R
and has Fourier transform ¢ given by
1/2 : 2
. omiva 2sin(my/2
(3.1) By) = Sw@w2y<m2<iW)>.
—-1/2 Y

For every t = (t1,...,tq) € R, write
P(t) = ¢(t1) - .. p(ta)-

For every positive integer M, write
o () = M¥ oMY 2) and Dy (t) = MT (MO 1e).
Then
Oy(§) = | ur(t)e ™ dt = B(ME) = M) PM )
Rd
for every & = (£1,...,&;) € R In particular, $M(0) =1
Following a classical argument, we smooth the characteristic function

X(M+1/2)P,,, of the set (M +1/2) P, , by convolving it with @,;. We subse-
quently apply the Poisson summation formula to the convolution

AM,(M+1/2)P. = PM * X(M11/2)P,.,
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and deduce that
(3:2) > Msiy2)p,, (M)

mezZd

= Z X1\4,(1\/[+1/2)P(,,r(m) = Z é\M(m)S(\(M-i-lﬂ)PmT(m)

meZd mezZa

= (M +1/2)" > Du(m)Rp,, (M +1/2)m).

mecZd
Observe next that the assumptions on @5, imply

Z AM (M+1/2-M-a4+1)p,, (M) < card((M +1/2) Py, nz?)
meZd

< Z AN, (M41/2+ M~d+1)p, , (1T0).-

meZd

It follows from (3.2)) that
(33)  Dyo(M)

< ) Arariyzem—atyp,, (m) — (M +1/2)%| Py, |
mezZd
= (M +1/24+ M N" y(m)Xp,, (M +1/2+ M~ ym)

mezd
- (M + 1/2)d|Pa,r|
<caM? Y Pa(m)Re,, (M +1/24+ M~ )m) + 0(1),
0#£meZ4
and a corresponding estimate holds from below.

We have to evaluate Xp,, () when |{| > 1. By the divergence theorem,
we have

~ _ —2migt qp —2miEt ¢ 04 dS
. (©) PS R Sme ¢ v(t)dsy,

where v(t) is the outward unit vector and dS; is the restriction of the
Lebesgue measure to the boundary 0F,,, consisting of a bounded num-
ber of (d — 1)-dimensional faces of P, ,. Let the polyhedron G, 4—1 denote
one of these faces, and note that v(t) is constant on Gy, q—1. The study of
XP,.(§) therefore reduces to that of a finite number of terms of the form

-V
(3.4) W HGg a1 (€),
where HGypay 18 the restriction of the Lebesgue measure to Gy, q—1. We

have two cases.
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CASE A;. The face Gy, 4—1 is entirely contained in the hyperplane s, ;
see (2.1]).

CASE Bj. The face Gy, 4—1 is entirely contained in one of the (d — 1)-
dimensional faces of the cube Q).

4. Case A;. In this section, we consider the case when the face G, ;. 4—1
is entirely contained in the hyperplane s, ;.

In this case, for every r, the face G4 ;. 4—1 rotates with o € X;_1, changing
its shape as well as the number of its lower dimensional faces. However, the
number of these lower dimensional faces and the lengths of their edges are
bounded by positive constants that depend only on the dimension d. Then
a mild variation of the proof of [5, Theorem 2.1(ii)] gives

tv . (log [¢])4—1
S \WMGG,T,d_xt)\dJSch, ] > 2.
Ya—1

REMARK. According to [5, Theorem 2.1(ii)], a d-dimensional polyhe-
dron P satisfies
R lo d—1
(4.1) [ Re(poldo < ep Ly
Ya-1

If the diameter and the number of faces of P are bounded, then the con-
stant cp can be replaced by a constant cg. The proof of starts with the
divergence theorem, and then proceeds by induction on the dimensions of
the faces of P in the following way. Write o = (cos ¢, nsinp) € Y41, with
n € Xy 9 and 0 < ¢ < 7. By the induction assumption, we have

™

17 (log psin )9~
S Xp(po)|do < c *S (psing)d-1
pl (psing)
Su 0

e (log p)?~*
(g2 dp < ep B2

with the induction starting from the simple inequality

T [sin(psin @) lo
[ lsintesine)l ;o lose,
5 psing

In the present case, the edges of P, ; change in number and lengths under
rotation and translation, but this does not affect the induction argument. For
the first step, let v(p,r) denote the length of a given edge on the boundary
of P,,. Then

T [sin(py(ep, ) sin )| e

Sin T ) S1n

| PR dp<2+2 | ——dp<clogp,
0 sin ¢ l/psmgo
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and the contribution of Case A to the estimate of

g |Dy(M)| do
Ya-1

is bounded above (see (3.3))) by

~ (log M|m|)**
(4.2)  cqM? P (m)]|
o }:d (M|m])d
MEZ
~ 1
d—1
< cq(log M) Z |Q5M(m)|7|m|d
0<|m|<Md—1
~ log |m/|)4—1
fer S [ Barmy LB
|m|>Md—1 |m’

:61 +@2a

say. Recall that the constants ¢; may change in value from one occurrence
to the next.

We observe that 0 < ®3;(m) < &)/(0) = 1, and shall bound ©; by
showing that

1

0<|m|<Mmd—1

m1>0,...,mq>0
where m = (myq, ..., mg). We shall achieve this by using induction to show
that

1

(4.4) > Tl < ¢qlog M

0<|m|< M-t

m120,...,mp >0
mp4+1=0,...,mq=0

for every k=1,...,d.

Indeed, it is trivial to show that (4.4]) holds for & = 1, noting that d > 2.
Suppose now that this inequality holds for every k =1,...,d — 1. Let

(4.5) T :={m=(my,....mg) €Z:mi >1,...,mg> 1,m]axmj > 2},
Then

1 1 1 1

W Y = Y it Y on

(49) e mfd g " e
0<|m|< M1 0<|m|< M1 0<|m|< M1
m1>0,...,mq>0 min; m;=0 meT

Observe that the first sum on the right hand side of (4.6)) is a sum of a



Half-space discrepancy 209

bounded number of terms of the form

(4.7) > |mld

0<|m|<Ma—1
mj; 20,...,mj, >0

m;=0 if j&{j1,....Jx }
with k& < d. Their overall contribution does not exceed cqlog M by the
induction hypothesis—note that the quantity (4.7 is invariant under per-
mutation of the variables m1, ..., my, and is therefore equal to the left hand
side of (4.4). To study the last term on the right hand side of (4.6, we
consider the bijection (see (4.5))
Tom=(mi,...,mqg) <= (m1—1,m] x--x (mg—1,mg] =: Qm,

and note that the union of the cubes @,, satisfies

U Qm = (07 +Oo)d \ (Oa 1]d'

meT

1 1 1
Z Wﬁ Z S deﬁ S de

Then

0<|m|<Mmd—1 0<|m|<M¥—1 Qm 1<]z|<Md
meT meT
Md

1
=cyq S —ds = cqlog M.
s
This completes the proof of the inequality (4.3)).
We now conclude from (4.2) and (4.3)) that

(4.8) O < cq(log M)<.
To study the term @5, note first of all that for every m = (mq,...,mg),
we have

d d
:H a1, H<2sm M~ m; /2))
aM-— d-‘rlm
j=1

J=

2sin(rM g /2)\2 _ Ly, 1
< < ecgM“T—.
= < S T = P
It follows that
2d—2 (log [m])?~!
(4.9) Oy < cqM Z T

|m|>Md—1

For s > M1 the function s — (logs)?~! /592 decreases with s. We can
then apply the earlier argument and control the right hand side of (4.9)
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with an integral, which can then be handled using integration by parts d —1
times. More precisely, we have

+oo d—1
(410) 0y < car2i2 | LB
Mdfl §
too d—2
< g M202 <M22d(logM)d1+ S (log? ds)
S
Md—l
< chQd—Z

+oo d—3
1
% (Mz‘zd(log M)d—l M2—2d(10g M)d—2 S (log 52 ds)
S
7\1(1—1

< - < eg(log ML,

Combining (4.2)), (4.8) and (4.10]), we conclude that the contribution of Case
A; to the estimate of SEd—l |Dy(M)|do is bounded above by cy(log M)

5. Case B;. In this section, we consider the case when the face G5, 4—1
is entirely contained in one of the (d — 1)-dimensional faces of the cube Q.
Our proof is inductive in nature.

Without loss of generality, we may assume that v = (0,...,0,1), so that
the face Gy, 4—1 is contained in the hyperplane t; = 1. Then becomes

§-v

(5.1) 5 HGo a1 ()
= éT? —2mi&q S e~ 2mi(€1s€a—1)- (b1, ta—1) dty ... dtg_y
Fo,r,dfl
€d —2mily >

= @ € XFU”,’"d71 (517 v 756[—1)7

where F,,, 41 = Gs,q4-1 — v can be interpreted as a polyhedron in R
with characteristic function xf, , ,_,. To study (5.1]), we consider two cases.

Case Cy. We have |(¢1,...,&-1)] < 1.
Case D;. We have |(&1,...,8-1)] > 1.

We begin with Case C;. Recall that m € Z%, so |(m1,...,mq_1)| < 1
clearly implies m; = --- = mg_1 = 0. The contribution of this case to an
upper estimate for (3.3]) therefore does not exceed

~ mqy 1 ) i(M+1/2+M7d+1)
2 w(Md—l) Mg © "Vl
0#my€Z

Ji:.o( 1ymags mg \ sin 27 M ~%lmy,
P\ a1 M—d+1p,

mg=1

(5.2) M4

= 2’Fa,r,d—1| <H+ K;
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where
Md—1 . —dr1
od o~ mq \sin2wM mq
her mzl(_l) w(Md-l) M=y |
=
Jr . —
K od ZO:O (_1)md@< mq > sin 27 M~ 1my
- d—1 —d+1 :
o M M—a+1m,

REMARK. Note that the equality in (5.2) depends on the fraction 1/2
in the dilation (M + 1/2)F,, of the set Py,

For the sum H, note that 0 < M~%lm,; < 1, and that we can split
the interval 0 < x < 1 into a bounded number of subintervals where the

function

. sin 2wx
z— ()

x

is monotone and does not change sign. It follows that H is not greater than

the sum of a bounded number of Leibniz sums, and this implies H < ¢g.
For the sum in K, note that

f (‘Umd@( my )sianM‘ded

Md-1 M-—4d+1m
deMd_1+1 d
i1 Mdfl
_ f . (—1)Ma3 mg \ sin 27 M~ my
Md—1 M—d+1md

J=1mg=jMd-141

+o0o Mda—1 ) Cai
j=1 Md=1 ] + MﬁdJrlmd

mg=1
It is an exercise in calculus to show the existence of a positive constant ¢
such that for every index j, there are at most ¢ subintervals of the interval
0 <z <1 where the function

sin 2mx
jtx
is monotone and does not change sign. Then

z = o(j + )

“+o00
K< Cdefg < cq-
j=1

Next, we turn our attention to Case D1. Applying the divergence theorem
to the polyhedron F,, ;_1, we meet cases similar to Case A; and Case Bj.
At the fth step, where 1 < ¢ < d — 1, the divergence theorem leads to one
of the following two cases.
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CASE Ay. We have a (d — £)-dimensional face entirely contained in some
hyperplane in R¥“*1 analogous to Sg,p-

CASE By. We have a (d — ¢)-dimensional face entirely contained in one
of the (d — £)-dimensional faces of the cube [—1, 1]4¢+1,

In Case Ay, we proceed as in Case Aj.
In Case By, we need to study terms of the form

-1
(653) M3 (TLE50m) Rr, e (41240 ),
0#mezd  j=0

where, for 0 < j </ —1,

= Y e
=J (m) - 90<Md1>
(M"‘ 1/2+M d+1)md j e*27ri(M+1/2+M_d+1)md—j‘
|<M+1/2+M T
We split the sum into the followmg two cases.

CASE Cy. We have |[(mq,...,mg—p)| < 1.
CASE Dy. We have |(my,...,mg_¢)| > 1.

Since my = --- = mg_y = 0 in Case Cy, the contribution of this case to
the sum (j5.3) is equal to
/—1

A=MUFppael > Y (TTE0m).

Oyémd,gHeZ 0#my€Z j=0

To study this sum, write

B(ma_gs1,.-.,ma-1) =, Zo(m)
0#£mg€EZ

2M—d+1
M + 1/2 + M—d+1

< Z ( > qyma M~ sin 20 M~ my ,
md 1 Md 1 ’M_d+1(07. "707 md*é“rl" "7md)’2

and observe that the function

5() rsin 2wz

T — oz

4 ‘(Oa"'707M7d+1md—ﬁ+17"'7M7d+1md—17$)|2

is bounded in z, uniformly for mg_¢11,...,mq—1. Applying the earlier ar-

gument for the sum H to each of these functions, we conclude that

|MdB(md—€+17 SUR) md—1)| < cq.
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Then
—1

A=MUF,ad Y .0 Y (sz(m))B(md,M,...,md,l)

0#ma—g41€Z  O0Fmg_1€Z  j=1

satisfies

/—1
(5.4) Al<ea Y. 0> (HIEj(m)I)

0#Fma—gr1€Z  O0Fmg_1€Z  j=1

ce Y % (H

-1
f Mg—; 1
() o)
0#mgq_¢p1€Z  0Fmg_1€Z

j=1
+oo /—1
k 1
—f/+1 ~
<ot (2ot

k=1

Md711 +oo M2d—2 -1
—0+1
carr (X e Y o)
k=1 k=Md=141
< cgM " (log M),

using (3-1).

REMARKS. (1) The upper bound is more than we need. However,
the problem of bounding the sum A is not entirely trivial, since simply
putting absolute values inside the sums B(mg_gi1, ..., mq—1) does not lead
to a useful estimate. Again we have used the cancellations given by the term
1/2 in the dilation (M + 1/2) P, of the set P .

(2) Tt appears that we are studying the contribution of the boundary of
@ to the discrepancy, but we know that this contribution is actually zero, as
a consequence of the term 1/2 in the dilation, at least as far as whole faces
of ) are concerned. The delicate point here is that we are not estimating
the actual discrepancy arising from the boundary, but have arrived at the
boundary through the Poisson summation formula and the divergence theo-
rem. Thus this approach does not seem to allow us to state mathematically
that the contribution of the boundary must be negligible.

In case Dy, we again apply the divergence theorem, and meet cases similar
to Case Ay and Case By. At the last step, we have part of an edge of @, say
{t,1,..., 1}y(o,ry<t<1- Then we need to bound the sum

d 1
(5.5) M* Z ng(m)(HTj(m)) S o 2m(MA1/2H M~ ) s g o
0£MEZ? Jj=2 b(o,r)
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where, for 2 < j < d,
(M+1/2+ M_d+1)mj e 2mi(M+1/24 M~ )m;
(M +1/2+ M~1)(mq,...,m;)[? .

The part of the sum (5.5) where m; = 0 is Case Cy4_1. For m; # 0, we
compute the integral and bound the sum (5.5)), uniformly in o and ¢, by

1;(m) =

d +o0 M 1 +o0 k 1 /

M o2 )| —— ) = o~ |-
H(Zl¢<Md_l>‘Mmj> <;¢<Md_l>’k>
= mj= =

< ch_d(log M)?,
as in (5.4)).

This completes the proof of Theorem
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