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Class groups under relative quadratic extensions
by

QIN YUE (Nanjing)

1. Introduction. Let A be a finite abelian group. We will denote by
791 (A) the 2F-rank of A. The beginning of the genus theory of quadratic ex-
tensions can be traced back to the work of C. F. Gauss (see |2, Chapter 3, Sec-
tion 8]). Namely, in our current language, C. F. Gauss computed the 2-rank
of the narrow class group C (E) of a quadratic number field E = Q(v/d). He
showed that ro(C4.(E)) =t — 1, where ¢ is the number of primes that ramify
in E (see [T, p. 159]). Moreover, Gauss also obtained the following result: an
ideal class [I] is in Cy (E)? if and only if [Ng/g(I)| € Ng/g(E*), where I is a
fractional ideal of E' and [Ng/g(I)| is the norm of I (see [7, Theorem 145]).
Then L. Rédei found a method to compute the 4-rank of Cy(FE), namely
r4(C+(F)) =t —1—rank Rp, where Rp is the Rédei matrix of E (see [13]).
Throughout, the rank is computed over F.

For a relative quadratic extension E/F, class groups have been studied
by several authors (see [II, 3, [4, 8, 9, 1T, [14) 15]). In particular, Gras gave a
method to compute the 2-Sylow subgroup of the class group C'(E) (see [5,[6]).

This paper is mainly devoted to generalizing the Rédei formula to a
relative quadratic extension E/F. Let E = F(v/d) be a relative quadratic
extension of F' and Gal(E/F) = {1,0} the Galois group. Then Gal(E/F)
acts on the class group C(F) of E and there is an exact sequence

1 — Am(E/F) — C(E) =% C(E)'™ — 0,

where Am(E/F) is the subgroup generated by all ambiguous ideal classes of
C(E). There is the well-known formula

2m71
[Ur : Ur N Ng/p(E*)]

where m is the number of primes of F' ramifying in F, h(F') is the class
number of F' and U is the unit group of the integral ring O (see [1] or [10,

#Am(E/F) = h(F)
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p. 307]). If A(F) is odd, we have the well-known result
r2(C(E)) = ro(Am(E/F)) =m — 1 —12(Ur/Ur N Ng/p(E")).
Moreover, in [I5] we get a formula
r4(C(E)) =m — 1 —rank Rg/p,

where Rp/p is a matrix of local Hilbert symbols with coefficients in Fs.

In this paper, we mainly generalize the above formulas provided that
C(F) has even order. We make the following standing assumptions: E =
F(V/d) is a relative quadratic extension of F, the 2-Sylow subgroup of the
class group C(F) is elementary, i.e. 7o(C(F)) = s and r4(C(F)) = 0, S is
a set consisting of all infinite primes of F' and some finite primes Py, ..., Ps
of F, which ramify in E, such that the S-ideal class group C* (F') has odd
order. We give two formulas for the 2-rank and the 4-rank of the class
group C(E):

ra(C(E)) = m —1—ry(Up /U N Ngyp(E)),
where Uj? is the S-unit group of F', and
r4(C(E)) =m —1—rank Rg/p
+ro(Up/UR N N p(E*)) = ro(Up /Up N Ngyp(EY)),
where Rp/p is a matrix of local Hilbert symbols with coefficients in Fa. We

call R/ the generalized Réder matriz. We also give algorithms to compute
the values of ro(C(E)) and r4(C(E)).

A key step in the proofs of the formulas for the 2-rank and 4-rank of C'(FE)
is the use of the exact hexagon of Conner and Hurrelbrink. We recall this
hexagon in Section 2. For convenience, we introduce the following notation:

E/F relative quadratic extension,

Or, O ring of integers of F', ring of integers of F,
Ur, Ug unit group of Op, unit group of Of,

U ;3 , U g S-unit group of F', S-unit group of F,

C(F), C(F) ideal class group of F, ideal class group of E,
h(F), h(E) class number of F', class number of E,

[P], [P] class of an ideal P in C'(F'), class of an ideal P in C(F),

N field norm map from E to F,

N(xz), NE norm of z € E to F, set of norms from F to F,

Ao 2-Sylow subgroup of an abelian group A,

2 A subgroup of elements of order < 2 of a finite abelian group A,
ok (A) 2k-rank of a finite abelian group A,

m number of primes of F' ramifying in F,

n number of finite primes of F' ramifying in F.
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2. An exact hexagon. In [4, Theorem 2.3|, Conner and Hurrelbrink
introduced the exact hexagon which is analogous to Herbrand’s theorem.
Now we describe it. Let Co = Gal(E/F) = {1,0} be the Galois group
of E/F. As the class group C(FE) and the unit group Ug are Co-modules,
we define H°(Co, C(E)) = Am(E/F)/NC(E) and H(Cy,Ug) = Up/NUE.
There is a homomorphism

dy : H(Cy, C(E)) — H(Cy,Ug), cl(A) — cl(u),
where A is a fractional ideal of E, 0 A = yA, y € E*,N(y) = u € Up.
Moreover, there is a homomorphism between first cohomology groups:

dy : HY(Cy, C(E)) — HY(Cy,0%), cl(A) — cl(w),

where 0 A- A= yOg,y € E*,w =0o(y) -y~ ! € Ug (for details, see [4, p. 2]).
Let I(E) be the multiplicative group of fractional ideals of E. We now
define two groups. Let

R’ ={(z,A) € F* x I(E) | 2 Ac(A) = O},

a subgroup of the direct product F* x I(E) of the multiplicative groups F*
and I(FE). Let

N®={(N(y),y 'o(B)B™") e R |y € E*, B I(E)},
a subgroup of R°. We define the quotient group
RY(E/F) = R°/N°
and denote the class of (z,.4) by (z, A).

Let
R'={(w,A) €¢Ug x I(E) | N(w) =1, 0. A = A},

a subgroup of the direct product Ug x I(E) of the multiplicative groups Ug
and I(E). Let

N'={(o(y)y~ " yo(B)B) € R |y € E*, Be I(B)},
a subgroup of R'. We define the quotient group
RYE/F)= R'/N!
and denote the class of (w,.A) by |w, A|.
By [4, Theorem 2.3] we have

LEMMA 2.1. There is an exact hexagon

HY(Cy, C(E)) 2 HY(Ch, Up)
. 29 2, VE

J i1

Y N
RUE/F) | . RU(B/F),
N

HY(Co,Up) & HY(Cy,C(E))
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where i1 : cl(w) — |w,Ogl|, jo : |w, Al — cl(A), ip : cl(u) — (u,OFg),
g1 (z, A) — cl(A).

Since C(E) is finite and E/F is a cyclic extension, by Herbrand’s theorem
(see [12], p. 13, Proposition 4.3|)

h(Cs, C(E)) = |H%(C2, C(E))/H' (Ca, C(E))| = 1.
By the exact hexagon,
ro(H' (Co,Up)) — 12(H"(Ca,Up)) = r2(R'(E/F)) — r2(R*(E/F)).
If E/F is ramified, then, by [4, Theorems 4.2 and 5.1], ro( R°(E/F)) =
m — 1 and r(RY(E/F)) = n. Hence
T'Q(Hl(CQ, UE)) — TQ(HO(CQ, UE)) =1- (m — n)
If Pp,..., P, areall finite prime ideals of F' that ramify in E/F and Py, ..., P,
are finite prime ideals of E with P? = P,Og, i = 1,...,n, then, by [4, Theo-
rem 5.1], R'(E/F) has generators
(2.1) |1, Pil, ..., |1, Pyl

3. 2-rank. For convenience, “primes of F” will be prime ideals of F.
In this paper, we always assume that ro(C(F)) = s, r4(C(F)) = 0, S =
{Py,..., Ps} is a set of some finite primes of F' that ramify in E/F, S is the
set consisting of all infinite primes of F' and all primes in Sy, and the S-ideal
class group C*¥(F) has odd order. Note that if ro(C(F)) = s, 74(C(F)) = 0,
and S’ is the set consisting of all infinite primes of F' and all finite primes of
F ramifying in E such that the $’-ideal class group C'%'(E) has odd order,
then there must exist a subset S of S” as above such that the S-ideal class
group C(E) has odd order.

Let H be the subgroup of C'(F) generated by the ideal classes [Py}, .. ., [Ps].
Then the S-ideal class group C*°(F) = C(F)/H has odd order. Without loss
of generality, we always assume that [P],...,[Ps] are elements of order 2,
ie.

(3.2) P} =2,0p, z €F* i=1,...s,
and
C(F)y = H = ([P]) x - x ([PJ).
If necessary we replace [P;] with [P,]", where h = h(F)/2° is odd.

In the following, we decompose H into three direct summands. For each

ideal class [P] € H,
POp =P?,  P?=2z0p.
Let H' be the subgroup of H generated by all [P] € H with zUpr N NE # (.
Hence we can decompose H as

H=H x Hs.
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Note that H' is unique but Hj is not. We have two facts: 1 # [P] € H' if
and only if zUpr N NFE # 0; if 1 # [P] € Hs, then 2Upr N NE = (). Moreover
we can decompose H' as

H/ = H1 X HQ,

where H; is the subgroup generated by all [P] € H' with xUr N NOg # 0,
NOg being the set of norms from Op to F. Note that H; is unique but Ho
is not. In fact, 1 # [P] € H; if and only if 2Up N NOpg # 0; if 1 # [P] € Ho,
then xUp N NE # () and xUr N NOpg = (). Hence we get the following result.

LEMMA 3.1. Let 1 # [P] € H = C(F)y with P? = zOp. Then there is a
decomposition of subgroups:

C(F)QZH:H1XH2XH3,

where [P] € Hy if and only if xUp N NOg # 0; [P] € Hy X Hs if and
only if tUp N NE #£ 0; moreover, ro(Hy) = s1, ro(Hz) = s2, ro(Hs) = s3,
ro(C(F)) = s = s1 + s2 + s3 are determined uniquely by E/F. m

Now we lift direct summands of H into C(FE). Suppose E/F is a ramified
extension. Then there is a well-known exact sequence of 2-Sylow subgroups

(3.3) 0 — ker N — C(E)s 25 C(F)s — 0,

where N : [A] — [A] and N(A) = A is an ideal of F. Let 1 # [P] € H,
P? = 20F and POg = P?. Then [P|* =1 in C(E) and N : [P] — [P], so
the order of [P] is either 2 or 4 in C(E).

LEMMA 3.2. Suppose 1 # [P] € H = C(F)s, P> = xOp and POp = P>.
Then

(1) [P] € Hy if and only if [P] is of order 2 in C(E).

(2) [P] € H1x Hy if and only if there is an element [B] € C(E) of order 2
such that N : [B] — [P]. Moreover, [P] € Hs if and only if [P] is of
order 4 in C(E) and there is an element [B] € C(E) of order 2 such
that N : [B] — [P].

(3) [P] € Hs if and only if [P] is of order 4 in C(E) and there is no
[B] € C(E) of order 2 such that N : [B] — [P].

Proof. (1) If [P] is of order 2 in C(E), i.e. P? = yOg, y € Og, then
rOp = P2 = N(P)? = N(y)OF and there is u € Up such that N(y) =
zu,y € Op, i.e. tUrNNOg # 0. Hence [P] € Hy by Lemma 3.1. Conversely,
if [P] € Hy, then zUr N NOpg # () by Lemma 3.1, i.e. there is a y € Op such
that N(y) = 2u,u € Up; then yOp = P? = POg as each prime ideal divisor
of P ramifies in E, so N : [P] — [P]. Hence [P] is of order 2 in C(E).

(2) Suppose that [P] € Hy x Hs, i.e. 2Up N NE # () by Lemma 3.1, so
there is y € E* such that N(y) = zu,u € Up. For all finite primes Q of E,
we have vg(y) +vo(o(y)) = vo(x), where vg is the normalized exponential
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valuation belonging to Q. Hence

Bl O'Bl [Bl]
yOE =P O'Bl ’ U(y)OE P Bl ) [7) ] O'[Bl] )

where B; is an integral ideal of Op. Let BioB1 = B1Op, where Bj is an
integral ideal of Op. In C(F), there is [P1] € H such that [P][B1] = [B2)? €
C(F)?, i.e. [By] = [B2)?[P1]. Hence in C(E), [Bi]o[B1] = [B10g] = [B2P1)?,
where 7712 = POg. Set

B,
B=Pp s
Then [B)? = nw?uggSQ::1,nlc(E)andzvqsp::JVQPD = [P], so [B]

is of order 2 in C(FE). Conversely, if there is a [B] € C(FE) of order 2 such
that N([B]) = [P], then B?> = yOg, y € E*, and N(y)Op = (NB)? =
(kP)? = k*xOp, k € F*. Hence there is a u € Ur such that N(y/k) = zu,
ie. tUp N NE # (. Hence [P] € Hy x Hy by Lemma 3.1. The second part
of (2) is clear from (1) and the first part of (2).

(3) This is straightforward from (1) and (2). m

By Lemmas 3.1 and 3.2, we have a natural lift of C'(F')2 to C(E).

COROLLARY 3.1. Let K; = {[P] € C(E) | P> = POg, [P] € H;},
1=1,2,3. Then

K=K xKyxKs, K =H, Ky/K;:~H, K3/K?= Hs,
where K is 2-elementary abelian and ra(K;) = ro(K;) = ro(H;), i =2,3. =

We know that i : C(F)2 — C(E)a, [P] — [POg], is a homomorphism of
groups.

LEMMA 3.3.

(1) There is an exact sequence
0— Hy — C(F)y 5 C(E),.
(2) There is a decomposition into subgroups
C(E)Q = Kl X Ké X Kg ~kerN,
where K5~ Hy and K3, K3 C ker N.

Proof. (1) This is clear from Lemma 3.2.

(2) We consider the exact sequence of (3.3). By Lemma 3.2(1), there is
an isomorphism of groups j; : Hy — Ki, [P] — [P], where POp = P2
By Lemma 3.2(2), for each 1 # [P] € Hy, there is a [B] € C(FE) of order 2
such that N : [B] — [P]; let K} be the subgroup of C(FE) generated by all
such [B]. Then jo : Hy — K}, [P] — [B], is an isomorphism. Hence there

are subgroups K7 and K} such that C(E)s = K1 x K} x N™1(Hj3), where
K1~ Hy, Ky~ Hy, N"'(H3) = K3 -ker N and K3, K2 Cker N. u
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LEMMA 3.4. Let C%(E) = C(E)/K be the S-ideal class group of E. Sup-
pose that the S-ideal class group C°(F) of F has odd order. Then ro(C°(E))
=m—1—ry(Ug /U2 N NE), where Uy is the S-unit group of F.

Proof. In the exact hexagon, if we replace C(E) and Ug with C%(E)
and U g, respectively, we also obtain an exact hexagon (see [4]). Suppose
C®(F) has odd order. Then imd; = 1 and there is an exact sequence (see
[4, Lemma 9.1])

— H(Cy,Ug) & ROS(E/F) 2% H'(Co, C5(E)) — 1.

We know (see [, p. 24]) that imiog =2 U2 /USNNE), r2(R (E/F)) = m—1,
and ro(C®°(E)) = ro( H' (Cy, C°(E))) since the order of C°(F) is odd. Hence
ro(C3(E)) =m—1—ry(Up/USNNE). u

THEOREM 3.1.

(1) 79(C(E)) = s+m —1—ry(U2/Up N NE), where Uy is the S-ideal

class group of F'.
(2) r2(K3) = s3 = ro(Up/US N NE) — r9(Up/Ur N NE).

Proof. Let Am(E/F) = {[P] € C(E) | o[P] = [P]} be the subgroup
generated by all ambiguous ideal classes of C'(E). By [10], we have the well-

known formula
2m71

[Up:UpNNE]

Since K = K1 x K9 x K3 C Am(E/F)2, there is an exact sequence
0— Am — Am(E/F)s > H — 0,

where Am is a 2-elementary subgroup. Hence

(3.4) Am(E/F)s = K1 x K9 x K3 x Am;, Am; C Am,

and

4 Am(E/F) = h(F)

ro(Am(E/F))=m—1+s1 —ro(Up/Upr N NE).
On the other hand, by Lemma 3.3(2) it is clear that
9Am(E/F) = K; x sker N = K x o(K3 - ker N)
and 2(C(F)) = K} x 9Am(E/F). Hence
35 ra(C(B)) = ra(Kb) + ro(Am(E/F)
=s1+s9+m—1—ry(Up/Upr NNE),
ro(ker N) =m —1—ro(Up/Ur N NE).

Now we investigate the S-ideal class group C°(E) = C(E)/K, where
K = K1 x K9 x K3. There is an exact sequence

O—>K1XK2XK3—>C(E)—>CS(E)—>O.
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By tensoring the above exact sequence with Fo = 7 /27, we obtain the exact
sequence
0 — (K1 x Ky x K3) @Fy 25 O(B) @ Fy — CS(E) @ Fy — 0.

In fact, C(E)®Fy 2 C(E)/C(E)? and K; ® Fy = K;/K?, i = 2, 3. For each
[P] € K; of order 4, i = 2,3, we have [P] ¢ C(E)? by (3.3), hence i®1is

injective. Then

(3.6) ra(C(E)) = r2(C*(E)) +r2(K).
By Lemma 3.4 and (3.6),
(3.7) ro(C(E)) =s+m—1—ry(Up/USNNE).

This proves (1). By (3.5), (3.7), Corollary 3.1 and s = s1 + s2 + s3, we have
TQ(K3) = 83 = TQ(UF/UF ﬂNE) - TQ(UF/UF N NE)

This proves (2). =

We now give an algorithm to compute ro(Up /UrNNE) and r2(K3) = s3.
Let ro(Up/U%) =1, Up/U% = ({1, ..., % }). For each prime @ of F which
splits or is inert in £, the local Hilbert symbol (u;,d)q is 1. Thus, by Hasse’s
norm theorem, we only need to investigate the local Hilbert symbols (u;, d) p
for all primes of F' which ramify in E. Let P,..., P, be all primes (finite

or infinite) of F' which ramify in E. For convenience, we construct a matrix
of local Hilbert symbols over Fa:

(u1,d)p, -+ (w,d)p,
My = oo,
(u, d)py -+ (w,d)p,
We replace the 1’s with 0’s, and the —1’s with 1’s. Then
ro(Up/Ur N NE) = rank M.

In order to compute r2(K3), as above we also construct a matrix of local
Hilbert symbols over Fa:

(z1,d)p, (z1,d)p,,
MS —_ (xS?d)Pl (xS?d)PnL ’

(ula d)Pl (uh d)Pm

(w,d)p, -+ (w,d)p,

where x1, ..., x4 are defined in (3.2). If the first row of Mg cannot be linearly
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represented by the last [ rows of Mg, then z:Ur N NE = (). Hence
ro(K3) = rank Mg — rank M.

4. 4-rank. In this section, we investigate the 4-rank of C(E). By (3.3)

we have
r4(C(E)) = r2(2C(E) N C(E)?) = ro(sker N N C(E)?).
We will construct all elements of sker N to compute ro(oker N N C(E)?).

First we investigate H°(Ca,C(E)) = Am(E/F)/N(C(E)). It is clear
that H°(Co, C(E)) = Am(E/F)3/N(C(E))2. By (3.4), we have

Am(E/F)y = K; x Ky x K3 x Am;, oker N = K2 x K2 x Amj,
where Am; is a 2-elementary subgroup of Am(E/F)y. Since N(C(E))2 =
K2 x K2,

H%(Cy,C(E)) = K1 x Ko/ K3 x K3/K2 x Am .
By the exact hexagon, there is an exact sequence
(4.8)
HY(Cs,Ur) % RYE/F) 2% HY(Cy, C(E)) & HO(C,, Ur) % RNE/F),
where ro( RY(E/F)) = n.

For convenience, we assume that {Py,..., Ps, Psy1,...,P,} is the set
of all finite prime ideals of F' which ramify in F, H; = ([P1],...,[Ps]),
Hy x H3 = ([Ps,41], ..., [Ps]). For each [P;] € C(F) (s+1 < j < n), without
loss of generality, we assume that there is a [P]] € H such that [P][P]] = 1.
If necessary we can replace [P;] with [P]h], h = h(F)/2° odd. Let

POp="P?% i=1,...,n,

(4.9) PJP], = .I‘jOF, (PJPJ,)Q = PjPJ{OE, j = 1, ey,
where we take P; = 73]{ if j=1,...,s. By |2], we know that
Rl(E/F) = (|1,7D1|, ey ’LPS‘a |1alPs+1,Pé+1|a R ‘LPH,PM)

We investigate the inverse image of dyp in (4.8). We know that dp :
HY(Cy,C(E)) — H°(C3,Ug), cl(A) — cl(u), where 0 A = yA and N(y) =
u € Ur N NE. Conversely, let r2(Up/U%) =1 and ro((Up N NE)/UZ) = t,
ie.

(4.10) Up/U% = (1) x - % (T) X (TWyq1) X -+ % (W)
and
(Up N NE)/UE = (1) x -+ x (Ty).

If N(y;) = u; € Up N NE, then y,0p = UB—I? by the Hilbert—Noether
theorem, i.e. H'(Cy,I(E)) = 1. Since N(B;) = B; is an ideal of F, there is
an ideal class [P/'] € C(F)2 such that [B;][P!"] € C(F)?. Hence, without loss
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of generality, we assume that [B;][P/'] = 1; if necessary we replace y; with
yt, h = h(F)/2%, so there are v; € F* such that B;P!' = v;0p, i =1,...,t.
Let P!> = P/Op. Then

o(BP!)

B/P! "’
and dp : cl(B;P!) — cl(u;). Hence by (4.8),

AmM(E/F)2 = ([P1], -, [Ps], [PstaPagal, - -, [PuPrls [BiPY], - .., [BiPL])
and

sker N = ([PZ 1], [P2], [Pss1Phials -, [PuPul, IBIPY], ..., IBPY)).

We define Ker N={[A] € C(E) | [A]lo[A] =1}, Ic,(C(E))={c[A]/[A] |
[A] € C(E)} and HY(Co,C(E)) = Ker N/I¢, (C(E)).

LEMMA 4.1.

(1) (Ker N)g =ker N x Ky, where ker N is defined as (3.3).

(2) 2C(E) N C(E)? = sker NNC(E)? = (2ker NN I, (C(E))) x K2
and K3 N I, (C(E)) = 1. Moreover sker N/(sker N N I¢, (C(E))) =
oker N/(sker NN C(E)?) x K2.

Proof. (1) By Lemma 3.3, it is clear that K; X ker N C (Ker N)3. Con-
versely, if [A] € (Ker N)s, then [A]o[A] =1 in C(E). On the other hand,
N(A) = A is an ideal of F, so there is a [P] € H such that [A][P] = 1 in
C(F). Then for P?2 = POg, [AJo[A][P?] = 1 and [P?] = 1 in C(E). Hence
[A][P] € ker N and [P] € K3 x K3 x K2 C K1 xker N, so [A] € Ky x ker N.

(2) By Lemma 3.3(2), we have oC(E) N C(E)? = sker N N C(E)?. Let

oA (olA)?
[A] - [AOg]
where N(A) = A is an ideal of Op. Then since C(F); is 2-elementary there is
a [P] € H such that [PA] € C(F)?, [PAOg] € C(E)? and [AOg] € C(E)?,
where [POg] = [P?] € C(E)2. Hence Ic,(C(E)) C C(E)? and sker N N
Ic,(C(E)) C oker N N C(E)2. Conversely, let [A] = [B]? € sker N N C(E)?
and N(B) = B, an ideal of F. Then there is an ideal class [P] € H such that
[BP] has odd order. On the other hand, since [A] = [B]? € sker N, we have
1= N([A]) = N([B])? = [B])? and N([B][P]) = [B][P] has even order, where
POg = P?. Hence N([BP]) = [BP] =1 in C(F) and
2 _ [BP]
B O'[BP][ l
By the proof of Lemma 3.2, we know that [P?] € K3 if and only if [P?] €

Ic,(C(E)). Therefore osker NNC(E)? = (sker NN I, (C(E))) x K3. We have
proved the first part of (2).

(4.11) 4,0 = B{PZ{,U(B{PZ{/) =v,0E, 1=1,...,t,

€ ICQ (C(E))7

A = [BP
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Moreover, there is an exact sequence
0 — K2 — sker N/oker N N I, (C(E)) — oker N/sker N N C(E)? — 0,
so we have proved the second part. m
Now we calculate r4(C(FE)). By the exact hexagon, we have
(4.12) — HY(Cy,Ug) % ROE/F) &5 HY(Cy, C(E)) — .
Let R be the subgroup of RY(E/F) generated by {(%s,s,41, P2 4gyt1)s

coos (Tny PuPLY, (01, BiPY), ooy (v, BIPY), (uis1, OR), . .., (u;, Op)}, where
xj, uj, v} are given in (4.9)—(4.11). By (4.12), there is an exact sequence

UF lerN
—- — s R —
UrNNE oker NN Ic, (C(E))
Hence by Lemma 4.1(2),
7‘2(21{61‘ N/lel"N N C(E)2) = Tg(zkel"N/lerN NlIc, (C(E))) - T‘Q(Kg)
= T‘Q(R) — T‘Q(UF/UF M NE) — TQ(K;J,).
Now we give an algorithm to compute ro(R). Let Py, ..., P,,..., Py be

all finite and infinite primes of F' which ramify in £. We construct a matrix
of local Hilbert symbols

— 0.

(4.13) 0

(x81+82+17 d)P1 T (1‘31+52+1, d)Pn T ($S1+S1+17 d)Pm
(xna d)Pl (l‘n, d)Pn (J?n, d)Pm
(v1,d)py (v1,d)p, (v1,d)p,,

RE/F T2 ] e e e s e e e e s s s s s s s e e 8 s s s s s s s s s s s s s s s s s s s s s s e e e s s e s s e e e s e s
(Ut7 d)P1 T (Uh d)Pn T (vtv d)Pm
(ugy1,d)p o (w1, d)p, o (wr1,d)p,
(ur, d) py o+ (u,d)p, o (u,d)p,

We consider the above matrix with coefficients in Fy by replacing the 1’s by
0’s and the —1’s by 1’s. With this notation,

r2(R) = rank Rg/p.
Hence by (3.5),
r4(C(E)) = ro(2ker N N C(E)?) = ry(ker N) — ro(sker N/oker N N C(E)?)
=m—1—ro(Up/UrNNE)
— [r2(R) — r2(Urp/Ur N NE) — ro(K3)]
=m — 1 —rank Rg/p + r2(K3).
By Theorem 3.1, we have
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THEOREM 4.1.
ra(C(E)) =m —1—rank Rg/p +12(Up/Up N NE) — r5(Up/Ur N NE).

5. Some examples. Let F' = Q(y/—d1) be an imaginary quadratic num-
ber field and D = p7 ... pj, ; the discriminant of F', where pj = (—1)i=1D/2p,
if p; is an odd prime and p},; = —4,8, or =8 if 2| D. We have the (s +1) x
(s + 1) Rédei matrix of Legendre or Kronecker symbols over Fo,

D/p* »
G G (5
R e
TIE G )
s D/pg
(%) (%) ( pi;ﬂ)

Note that we replace the 1’s with 0’s and the —1’s with 1’s. Then
r4(C(F)) = s — rank Rp.
Let R} be the s x (s + 1) matrix obtained by deleting the (s + 1)th row
of Rp. It is clear that r4(C(F)) = 0 if and only if rank Rp = rank R}, = s.
Let E = F(V/d),d € Z, be a relative quadratic extension of F. Let Fy =
Q(V/d) be a quadratic number field. Suppose S} ={q1, - G, Qrt1s-r Grir'}

is the set of all prime numbers of Q which ramify in Fy, q1,..., g split in F,
and @y41, - - -, g1 are inert in F'. Consider the following matrix of Legendre

symbols over Fa:
() ()

(5) (3)

Suppose S’ is the set consisting of all infinite primes of F' and all finite
primes of F ramifying in E. Then #S" = n+1 = 2r + ' + 1. By [14]
Proposition 2.2|, we have

LEMMA 5.1. If r4(C(F)) = 0, then the S'-ideal class group C°'(F) has
odd order if and only if rank Mp = s. =

In fact, if rank Mg = s, then s < r. Without loss of generality, consider
the submatrix of Mg:

with rank M}, = s. Let
QZOF:QZQ;a izl?"'asv
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S ={Q1,...,Qs}, and S the set including the infinite prime and all primes
in Sp. Then C°(F) has odd order (for details, see [I4]). Hence we use the
method to compute the 2-rank and 4-rank of C'(E) for all such biquadratic
fields E.

ExXAMPLE 5.1. Let
F=Q(v-21), E=F(5-11-13).

Set p1 = 3, po = 7, p3 = 2. We have the Rédei matrix over Fy

o (3 8 ©)-12)

It is clear that 5,11 split in F' and 13 is inert in F. Set ¢ = 5, ¢o = 11,
q3 = 13 and there is a matrix over [Fy

() (o) Lo
We have rank My = s = 2. In fact, since 2 - 11 = 12 + 21, we have [Q2][Q11]
=1land Q% = (10—v/—21)Op, where Q3 = 20F and Q11Q}; = 110p; since
5.2-7="T%+21, we have [Q5][Q2Q7] = 1 and Q2 = (2 — v/—21)Op, where

2 ="70p,Q5Q5 =50p. Let S; = {Q5,Q11} and S = {00, Q5,Q11}. Then
C3(F) has odd order. It is clear that m = n =5 and Up/U% = (—1). Let

P = ( —v—21 ) Qs, P» = (11 10—+/—-21 ) Q11, P3s = (5 2++v/-21 )
Py = (11 10 + /—21), P5 = 130 be all finite prime ideals of F' ramifying
in Fand z1 =2 — /21, 29 =10 —+/—21, z3 =5, x4 = 11, z5 = 13, i.e.

P? = 10p, Pj§=290p, PiPy=130r, PyPy=24,0p, Ps5=u150p.
Let d=5-11-13. Then

(z1.d)p, (21, d)p,  (z1,d)py  (z1,d)p,  (21,d)py

Ms = | (z2,d)p,  (22,d)p, (22,d)py (22, d)p, (22,d)p;

(=L, d)p, (-1, d)p, (=L, d)p, (=1,d)p, (—1,d)p,
0O 0 0 00O
=11 01 0 O
01 0 10

Hence ro(K3) = s3 = 1, i.e. x1 = 2 — /=21 € NE, and —1 ¢ NE, so
rg(C’(E)):s—l—m—l—rg(UF/UFﬁNE)—s;J,:2+5—1—1—1:4.
Moreover, if d =5-11-13,
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(z2,d)p, (22, d)p,  (72,d)py  (z2,d)p,  (22,d)p;
(z3,d)p,  (z3,d)p,  (23,d)py (23, d)p,  (23,d)P;
Rg/ip= | (za,d)p,  (24,d)p, (za,d)py (24, d)p, (74,d)p;
(x5, d)p,  (z5,d)p,  (z5,d)py  (5,d)p,  (25,d)p;
(-Ldp (-Ld)p, (-l.d)p, (-1,d)p, (-1,d)py

1 01 0O

1 01 00

=10 0 0 0 O

1 11 1 0

01 0 10

Since rank Rg/p = 2, we have r4(C(E)) = m — 1 — rank Rg/p + s3 =
0—1-24+1=3.

REMARK 5.1. If E is a biquadratic number field with Gal(E/Q) = Ky
(Klein’s four group), then E/Q has three intermediate fields, say F, Fa, F3;

let Uy,Us,Us, Ug be the unit groups of F, Fs, F3, E/, respectively. Kuroda
gave a formula for the class number (see [11]):

h(E) = 1 Ug : Uy UsUs]h(Fy)h(F)h(F3)  if E is real,
$Ug : UhUUs]h(Fy)h(F2)h(F3)  if E is imaginary.
In Example 5.1, we get the structure of the 2-Sylow subgroup of C(F).

In the following, we give an example where E is a relative quadratic
extension of F' = Q(v/d1), di1 € Z, and E/Q is not a Galois extension.

EXAMPLE 5.2. Let
F=Q(\/—21), E-= F( 11(8 + \/—21)).

Since Ng/p(8 ++/—21) =517, we know that the prime ideals Q5 = (5,8 +
V=21) = (5,2 — vV/=21), Q11 = (11,10 — v/=21), @}, = (11,10 + v/—21),
Q17 = (17,8 + /—21) of F ramify in E and the dyadic ideal D = (2,1 +
v/—21) of F ramifies in E. In fact, let Fp be the complete field of F' at D.
Then Fp 22 Q2(v/3). Since 11(8 + /—21) = 3v/3 mod 8, it follows that

flz+V3) = (z+V3)* = 3V3 =2 + 23z + 3(1 — V3)
is an Eisenstein polynomial in Qo(y/3). Hence the dyadic prime D of F
ramifies in E, so m = n = 5. Let Sy = {Q5,Qu1} and S = {00, @5, Q11}.
Then C%(F) has odd order by Example 5.1. Let Py = Q5 = (5,2 — v/—21),

Py = (11,10 — v/—21), Py = (11,10 + vV—21), Py = (17,8 + v/—21) = Qu7,
Ps = (2,1 + +/—21) be all finite prime ideals of F' ramifying in E and
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1 =2—+/—21, 290 =10—+/—-21, 23 = 11, 24 = 8++/—21, 25 = 14++/—21, i.e.
P} =210p, P35 =u30p, P3Py=ux30p, PyP=2,0p, PsPy=ux50p.
Let d = 11(8 + v/—21). Then

(z1,d)p, (21, d)p,  (z1,d)py (21, d)p,  (21,d)p;
Ms = | (z2,d)p,  (22,d)p, (22,d)py (22.d)p, (22,d)p;
(-Ldp, (-Ld)p, (-1,d)p, (=1,d)p, (-1,d)p,
00 0 1 1
=1 0 0 0 1
01 1 00

Hence ro(K3) = s3 =2 and r2(C(E)) = s+m—1—r2(Up/UrNNE) —s3 =
24+5—1—1-2=3. Moreover,

)p, (z1,d)py  (21,d)p,  (21,d)py

(z2.d)p, (22, d)p,  (z2,d)py (22, d)p,  (22,d)p;

Riyr = (z3,d)p,  (x3,d)p,  (23,d)py,  (3,d)p,  (23,d)p,

(. d)py (24, d)p,  (za,d)py (24, d)p,  (24,d)py

(@5, d)p,  (x5,d)p, (5,d)py  (z5,d)p,  (25,d)p;

(-Ld)p (-1, d)p, (-1, d)p, (-1, d)p, (—1,d)p
00 0 11
1 0 0 0 1
oo 10
o101 0
10111
01 100

Hence rank Rp/p = 4, so 14(C(E)) = m — 1 —rank Rg/p + s3 = 2.
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