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The prime number theorem for Beurling’s
generalized numbers. New cases

by

JAN-CHRISTOPH SCHLAGE-PUCHTA and JASSON VINDAS (Ghent)

1. Introduction. Let 1 < p; < p2 < --- be a non-decreasing sequence
of real numbers tending to infinity. Following Beurling [3], we shall call such
a sequence P = {pp}72, a set of generalized prime numbers. We arrange
the set of all possible products of generalized primes in a non-decreasing
sequence 1 < n; < ng < ---, where every ny is repeated as many times as
it can be represented by pSl...pS™ with v; < vj11. The sequence {ny}32,
is called the set of generalized integers.

Let 7 denote the distribution of the generalized prime numbers,

(1.1) n(z) =mp(x) = > 1,
pr<T
and let N denote the distribution of the generalized integers,
(1.2) N(z) = Np(z) = Y _ 1.
ng<x
Beurling’s problem is then to find conditions on the function N which ensure
the validity of the prime number theorem (PNT), i.e.,

x
1.3 ~— .
(1.3) 7(x) gz’ T — 00

In his seminal work [3], Beurling proved that the condition

X

(1.4) N(x):am+0< > z — 00,

log™ x
where a > 0 and v > 3/2, suffices for the PNT to hold. If v = 3/2, then the
PNT need not hold, as shown first by Beurling by a continuous analog of a
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generalized prime number system, and then by Diamond [6] who exhibited
an explicit example of generalized primes not satisfying the PNT. For further
studies about Beurling’s generalized numbers we refer the reader to [II, 5HT7,
131, 221 23, 38|, [39), 40].

The present article studies new cases of the prime number theorem for
generalized primes. Our main goal is to show the following theorem.

THEOREM 1.1. Suppose there exist constants a > 0 and v > 3/2 such
that
(1.5) N(yc):aa:—i-O(

T

) (C), x— o0.

Then the prime number theorem (1.3) holds.

In (1.5) the symbol (C) stands for asymptotics in Cesaro sense [10].
Explicitly, this means that there exists some (possibly large) m € N such
that the following average estimate is satisfied:

log”

T

(1.6) SJ\W(l—;)mdt:O( - > T = 0.

! t log” x

We might have written (C,m) in (L.5)) if (L.6) holds for a specific m; how-
ever, the value of m will be totally unimportant for our arguments and we
therefore choose to omit it from the notation.

Naturally, if Beurling’s condition holds, then is automatically
satisfied for all m € N. Thus, Theorem [I.1]is a natural extension of Beurl-
ing’s theorem. Observe that our theorem is sharp, namely, the PNT does not
necessarily hold if v = 3/2 in , as shown by Diamond’s counterexample
itself.

To demonstrate that Theorem really generalizes Beurling’s result, we
construct a number system for which the counting function becomes regular
only after smoothing.

PROPOSITION 1.2. There exists a system of generalized integers such
that |N(z) — x| > c(x/log*® ) infinitely often, for some constant ¢ > 0, but
N(z) = z 4 O(z/log®? ) in Cesiro sense. Furthermore, for this number
system we have w(x) = x/logx + O(x/log"/3~¢ &) for any e > 0.

Kahane [I3] has provided yet another extension of Beurling’s theorem
by showing that the L? hypothesis

) — at)logt 2 dt

)

(1.7) S
1

for some a > 0, also implies the PNT. The sufficiency of (1.7)) was conjec-
tured by Bateman and Diamond [I]. Observe that (|1.7) includes Beurling’s
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condition ([1.4)). On the other hand, ([1.5) and ([1.7) have completely differ-
ent nature. We therefore believe that it is very unlikely that either of them

implies the other. It would be interesting to find concrete examples of gen-
eralized number systems supporting this claim. It would also be of interest
to find a general condition that would include both and .

In addition to the PNT, we will show that the Mobius function of a
generalized number system has mean value zero, provided that the condition
is satisfied for v > 3/2. We actually conjecture that v > 1 is enough
for the Mobius function to have zero mean value (cf. Section [5]); such a
conjecture is suggested by the results of Zhang [3§].

Our approach to the proof of Theorem is through Tauberian the-
orems, and it is close to Landau-Ikehara’s way to the PNT [12 20] (see
also [1]). Therefore, we shall first study the zeta function associated to
a generalized prime number system satisfying the hypothesis of Theorem
[[.1} In Section [3] we show the non-vanishing property of the zeta func-
tion on the line Res = 1; it will be the main ingredient for the applica-
tion of Tauberian arguments. The use of methods from distribution the-
ory and generalized asymptotics (asymptotic analysis on distribution spaces
[10, 26, [B36]) is crucial for our arguments in this part of the article; it
provides a very convenient language of translation between the condition
and the key properties of the zeta function. Therefore, we have cho-
sen to include a preliminary section, Section explaining the notation
of generalized asymptotics. In Section [4] we show several Tauberian the-
orems for Laplace transforms and Dirichlet series. The results from Sec-
tion 4| are inspired by a recent distributional proof of the PNT (for or-
dinary primes) obtained by the second author and R. Estrada [34]; some
of such Tauberian results were implicitly obtained by the second author
in his dissertation [32, Chap. II]. These Tauberian theorems involve lo-
cal pseudo-function boundary behavior, which relaxes the boundary re-
quirements to a minimum. We point out that J. Korevaar has recently
made extensive use of local pseudo-function boundary behavior in com-
plex Tauberian theory [14] 15, 17] and in number theory [I5, [I8]. We de-
duce Theorem in Section [5, where we also provide other related re-
sults. Finally, in Section [6] we construct a number system proving Proposi-
tion

2. Preliminaries and notation. Throughout this article, P = {p;}?°
stands for a fixed set of generalized prime numbers with generalized integers
{ny}72,. The functions N and 7 are given by and , respectively.
We shall always assume that the distribution of the generalized integers
satisfies for some v > 0. The letter s stands for complex numbers
s=o0+1it.
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2.1. Functions related to generalized primes. We denote by A =
Ap the von Mangoldt function of P, defined on the set of generalized integers
as

log p;
2.1 Alng) = J
(21) (1) {() otherwise.

The Chebyshev function of P is defined as usual by
(2.2) Y(x) =¢px) = > logpp = > Almg).
<z ng<x

Observe that (1.5) (even for v > 0) implies ([9, Lem. 3], [14], [37]) the
ordinary asymptotic behavior

if ny = p',

(2.3) N(z) ~azx, x— o0,

hence the Dirichlet series ) n, ® is easily seen to have abscissa of convergence
less than or equal to 1. The zeta function of P is then the analytic function

[e o]

1
(2.4) ((s) =Cp(s) =) — Res>1.
k=1 "k
By a well known result [I, Lem. 2E], the relation (1.3 is equivalent to
(2.5) () ~ .

Our approach to the PNT (Theorem will be to show ([2.5)).
The Mobius function of P is defined on the generalized integers by

(2.6)  plnk) = pp(ng) = {0 otherwise.

Finally, note [I, Lem. 2D] that

(=)™ if ng =py, ...y, With v; < v,

o A(ng) _ C'(s)
2.7 =— ,  Res>1.
27) 2w T
Likewise, one readily verifies the identity
— i(nk) 1
2.8 =——, Res>1.
(28) 2 T

2.2. Distributions and generalized asymptotics. We shall make
extensive use of the theory of Schwartz distributions and some elements
from asymptotic analysis on distribution spaces.

We denote by D(R) and S(R) the Schwartz spaces of test functions
consisting of smooth compactly supported functions and smooth rapidly
decreasing functions, respectively, with their usual topologies. Their dual
spaces, the spaces of distributions and tempered distributions, are denoted
by D'(R) and S'(R), respectively. We let D(0, 0o) denote the space of smooth
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functions supported on the interval (0,00), and D’(0,00) is its dual. Fur-
thermore, Dr2(R) denote the space of smooth functions with all derivatives
belonging to L?(R), D). (R) is its dual. The space Dy2(R) is the intersection
of all Sobolev spaces while D’ ,(R) is their union. Moreover, D, (R) is the
dual of B(R), the space of smooth functions with all derivatives tending to
0 at +o00. We refer to [27] for the well known properties of all these spaces
(see also [4} 10, 26, [36], B37]).

We use the Fourier transform
o0

(2.9) ot)= | e g(x)dz for ¢ € S(R);
it is defined by duality on &'(R), that is, if f € S’(R) its Fourier transform
is the tempered distribution given by

(2.10) (f(1), 6(8)) = (f(2), b(x)).
Let f € §'(R) be supported in [0, 00). Its Laplace transform is the analytic
function

(2.11) L{f; s} = L{f(x); s} = (f(x), ™), Res>0.

The relation between the Laplace and Fourier transforms [4], 36] is given by
f(t) = lim,_,o+ L{f; 0 + it}, where the limit is taken in the weak topology
of S'(R).

We shall employ various standard tempered distributions, following the
notation of [10]. The Heaviside function is denoted by H; it is simply the
characteristic function of (0, 00). The Dirac delta “function” ¢ is defined by
(5(x), ¢(z)) = #(0); note that H'(x) = §(x) (the derivative is understood in
the distributional sense, of course). The Fourier transform of H is H(t) =
—1i/(t —10), where the latter is defined as the distributional boundary value,
on Re s = 0, of the analytic function 1/s, Res > 0, i.e.,

< — ¢m>=1mlg Y g sesm).

t—io’ o0+ ) o4t

[e.e]

We now turn to asymptotic analysis of distributions [10] 25, 26] B7], the
so called generalized asymptotics.

Let f € D'(R). A relation of the form
(2.12) hlim f(x+h)=p4 in D'(R)
—00

means that the limit is taken in the weak topology of D’(R), that is, for each
¢ € D(R),

(2.13) Tim ((z -+ ), o(x)) = lim (£ 56)(h) = B | o(x)da,
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where ¢(-) = ¢(— -) and * denotes convolution. Relation is an example
of the so-called S-asymptotics of generalized functions. We can also study
error terms by introducing S-asymptotic boundedness. Let p be a positive
function. Then we write

(2.14) f(x+h)=0(p(h)) ash— ooin D'(R)

if for each ¢ € D(R) we have (f(z + h),¢(z)) = O(p(h)) for large values
of h. The little o symbol and S-asymptotics as h — —oo are defined in a
similar way. With this notation we might write as f(x+h) = p+o(1)
as h — oo in D'(R). We may also talk about S-asymptotics in other spaces
of distributions with a clear meaning. For example, if we write in ([2.12))
the space S8'(R) instead of D'(R), it means that f € S’'(R) and holds
for ¢ € S(R). We refer the reader to [24, 26] for further properties of S-
asymptotics of distributions.

On the other hand, we may attempt to study the asymptotic behavior of
a distribution by looking at the behavior at large scale of the dilates f(\x) as
A — oo. In this case, we encounter the concept of quasiasymptotic behavior
of distributions [10, 26l B1H33| B5], 37]. We will study, in connection to the
PNT, two particular cases of this type of behavior: a limit of the form

(2.15) /\lim fOx)=p3 inD'(0,00),
—00
and quasiasymptotic estimates
(2.16) f(Az) = O(IO:{\O‘)\> as A — oo in D'(R).

Needless to say, (2.15) and (2.16]) should always be interpreted in the
weak topology of the corresponding space, that is, after evaluation on test
functions.

2.3. Pseudo-functions. A tempered distribution f € S'(R) is called
a pseudo-function if f € Cy(R), that is, f is a continuous function which
vanishes at +oo.

The distribution f € D/(R) is said to be locally a pseudo-function if it
coincides with a pseudo-function on each finite open interval. The property
of being locally a pseudo-function admits a characterization [15] in terms
of a generalized “Riemann—Lebesgue lemma”. Indeed, f is locally a pseudo-
function if and only if e f(t) = o(1) as |h| — oo in the weak topology of
D'(R), i.e., for each ¢ € D(R),

(2.17) lim (f(t),e™p(t)) = 0.

|h| =00

We may call (2.17)) the generalized Riemann—Lebesgue lemma for local pseu-
do-functions. It is clear that if f € L{ (R). Then it is locally a pseudo-

loc
function, due to the classical Riemann—Lebesgue lemma.
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Two cases of local pseudo-functions will be of vital importance below. Let
f be the Fourier transform of an element from D’ ,(R). Then f is locally a
pseudo-function. This follows directly from the fact that Fourier transforms
of elements from D’ ,(R) are continuous functions [27, p. 256]. Let now f
be the Fourier transform of a distribution from D', (R) and let g € L? (R);
by a remark in [27, p. 256], the product g - f € D'(R) is a well defined
distribution and it is locally a pseudo-function.

Let G(s) be analytic on e s > «. We shall say that G has local pseudo-
function boundary behavior on the line Res = « if it has distributional
boundary values [4] on that line,

o

dim | Glo+ing(t)di = (f(1),6(t), @€ DIR),

and the boundary distribution f € D/(R) is locally a pseudo-function.

3. Properties of the zeta function. Our arguments for the proof of
Theorem [I.1]rely on the properties of the zeta function. We shall derive such
properties from those of the following special distribution. Define

(3.1) v(z) =vp(z) = Zié(x—lognk).

Let us verify that v is a tempered distribution. We see that g(x) = e "*N(e*)
is a bounded function, hence g € §'(R); therefore, v = ¢’ + g € S'(R).

The distribution v is intimately related to the zeta function. In fact, its
Laplace transform is, for Res > 0,

e}

(3.2) L{vis} = (o(a),e ) = 3 nlﬂ — (s +1).
k=1 ""k

Taking the boundary values of (3.2]) on Re s = 0, in the distributional sense,
we obtain the Fourier transform of v,

(3.3) o(t) = ¢(1 +it).
Observe that we are interpreting (3.3]) in the distributional sense and not as
equality of functions, i.e., for each ¢ € S(R),

(e}

(3.4) (0(t), 6(8) = lim | C(o+it)o(t) dt.

Next, we provide a lemma which establishes the main connection between
(1.5) and the S-asymptotic properties of v.

LEMMA 3.1. The following assertions are equivalent:

(i) In the sense of (1.6]),
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X

(3.5) N(z) = az + o( > (), z— oo

log™ x
(ii) There exists j € N such that

J
Nk o azx T
(3.6) > (1—93) _j+1+0<1ogu>’ T — 00.

nE<x

(iii) In the sense of quasiasymptotic behavior,

/ o _
(3.7) N'(\z) = ; S(\z —ng) = aH(z) + O <10g7 A)
as A — oo in D'(R).
(iv) In the sense of S-asymptotic behavior,

o
(3.8) v(x 4+ h) =
k=1
as h — oo in 8'(R).
Proof. (i)<(iii). The equivalence between ({3.6]) and (3.7)) is a direct con-

sequence of the structural theorem for quasiasymptotic boundedness [33]
Thm. 5.8] (see also [32, p. 311]).
(ii)<(iii). By the structural theorem for quasiasymptotic boundedness
[33, Thm. 5.8], (3.5) holds if and only if
N(\z) —alxH(x) 0 1
Az N log™ A
The analog to [31, Thm. 4.1] for the big O symbol ([33, Thm. 10.71, p. 322])
implies that the above relation is equivalent to

1 1
- 1 _ -
nké(w—i—h ogng) a+0<h7>

) as A — oo in D'(R).

_ A D
N(\x) = a\zH(z) + O(log“’A) as A — oo in D'(R),

which turns out to be equivalent to (33, Thm. 5.8] again).

(iii)<(iv). By [24, Thm. 3] (see also |25, Prop. 10.2]), the S-asymptotics
(3.8) is equivalent to the same S-asymptotics in D'(R). Multiplication by
e*T" shows that this holds if and only if

0 h
Zé(m + h —logng) = ae*h + O<;Y>,
k=1

or in terms of test functions,

o0

- 1
el Z o(logng —h) =a S elo(t) dt + O<h“/>’ h — oo,
k=1 —00
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for each ¢ € D(R). By writing A = " and ¢(z) = p(log z), we find that (iv)
is equivalent to

1§:¢ i o§¢()d Lot A
- — ) =a x) dx — 00
A=A : log" \ )’ ’
for each ¢ € D(0,00), i.e., the quasiasymptotic behavior (3.7) but in the
space D'(0,0). Now, using the big O analog to [31I, Thm. 4.1] once again,
we obtain the equivalence between (iv) and (iii). m

Define the remainder distribution £y = v — aH. By Lemma [3.1} E; has
the S-asymptotic bound

(3.9) Ei(z+h)= O<|hl|v> as |h| = oo in S'(R).

Indeed, E1(x+h) =v(x+h)—aH(z+h)=a(l—H(z+h))+v(z+h)—a=
O(1/h") as h — oo, in §'(R). On the other hand, the estimate as h — —oco
follows easily from the fact that E; has support in [0, 00).

We now obtain the first properties of the zeta function. From the prop-
erties of E, we can show the continuity of ((s) on Res =1, s # 1.

PROPOSITION 3.2. Let N satisfy (3.5)) with v > 1. Then ((s) —a/(s—1)
extends to a continuous function on Res > 1, that is,
(3.10) C(1+it) + % € C(R).
Consequently, t¢(1+it) is continuous over the whole real line and so ((1+it)
is continuous in R\ {0}.

Proof. Observe that Ey(t) = ¢(1+it)+ia/(t—i0). By , (E1x9)(h)
= O(|h|77) as h — oo, and so E; x ¢ € L'(R), for each ¢ € S(R). This is
precisely Schwartz’s characterization [27, p. 201] of the space D}, (R), and
so By € D), (R). Therefore [27, p. 256], E is continuous.

The ensuing lemma is the first step toward the non-vanishing property
of ( on Res =1, in the case v > 3/2.

LEMMA 3.3. Let N satisfy (3.5) with 1 <~ < 2. For each ty # 0 there
exists C' = Cy, > 0 such that for 1 <o < 2,

(3.11) |C(o +itg) — C(1 +itg)| < C(o —1)77L.

Proof. Find ¢ € D(R) such that 0 ¢ supp ¢ and ¢(t) = 1 for ¢ in a small
neighborhood of ty. Set f = v*p. Then f(t) = ¢(t)0(t) = ¢(t)((1+it). The
function f is smooth and satisfies f(x) = O(|z|™7). Indeed, (H * p)(t) =
—it~1p(t) € D(R), thus H * ¢ € S(R), and the estimate for f follows from

1) In particular f € L*(R) and so f is continuous.
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Define the harmonic function
Ulo +it) = (f(x)H(z),e e ") + (f(x)H(—x),e ""e7™);

then U is a harmonic representation of f on Res > 0, in the sense that
lim,_,o+ U(o +it) = f(t), uniformly over R [4]. We claim that ¢ (o + ity) =
U(oc—1+itg)+0O(c—1), 0 — 1T. Consider V(s) = ((s+1)—U(s), harmonic
on Re s > 0. Because (14 it) — f(t) = 0 in a neighborhood of tg, it follows
that V(s) converges uniformly to 0 in a neighborhood of ¢y as Res — 07.
Then, by applying the reflection principle [29, Sect. 3.4] to the real and
imaginary parts of V, we find that V admits a harmonic extension to a
(complex) neighborhood of #g. Therefore, U(s)—((s+1) = V(s) = O(|s—to|)
for Re s > 0 sufficiently close to tg. This shows the claim.

We now show |U(c — 1 +itg) — ((1+t9)| = O((c —1)7" ) as 0 — 17;
the estimate follows immediately from this assertion. The estimate
f(z) = O(|z|™7) and [10, Lem. 3.9.4, p. 153] imply the quasiasymptotics

e~AOT f(N\gVH () = M+5(;) + O</\17> as A — oo in S'(R),
e~ MOT f O\ H (—1) = H_(S(;) + O(;) as A — oo in §'(R),

where pi = (° f(£x)eT"dx, and so p_ + py = (O f(x)e 0T dr =

f(to) = ¢(1 +tp). The two quasiasymptotics imply

U <:)l\ + it()) = (e7M f(2)H (x),e ") + (e 707 f(2)H (—x), &)
= Me M0 f(\x)H (2), e ™) + Me 0% f(Az) H(—z), e®)
1

= py(0(2),e7) + p-(6(x), %) + O<Xy1)

1 1

Writing 0 — 1 = 1/ proves the assertion. =

We are now in a position to show the non-vanishing of ((s) on Res =1,
s # 1, for v > 3/2. Actually, the proof is the same as the one of [I, Thm.
8E], but we sketch it for the sake of completeness.

THEOREM 3.4. Let N satisfy (3.5) with v > 3/2. Then t{(1 +it) # 0
for all t € R. Consequently, 1/((s — 1)((s)) converges locally and uniformly
to a continuous function as Res — 17,

Proof. The proof is in essence the classical argument of Hadamard [14]
p. 63]. Without loss of generality we assume that 3/2 < v < 2. We use the
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representation [I, Lem. 2C], which is also valid under our hypothesis,
¢(s) = exp (Z > .p;”> :
=1 j=1"

to conclude [I, Lem. 8B] that for any m € N and ¢y € R,

m
S ¢ (o +ito) P [T 1¢(o + (G + Do) "% > 1.
j=1
If we now fix tg # 0 and m, Proposition and the above inequality imply
the existence of A = A,, s, > 0 such that for 1 < o < 2,

. 2m
| < Ao it
— (0- _ 1)m+1

or, what is the same,
D(o — 1)V/2FVC™ < (o +ito)],

with D = Al/(m),
Suppose we had ((1+itp) = 0. Choose m such that 1/241/(2m) < v—1.
By the inequality (3.11)) of Lemma we would have

D(o — 1)V/#HYCEM) < (o +itg)] < Clo — 1)1,
which is certainly absurd. Therefore, (1 +it) # 0 for all t € R\ {0}. =
We now obtain the boundary behavior of —¢’(s)/¢(s) —1/(s — 1).
LEMMA 3.5. Let N satisfy with v > 3/2. Then
¢(s) 1

C(s) s—1

has local pseudo-function boundary behavior on the line Res = 1.

Proof. We work with s + 1 instead of s and analyze the boundary be-
havior on Res = 0. Recall E; was defined before . As observed in the
proof of Proposition 3.2} ((s+1) —a/s = L{Ex; s} converges uniformly over
compact sets to the continuous function El, as Nes — 17, so, by Theorem

B4

Grls) = — )<c(s+1)—‘;), Re s > 0,

sC(s+1

converges uniformly over finite intervals to a continuous function, and thus
its boundary value is a pseudo-function. Define Ey(z) = (zFE1(x))’. A quick
computation shows that

a

L{Ey;s} = —s((s+1) = Re s > 0.
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Since —('(s+1)/¢(s+ 1) —1/s = Ga(s) — G1(s), where
1
" sC(s 1)

it is enough to see that G2(s) has local pseudo-function boundary behavior.
Now, the S-asymptotic bound implies that Eq(x + h) = O(|h|77H1),
and, because of the hypothesis v > 3/2, we have Ey x ¢ € L*(R) for all
¢ € S(R). But this is precisely Schwartz’s characterization [27), p. 201] of the
distribution space D} ,(R); thus Ey € D), (R). As remarked in Section
multiplying the Fourier transform of an element of D}, (R) by an element of
L% (R) always gives rise to a distribution which is locally a pseudo-function.
It remains to observe that Gy (s) tends in D’(R) to Ea(t)/(t¢(1 +it)), which
in view of the previous argument and the continuity of 1/(¢¢(1 + it)) is
locally a pseudo-function. m

Ga(s) L{Es; s},

For future applications, we need a Chebyshev type upper estimate:

LEMMA 3.6. Let N satisfy (3.5) with v > 3/2. Then ¢¥(z) = O(z) as

T — O0.

Proof. Set 7(z) = e~ (e®). The crude estimate 7(z) < xe *N(e*) =
O(zx) shows that 7 € §'(R). Integration by parts in (2.7) gives

L1 1 s+ 1
E{T,s}—s_8+1< st s 1>, Res > 0,

which, by Lemma has local pseudo-function boundary behavior on
Res = 0. Thus, we can write 7 = H + g, where ¢ is locally a pseudo-
function. Pick ¢ € S(R) non-negative and with ¢ € D(R). Write ¢ for the
inverse Fourier transform of ¢. Then

| 7(2+ o(a)de = | o(x)de + (G(t), eMa(t)) = O(1) + o(1) = O(L).
—h —h
Notice that for x and h positive, e *7(h) < 7(x + h), which follows from
the non-decreasing property of . Finally, setting C' = Sgo e *p(x)dxr > 0,

r(h)y=C"' | e r(h)¢(z)dx < C7' | r(z + h)g(x) dz = O(1). =
0 0

4. Tauberian theorems. In this section we show Tauberian theorems
from which we shall derive later the PNT and prove in Section [5| that the
Mobius function has mean value zero.

The ensuing theorem is from the second author’s dissertation [32,
Chap. II]; for the method used in the proof, see also [34].
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THEOREM 4.1. Let S be a non-decreasing function supported on [0, 00)
and satisfying the growth condition S(x) = O(e®). Hence, the function

(4.1) £{dS; s} S e dS(z
0

is analytic on Re s > 1. If there exists a constant B such that the function

(4.2) Gls) = £{dS: s} — S_il

has local pseudo-function boundary behavior on the line Res = 1, then
(4.3) S(x) ~ pe*,  x— oo.

Proof. By subtracting S(0)H (x), we may assume that S(0) = 0, so the
derivative of S is given by the Stieltjes integral (S"(z), ¢(x)) =" ¢(x) dS(x).
Let M > 0 be such that S(z) < Me®. Define V(z) = e~ *5'(z).

Since e *S(z) is a bounded function, it is a tempered distribution and its
set of translates is, in particular, weakly bounded; because differentiation is
a continuous operator, the set of translates of (e *S(z))’ is weakly bounded
as well. Since (e"*S(z))" = —e~*S(x) + V(x), we conclude that V € S'(R)
and V(z +h) =O(1) as h — oo in S'(R).

The Laplace transform of V' on Re s > 0 is given by

E{V;s}:(V(x),e_“>—O§ ~(HD2 48 () = £{dS; s + 1}.

Observe that

V(t) + b

L= tim L{V(@) — BH(@)so +it)

= lim G(1+o0+it) in D'(R).
oc—0t+
Hence, by hypothesis, V (t)+i3/(t—i0) is locally a pseudo-function, therefore
’ht( ( )+iB/(t—i0)) = o(1) as h — oo in D'(R) (Riemann—Lebesgue lemma
([2.17)). Taking the inverse Fourier transform, we conclude that V(z + h) =
BH(J: +h)+o0(l) = B+o0(l) as h — oo in F(D'(R)), the Fourier image
of D'(R). Using the density of F(D(R)) in S(R) and the boundedness of
V(x 4+ h), we conclude, by applying the Banach—Steinhaus theorem [30],
that V(x + h) = B+ o(1) actually in S’(R). Multiplying by e**", we obtain
S'(x + h) ~ et in D'(R).
Let g(u) = S(logu). Then limy o ¢'(Au) = B in D'(0,00): indeed, let
¢ € D(0,00); then
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(O 60) = =3 § o) (§ ) au
0
= —% S S(z +log \)e® ¢/ (e*) dx = %(S’(x +log A), p(e*))
= | e"(e") dz +0(1) = | p(u)du+o0(1), A — oc.
—0o0 0

At this stage of the proof, we could apply first [31, Thm. 4.1] and then [9]
Lem. 3] (see also [37]) to ¢’ and automatically conclude that S(logu) ~ Su,
which is equivalent to . Alternatively, we can proceed rather directly
as follows. Let £ > 0 be an arbitrary small number; find ¢1, ¢2 € D(0, )
with the following properties: 0 < ¢; < 1, supp¢1 C (0,1], ¢1(u) = 1 on
[e,1—¢], supp ¢ C (0,1+¢], and finally, ¢2(u) = 1 on [g, 1]. Evaluating the
quasiasymptotic limit of ¢’ at ¢o, we obtain

A

o0

A A
li>r\n_>s;p g()\) = li)r\n_)solip i(&) dg(u) < lif\ll,sip g(i) + % (S) 2 <;\L) dg(u)
< Me + Ali_)rlélo(g’()\u), d2(u)) = Me+ S pa(u)du < B+e(M + p).
0

Likewise, using now ¢, we easily obtain

()

—2¢f < liminf ==,
f —2e0 < liminf =3
Since & was arbitrary, (4.3]) follows. m

The hypothesis S(z) = O(e”) can be dropped from Theorem as fol-
lows from Korevaar’s distributional version of the Wiener—Ikehara theorem
[15]; however, Theorem will be enough for our future purposes.

Theorem implies the following Tauberian result for Dirichlet series.

THEOREM 4.2. Let {\;}32, be a non-decreasing sequence of positive real
numbers such that 3, 1~ ax for some a > 0. Let {c}72, be a sequence
bounded from below, i.e., there exist ko, M > 0 such that ¢, > —M for all
k > ko. Suppose that 3, _, cx = O(z). If there exists a constant 8 such
that

< . 3
(4.4) G(s) = —IZ - , Res>1,
P Ar os—1

has local pseudo-function boundary behavior on Res = 1, then

(4.5) Z ck ~ Px, x— oo.

A<z
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Proof. Observe first that

o0

1 a

Ap os—1

k=1
has local pseudo-function boundary behavior on fe s = 1. Indeed, it tends
to g, where

d —x
Z—ém—log)\k)—aH( )= <1+d:10> (e Z 1>—aH(x),
A <er
and in view of the assumption on {\;}?°, we have g(x + h) = o(1). So §
satisfies the Riemann—TLebesgue lemma (2.17]), and hence is locally a pseudo-
function. Set now S(z) = >y .o (ck + M) Then S(ac) = O(e"), and
et dS(t) =M :
(S) Z )\S )\S

Thus, S satisfies the hypotheses of Theorem Fi;fl, and 0

S(x) ~ (B4 aM)e®
from which (4.5)) follows. m

REMARK 4.3. In Theorem [1.2] if ¢, > 0, then it is not necessary to im-
pose any condition on the non-decreasing sequence {\;}72,, that is, we can
remove the assumption on the asymptotics of > Ap<z 1- For this assertion,
considering M = 0, the second part of the previous proof works as well.

REMARK 4.4. We emphasize that for A\, = ny in Theorem [£.2] gener-
alized integers with N satisfying (3.5 with v > 0, the hypothesis N(z) =
an<x 1~ ax, T — oo, is always satisfied (see (2.3) in Section .

Theorem generalizes Korevaar’s (apparently) weaker version of the
classical Wiener—Ikehara theorem (see [16, Thm. 1.1]). It is then interesting
to mention that, as shown in [16], the Wiener—Ikehara theorem is itself a
consequence of such a result (and thus of Theorem . We also remark that
the results from [16] were obtained via purely complex variable methods;
here we use purely distributional methods!

We need a variant of Theorem [4.2| with Tauberian hypothesis of slow os-
cillation. Recall that a complez-valued function 7 is called slowly oscillating
[14] if
(4.6) lim limsup |7(z + h) — 7(x)| = 0.

h—0t z—oo

If (4.6]) holds, then [14] p. 33] there exist xp, C' > 0 such that for x > z and
h >0,

(4.7) |T(x +h) —7(x)] < C(h+1).

Consequently, it is easy to see that 7(x) = O(z) as z — oo.
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THEOREM 4.5. Let T € L (R) be such that supp T C [0,00) and 7(z) =

loc

e T (x) is slowly oscillating. Suppose there exists f € R such that

(4.8) Gls) = L{T: 5} %
has local pseudo-function boundary behavior on the line e s = 1. Then
(4.9) T(x) ~ Be*, x — oo.

Proof. We can assume that T is real-valued, otherwise consider its real
and imaginary parts separately. Observe that since 7(x) = O(z), it is a
tempered distribution and the Laplace transform of T' is automatically well
defined for e s > 1. Since the Fourier transform of a compactly supported
distribution is an entire function, we can assume that holds in fact for
all z >0 and h > 0.

We first need to show that e *T(x) = 7(x) is bounded. For this, pick
n € D(R) such that n(0) = 1/(27) and set ¢ = 7. Next, for h large enough,

(T(z 4+ h), () = OQ) + (r(x) — H(z),7)(x — h))
= O(1) + (G(1 +it), n(t)e™) = O(1) + o(1) = O(1),

because G(14-it) is locally a pseudo-function. Observe {* () dz = 2mn(0)
= 1. Now, in view of (4.7)),

00 —h
7] < 00) + | § (r(@+h) = 7(W)e(@) da| + |7 (W) | Ip(w)| da
—h —0o0
) —h
<0(1)+0(1) | (|2l + Dlg(@)|dz +O0(h) | |p(@)|dr = O(1).

By adding a term of the form Ke®H(x), we may now assume 7" > 0.
Define S(z) = {; T'(t) dt. The function S is increasing and, as T'(z) = O(e®),
has growth S(z) = O(e”). Furthermore,

g

s—1

E{T;S}—s_il;

L{S';s} —
hence, by Theorem [£.1]

x
(4.10) \7(t)dt ~ e”.

0
In particular, the ordinary asymptotic behavior (4.10]) implies the S-asymp-
totic behavior Sngh T(t)dt ~ Be*t" as h — oo in D'(R). Differentiating the

z+h

latter and then dividing by e*™", we obtain

(4.11) 7(x+h)=pF+o0(l) ash— ocoin D'(R).
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The final step is to evaluate the S-asymptotic (4.11)) at a suitable test func-
tion. Let € > 0. Choose ¢ € D(R) non-negative and supported in [0, €] such
that {; ¢(z) dz = 1. Then

[e.e]

limsup |7(h) — 8] < limsup ‘5 — [ r(0)é(t - h) dt‘
h—o0 h—o0 0
+limsup | { (7(t) - 7(h)@(t — h) dt‘
h—o0 0
h+e
—limsup| | (r(t) — 7(R))é(t — h) dt(
h—o0 h

<limsup sup |[7(t) —7(h)|.
h—oo telh,h+e]
Since € was arbitrary, the slow oscillation (4.6) implies limp_,o 7(h) = £,
which in turn is the same as (4.9). =

5. The prime number theorem and related results. The prime
number theorem, Theorem [1.1} now follows directly from our previous work.
Indeed, it is enough to combine Lemmas [3.5] and [3.6] with Theorem

We give a second application of the Tauberian theorems from Section
We now turn our attention to the Mobius function. We show its mean value
is zero and Y p(ng)/ni = 0, whenever v > 3/2. Remarkably, it is well known
[8, 19] that for ordinary prime numbers either of these conditions is itself
equivalent to the PNT; however, that is no longer the case for generalized
number systems [38].

THEOREM 5.1. Let N satisfy (3.5) with v > 3/2. Then
1
(5.1) xlingog Z p(ng) = 0.

nE<x

Proof. By using formula (2.8]), Proposition and Theorem [3.4] we see

that
) oy L
2 S = )

extends continuously to $es > 1, and so this Dirichlet series has local
pseudo-function boundary behavior on e s = 1. Applying Theorem 4.2| we

obtain (5.1)) at once. m
COROLLARY 5.2. Let N satisfy (3.5) with v > 3/2. Then

k=1
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Proof. Exactly as in [8, p. 565], the relation ((5.2]) may be deduced from
(5.1) by completely elementary manipulations. =

It is worth pointing out a possible connection between Theorem and
the results from [38]. Zhang has shown [38, Cor. 2.5] that if N satisfies
Beurling’s classical condition for v > 1, then the Md6bius function has
zero mean value. Observe that this result of Zhang, in combination with
Diamond’s example of a generalized number system satisfying with
~v = 3/2 but violating the PNT, yields a curious fact that we have already
mentioned: The PNT is not equivalent to in the context of Beurling’s
generalized primes. Comparison of Zhang’s result and Theorem |5.1| strongly
suggests the following conjecture:

CONJECTURE 5.3. If N satisfies the Cesaro condition (3.5) for some
~v > 1, then (5.1)) still holds true.

We end this section by proving an analog of Newman’s Tauberian theo-
rem [14, 2] for generalized integers. Newman used his Tauberian theorem to
derive the prime number theorem for ordinary prime numbers. Indeed, New-
man’s way [21] to the prime number theorem was to show first Corollary
above (for ordinary integers) from his Tauberian theorem, whence the prime
number theorem follows, as shown first by Landau [19]. For applications of
Newman’s method in the theory of generalized numbers (subject to ((1.4)
with v > 2) we refer to Bekehermes’s dissertation [2]. We give a version of
Newman’s Tauberian theorem for local pseudo-function boundary behavior
rather than under the much stronger assumption of analytic continuation.
Remarkably, the result holds even for v > 0. Observe that Theorem and
Corollary [5.2] follow from Theorem

THEOREM 5.4. Let N satisfy (3.5) with v > 0. Suppose that {c,}3, is
a bounded sequence of complex numbers. Let

N
(5.3) F(s) —an, Res > 1.
k=1
If there exists B such that
F(s) —
(5.4) G(s) = iS)—lﬁ’ Res > 1,
has local pseudo-function boundary behavior on Res =1, then
o) o
(5.5) > e
k=1
and
1
(5.6) xlgrc}og Z ¢, = 0.
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Proof. Observe that F(s) = (s — 1)G(s) + B has local pseudo-function
boundary behavior on fes = 1 Thus, Theorem [4.2] and Remark [£.4] im-
ply M(u) :== >, _,ck = o(u), so . ) has been estabhshed Set T'(z) =
e {7 e tM(et) dt, so that e=*T'(z) is slowly oscillating. Notice that T is the
convolution of M (e”) and e”H (x). Hence

L{T;s} = L{M(e"); s}L{e"H (x); s}

1 o0 oo
=-L erd(z —logny);s bt | e D7 gy
v ]

1 s Ck F(s)
s(s—1) — nj s(s—1)

We then have

£iTss) — 2 = 2(Gls) - ),

which has local pseudo-function boundary behavior on e s = 1. Theorem
yields limg oo Sg e 'M(el) dt = B; thus, a change of variables shows

(5.7) xh%og - du=f.
We now derive (| . from and (| .
TM
Zci:s ut dM (u) —1—8 (2u du=p+0(1). =
n <xnk 0 0 u
k

REMARK 5.5. The analytic function has local pseudo-function
boundary behavior on $e s = 1 if and only if it has pseudo-function bound-
ary behavior in a neighborhood of s = 1 on that line and F, given by ,
has local pseudo-function boundary behavior on {s : Res = 1, s # 1}. So
Theorem might be reformulated in these terms.

6. Necessity of the Cesaro means. In this section we construct a
number system proving that Theorem [I.1]is a proper generalization of Beur-
ling’s result. We shall do so by removing and doubling suitable blocks of
ordinary primes.

Let x; be a sequence of integers, where x1 is chosen so large that for
all z > x; the interval [z, z + z/log"/? z] contains more than z/(2log?? z)
prime numbers, and z;11 = |2V |. Clearly, i = O(loglog x;), and we may

assume that i < logl/6 x;
Close to each z;, we define four disjoint intervals I;1,...,I; 4, where
Lio = [z, @ + xi/logl/?’ x;] and I; 3 is the contiguous interval starting at

xi+w;/ logl/ 3 2; which contains as many prime numbers as I; 2. Observe that
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each of the intervals I; » and I; 3 has at least x;/(2 log4/ 3 x;) prime numbers.

Consequently, the length of I; 3 is at most O(z;/ logl/ 3 x;), as follows from

the classical prime number theorem. We further choose I; 1 and I; 4 in such
a way that I; 1 has upper bound z;, I; 4 has lower bound equal to the upper
bound of I; 3, and they have the properties of the following claim:

CrLAM 6.1. There are intervals I;1 and I; 4 as above such that I;1 and
I; 4 contain the same number of primes, and

i _1)1/+1 (_1)1/
1\ 1 1
= p p T
V—1PEIV,1UIV,3 PGIV,2U]V,4
In addition, the lengths of I;1 and I; 4 are O(ixi/logl/?’ x;) and each of
them contains O(ix; /log*® x;) primes.
Proof. We proceed recursively. Assume that we have defined I; 1 and I; 4

for i < k — 1 so that they satisfy the claim and additionally Agfl)i > 1,
where
(=nrtt

A,-:f[ 11 (1—1> 11 <1—1>(1)V.

v=1 pEIVJUIV,g p pEIV,ZUIVA p
Assume first that k£ is even. Then A;_; < 1. We examine the product
1\t 1
pElE 11Ul 3 p pEIE 2Vl 4 p

where I}, ; and Iy 4 are to be defined. We pair primes p; € I 2 and ps € I 3.
The contribution of such a pair to this product is

1 1\ ! - 1
p1 D2 pP1p2 DP2p1

Hence, the product over I o and I}, 3 is

exp| O - : =exp| O ———
p( <log4/3 T z3 P log®/3 z;

1\ ! 1 1 1
o H < P> H ( p) exp< <10g433k 10g5/3mk>>

k
o[t
log5/ Tk

We now increase I 1 and Ij 4 in such a way that at each stage both intervals
contain the same number of primes. Whenever we add one prime to both
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intervals, we add a factor > 1 to the product, and we stop doing so as
soon as the product becomes greater than 1. Since the initial product is
in fact 1 + O(k/log®? ), we need O(kxy/log?? z;) primes to do so. It
follows from the classical prime number theorem that I ; and I 4 both have
length O(kxy,/ logl/ 3 xr). Thus, whenever we add one more prime, the value
of the product changes by exp(O(2k(zy log!/? z) 1)) = exp(o(z;!)). The
first time the product supersedes 1, it does so by O(a:,;l), and it follows that
A = 1—|—O(x,;1) and A > 1. When k is odd, we proceed in a similar fashion.
We now keep adding primes to I ; and I 4 until the product becomes less
than one; at that stage, we obtain A; < 1 and again Ay =1+ O(m;l).
Therefore, the intervals I, 1 and Ij 4 so constructed satisfy the require-

_1\k
ments of the claim and in addition A,(C b >1. =

We define z,, to be the least integer in I ;, and ac]i' the largest integer
in Iy 4. Note that xk/log1/3 T < a:;gF -z, = O(ka:k/log1/3 xy). Since k <
logl/6 xy, we therefore have xz < 2z and x> 271z, for all sufficiently
large k.

Now define a sequence P = {p,}>2, of generalized primes as follows.
We choose one prime element for each prime number which is not in any of
the intervals I; ;; if 4 is even, no prime elements in I; 2 U I; 4 and two prime
elements for all prime numbers which are in one of the intervals I; 1, I; 3; if i
is odd, no prime elements in I; 1 U I; 3 and two prime elements for all prime
numbers which belong to one of the intervals I; 2, I; 4. We denote by G the
generalized number system associated to P. Let P, be the generalized prime
set which is constructed in the same way, but taking only the intervals I; ;
with ¢ < k into account; G, then denotes its associated set of generalized
integers. Let m(z) = wp(z) and N(x) = Np(z) be respectively the counting
functions of P and G. Furthermore, we denote by Ny(z) = Np, (z) the one
corresponding to Gg.

We claim that N and 7 have the properties stated in Proposition |1.2
more precisely:

PROPOSITION 6.2. We have |N(z) — z| > c(x/log?/3 z) infinitely often,
for some constant ¢ > 0; howewver,

T

]W@—$+O< ) (C,1),

log5/3 T

i.e., its first order Cesaro mean N has asymptotics

(6.1) N@yngf%u=x+o<“7)

1 log,‘E’/3 z
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For this system,

x xloglogx
= O ————|.
o) = o+ 0 R )
Since we defined G via its prime elements, we control m(z) completely. In
fact, the bound for the number of prime elements follows immediately from
the definition of P and the classical prime number theorem. Our task is then

to compute the behavior of N (z). We first estimate Ny (z) for 2 much larger
than xy.

LEMMA 6.3. If exp(8log®ay) <z < exp(:ni/5), then

(6.2) Ni(z) =z + O<10g5/3$>
and
Tl e () z
(6.3) Ni(z) := § - dt = +0<10g5/3m>.

Proof. Denote by f(n) the number of elements of norm n in Gg. Then
f(n) is multiplicative and satisfies

a+1 if32i <kipe€lyiUlygs,

0 ifd2i<k:pe 12@2 U 122'74,

fp*)=<0 if 32i+1<k:pé€loir1,1U 2413,
a+1 if3204+1<kipe€lryii2Ulqrq,
1 otherwise.

Define the function g(n) by the relation f(n) = 3", 9(d). Then g is multi-
plicative, and we have
1 if f(p) =2,
g(p*) =19 -1 if f(p)=0and a =1,
0 otherwise.

Denote by Hj the set of all integers which have only prime divisors in
U< Li,j» and for each integer n, let ny, be the largest divisor of n belonging
to Hj. Then

Ni(a)= D> > fm)= " Y glm)= > g(m) [Tﬂ

meH, n<z meH, nlx meH
Ny, =m m|n

=z ) g(:;)+0(mkm [1,2]))

meH,
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—1 i+1

I 0 <1_;) I1 (1—;)(1y+o<mm1,xm

=1 pGIi’lUIiyg pGIiQULL'A

=z 4+ o(i) + O(|Hi N [1, 2]|).

The first error term is negligible because = < exp(a:i/ 5). Any element of H;
has only prime divisors below 2x;. The number of integers without large
prime factors is well studied (cf., e.g., [11], 28]). Indeed, by using only the
simplest estimate [11, eqn. (1.4)], we find that

N S
|Hi N1, z]| < Oz~ ZoeEay) log x,
z <(xk log wy,)? 108 (27k) ) TTog ()

< Clog5/3 - T
X
< 01057/3 for exp(8log® z) < z < eXp(xz/5)’
g X

and ([6.2)) follows. For (6.3]), we use again the elementary estimate [I1, eqn.
(1.4)], so, for x in the given range,

( il )

Ni(z) —x=0 ;

_|_

()
)

T
= + logap \t 210%(2%) dt)
(10g5/3 T < &k §

= O<x> + O(xl_“)g%%k) logz:k) = O<x> .
log‘r’/3 T log5/3 x

Now the fact that N(z) deviates far from x follows immediately. For z <
x:_H, we have N (z) = Ni(x) with the exception of the missing and doubled

primes from [z, , xa_l]. Observe that, because z11 = Lexp(x,i/4 log2)],

[ 1, 2] € [exp(8log? wk%exp(xi/S)).

Since we changed more than x/(4log?32) primes when z is the upper
bound of either the interval I;411 or Ix412, we deduce from Lemma

that [N (z) — x| becomes as large as cx/log?3 x, for a fixed constant ¢ > 0.

To show |D we bound the Cesaro means of N in the range r;; <z <
z.,,- We start by observing that N(z) = Ng(x) within this range, so (6-3)
gives 1’ for exp(8log?z;) < z < T, - Assume now that

z;, < < exp(8log®zy).
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Lemma [6.3] implies that

TN, T
Nk 1 S k= 1 dt—$+0<5/3>,
1 log®’° x

because, by construction of the sequence, the interval [x;,exp(8log2 xr)]

3/5

is contained in [exp(8log? zj_1), exp(x,"))). Therefore, it suffices to prove
that

x
— — Ni(t) — Np_1(t
(6.4) Ni(e) - Nioa(o) = | 0= Neall)
Ty
has growth order O(z/log®® ). Note that only the intervals v - (Iga U---
U I 4) contribute to the integral 1) Ifz> m:vz, then, by the classical
prime number theorem, the contribution of each of the intervals v - (1 U
.U Ik74) is

kak T at k kx
O< 473, ) S t:O< 1/3 >:O< 4/3 >
log o log™*° xp maxy log™° x

x
0o ———),
(mlog5/3x>

because obviously z < exp(:z:z/ 5) and k < logxg. Since there are m such
intervals, the contribution of the intervals which are completely below x is
of the right order.

It remains to bound the contribution of the intervals v - (I, ; U---U I} 4)
such that vz, <z < l/:rk Since the logarithmic length of the four inter-
vals is O(k/log"/® 1), the number of such indices v is O(lm:/ ack log!/3 x1,)).
As above, the contribution of each of these intervals to is at most

(k/log4/ 3 21,); thus, their total contribution has order of growth below
O(k%x/(xy, 10g5/3 )) = O(x/log®® ). That N has asymptotics now
follows at once; consequently, Proposition has been fully established.
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