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On ray class annihilators of cyclotomic function fields
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1. Introduction. Let K = Q((,) be the nth cyclotomic field with
Galois group G = Gal(K/Q). Stickelberger introduced an ideal S (called
the Stickelberger ideal of K) of R = Z[G| which annihilates the ideal class
group C of K. In [Si], Sinnott showed that the index of the minus part of
S in the minus part of R is equal to the minus class number of K up to
a power of 2. For any integer d > 1, Schmidt ([Sc]) introduced an ideal Sy
(called the d-Stickelberger ideal of K') of R which annihilates the d-ray class
group Cyg of K and showed that the index of the minus part of S; in the
minus part of R is equal to the order of the minus part of C4y up to a power
of 2.

In this paper we consider the analogous problem in function fields. The
analogue of Sinnott’s work has been done in [Y3]. We mention that the ideal
considered in this paper is the same as that in [Y3]. We first introduce some
notation.

Let k£ be a global function field over the finite field F, with ¢ elements
of characteristic p. Fix a place co of k of degree 1 and fix a sign function
sgn : koo — Iy with sgn(0) = 0, where ko is the completion of k at co. We
call x € k positive if sgn(x) = 1, and write z > 0. Let A be the Dedekind
subring of k consisting of the functions regular away from co. Let ¢ be the
unit ideal of A and K, the Hilbert class field of (k, 00), and G, = Gal(K,/k).
We denote by Tp the set of all non-zero integral ideals of A and Tj = Tp\ {e}.
For any n € Tfy, we set:

e K, := the cyclotomic function field of the triple (k, oo, sgn) of conduc-
tor n.

o Gy := Gal(Ky/k).

e J := the inertia group at oo in GG, which we call the sign group. Note
that J is naturally isomorphic to Fy.
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K;I := the fixed field of J, which we call the mazimal real subfield
of K.
|A| := the cardinality of a set A.
¢(n) := |(A/n)*| = the number of units in A/n.
s(A) =3, ca0 € Z[Gy] for a subset A of Gi.
Ti=1=s()/(g—1) € QGhl.

Let Ok, be the integral closure of A in K. For a non-zero integral ideal
N of Ok, , let Loy be the group of non-zero fractional ideals of O, prime
to 91 and let Py be the subgroup of Zg consisting of principal ideals ()
satisfying = 1 mod M. Then Coq = Zyn/Po1 is called the N-ray class group
of Ky. For any 0 € Tp, we write Cy := Cpoy, for simplicity. In this paper
we define an ideal Sy of R = Z[G4] by using the Stickelberger elements and
show that it annihilates the d-ray class group Cp of K;. Our proof relies on
the Hayes’ proof of Brumer—Stark conjecture for function fields ([Hal). For
any R-module M, set M~ := {m € M : s(J)-m = 0} which we call the
minus part of M. We also show that the (-part of the index (R~ : Sy ) is
equal to the ¢-part of |C; | for any prime number ¢ with ¢ { (¢ — 1), assuming
that n is square free if £ = p.

We fix the following notation:

e h:= |G| = the class number of k.

e N(a) := q%8® for any a € Tp.

e (a,b) := the greatest common divisor of a and b for any a,b € Tj.

e N(u) := N(a)/N(b) for any non-zero fractional ideal u of A, where

u=ab~! with a,b € Ty and (a,b) = e.
a:= Hp| « P, where p runs over all prime ideals of A dividing a.

e For each prime number ¢, |- |, denotes the normalized ¢-adic absolute
value, i.e., (|, = 1/¢.

From now on we fix n € T and write K := Ky, Kt := K and G := G,, for
simplicity.

2. Annihilators of ray classes. Let a,b € Ty. We say that b is congru-
ent to a modulo n, and write a ~y b, if there exists x € a~'n with 1+ 2z > 0
such that b = (1 4+ x)a. Then ~, is an equivalence relation on 7. For more
details on this relation, we refer to [Y2].

For = € k*, write ||z| := N(zA). For a € Ty, let a; = a(n,a)”! and
n; = n(n,a)~'. We define, for Re(s) > 1

Zn(s,0) == N(a)™ 3 [[1+2]7* = N(n,a) "Gy, (s,01),

z€a ln
1+2>0

where (p, (s, a1) is the partial zeta function of the class containing a; in the
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narrow ray class group of A modulo n;. It has a meromorphic continuation
to the whole complex plane and is holomorphic except for a simple pole at
s=1.Fora,b € Tp, if a ~, b, then Zy(s,a) = Zn(s,b). It is well known that
(¢ —1)Zn(0,a) is an integer.
Define
b= Y Zu(0,0)0,' € Q[G],

amod *n

where a mod *n means that the sum is over the representatives of the narrow
ray classes of A modulo n, and g4 is the Artin automorphism associated to
the ideal a. For f|n, define

0p:= > Z0,0)0,' €QG], = > Z{0,a)0," € QGY.

amod *n a mod *f

Then 6 = Corgk;, (05) and Resyk, (0;) = [K : Kj]6.

LEMMA 2.1. Let p be a prime ideal of A dividing n and let f = np~!.

Os ifplf,
i) R 0n) =

(i) Resie/ic; (6n) { (1—0,)0; otherwise.
(i) Let H = Gal(IC/Kj). Then
r_ S(H)en pr | f}
7 U s(H), + Cork r; (Uglﬂf) otherwise.
Here oy is the Artin automorphism associated to p in Gj.

Proof. For (i), see Corollary 1.7 and Proposition 1.8 of [T]. (ii) follows
immediately from (i). =

For any ¢ € T}, define
On(c) == (0 (n,))7/ ).
Then 6y = 0x(¢) and 0; = On(nf~1) for f|n. For o € Ty, we define

3nale)i= 3 e) g Onlac)

ald

where pu(a) is 0 if a is not square free, and (—1)! if a is the product of ¢
distinct prime ideals of A. For a prime ideal p of A, we have

Sup(c) = N(p)Oa(c) — On(pc) and Gupe(c) = N(p™ Hdnp(c) forn > 1.

It is easy to see that if a ~, b, then 6,(a) = 6,(b) and dno(a) = dno(b).
We define an R-ideal

S ::( 3 R-éma(c))ﬂR,

¢ mod ~y



26 S. Bae and H. Jung

where ¢ mod ~; means that the sum is over the representatives of the classes
of Tp modulo ~y, and call it the d-Stickelberger ideal of K. Since dy¢(c) =
(9/ )Gc/(n,c),

n/(n.0)
Se=( > Rebiypo)nR=(DR-6) R
fin

¢ mod ~y

is the Stickelberger ideal of K defined by Yin in [Y3].
PROPOSITION 2.2. If 0 # ¢, then dna(c) € R for all ¢ mod ~y,.
Proof. Since (q — 1)8y(c) € R, it suffices to show that

Z p(a)fy(ac) € R.

alo
Let 8" = EﬂnR-Gg and let -y be a fixed generator of F. The map ¢ : §" — Fy

defined by () = 4@~D%  where a; is the coefficient of 1 in 6, is a well
defined surjective homomorphism with kernel S’NR (see the proof of Lemma
4.2 in [ABJ]). Moreover, 1)(cf) = ¢ (0) for any § € S’ and o € G. Since
0; — N(nf~H0, € R for f|n, we have

D(0) = ()N = ().
Thus
w(Z u(a)en(ac)> = tp(0y) 20l MW = 1,

alo
because }_ ., pu(a) = 0if 0 # e. Hence 3., pu(a)fn(ac) € R. =
For an ideal d of A, we write dy 5 := dno(e) for simplicity.
LEMMA 2.3. For any prime ideal L of Ox with L1 pn, we have
Lo = (z) with z=1mod p.

Proof. Following the idea of Hayes at the end of [Ha, §2], we may assume
that £ splits completely in K. Take the place [ under £ as the infinite place
oo’ of k. Now let ¢ be a sgn-normalized rank one Drinfeld module on A,
which is the ring of functions in k regular away from oo’. Let n/,p’ and §' be
the ideals of A, associated to n, p and f, respectively. Let H be the maximal
real subfield of the cyclotomic function field of (k, 00’,sgn) of conductor n'.
Then K is contained in H, and we proceed inside H, as in [Hal §6]. It is
shown by Hayes [Ha] that £% = (\.) for some properly chosen primitive
n’-torsion point Ay of ¢. If p f n, then 6y p = (N(p) — op)0n. Thus

Lo = NP wigh AP = 1 mod p,

since p is unramified in K.
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Now we assume that p|n, and let §f =np~! and H = Gal(K/Kj5). In this

case, by Lemma [2.1](ii), we have
N(p)0n — s(H)O it plf,
5n,p:N(p)9n—9;:{ (p)fn — s(H)0n plf

If p |§, then A = ¢ (Aw) = AN® mod p’. Thus

nl

Lonp — (Ag(P)—S(H)) with )\i\f(P)—S(H) =1mod p'.

N(p)0n — s(H)8y — Cory g, (0, '05) if p1F.

If p 1 f, then, for any ¢ € H, o acts on Ay as ¢, for some a € (A, /n')*
with @ = 1 mod . Also there is a unique b € A,/ /n’ with b =1 mod §' but

ot
b= 0 mod p". Write (b) = p't’. Then ¢y(Aw) = ¢w(Ay) = A" . It is easy to

see that
H qba()\n’) = d’p’()\n’)~
aGAOO//n’
a=1 mod §
Thus )
s(H o
A = by () /Ay
As before

Op (M) = )\g(p) mod p’.
1 0'_,1
Since £Co/K; (@ 05 _ ()\]up ), we have
L0 = (AN e, () with AN /g (Ay) =1 mod p'. =
LEMMA 2.4. 6up(c) = (Corg/r, o) (On/(n,0),p)) 7/ .
Proof. Note first that
1) Gupl€) = NPy ,0) /) — Gy p) /0290
CASE 1: pfn. In this case (n,pc) = (n,¢), and so becomes
(N(P)0ry/(ne) = O/ = (Corr /i, o) (Frnpmc)p)) 7/
CASE 2: p|n. In this case becomes

(2.2) N(P) (O n,0) 7/ = (05,0) 7/ 0.
Write n = p’f’ and ¢ = p/¢’ with (p,§'¢’) = e. Then
(n,¢) = pmmtah(f o), (f, ¢) = pmmi=bak(f o),
no_ pimmindi.j} f ¢ _ pd —minté.j} ¢
(n,¢) (¥,¢)’ (n,¢) (f,¢)’
f _ piflfmin{ifl,j} i 7 c _ pjfmin{ifl,j} d .
(F,¢) (7,¢)" (f.¢) (7', ¢)
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If 7 >4, then §/(f,¢) = n/(n,¢) and ¢/(f, ¢) = pc/(n, ¢). Thus (2.2]) becomes
(N(P)/ne) = (Bry )77/ 9 = (Cotieyic, oy (B, )/
If j < i, then f/(f,¢) = (n,¢)/p and ¢/(f,¢) = ¢/(n,c). Thus becomes
(N(p)@;/(mc) — :‘l/(n,c) )Uc/(n ) = (COI’,C/K“/ (n C)(én/(mc)’p))ac/(n,c)‘ -
THEOREM 2.5. For any 0 € Ty, we have Sy C Anng(Cy).

Proof. The case 0 = ¢ is proved by Tate-Deligne ([T]) and Hayes ([Hal).
Assume that 0 # e. It suffices to show that, for any prime ideal £ of Ok
with £ { on, there exists an element z € K such that £%°() = (z) with
=1 mod 0.

Consider first the case 0 = p", a power of prime ideal p. For f|n, we have
£Comer @) _ Ni/k; (£)? for any 0 € Z[Gj]. Thus, by Lemmas and
there exists y € K such that

(2.3) £ = () with y=1mod p.
Raising (2.3)) to the N (p™~!)-power, we find an element x € K such that
L) = (z) with 2 =1 mod p".

Next we assume that 0 has at least two distinct prime divisors. Since

p(a) = 0 for any a |0 with a {9, we have dn(c) = N(D)é

NG On 3(¢). For any prime

ideal p |0, we have

E(;n’ﬁ(t) _ H ([,9“ ac) #(u @ x H £6n pac w(pa) N((paa))

aldo/p ald/p
N(®) N(?)

_ H ,CG" ac)N(p Qn(pac)) p(a )N<pa) _ H (Lén,p(ac))u(a)N(pa)

alo/p alo/p

N(?)

= H (mu)“(a) Noeo ,  where L0nr(99) — (xq) with 24 =1 mod p

ald/p

N(®)
= (z9), where zp= H (xa)“(a)N@Da) = 1 mod p.
alo/p

Thus

N@)

L0200 = () with 2 = (2¢)¥® =1 mod p°d @)

for any prime ideal p|0. =

3. The minus part of the ray class groups. Let Co(K™) denote the
o-ray class group of KT and j, : Co(KT) — Cp be the map induced by the
inclusion map on ideals from Kt to K. Let N . : Cy — Co(K™) be the

KK+
norm map.
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LEMMA 3.1.
(i) If 0 # e, then j is injective.
(ii) The cokernel of N K/ICJr has exponent ¢ — 1, i.e.,

Co(KH)771 € N (Go) € Co(KT).

Proof. (i) Let 2 be an ideal of KT and assume 2 = (z) with z € K
and z = 1modd. Then (z/) = (2), where j is a generator of J. Thus
2! € Of. For any infinite prime Poo of K, [2' 7| = 1. Thus 2!/ € F;
with 2177 = 1 mod 0. Since 0 # ¢, 2177 =1 and so z € K*. Thus A = (2)
in K*. Hence jj, is injective.

(ii) For any € € C5(K™), we have

Q:q 1 Q:1+]+ g 2 _ NI(CD/)K+(Q:)

Thus we get the result. =
Let Ok, = {2 € Of : 2 =1mod 2} and O, , = O, N Ok ,.
LEMMA 3.2. Ifd # ¢, then O 5 = (9,*C+ .

Proof. For any = € O,*Qa, as in the proof of Proposition 1.1 in [Hr], we

have 277 ¢ Fy. But 2'™7 = 1mod 0, so '7 = 1. Thus x € O+ Hence

Ok = Oi*cta' "

Let G be the group of characters of G with values in C*. A character y is
called real if x(J) = 1, and non-real otherwise. Let G~ denote the set of all
non-real characters of G. The conductor f, of a character x is the smallest
integral ideal m such that x factors through Gy,. We denote by x; the trivial
character. Let p be a prime ideal of A. We define x(p) as follows. If p 1 f,, let
op be the Artin automorphism associated to p in Gy, and let x(p) = x(op).

If p| fy, we put x(p) = 0.
Recall that Ca_ = {c € Cy : s(J) ¢ = 0}, which is also the kernel of

(?)
NIC/IC+
THEOREM 3.3. If0 # e, then
q=2 _
hy = he (N©) "V oeo/Qo) [T TT (1 xe)N )™,

pld yeG-

Set hy :=|Cy |, called the minus v-ray class number of K.

where Qo = (O : Ox4 ), ox,o = |Coker( ,(C/),C+)| and p runs over all prime
ideals of A dividing D

Proof. Following the arguments in [L, Chap. VI, §1] and making use of
Lemma we have

Co o (O /20k)"| 1
ICo ()] |(Oc+ /20xc+)*| Qo
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Thus it follows from the exact sequence
(@)
/Kt

N
1= Cy — G —55 Cy(KF) — Coker(N)e,) — 1

that
(O /00K)*|  ox,0
|(Oc+ /00k+)*| Qo

Now, the result follows from the equalities

hy =h,

|(Ox/0k)| :N(D)q 9=2 p () [Tp(—N(B )
[(Oc+ /00kc+)*| [T+ (T = N(BF))
and
H (1-N(B
T (1 — sz ) gxg (1= x(P)N(P) ™),

where P (resp. PB) runs over all prime ideals of Ok (resp. O+ ) dividing 0,
and p runs over all prime ideals of A dividing 0. =

4. (-part of the index (R~ : Sy ). For a prime ideal p of A, let T}, be
the inertia group of p in G and let F, € G be any Frobenius automorphism
for p, which is well defined modulo T},. In Q[G], we define

_ —1 s(Ty)
=F1. P
v T

and Uy := R s(Tp) + R - (1 — 0p). We also define Us := [ ], Uy at any s|n.

LEMMA 4.1. For any s |n, the index (™R : e~ Us) is a power of ¢ — 1.

Proof. 1t suffices to show that (e"Us : € Usp) is a power of ¢ — 1 for
sp | n, where p is a prime ideal of A. Since multiplication by 1 — j on Q[G]~
is injective, by Lemma 6.1 in [Si], we have

(e7Us : e Usp) = (1 — j)Us = (1 — j)Usp),
which is a power of ¢ — 1 ([Y1l §6]). =
Let e, be the idempotent element associated to x € G. Set
w = Z L(0,X)ey,
x1#xeG

where L(s,x) is the Artin L-function attached to x. For f|n, let I} =
Gal(K/Kj). We also let

ap:=sI) [J(1-7y) iff#e
plf
and a, := s(I,). Then we have
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LEMMA 4.2. For any f|n, e 0u(f) = " ways1.

Proof. See the proof of Lemma 6 in [Y3]. =

In the following we assume that 9 # ¢ and 0 |n.

LEMMA 4.3. Sy is generated as an R-module by {0na(c) : ¢ |n}.

Proof. Since d # e, Sp is generated as an R-module by d,5(c) for all ¢
mod ~y by Proposition Since Oy(c) = 0n((n, ¢))?</(0) | we have

Ono(€) = Gno((n, €))7/ m

ng 1= H pordp (n)

pls

Let 01 = leap*“(“'“). For p|0/0; let By be the R-module generated by the
elements

Ny = N(P)s(Upn/n, ) (1 —Tp) —s(Ty) and 7y i := N(p)s(Ly/pi) — $(Lyypit1)
for 0 <4 < ordy(n) — 2, and for p |01 we set By := R - 1.
Using Lemmas [4.2] and we follow exactly the same process as in the

classical case ([Scl, §4.2]) to get the following proposition. We remark that
Sa (resp. 94(x)) in [Sc, Lemma 4.2.2] should be replaced by 7Sy (resp.

7 0g(x)).

PROPOSITION 4.4. 7Sy = Uy - Hma By - e*w%.

Let ¢ be a prime number. Let Ry = Z[G], Sop = So ® Zp and Uy 50 =
U /s ® Zy. Note that if £ # p, then Sy, = S5 . For any prime ideal p |0, set

Kp 1= S(Ipn/np)(l = N(p)(1 —3y)) + s(Typ) — N(nyp/p).

For s € Ty, we write

Then
Kp = (S(Ipn/np) - N(p)ordp(n)il) — Mp-

In particular, if p|0y, then k, = —np, and so B, = R - kp. For p|0/01, it
follows from the definition of v, that

ordp (n)—2

S(Ipn/np) - N(p)ordp (W=t Z N(p)ordp (p)_Q_j'Yp,pJ"
§=0

Thus Ky € By, and so R - kp C By. Set
K= an,
plo

and By ¢ := By ® Zy for any prime ideal p | 9.
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PROPOSITION 4.5. Let £ be a prime number with £ # p. Then Byy =
Ry - ky for any prime ideal p |0, hence
€ Sop =Urjpp € Kw.
Proof. We only need to consider the case v = ordy(n) > 2. Set
€i 7= N(p) "s(Lnpi) € Ze[G]

for 0 <@ < w. It is easy to see that €, 1 - kp = —np, S0 Ny € Ry - kp. We also
have

N(p)™ (1 — e)rp = s(Inpi) — N(p)".
Thus

Yo = —(8(Luypie1) = N(p)™) + N(p) (s(Ly) — N(p)")
= N(p)™ " (e; — €i41)kp € Ro - Kp. m
LEMMA 4.6. For any prime ideal p|n and a character x € @, we have
x(kp)le =1L =x(@)N (@) ifE#p

and
B N(ng) 1 = x(p)N (), if x is trivial on Iy )y,

Ixtrp)lp = { N(ng/p) 71— x(p)N(p)~t|, otherwise.

Proof. If p|fy, then x(p) = 0 and x is non-trivial on T},. Thus x(s(7}))
=0, and so

X(#p) = X(8(Lpn/m, ) (1 = N(p)) = N(np/p),

which is equal to —N(np) or —N(ny/p) according as x is trivial or not on
IP

n/np -
If p 1 fy, then x is trivial on T}, (in particular on I/, ), and so
X(#p) = N (np/p) (N (p)x(p) — 1) = N(np)x(p) (1 = x(»)N(p)""). =
THEOREM 4.7. Let £ be a prime number with £ { p(¢q—1). For anyd € T}
with 0 | n, the (-part of (R~ : Sy ) is equal to the {-part of |Cy |.

Proof. Note that the -part of (R~ : Sy ) is equal to (R, : S, ,). Thus
it suffices to show that (R, : S;,) is equal to the £-part of [Cy|. By the
equation (a) in [Y3], Lemma and the fact that (¢ — 1)e™ S0 C S, ,, we
have

(Ry te" Re) = (e Reze Usppp) = (e S0t Syp) =1
Thus (R, :S;,) = (€ Usszs: € Soy). Now following the same argument as
in [Sc, Theorem 3] using Theorem [3.3] Proposition and Lemma we
get the result. m

To consider the p-part of the index (R~ : Sy ), we have to compute the
index (¢"Usszp : € Usszp [1y5 Bpp)- This seems difficult because more than
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one By, may appear. Furthermore, the structure of By, ;, is more complicated,
since Ipy/m, is not cyclic. But if n is square free so that @ = 9y, then By, =
Ry, - kp for any p |0, and so

€ Sop =Usjsp € Kw.
By Lemma [4.6] we have
x(rp)lp = N(0) 7ML = x(0)N (0) "y,

and so the same process as in the proof of Theorem [£.7] gives

THEOREM 4.8. Assume that n is square free. Then the p-part of the index
(R~ :8;) is equal to the p-part of |Cy|.

Finally, we follow the same argument as in the proof of Corollary 4.5.2
in [Sc] using Theorems and 4.8/ to get

COROLLARY 4.9. Let ¢ be a prime number with £ 1 (¢ —1). Assume that
n is square free if { = p. For any 0 € T (not necessarily 0 |n), the {-part of
(R~ :Sy) is equal to the L-part of |Cy |.

Acknowledgements. The authors would like to express their sincere
gratitude to Professor L. Yin for many helpful suggestions. They also thank
the referees for their careful reading of the manuscript and suggestions on
the writing of the paper.

The first author was supported by Basic Science Research Program
through the National Research Foundation of Korea (NRF) funded by the
Ministry of Education, Science and Technology (ASARC 2009-0063182).

The second author was supported by Basic Science Research Program
through the National Research Foundation of Korea (NRF) funded by the
Ministry of Education, Science and Technology (2011-0005138).

References

[ABJ] J. Ahn, S. Bae and H. Jung, Cyclotomic units and Stickelberger ideals of global
function fields, Trans. Amer. Math. Soc. 355 (2003), 1803-1818.

[Hr] F. Harrop, Circular units of function fields, ibid. 341 (1994), 405-421.

[Ha] D. Hayes, Stickelberger elements in function fields, Compos. Math. 55 (1985),
209-235.

[L] S. Lang, Algebraic Number Theory, Grad. Texts in Math. 110, Springer, New
York, 1994.

[Sc] C. G. Schmidt, On ray class annihilators of cyclotomic fields, Invent. Math. 66
(1982), 215-230.

[Si] W. Sinnott, On the Stickelberger ideal and the circular units of a cyclotomic field,
Ann. of Math. (2) 108 (1978), 107-134.
[T] J. Tate, Les conjectures de Stark sur les fonctions L d’Artin en s = 0, Progr.

Math. 47, Birkhduser Boston, Boston, MA, 1984.


http://dx.doi.org/10.1090/S0002-9947-03-03245-8
http://dx.doi.org/10.2307/2154629
http://dx.doi.org/10.1007/BF01389392
http://dx.doi.org/10.2307/1970932

34 S. Bae and H. Jung

[Y1] L. Yin, Indez-class number formulas over global function fields, Compos. Math.
109 (1997), 49-66.

[Y2] —, Distributions on a global field, J. Number Theory 80 (2000), 154-167.

[Y3] —, Stickelberger ideals and relative class numbers in function fields, ibid. 81

(2000), 162-169.

Sunghan Bae Hwanyup Jung
Department of Mathematics Department of Mathematics Education
KAIST Chungbuk National University
Taejon 305-701, Korea Cheongju 361-763, Korea
E-mail: shbae@kaist.ac.kr E-mail: hyjung@chungbuk.ac.kr

Recetved on 25.2.2010
and in revised form on 11.12.2010 (6314)


http://dx.doi.org/10.1023/A:1000131711974
http://dx.doi.org/10.1006/jnth.1999.2440
http://dx.doi.org/10.1006/jnth.1999.2472

	Introduction
	Annihilators of ray classes
	The minus part of the ray class groups
	-part of the index (R- : Sd-)

