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On Waring’s problem: two cubes and two minicubes
by

S1U-LUN ALAN LEE (Bristol)

1. Introduction. Davenport proved in [3] that almost every natural
number can be expressed as a sum of four positive integral cubes. It is now
known, courtesy of Briidern [I] and Wooley [11], that when N is sufficiently
large, the number of positive integers at most N that fail to be written in
such a way is slightly smaller than N37/42. Since any integer congruent to 4
(mod 9) is never a sum of three cubes, the number of summands here cannot
in general be reduced. A heuristic argument shows, however, that one of the
four cubes is almost redundant. This motivates the work of Briidern and
Wooley (see [2]) on the representation of almost all positive integers as a
sum of four cubes, one of which is small (henceforth we call this a minicube).
They have shown that, with n being the natural number to be represented,
such a minicube can be as small as n®/36 without obstructing the existence
of representations. This raises the question as to whether we can restrict not
only one, but two (or even three) of the cubes in such a representation to
be minicubes, and still get an almost all result. The purpose of this paper
is to investigate representations of natural numbers by sums of four cubes,
two of which are small.

When n is a positive integer and 6 > 0, write rg(n) for the number of
solutions to the equation

(1.1) n=at+ 3 +yi + 3,
where z1, a2, Y1, Y2 are natural numbers satisfying yi,yo < n?. Plainly any
one of these variables satisfying this equation must be at most n'/3, so a

trivial upper bound for € is 1/3. A formal application of the circle method
suggests that when 1/6 < 6 < 1/3, we should have
I'(4/3)?

ro(n) ~ mG(n)n%_l/‘g,
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with &(n) being the familiar singular series associated with the represen-
tation of positive integers as sums of four cubes. Recalling the estimate
S(n) > 1 (see Exercise 3 of Section 4.6 of [§]), we therefore anticipate that
ro(n) > 1 as long as n is large enough and 6 > 1/6. We establish this for
almost all n, in § for values of # rather smaller than 2/9.

THEOREM 1.1. Whenever 192/869 < 6 < 2/9, we have rg(n) > 1 for
almost all integers n.

In some sense, the sum of two cubes and two minicubes at most n’
employed in the representation carries the same weight as 2466 cubes.
Thus Theorem 1.1 asserts that almost every natural number n is the sum
of at most 3.326 cubes.

In §46H8] we establish the following asymptotic formula for r4(n).

THEOREM 1.2. Whenever 1/4 < 6 < 1/3, the asymptotic formula

_ r(4/3)° 260—1/3 260—1/3 -1
ro(n) = m@(n)n +O0(n (logn)™")
holds for almost all positive integers n.

This result can be compared with Briidern and Wooley’s result (see The-
orem 1.2 of [2]) on representations as sums of three cubes and a minicube.
Our range of permissible values of 6 is identical to that obtained in the latter
paper.

We establish Theorems [I.1] and using the Hardy-Littlewood method.
We begin in §2| by laying the foundations for the application of this method.
This leads to a lower bound for the contribution from the major arcs in §3]
Some auxiliary mean value estimates vital to the proof of Theorem are
then introduced in §4] Bessel’s inequality is used to relate the exceptional
set to a minor arc estimate in Following three pruning processes, the
proof of Theorem is complete. The derivation of the asymptotic formula
in Theorem [I.2] is covered in §§6H8| and essentially follows by conventional
means.

Throughout this paper, we use € to denote an arbitrarily small positive
constant. The implicit constants in Vinogradov’s well-known notations <
and > depend at most on €. Whenever € appears in a statement, either
implicitly or explicitly, we assert that the statement is true for each ¢ > 0.
Note that the “value” of € changes from statement to statement. The letter
w always denotes a prime, and any variable denoted by the letter p (with
or without subscripts) is a prime that is congruent to 2 (mod 3). As usual,
we write e(z) = €2,

2. Existence of representations. We begin our proof of Theorem [I.1]
by introducing the basic ingredients for the application of the Hardy-Lit-
tlewood method.
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Fix a large integer N. Let 6 be a positive number with 6 < 1/3. Define
(2.1) P=(N/A)V3, R=pPY yv=pWT L= (logP)Y.
We take 7 to be a sufficiently small (but fixed) positive number, and then
define the set of smooth numbers

AR)={m e [l,RINZ:w|m=w < R"}.
Also, when « € [0,1), define the generating functions
(2.2) fla) = Z e(az®) and h(a) = Z e(ay?).
P<z<2P yeA(R)
When X and Z are positive numbers, define
(2.3) ANX, Z)={neZn[,X]:w|n=w< Z"},
(2.4) B(X,Z)=A"2X,2)\ A*(X, Z).
Note that A(X) = A*(X,X). Fix 7 > 0 with the property that 7=! >
852 + 161/2833 ~ 1703.6. Define J = |37log P|, and when o € R, write
(2.5) K(a)= Y > e(ap’w?®).
2-JY <p<Y weB(P/p,2P/Y)

For all # > 0 and integers n with N < n < 2N, let pg(n) denote the

number of integral solutions to the equation
n=a’+ (pw)’ +yi + 3,
with
P<z<2P, 277Y <p<Y, weB(P/p,2P/Y), yi,y2 € A(R).
It is apparent that r9(n) > pg(n), and our goal is to establish a lower bound
for pg(n) that produces the desired lower bound for rg(n). To this end, for
any measurable subset B of [0, 1), define
(2.6) po(n;B) = | f(@) K (a)h(a)’e(—na) da.
B

By orthogonality, we have pg(n) = pg(n;[0,1)) for all integers n with N <
n < 2N.

We analyse this integral using the Hardy—Littlewood method. When
a € Z and q € N satisfy 0 < a < ¢ < L and (a,q) = 1, define
(2.7) P(g,a) = {a €0,1) s [a — a/g] < LN},
In addition, for any positive number X, when a € Z and ¢ € N satisfy
0<a<qg<X and (a,q) =1, define
(2.8) M(q,a; X) ={ac0,1):|ga—a] < XP3).
With this in mind, we define the major arcs B to be the union of the arcs
PB(g, a) with a € Z, ¢ € N satisfying 0 < a < ¢ < L and (a, q) = 1. Similarly,
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when 1 < X < N2, define the major arcs 9M(X) to be the union of the arcs
M(q,a; X) with a € Z and ¢ € N satisfying 0 < a < ¢ < X and (a,q) = 1.
Their respective complements in [0, 1) are the minor arcs p and m(X). The
major arcs ‘B are of central interest in our argument, with 9t(X) employed
as a tool for pruning the minor arcs p later.

3. Major arc estimate. The familiar approach to estimating the major
arc contribution pg(n;Y), which we largely follow, is to approximate the
generating functions in the integrand of by some suitably well-behaved
functions. First, when a € Z and ¢ € N, let

q

(3.1) S(q,a) = Ze(ar?’/q).

r=1
Also, when ( is a real number and Z is a positive number, write
27

(3.2) v(B;Z) = | e(By*) dy

Z

In particular, write v(f3) for v(53; P). Recall from Theorem 4.1 of [§] that
when o € R, a € Z and ¢ € N, we have

(33)  f(a) =q 'S(g,a)v(a —a/q) + O(¢"***(1 + P*|a — a/q|)"/?).
In particular, for all « € P(q,a) C P, one obtains from (2.7) the relation

(3-4) fla) = ¢ 'S(g,a)v(a — a/q) + O(L'F).
Meanwhile, it follows from Lemma 8.5 of [10] that for all a € PB(q,a) C P,
(3.5) h(a) = ¢ 1S(q, a)h(0) + O(RL™).

The analysis which leads to the asymptotic formula for K (o) preceding
equation (4.4) in [2] shows that there exists a positive constant C' with the
property that for all a € PB(g,a) C PP, we have

(3.6) K(a) = Cq'S(¢q,a)v(a — a/q) + O(PL™).

When 3 € R, define
(3.7) u() = Ch(0)u(B)°.
Successive applications of , and then yield the relation
(38)  fl@)K(@)h(a)? = (¢ S(g,a)'u(a — a/q) + O(P2RAL)
for all a € P(q,a). For all positive integers g and n, write

(3.9) Z e(—an/q).

):
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In addition, when n is a natural number, define

(3.10) SmL)= ) Alg.n),
1<¢<L
L/N

(3.11) Jm:L)= | u(B)e(-np)dp.
~L/N

From (2.7)), the measure of P is O(L?/N), so integrating both sides of
against e(—na) over a € 8, and appealing to 7, yields
(3.12) po(n;B) = &(n; L)J(n; L) + O(P~'R*L™?).
Next recall the estimate
(3.13) v(B) < P(1+ P|8) 7,

obtained via integration by parts. This ensures that the singular integral
o

(3.14) J(n) = | u(Be(-np)ds
converges absolutely and uniformly in n. Also, since h(0) < R, we deduce

from (3.7), (B-11) and (3.13) that
[ee]

(3.15) J(n) = J(n; L) < B?P* | (1+ P*B)2d < R*P'L 7.

L/N
Finally, the singular integral can be evaluated as follows. On applying the
methods outlined on pp. 21-22 of [4], it is readily seen that

o0
| o(2e-—mmyds =5 | €Pmn—e e,

—0 V(n)
where V(n) is the interval of all real numbers £ satisfying the inequalities
P3 < ¢ <8P% and P? < n — ¢ < 8P3. Consequently, by , and
the fact that h(0) > R, we infer that whenever n satisfies N <n < 2N, we
have

(3.16) J(n) > R*P 1.
Meanwhile, Theorem 4.3 of [§] ensures that the singular series
(3.17) &) =S Alg,n)
q=1

converges absolutely. Also, equation (1.3) of [5] shows that 1 < &(n) <
(loglogn)*. In addition, the analysis of the singular series &(n) provided in
[2] demonstrates that

(3.18) S(n) — S(n; L) <« L™/
for all but O(NL~'/16) integers n with N < n < 2N.
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Equations (3.12), (3.15), (3.18), (3.16) and (2.1) together thus lead to
the asymptotic lower bound

po(n:B) > S(n)n?=1/3 + 0¥ =3 ogn)~1/16),

valid for all integers n with N < n < 2N, with at most O(N (log N)~1/16)
exceptions. We summarise this conclusion in the following proposition.

PROPOSITION 3.1. For all but O(N (log N)~'/16) integers n with N <
n < 2N, we have pg(n;P) > n20-1/3

4. Auxiliary estimates. We now establish several mean value esti-
mates of generating functions that are required in the following section to
evaluate the minor arc contribution pg(n;p).

When o € R and @ > 1, write

gla)= 3 ela?).
Q<y<2Q

We record for future reference the following lemma.

LEMMA 4.1. Whenever R < Q*/3, we have
1
Vlg9(e)*h()’|do < QRM/*T.
0

Proof. This is Lemma 2.1 of [2]. m
The above gives rise to the following corollaries.

COROLLARY 4.2. Let
1

1
Ty = {|f(a)*h(0)’|da and Ty =\ |K(a)*h(a)"|da.
0 0
Then whenever R < P2%/3, we have
Ty < Ty < PRYS/AT,

Proof. The second inequality is immediate from Lemma [4.1] on taking
@@ = P. It remains to establish the first inequality. We first show that every
natural number m admits at most one representation in the form pw, where
27Y < p <Y and w € B(P/p,2P/Y). Indeed, suppose pjw; = pows
with 277Y < p1,pa < Y and w; € B(P/p;,2P/Y) for i = 1,2. If p; # pa,
then p; |we. Since we € B(P/p2,2P/Y), we see from and that
277Y < p1 < (2P/Y)". According to (2.1)), this is absurd as long as 7 is
small enough. Thus p; = ps and w; = wo.

The first inequality in the corollary then follows by considering the dio-
phantine equations associated with 77 and 75, noting from and
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that pw > P for any pair (p,w) of variables in the sum (2.5)) defining K («),
and finally using the observation in the last paragraph. =

We also quote the following useful lemma.

LEMMA 4.3. Whenever 1 < Q < P, we have
1
J1/(@)?g(e)| da < P*(PQ* + P'QY?).
0

Proof. This is the first estimate of Lemma 2.3 of [2]. u

The following result is a direct consequence of this lemma.

COROLLARY 4.4. Whenever R < P2/3, we have the estimate

i |K(a)?h(a)*| da < PYR2

0
Proof. Using the argument of the proof of Corollary we have
§ K (a)’h(e)* da < § |f(a)?h(a)?| dov.

0 0
On considering the underlying diophantine equations, the desired conclusion
follows from Lemma and the assumption that R < P?/3. =

Next we define the mean value
1
(4.1) Uy =\ |K(o)]® da.
0
By considering the underlying diophantine equation, it follows from Theo-
rem 2 of [0] that

(4'2) U < P,
Introduce the function f*:[0,1) — C given by
(4.3)
f*(a) = { ¢'S(g,a)v(a —a/q) when a € M(q,a; PY/%) C M(PY/?),
0 otherwise.
Also, when R < X < P%/% and t > 4, let
(4.4) U(X;t) = | |[f*()[ dav.
M(2X)\M(X)
Finally, for all such ¢, define
(4.5) Uty = | [f () da
M(R)\P

Then we have the following estimates.
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LEMMA 4.5. Whenever R < X < PS5 qnd t > 4, we have
U(X;t) < P3x1I73,
For all such t, we also have
Uy(t) < P33,

Proof. These two inequalities are established by the argument of Lem-
ma 5.1 of [7]. =

When 8 € R and Z is a positive number, write
z
(4.6) w(B; Z) = | e(B7") dy.
0
For all such Z and o € R, let

-1 _ . )
0 otherwise.
For « € R and B C [1, R], let

(4.8) jla; B) = Z e(azd).
reB
Finally, when ¢, Z > 0 and B C [1, R], put
(4.9) Us(t; Z;8) = | [f*()"(a; B)°| da,
M(Z)
(4.10) Us(t; Z:B) = | |F*(a;2)"j (0 B)®| dav.
M(Z)

We give upper bounds for these two integrals in the following lemma.
LEMMA 4.6. Let 1 < Z < R and B C [1, R]. Then when t > 2, we have
Us(t; Z; B) < P'3RP.
On the other hand, when t >3, we have the same upper bound for Uy(t; Z; B).

Proof. This argument is largely akin to that given in the proof of Lem-
ma 5.4 of [9]. Define the arithmetic function w multiplicatively by

(411) w(w3u+v) — { 3w—u—1/2 if u >0and v = 1’
w "t ifu>0andve {23}

Then from [§, Lemmata 4.3, 4.4 and Theorem 4.2, we deduce that when
(a,q) =1, we have

(4.12) ¢ 15(q,a) < w(q).
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Whena e R, 1< Z < R,60; >2and > 1, let
(4.13)
T(a: 61,05 Z) = {w(q)91(1 + P3la—a/q|)™% when a € M(q,a; Z),
otherwise.
With 6,62 and Z as above and B C [1, R], write

(4.14) T(01,09:Z:8) = | |Y(0; 01,0 2)j(c; B)®| da.
M(Z)
Equations (4.3), (4.12)) and (3.13)) imply that when ¢ > 2, we have
(4.15) | 17(0)5(e: B | do < P'T(t,t; Z; B).
m(2)

On the other hand, Theorem 7.3 of [§] yields
(4.16) w(B;U) < U1+ U®||)~*3
for all positive numbers U. This, together with (4.7, (4.12f), (4.13)) and
(4.14), gives rise to
(4.17) | 1F*(0; 2)"j(0; B)®| da < P'T(t,t/3; Z; B)

Mm(2)

for all ¢ > 3. Here we prove that when 6#; > 2, 6 > 1,1 < Z < R and
B C [1, R], we have

(4.18) (91,92; Z;B) <<91 PR,
Substituting (4.13)) and (| into , and recalling the definition of
M(Z) given after ylelds

T(61,02; Z; B)
q
6
< X ey | (14 PPla = a/al) ™| 3 e(ya)| da,
1<q<Z2 a=19M(q,a;2) yeB
where we have removed the coprimality condition (a,q) = 1 in the a-

summation. Making the change of variables « = a/q + [ in the integral,
we obtain

(4.19)  T(61,0; Z; B)

< Y wig” S(1+P3|ﬂ| 922\2 '8+ afa)|

1<q<Z a=1 yeB

Here we have extended the range of integration from |3| < ¢~'ZP~3 to the
whole real line. This is valid as the completed integral converges absolutely.
When y = (y1,...,ys) with integral coordinates yi, ..., yg, write

(4.20) U(y) =y —y3 + s — vl + i — i
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Expanding the innermost sum in (4.19) and then swapping the a- and y-
sums, we see that

Z’Z 5+G/Q)‘ = >

a=1 yeB Y15--,Y6 EB

e(a¥(y

s
-

The a-sum here is zero unless ¢ | ¥(y), in which case it equals ¢. Thus

(4.21) Z‘Z ﬂ+a/q)) =q > e(Br(y).

a=1 yeB y1,~~~7y6€B
ql¥(y)

Let p(g) be the number of solutions to the congruence ¥(y) = 0 (mod q),
under the constraint that each coordinate of y is a positive integer not
exceeding ¢. A trivial estimate then gives

(4.22) doeBry) < Y 1< (R/g+1)%p(q).
Y1,--,Y6 €EB 1<y1,...,y6<R
ql¥(y) QW( )

By orthogonality, it follows from (3.1)) and ) that

Z\S g,a Z(q, a)°®

a=1

Hence Theorem 4.2 of [8] yields
q

(4.23) ap(q) < Y (4,0)°((a/(2,0))**)° = ¢* Y (g,0)* < ¢°.
a=1

a=1
From (4.21])—(4.23) and the assumption that Z < R, we see that the
double sum within the integral in (4.19) has the asymptotic upper bound
a(R/q+1)°p(a) < (R/q+1)°¢° = (R+q)° < R°.

Inserting this estimate into (4.19)), and evaluating the remaining integral in
the same equation, we obtain
(4.24) T(61,05; Z;B) < P3RS Z w(q)™

1<q<Z
It thus remains to show that the sum here is uniformly bounded over Z, up
to a multiplicative constant possibly depending on 6.

As w is defined to be a multiplicative function, in the analysis of the g-
sum in ([4.24)) it suffices to evaluate the values of w(w®*“*+¥)? for all primes .
From the definition (4.11)) of w, we readily confirm that for any prime w,
we have the bounds

~0u=01/2 if 4y >0 and v =1
w(w3u+v)01 <<01 {w nu=VUandv 5

wfu=f% ify >0 and v € {2,3}.
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This reveals that for each @ we have
o0

Z:w(wh)a1 <g, w /2,

h=1
This ensures the existence of a positive number A = A(6#;) for which the
g-sum in is bounded above by the Euler product

I1 (1 + Zw(wh)el) < [Ja+Aaw ) < [+ /%) <, 1.
h=1 w

w<Z w<Z
The given condition #; > 2 validates the last inequality above. The desired
inequality follows immediately.

The lemma thus follows by putting (4.18) into (4.15)) and (4.17) in turn,
and recalling the definitions and of U3 and Uy respectively. u

5. Minor arc estimate. On recalling (2.1, it follows from Propo-
sition [3.1] that for almost all integers n with N < n < 2N, we have
po(n; B) > PR

We therefore seek to show that the minor arc contribution pg(n;p) is
o(P71R?) for almost all such n. For any measurable subset 9B of [0, 1),
write

(5.1) S(B) = | |f(0)*K(e)*h(a)*| da.
B
An application of Bessel’s inequality then gives
(5.2) D> lpo(nip)l* < S(p).
N<n<2N

If we can show that S(p) = o(PR*), the desired bound for py(n;p) then
follows from a simple averaging argument. We first decompose p into the
components

m=m(PY?), D =mMPY?)\MP),
U=MPYO)\ MR), A=MR)\P.
Then evidently
(5.4) S(p) =S(m)+ S(®D)+ S+ SA).
For any positive number Y, define

1(Y) = | |f(«)’ K ()°|da.

m

(5.3)

It is then a consequence of Corollary 3.2 of [2] that when Y is chosen as
in (2.1), we have the bound

(5.5) I(Y) < PY/A=T/2y=3/4,
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PROPOSITION 5.1. As long as 0 < 2/9, we have
S(m) < PR*L™Y/50,
Proof. An application of Hélder’s inequality to (5.1)) reveals that

1
2/3
S(m) < 100)([1£(0)*h(@)% da) ™.
0
The restriction 6 < 2/9 enables the application of Corollary here. To-
gether with (5.5) and ({2.1]), this gives
S(m) < (P19/4—T/2y—3/4)]./3(PR13/4—T)2/3 _ pl75/79-7/6 p13/6-27/3
Note that when 6 > 192/869, this bound is indeed sufficient for this propo-
sition. m

Next we evaluate S(®). For any non-negative integer [, if the dyadic
interval (2!P5/5 241 P6/5] lies within the interval (P%5 PY3], then [ <
clog P, where ¢ = 86/(395log 2). By introducing another dissection in the
shape

(5.6) €(X) = M2X) \ M(X),

we have

(5.7) DC |J 2Py,
0<l<clog P

whence it suffices to consider S(£(X)) when X € [PS/® PY®]. With \ =
3/34 —7/4 and X as above, we record for future reference the bound

(5.8) | 1f(0)K(a)’|do < PAY 1A (PYEXH12,
B(X)
which is provided by equation (5.6) of [2]. This inequality is the ignition
spark for the following lemma.
LEMMA 5.2. Whenever P%/5 < X < PY?3 and 0 < 2/9, we have
S(Q(X)) < P13/6+)\/3+syl/67/\/3R13/6727'/3‘

Proof. Equation (j5.1]) reveals that

59 se) < (s 17@])" | 150K (o)) do
ac ¢(X)

On recalling that X > P9/ successive applications of (3-3), (3.13]), Theo-
rem 4.2 of [8], (5.6 as well as the definition of m(X) after (2.8)), give rise to
the bound

sup |f(a)| < PX 3 4 xl/24e o x1/2+e
act(X)
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This together with another application of Hélder’s inequality to ([5.9)) leads
to

1/3
S((X)) < (X2 | |f(@) K (o) da) T3/,
§(X)
where T7 and T5 are defined in Corollary Applications of that corollary
as well as (5.8) thus yield

S(E(X)) <« Ps(X1/2P4“Y*1*’\(PY3X*1)1/2)1/3(PR13/4*T)2/3.

A modicum of computation confirms that this is indeed the bound in the
statement of the lemma. »

The relation (5.7)), together with Lemma (2.1) and the value of A
given before (5.8]), reveals that

S(@) S Z S(E(QIP(S/E))) < P13/6+)\/3yl/67)\/3R13/6
0<l<clog P
_ pl75/79-177/237 p13/6

A modest calculation leads us to the following proposition.

PROPOSITION 5.3. Provided that 192/869 < 0 < 2/9, we have

S(®) <« PRAL7Y/,
The treatment of S(4) is similar. For any non-negative integer [, if
(ZZR, 2Z+IR} C (R, P6/5]7
then  satisfies the constraint 271 R < P%/>. This together with (2.1) implies
that 0 < < cplog P, where ¢y = (6/5 — 36)/log 2. Tt follows that
(5.10) gc |J w2m).
0<l<cglog P

This necessitates the estimation of S(¢(X)) in the case where R < X < P9/5,
This is provided by the following lemma.

LEMMA 5.4. Whenever R < X < P%/5 and 6 < 2/9, we have
S(E(X)) < PE(P7/3R13/6—27/3X—5/12 + XPR?).
Proof. By , and , when « € ¢(X), we have
fle) = f*(a) + O(X /),
where f* is defined in . This together with implies that
1

(5.11) S(E(X)) < [(X) + X | |K (a)*h(a)!] dev,
0
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where
L(X)= | [f(0)’K(@)*h(a)*|da.
B(X)

By Corollary when 6 < 2/9, the second term in (5.11)) is O(X P R?).
Meanwhile, an application of Holder’s inequality yields

L(X) < TPU U (x;8) V4,

where T is given in Corollary and Uy and U(X;t) are defined respec-

tively in (4.1 and (4.4). Successive applications of Lemma[4.5 Corollary [4.2]
and (4.2) give rise to

Il (X) < (PR13/4—7’)2/3(P5)1/12(P5X—5/3)1/4 _ P7/3R13/6_2T/3X_5/12.
The lemma then follows by inserting this bound into (5.11)). =
The relation ([5.10]) implies that

S < > SEE2R).
0<Ii<cg log P
Applying Lemma to each term in the sum, and recalling (2.1)), gives

S(ﬂ) < P¢ Z (P7/3R13/6727/3(2ZR)75/12 + (QIR)PRQ)
0<Ii<cglog P

<« PE(PTSRT/A=27/3 4 pll/5p2y,
A modest assumption on 6, together with , implies the following result.
PROPOSITION 5.5. Whenever 1/5 < 6 < 2/9, we have
S(4) < PR*L™V/,

It remains to investigate S(2). Recall the definition (4.3) of f*. By (3.3
and (2.8)), when a € M(R), we have

fl@) = f*(a) + O(RY?¥).
Using this and (5.3]) in gives

1
S(@) < R | |K(a)*h(a)!| da + | | f*(2)* K (a)*h(a)*| da.
0 A

Corollary [4.4] implies that when 0 < 2/9, we have

(5.12) S@) < PR + || £*(a)?K () h(c)*| da.
A
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An application of Holder’s inequality yields

(5.13) | 1f*(0)2K(0)*h()!] da
Q[ 1/12 7/37( 76 2/3_1/4
< (16/3)2( {117 (@) (@) da) 0y,
M(R)
where U; and Us(t) are defined as in (4.1) and (4.5) respectively. According
to (4.9), (4.8) and (2.2), the integral here is just Us(7/3; R; B) with B =
A(R). Applying Lemmata [4.5] and (4.2) to (5.13)) gives
S |f*(a)2K(O[)2h(Oé)4’ do < (P7/3L77/9)1/12(P72/3R6)2/3(P5)1/4
2A
< PRAL-T/108,
Putting this back into (5.12]), we obtain the following proposition.
PROPOSITION 5.6. For any positive number 6 with 0 < 2/9, we have
S(A) < PRALTT/I08,

Propositions and together with (5.2) and (5.4]), thus

imply that whenever 192/869 < 6 < 2/9, we have

> lpe(nip)|* < PRAL7V,
N<n<2N
A simple averaging argument then reveals that for all except O(NL™!/190)
integers n with N < n < 2N, we have

po(n;p) < P IR2L71/20,
This together with yields the following proposition.
PROPOSITION 5.7. Whenever 192/869 < 6 < 2/9, we have
po(n;p) < n** 13 (logn) 1/

for all integers n with N < n < 2N, with at most O(N (log N)~/10) excep-
tions.

Theorem follows from Propositions and upon recalling that
rg(n) > pp(n), and finally by summing over dyadic intervals.

logn

6. The asymptotic formula. Our goal in this section is to establish
Theorem Let N be a large integer, let P = (N/4)'/3, and take R to
be a parameter in the interval [N? (2N)?]. Observe that if n is the integer
in with N < n < 2N, then at least one of x1,x2,y1 and y» is greater
than P. Since y1,y2 < n’ with § < 1/3, neither y; nor y, exceeds P. So one
of r1 and x is greater than P. For all integers n with N < n < 2N, we thus
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define op(n) to be the number of solutions to (1.1)) with
1 <x1,20 < 2P, max{xl,x2}>P, 1<y, 2 < R.

In our analysis of og(n), we adapt the argument which leads to equation (2.2)
of [12]. When « € [0,1), write

Fla)= Z e(az?), Fy(a) = Z e(az®)
1<z<2P 1<z<P
and

(6.1) G(a) = Z e(ay®).
I<y<R
For any measurable set B C [0, 1), write
(6.2) op(n;B) = S(F(()z)2 — Fy(a)*)G(a)?e(—na) da.
B

Then by orthogonality, we have og(n) = og(n;[0,1)) for all integers n with
N <n<2N.

Take L = (log P)'%. Recall the respective definitions (2.7) and (2.8) of
B and M(X). For all integers a and ¢ with 0 < a < ¢ < P¥% and (a,q) = 1,
introduce the major arc
(6.3) N(g, a) = M(q, a; P/*).

Write O for the union of all these major arcs (g, a), and let n = [0,1) \ N
be the corresponding minor arc.

7. Major arc estimate. Asin we first seek approximations for the
generating functions in the integral defining og(n; ). Recall the definition
(4.6) of w(B; Z). By Theorem 4.1 of [§], when o € [0,1), @ € Z and ¢ € N
with (a,q) = 1, we have the relation
(7.1)  F(a) =q 'S(q a)w(a—a/g;2P) + O(¢"***(1+ Pla — a/q|)'/?).

In particular, whenever o € PB(q,a) C B, we get

(7.2) F(a) = q 'S(q,a)w(a - a/q:2P) + O(L'F).
By the same token, when « € (g, a), we have

(7.3) Fo(a) = ¢7'S(g,a)w(a — a/q; P) + O(L'**),
(7.4) G(a) = ¢~ 'S(g,a)w(a — a/q; R) + O(L'*?).
When (3 is a real number, write

(7.5) W(3) = (w(B; 2P)* — w(3; P)*)w(f; R)?.

We deduce from — that
(7.6)  (F()*—Fo(a)*)G(a)* = (¢ 'S(q,a))*'W(a—a/q) + O(P*RL'*?).
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Define A(g,n) and &(n; L) as in (3.9) and (3.10|) respectively, and write
L/N

(7.7) J(n:L)= | W(B)e(-np)dp.

~LJ/N
Recall from ([2.7)) that the measure of i3 is O(L?/N). Integrating both sides
of ([7.6) against e(—na) over all a € B, and using (6.2)), (3.10) and ,

thus gives
(7.8) o0(ns ) = &(n; L) (n; L) + O(P~'RLM*),
Recall the definition of v(3; Z). From , we get
(7.9) W(B) = ((v(8; P) + w(B; P))* — w(B; P)*)w(B; R)*
= (v(B; P)* + 20(B; P)w(B; P))w(B; R).
Combining this with , and a trivial estimate for w((; R), we get
(7.10) W(B) < P*R*(1+ P3|g|)~"/3

for all real 8. This confirms the absolute and uniform convergence over n of
the singular integral

(7.11) Jm) = | W(Be(-np)dp.
Also, for all positive integers n, we deduce from (7.7)) and (7.10|) that
(712)  |J(n) =T (n:L)| < PPR? | (1+ P*B)~*%dp < PT'R?L™V/S.
L/N
The value of the singular integral can be computed as follows. Putting
[9) into ([T.11) gives
(7.13)  T(m) = | (0(B: P)* +20(5: P)w(B; P))w(B; R) e(—np) di.

By a change of variables in (3.2) and (4.6]), when Z is any positive number
and (3 is real, we have
(7.14) v(B;Z) = Zv(B3231) and w(B;Z) = Zw(BZ3;1).

Putting these two equalities into (7.13)), and replacing 8 by BP~3 in the
same equation, we get

(7.15)  J(n) = P"'R?

oo

x| (B 1)? + 20(8; Dw(B; 1))w(BR* P73 1) e(—nBP %) dg.

—0o0
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Using a first order Taylor approximation, we have
w(&;1) =1+ O(min{1, [¢]})
for all real £&. Meanwhile, the inequalities (3.13]) and (4.16]) imply that
v(B: 1) + 20(8; Dw(B; 1) < |57
for all real 3. Coupled with , these two relations give rise to the equality

(7.16) J(n) =P 'R*(J*(n)+ E),
where
(7.17) T (n) = | ((B: 1) +20(8; Dw(B; 1))e(—nBP %) dB
and
(7.18) E< | g"*min{1, BR*P~*} dB < P7'R.
0
Replacing 3 by SP? in , and using , we have
(7.19) J*(n) = P(Ji(n) + 2J2(n)),
where
Ji(n) = | v(B; P)’e(—np3) dp,
Fa(n) = | v(B; P)w(B; P)e(—nB)dp.

Using the methods outlined on pp. 21-22 of [4], we have
N2 st
Ji(n) = <3) n~1/3 S (o(1—0))"?/3do,
a
where
a = max {P?’/n, 1-— 8P3/n} and b =min{l — P3/n,8P3/n}.

On recalling that P = (N/4)'/3 and N < n < 2N, we check that n < 9P3.
This gives a = P3/n and b = 1 — P3/n, hence
1-P3/n

2
(7.20) Ji(n) = (;) n P (o(1-0) P do
P3/n
In similar fashion, we obtain
2 1
(7.21) Jo(n) = (;) n P (o(1-0) P do

1-P3/n
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Combining ([7.19)), (7.20)) and (7.21)) gives

1 2 1 1
T*(n) = (3) (Pn—1/3)( | (c(1=0)do+ | (a(l—a))_Q/?’da).
P3/n 1-P3/n

Replacing o by 1 — ¢ in the latter integral then yields
1

J*(n) = <;>2(Pn1/3) V(o(1—0)) 3 do = Pn~'/31(4/3)*/1(2/3).
0

This, together with (7.16]), (7.18]) and our choice of parameters at the be-
ginning of gives rise to the asymptotic formula

I(4/3)

T = Tazm)

Meanwhile, the singular series &(n) as defined in stays abso-

lutely and uniformly convergent. The estimate remains true for all

but O(NL~/1) integers n with N < n < 2N. This together with
and leads to the following proposition.

PROPOSITION 7.1. Let 0 be a positive number with 6 < 1/3. Then for
all but O(N(log N)~) integers n with N <n < 2N, we have

o AP
7 H) = )

R*n~Y3(1 + O(P'R)).

S(n)R*n~Y3 + O(P7LR?(log N) 7).

8. Minor arc estimate. As in we wish to obtain a bound for the

mean square Value
S Jos(nip)l?,

N<n<2N
which is o(PR*). When B is a measurable subset of [0, 1), write
(8.1) 2(B) = | [(F(a)* = Fo(a)*)’G(a)"|da.
B
An application of Bessel’s inequality gives
(8.2) > losnip)P < Z(p).
N<n<2N
The decomposition p =nU (N \ P) implies that
(8.3) Elp) = =) + Z(M\P).

Define f as in . From the factorisation
F(a)? = Fo(a)? = f(a)(F(a) + Fo(a)),
we can expand =(n) in as
(8.4) E(n) < [|f(@)*F(a)*G(a)*|da + | |f(a)*Fo(a)*G(a)!| da.

n n
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An application of Holder’s inequality yields
1
2
85 J@PF@PG(@)! da < (sup[F(@)]) " |If(@)2Cla)!|da.
n @ 0

A modified version of Weyl’s inequality (see, for instance, Lemma 1 of [6])
confirms that

(8.6) sup | F ()| < P34+,

aen

Hence (8.5)), and Lemma imply that
V1£(2)?*F()’G(e)*| da < (P¥*)2P(PR* + PT'R/?)

n
— PE(P5/2R2 + P1/2R9/2).

An almost identical argument yields the same upper bound for the other
integral in (8.4]). Hence whenever 1/4 < 6 < 1/3, we have
(8.7) Z(n) < P*(P°?R? 4+ PY2R%?) « PR*L™Y/10,

As for the contribution from the set of arcs 91\ ‘B, first note that (8.1
gives
(8.8) E\P) < | 1F(0)'Ga)da+ | |Fo(e)'G(e)!] do

N\P TP
Recalling the respective definitions (4.7) and (6.3) of F* and M(q,a), we
deduce from ([7.1]) that
F(a) = F*(o; P3/*) + O(P3/5F9)

for all o € 9. This together with an application of Hua’s lemma thus yields

(8.9) | [F(@)'G(e)*| da
MP 1
< | 1F* (s PY44G(a)* da + 0(P3/2+€§ G(a)|* da)
MP 0
_ S ]F*(a; P3/4)4G<Oé>4’ do + O(P3/2+aR2).
MP
An application of Holder’s inequality yields

(8.10) [ (a; PG ()| dar
MP

< (JIF* (@ P 26(0)0 da) (| \F*(a;P3/4)]5da>l/3.
n RIARY

/3
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From , and , the first integral here is Uy(7/2, P3/4;B) with
B = [1,R] N Z. Now that § > 1/4, the assumptions P = (N/4)'/3 and
N? < R < (2N)?, made in §6, imply that P>/* < R. This allows us to apply
Lemma [4.6] producing the bound

(8.11) | [F*(a; P/*)/2G(0)®| do < PV RS,
n

Now the argument of Lemma 5.1 of [7] provides the bound

(8.12) | [F*(a; PP)P da < PPL7%3,

MNP
Inserting the estimates (8.11) and (8.12]) into (8.10f), and using , we
obtain

| 1F(0)'G(e)"] da
P
< (P1/2R6)2/3(P2L72/3)1/3+P3/2+€R2 < PR4L72/9.

A parallel argument yields the same upper bound for the remaining integral

in (8.8]). We therefore obtain
F(M\ P) < PRLY°.
This, together with (8.2)), (8.3]) and (8.7)), implies the following.

PROPOSITION 8.1. As long as 1/4 < 0 < 1/3, we have
> loa(nsp)? < PRALTVIO
N<n<2N

We conclude this section with a proof of Theorem|[I.2] A simple averaging
argument from the above proposition, along with our choice of parameters
in §6, implies that for such 6, the inequality
(8.13) log(n;p)| < PIR2L™Y% « P~1R%(log N) ™2

holds for all integers n with N < n < N+ N(log N)~2, with O(N (log N)~°)
exceptions. Coupled with the conclusion of Proposition the upper bound

(8.13) implies that
I(4/3)?

(8.14)  gp(n) =ay(n;[0,1)) = m@(n)Rzn’l/3+O(P’lR2(log N)72)

for all but O(N(log N)~®) integers n with N < n < N + N(log N)~2. For
all such n and 6, we have

N <n? < N + O(N%(log N)7?%),
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whence there exists a positive constant A such that
N? <n? < N + AN?(log N) 2.

Recall the definition (1.1)) of rg(n) as well as equation (1.3) of [5], which
gives 1 < &(n) < (loglogn)?. Putting first R = N and then R = N? +
AN?(log N)~2 into (8.14), we arrive at the relation

I'(4/3)?

ro(n) = mg(n)]\ﬂe—vs + O(N?n~13(log N)*2).

Hence when 1/4 < § < 1/3, the asymptotic formula

2
ro(n) = I]:(é//?;)))6(71)71291/3 + 0?1 3(logn)™h)
holds for all but O(N (log N)~?) integers n with N < n < N + N(log N)~2.
There are altogether O((log N)?) intervals of such type that cover [1,2N].
Summing over all such intervals leads to the same asymptotic formula with
the total number of exceptions encountered being O(N (log N)~2). The con-
clusion of Theorem thus holds for all real numbers 6 in the range

(1/4,1/3).
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