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1. Introduction. Given a matrix
b1 - O
o=\ : - : , 0 eR, n+m>3,
in . Hnm
consider the system of linear equations
(1.1) Ox =y
with variables x € R,y € R™. The classical measure of how well the space

of solutions to this system can be approximated by integer points is defined
as follows. Let | - | denote the sup-norm in the corresponding space.

DEFINITION 1.1. The supremum of the real numbers v such that there
are arbitrarily large values of ¢ for which (resp. such that for every t large
enough) the system of inequalities

(1.2) x| <t |Ox—y| <t

has a nonzero solution in (x,y) € Z™ & Z", is called the regular (resp.
uniform) Diophantine exponent of © and is denoted by 1 (resp. ai).

This paper is the result of an attempt to generalize this concept to the
case of approximating the space of solutions to by p-dimensional ratio-
nal subspaces of R™*", Much work in this direction was done by W. Schmidt
in [Schi]. Later, in [L1], [BL], a corresponding definition was given by
M. Laurent and Y. Bugeaud in the case when m = 1. Their definition
enabled them to split the classical Khintchine transference principle into
a chain of inequalities for intermediate exponents. However, the way we de-
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fined a; and (7 naturally suggests a generalization, which appears to be
different from Laurent’s:

DEFINITION 1.2. The supremum of the real numbers v such that there
are arbitrarily large values of ¢ for which (resp. such that for every t large
enough) the system of inequalities

(1.3) x| <t, |Ox—y|<t7

has p solutions z; = (x;,y;) € Z" & Z", i = 1,...,p, linearly independent
over Z, is called the pth regular (resp. uniform) Diophantine exponent of the
first type of © and is denoted by f, (resp. ).

In Section [2] we propose a definition of intermediate exponents of the
second type, which is consistent with Laurent’s. In Sections we for-
mulate our main results on these quantities. Sections [5] [f] are devoted to
the exponents naturally emerging in parametric geometry of numbers de-
veloped by W. Schmidt and L. Summerer in [SchS]. Those exponents are
closely connected to the Diophantine exponents, and in Sections [7] [§] we
describe this connection. It allows reformulating our main results in terms
of Schmidt—Summerer’s exponents, which is accomplished in Section [0 Fi-
nally, in Section we use this point of view to prove the theorems given
in Section [l

It should be noticed that all our “splitting” results are obtained for the
exponents of the second type. It is an interesting question whether anything
of this kind can be done with the exponents of the first type.

2. Laurent’s exponents and their generalization. Set d = m + n.
Denote by £1,...,£€4 the columns of the matrix

E,, —OT
© E, )|’

where E,, and E, are the corresponding unit matrices and OT is the trans-
pose of ©. Clearly, £ = spang(#1,...,€,) is the space of solutions to the
system , and £+ = spang (€11, .. .,£4). Denote also by ey, ..., eq the
columns of the d x d unit matrix F.

The following definition is a slight modification of Laurent’s.

DEFINITION 2.1. Let m = 1. The supremum of the real numbers v such
that there are arbitrarily large values of ¢ for which (resp. such that for every
t large enough) the system of inequalities

(2.1) Z| <t, | AZ| <t

has a nonzero solution in Z € A?(Z?) is called the pth regular (vesp. uniform)
Diophantine exponent of the second type of © and is denoted by by, (resp. ap).
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Here Z € A\P(R%), £, AZ € A\PTH(RY) and for each ¢ we consider \Y(R%)
as a (Z)—dimensional FEuclidean space with the orthonormal basis consisting
of the multivectors

el-l/\---/\eiq, 1§i1<-"<iq§d,
and denote by | - | the sup-norm with respect to this basis.

Laurent denoted the exponents b,, a, as w,—1, @p—1, respectively, and
showed that for p = 1 they coincide with 51, a1. He also noticed that one
does not have to require Z to be decomposable in Definition which
essentially simplifies working in AP(R?).

In order to generalize Definition let us set for each o = {iy,...,ix},
1<ip < <ip<d,
(2.2) Lo =4, N---NE;,,
denote by Ji the set of all k-element subsets of {1,...,m}, k =0,...,m,
and set Ly = 1.

Let us also set kg = max(0,m — p).

DEFINITION 2.2. The supremum of the real numbers v such that there
are arbitrarily large values of ¢ for which (resp. such that for every t large
enough) the system of inequalities

(2.3) max [L, A Z] < 1Rk — 0, m,
oeJk

has a nonzero solution in Z € AP(Z) is called the pth regular (vesp. uniform)
Diophantine exponent of the second type of © and is denoted by by, (resp. a,).

We have intended to make Definition look as simple as possible.
However, it will be more convenient to work with in the multilinear algebra
setting after it is slightly reformulated. To give the desired reformulation let
us set for each o = {i1,..., i}, 1 <iyp < -+ < iy <d,
(24) EO’ = € /\"'/\eiku
denote by J) the set of all k-element subsets of {m+1,...,d}, k=0,...,n,
and set Ep = 1.

Set also k1 = min(m, d — p).

PROPOSITION 2.3. The inequalities (2.3)) can be replaced by

(2.5) max  |[Ly A By AZ] < 1= F=ko) 59 e — g k.
oceJk
UIEJa/lfpfk
Proof. The inequality (2.3) is trivial for & > k;. Suppose that k£ < k;
and set ¢ = k+p. Consider a d x ¢ matrix M with columns my,...,m, € R4

and set M =my A--- Amg. If o' = {i1,...,ia—¢} € Jy_,, then
M AEy/|=|det(my,...,mg,e;,...,e;,_ )
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is up to sign the (¢ x ¢)-determinant involving the jth rows of M with j ¢ o.
The components of M are up to sign exactly these determinants, so

(2.6) IM| = max [MAE/.]|.
€Ty,
By linearity, (2.6]) remains valid if M is replaced by any element of A%(R?),
in particular, by L, A Z. Therefore,
Lo NZ| = max |Lo ANZAE,|,
JIEJéfpfk
which implies the desired statement. =
For p = 1 Definition [2.2] coincides with Definition ie. f1 = by and
a1 = ap. This is seen from the following

PROPOSITION 2.4. The quantity 1 (resp. a1) equals the supremum of
the real numbers v such that there are arbitrarily large values of t for which
(resp. such that for every t large enough) the system of inequalities

(2.7) lz| <t, |LAz| <t
where L =41 A --- Ad,,, has a nonzero solution in z € Z%.
Proof. The parallelepiped in R? defined by (1.2) can be written as

My (1) = {2 € B max |(ej.2)| <t max (62| < ¢},

where (-,-) denotes the inner product in R

The vectors £, 11, - . . , €4 form a basis of the orthogonal complement of L.
Therefore, since the Euclidean norm of L Az equals the (m + 1)-dimensional
volume of the parallelepiped spanned by £1,...,£,,,z, we have

LA z| < max |(bm+i,2)],
with the implied constant depending only on ©. Moreover,
_ | —
2] = masx( max |(e;.2)|, max [{£n:.2)

where the implied constant again depends only on 6.
Hence there is a positive constant ¢, depending only on @, such that the
set M (t) defined by (2.7) satisfies
¢TML(t) © ML(t) C eM,(2),
at least for ¢ > 1, v > 0, which immediately implies the desired result. =

3. Known transference inequalities. The transference principle con-
nects the problem of approximating the space of solutions to (|1.1)) to the
analogous problem for the system

(3.1) OTy = x.



Intermediate Diophantine exponents 83

Let us denote by 8, o, by, a; the intermediate Diophantine exponents
corresponding to OT.

The classical transference inequalities estimating b; in terms of b}, and
a; in terms of aj, belong to A. Ya. Khintchine, V. Jarnik, F. Dyson, and
A. Apfelbeck. We recall that 8; = by, a1 = a1, 8] = b}, o] = aj, as shown
at the end of the previous section.

3.1. Regular exponents. In [Kh] A. Ya. Khintchine proved for m = 1
his famous transference inequalities

b*
2 x> —1 > L
(3.2) bl >nby +n—1, by > CENET

which were generalized later by F. Dyson [D], who proved that for arbitra-
ry n7 m7

nby+n—1
(m—1)by +m’
While (3.2)) cannot be improved (see [J1], [J2]) if only b; and b} are consid-
ered, stronger inequalities can be obtained if a; and aj are also taken into
account. The corresponding result for m = 1 belongs to M. Laurent and

Y. Bugeaud (see [L2], [BL]). They proved that if the system ((1.1)) has no
non-zero integer solutions, then

(a7 —1)b7 <b <(1—a1)b}‘—n+2—a1
(n—2)ar+ Dbl + (n—L)a} — '~ n—1 '

(3.3) br >

(3.4)

The above inequalities were generalized by the author in [G], where it was
proved for arbitrary n, m that if the space of integer solutions of (1.1 is
not a one-dimensional lattice, then along with (3.3]) we have
(n—1)(1+0b1)—(1—ay)
(m—1)1+b1)+(1—ay)’

(n—DA+b;") — (a7’ — 1)

(m =11 +b7") + (a7! — 1)

with (3.5)) stronger than (3.6|) if and only if a; < 1.

(3.5) by >

(3.6) 1>

3.2. Uniform exponents. V. Jarnik and A. Apfelbeck proved literal
analogues of and for the uniform exponents, i.e. with by, b]
replaced by aj, af, respectively (see [J3], [A]). They also obtained some
stronger inequalities of a more cumbersome appearance. Among them, lonely
in its elegance, stands the equality

(3.7) altai=1
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proved by Jarnik for n = 1, m = 2. The results of Jarnik and Apfelbeck
were improved by the author in [G], where it was shown that for arbitrary
n, m we have

_1
n if a <1,

m — ap

(3.8) aj > .
TN e > 1

m—1

3.3. Khintchine’s inequalities split. Laurent and Bugeaud used the
exponents b, to split (3.2)) into a chain of inequalities relating b, to by1.
Namely, they proved that for m =1 we have b] = b,, and

n— 1)b 1 b
(3.9) bpi1 > (n=p+1)by+ , b, > PPl n— 1.
n—p bpt1+p+1
Moreover, they proved for m = 1 that if the system (|1.1)) has no non-zero
integer solutions, then aj = a,, and

b + a1 b, | > 1—a;1
n— )

3.10 by > I
(3.10) ? T bt tan

T 1l-m

which, combined with (3.9)), gives (3.4).

)

4. Main results for intermediate Diophantine exponents. In this
paper we generalize (3.9) and its analogue for the uniform exponents to the
case of arbitrary n, m. We show (see Proposition in Section [§]) that

(41) [J; = bd,p, Cl; = Ad—p, p = 1,...,d— 1,
and prove

THEOREM 4.1. For eachp=1,...,d — 2 the following statements hold:
If p > m, then

(4.2) (d=p—1)(1+bp1) > (d—p)(1+by),
(4.3) (d=p—1)(1+ap1) > (d—p)(1+ap).

If p <m—1, then
(4.4) (d—p—1)(1+b,) ' > (d—p)(1+bpr1) ' —n,
(4.5) d—p-1)(1+0a)""' > (d=-p)(1+a1)" —n

The second result of the current paper generalizes (3.10). We prove

THEOREM 4.2. Suppose that the space of integer solutions of (1.1) is
not a one-dimensional lattice. Then for m =1 we have

b1+ a1
4.6 by >
( ) 2_1—0.1

)
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and for m > 2 we have
a; — 1

Srb e O MF

4.7 by >
(4.7) 2 Z 1—a1_1

by +a
The inequality (4.6) is exactly the first inequality of (3.10). The second

inequality of (4.7)), in view of (4.1), gives the second inequality of (3.10)).
It follows from Theorem that for m > 2,

(4.8) (d—2)(1+bg1) "< (1+by) +m—2.

Combining this inequality with (4.7]) we get (3.5) and (3.6) in case m > 2.
The third result of this paper splits the inequalities (3.8)):

THEOREM 4.3. For m = 1 we have

n—2
4.9 >(1—a) ' — .
(4.9) a2 (1—a)” - ——
For m > 2 we have
n—1
] <1
—n—(d-2)(1—ay)"! ifarst,
(4.10) ap > .
z'falzl.

n+(d—2)(a; — 1)1
Let us show that Theorem splits (3.8]) the very same way Theorem
splits (3.5) and (3.6). It follows from Theorem that for m =1,

(4.11) L+ap, > (n—1)(1+ag),
and for m > 2,
(4.12) (d=2)14a41) <A +a)t+m—2

Combining (4.12) with (4.10), we get (3.8)) for m > 2. As for m = 1, we
always have a; < 1 in this case, so (4.9) and (4.11) indeed give (3.8) with

m = 1.

5. Schmidt—Summerer’s exponents. Let A be a unimodular d-di-
mensional lattice in R?. Denote by Bglo the unit ball in sup-norm, i.e. the cube
with vertices at the points (£1,...,£1). For each d-tuple 7 = (71,...,74)
€ R? denote by D, the diagonal d x d matrix with e™,...,e™ on the main
diagonal. Let also A\, (M) denote the pth successive minimum of a compact
symmetric convex body M C R? (centered at the origin) with respect to the
lattice A.

Suppose we have a path T in R? defined as T = 7(s), s € R, such that

(5.1) T1(8) + -+ 714(s) =0 for all s.
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In our further applications to Diophantine approximation we shall confine
ourselves to a path that is a ray with endpoint at the origin and all the
functions 71(s), ..., 74(s) being linear. However, in this section, as well as in
the next one, all the definitions and statements are given for arbitrary paths
and lattices.

Set B(s) = DT(S)BgO. For each p =1,...,d consider the functions

In(A,(B(s)))

S

p
Pp(A, T, 5) = (AT s) =) (AT, ).
=1

DEFINITION 5.1. We call the quantities
YPp(A,T) = liminf (A4, T, s), @p(/l, T) = limsup ¥, (A, T, s)
- s§—+00 s—+400
the pth lower and upper Schmidt-Summerer exponents of the first type, re-
spectively.
DEFINITION 5.2. We call the quantities
U,(A, %) =liminf ¥, (A, T,s), ¥y(A,%T)=limsup¥,y(A,T,s)
s§—+00 s—>+00

the pth lower and upper Schmidt—-Summerer exponents of the second type,
respectively.

Sometimes, when it is clear from the context which lattice and which
path are under consideration, we shall write simply ,(s), ¥p(s), ¢p, @p,
¥,, and @p.

The following proposition and its corollaries generalize some of the ob-
servations made in [SchS| and [BL].

PROPOSITION 5.3. For any A and T we have

(5.2) 0 < —Wy(s) =0(s1).
In particular,
(5.3) Uy=Uy=0.

Proof. Due to (5.1)) the volumes of all the parallelepipeds B(s) are 2¢,
so by Minkowski’s second theorem we have

1 d
5 < il_[l)\i(b’(s)) <1

Hence

Ind) 5= <o,
i=1

S

which immediately implies (5.2)). m
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COROLLARY 5.4. For every p with 1 < p < d—2 and every s > 0 we
have

p+1

(5.4) P (5) < By (5) < d-p-1

d—p Wy (s).

Proof. In view of (5.2), it follows from the inequalities 9;(s) < ¥;+1(s),
i=1,....d—1, that

12 P
D ils) S Upnas Z
P i—1
which immediately implies (5.4). m
Taking the lim inf and the lim sup of all terms in (5.4)), we get

COROLLARY 5.5. For any A and ¥ and any p with 1 < p < d — 2 we
have

(5.5)

ptl d—p—1 p+1—  — d—p—1—

—Vv v —Vv, <Y < .
p 7 p+1 = d—p =P and p P= =Ta—p ?

Next, applying we get

COROLLARY 5.6. For any A and ¥ we have

[

—1
Another simple corollary to Proposition is the following statement:

¥, = =
. — L)Xl = Ed-1 > - = -1 =
(5 6) (d 1)@1 < Wd < d—1 and (d 1)&1 < Wd 1 < d

COROLLARY 5.7. For any A and T we have
(57) gdfl = _@d and @d,1 = _%d-

As we shall see later, the first inequalities of ([5.6)) generalize Khintchine’s
and Dyson’s transference inequalities.

6. Schmidt—Summerer’s exponents of the second type from the
point of view of multilinear algebra. As before, let us consider A”(R?)
as the (Z) -dimensional Euclidean space with the orthonormal basis consist-
ing of the multivectors

eil/\---/\eip, 1§i1<"'<ip§d.

Let us order the set of p-element subsets of {1,...,d} lexicographically and
denote the jth subset by o;. To each d-tuple T = (11, .., 74) let us associate
the r-tuple

(6.1) T=F,...0), =Y T r=<;l>.

1€0;



88 O. N. German

Thus, a path T : s — 7(s) leads (6.1) to the path T:is— 7(s) satisfying
the condition
Ti(s)+...+7-(s) =0 forall s.

Finally, to a given lattice 4 C R?, we associate the lattice 4 = AP(A)
consisting of all linear combinations with integer coefficients of multivectors
viA--- Avysuch that vq,...,v, € A

PROPOSITION 6.1. For any A and T we have
2y(A,T) = 1A T) = (A T) and Tp(A,T) =T1(4,5) = 4, (4.9).

Proof. Let us denote by \;(M) the ith successive minimum of a body
M with respect to A if M C R? and with respect to A if M C AP(R).
The matrix D is the pth compound of D;:

D; = DY

This means that DzB., is comparable to Mahler’s pth compound convex
body of DB, (see [M]), i.e. there is a positive constant ¢, depending only
on d, such that
(6.2) ¢ 'D:BY, C [DBL)P) ¢ eD;BL.
In [Sch2| the set D;BL is called the pth pseudo-compound parallelepiped for
DB

It follows from Mabhler’s theory of compound bodies that

(6.3) M([D,BL)® HADW

with the implied constants depending only on d. Combining (6.2)) and (6.3] .

we get
P

(A1 (Dz(5)BL,)) = > In(Ai(Drs) BL)) + O(1),
=1

whence
(4T, 5) sz (4,%,5) +o(1).
It remains to take the liminf and the lim sup of both sides as s — co0. =

7. Diophantine exponents in terms of Schmidt—Summerer’s ex-
ponents. Let £1,...,£44, e1,...,e4 be as in Section [2] Set

E
T=("T 0 )
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Then
= (B
0 E, )’
so the bases £1,...,8n,€mi1,...,eqand e1, ..., €y, ln11,...,£Lq are dual to
each other.

Let us specify a lattice A and a path T as follows. Set
(7.1)
T
A=T7120 = [((e1,2),. .., em. 2), i1, 2), ..., <ed,z>) cRe |z ez

and define T : s — 7(s) by

(7.2) Ti(s) = =Tm(s) =s, Tmyi(s) =---=14(s) = —ms/n.

Schmidt-Summerer’s exponents 1y, Ep corresponding to such A and ¥ and
the exponents (3, o, are but two different points of view at the same phe-
nomenon. The same can be said about ¥, @p and by, a,. This manifests
itself in the following two propositions.

PROPOSITION 7.1. We have

(7.3) (14 8p) 1+ p) = (1 + o) (1 +¢,) = d/n.
Proof. The parallelepiped in R? defined by (1.2)) can be written as
= d L z)| < i, z)| < —7}
My(t) = {z € R? | max [(e;,2)] <t max [(6ssz)] <477},

where (-,-) is the inner product in R%.

Therefore, 8, (resp. o) equals the supremum of the real numbers 7 such
that there are arbitrarily large values of ¢ for which (resp. such that for every
t large enough) the parallelepiped M, (t) contains p linearly independent
integer points.

Hence, considering the parallelepipeds

(7.4)

= -1 = d . < . < *’Y}
Py(t) =T7' My (1) = {2 € B | max [(e.2)| <+, max [{esi,z)] <477},

we see that

(7.5)

Bp = limsup{y € R | \p(Py(t)) =1}, op =liminf{y € R| A\, (Py(¢t)) =1},
t—-+00 t—+o0

where A,(Py(t)) is the pth minimum of P, (t) with respect to A.
But Pm/n(t) = D‘r(lnt)Bgov S0

(7.6)
Pp(A, %) = lim inf ln(/\p(Pm/n(t)))’ $,(A,T) = limsup IH(AP(Pm/”(t))).

t—+o00 Int t—+00 Int
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A simple calculation shows that

Pv(t) =

n4+ny

T m/n(t d )a

ie.
—m+ny
Ap(Py (1)) = (') 7m0 Ap(Pryn (1))
with ¢’ = ¢t(»+7)/d Therefore, the equality
Ap(Py(t) =1
holds if and only if

d In(Ap(Br/n(t))
—_ + =
n + ny Int/

Hence, in view of (7.5)), , we get
In( Ay (P /(O 1
Bp:limsup{d<1+ 2 (Foy ()))> 1}=d(1+¢p)_11,
n n -

t—+o00 Int
d(y, MO PN Y _d o
o =tmint {7 (14 R ) St =g o

which immediately implies (7.3)). m

PROPOSITION 7.2. Set 5q, = min(p, Z(d — p)). Then
(7.7) (1+06p) 5 +Zp) = (1 + ) (55, + ¥p) = d/n.

Proof. Let Ly, By, Ji, J|, be as in Section

Since T~Y; = e; and T‘lej =ejforl<i<mand m+1<j<d, we
have
(7.8) (TH*+) (L, AEy) = E, AE,  for each o € Ji, o’ € Ji,
where (T~1)*+%) is the (k 4 k')th compound of T—'. Furthermore, since
A=T717% we have
(7.9) A= NP(A) = (T7HP(AP(27)).
Hence for each Z € A\P(Z%) and each o € Jy, 0’ € Tg—pr (With kg <k < k1)
we get
(7.10) Lo AEy AZ| = |(T~ ) (d- p>(L AE AN (T HPZ| = |E, AEyp AZ,
where Z' € A. Here, besides ., we have made use of the fact that
for every V € NP( ]Rd , W e AN“P(R?Y) the wedge product VA W is a real

number and
VAW = |[TPV ATEPIW,

provided det T = 1.
We conclude from ((7.10) and Proposition that b, (resp. a,) equals
the supremum of the real numbers v such that there are arbitrarily large
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values of ¢ for which (resp. such that for every ¢ large enough) the system
of inequalities

(7.11) max By A By A Z] < g k=ho)47) - f = kg, Ky,
%S
U/EJéfsz

has a non-zero solution in Z € A.
The inequalities ([7.11]) define the parallelepiped

(112) B)={Ze NRY| max (B, AB,,Z)| <G00,
o0€dm—k

! !
Ty k=hoo b},

where (-,-) is the inner product in AP(R?). By analogy with (7.5) we can

write

b, = limsup{y € R | Al(ﬁy(t)) =1},

(7.13) e ~
ap = liminf{y € R [ A1(P(t)) = 1},

where A\ (]37 (t)) is the first minimum of ]37 (t) with respect to A
Consider the path T defined by (6.1) for €. Then

ZOEDIEIC]

and if o; N {1,...,m} € Tp—k, we have

() = (m — k)s — (p—(m-k)m _ <d(ko—k)+%p>s

n n

= (1—(k—ko)(1+0))Int,

where
d
t=e  yg=— — 1.
n
Hence
(7.14) Py (t) = Dz5) B,
where, as before, r = (;l).
Thus, similar to ((7.6)), we get

1/}1(//1\ %) — hm lnf %p ln()\l (P'YO (t)))
(7'15) - t——+o0 In t,\

7 *p 1n(>\1(P70(t))).

0y (A4, %) = limsup

t—+o00 Int
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The rest of the argument is very much the same as the corresponding
part of the proof of Proposition Let us observe that

1+~ 1+~

Py(t) = '~ 50 Py (t70).

This implies that

~

(P, (1) = (1) T A (P (1))

Lty
with ¢/ = t1+w70 . Therefore, the equality
M(Py(t) =1
holds if and only if
L1t nQu(Py (1)
—~ -
1+~ Int/
Hence, in view of (7.13)), (7.15]), we get

b, = limsup{(l +70)<1 + WW>1 - 1}

t—+o00 Int

= (1+0) (1 + 25 91 (4,3) 71— 1

=0.

and
D -1
a, = 1tigl+igof{(1 —I—’Yo)<1 + W) B 1}
= (1 +70) (1 + 25,19y (4, %) - 1.
Thus,

(14 6) (4 + 91(A D) = (14 ) + T (4, 5) = /.
It remains to apply Proposition [6.1] =
REMARK 7.3. It follows from (7.14) that the volume of ]370 (t) is equal

to 2". Hence, by Minkowski’s convex body theorem, P,,(t) contains a non-
zero point of A. Thus, taking into account ([7.13]), we get

d
b, > a, > =——1,
p Z 8p Z 70 s,

or in terms of Schmidt—Summerer’s exponents,

_%pggpgapgo

8. Transposed system. The subspace spanned by £,,,+1,...,£4 is the
space of solutions to the system

—OTy =x.
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As we noticed in Section [2 it coincides with the orthogonal complement £+
Denote by 3}, ay, by, a; the corresponding pth regular and uniform Dio-
phantine exponents of the first and of the second types for ©T. Obviously,
they coincide with the ones corresponding to —OT. The lattice constructed
for —OT the very same way A was constructed for &, would be

E, 0 7d
(G D

But transposing the first n and the last m coordinates turns this lattice into

E, O
7% =177% = A*,
0 E,

which is the lattice dual for A. For this reason with ©T we shall associate A*.
Now, the most natural way to specify the path determining Schmidt—Sum-
merer’s exponents associated to ©T is to take into account the coordinate
permutation just mentioned and consider the path T : s — 7%(s) defined
by
(8.1) T1(s) = =1n(s) = —ns/m, 75,(s)=---=75(s) =s.
Denoting
* * ok o -
l/}p:ipp(/l 7{3: )7 wp:d}p(/l*az*))
Uh =W, (A5, T), U, =T,(A",T),

we see that any statement proved for an arbitrary © concerning the quan-

tities By, ap, by, ap, Py, 1/11,, », ¥p remains valid if © is replaced by OT,
and the quantltles n, m, Bp, Qp, by, ap, Yy, @p, Y, @p are replaced by m,
n, By, o, by, a, P, wp, 7*, respectively. In particular, the analogues
of Prop081tlons [71] - hold

ProPOSITION 8.1. We have
(8.2) 1485 +v3) = (1+a2)(1+,) = d/m.

PROPOSITION 8.2. Set s = min(p, Z(d — p)). Then
(8.3) (1+63)( +T3) = (1 +a)) (505 + 7)) = d/m.

Further, same as ([7.6)), we get
(8.4)

e O (P (M) Ay (P (t7™)))

T T

where A\ denotes the pth minimum with respect to A*.

Let us show that ¢y, w are closely connected with 14, wd_ (which,
as before, are related to A and the path T defined by (7.2} . It follows from
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the definition of P, (t) that there is a positive constant ¢, depending only

on @, such that
cTIP(tTY) C Py(t)" C ePy(tTY),

where P, (t)* is the polar reciprocal body for P, (t). Furthermore, it follows
from Mabhler’s theory that
Xo(P, (8 a1 (P, (8)) = 1
with the implied constants depending only on d. Hence
(8.5) No(Py (™) Aara—p (P (1)) < 1.
Combining , and with p replaced by d + 1 — p we get
PROPOSITION 8.3. We have
b, = _%adﬁ-l—p and P, = _%l/)d—i-l—p‘
COROLLARY 8.4. We have
(1485 (m—ntgy ) = (L4 ap)(m —ngi1—p) = d.
Proof. Follows from Propositions [8.1] and .
COROLLARY 8.5. We have
Qap1-pBy =1 and agyy By =1.
Proof. Follows from Proposition and Corollary .

In order to obtain the corresponding relations between the exponents of
the second type, let us go in the opposite direction and prove

ProrosiTION 8.6. We have
bp="by_, and ap,=a; ,.
Proof. Let Ly, Ey, Ji, J). be as in Section

We recall that the bases £1,...,€y,€mt1,...,€4 and eq, ..., e, lni1,
.., 44 are dual to each other. So, if 0 € Jj, 0’ € J/,, then

*(Ly NE,) = £Ez A Ly,
where * denotes the Hodge star operator,
c={1,....m}\o, o ={m+1,....d}\o,

and the sign depends on the parity of the corresponding permutation. Hence
for any o € Ji, 0’ € Jy_, 4, and any Z € NP (Z%) we have

Ly AEy AZ| = |Ez A Ly A *Z|.

Thus,
(8.6) max |Lo AEyAZ|= max |Ly AE;A*Z|
) UE/Jk €Ty ik
€T pi €T m—k

for each Z € AP(Z%).
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Set kj = max(0,n — (d — p)), k} = min(n,p). Then ki = ko +p — m,
1 = k1 +p —m, and the inequalities kg < k < kp are equivalent to kj <
p —m+ k < kj. Therefore, it follows from that (2.5)) is equivalent to

(8.7) max Ly A By AZ| <t FRU) = ks kT
o'eJ,,
o€Tp—k
It remains to apply Proposition and the fact that x(AP(Z%) =
ATP(Z). w
COROLLARY 8.7. Set s;* = min(d -, %p) = in,. Then
(14+6,)(0" +¥ap) = (1+a,)(5," + Uy_p) =d/n.
Proof. Follows from Propositions and "

COROLLARY 8.8. We have

% n —x n —
v, = Rgd,p and ¥, = Ewd,p.

Proof. Follows from Proposition [8.2] and Corollary n

9. Main results in terms of Schmidt—Summerer’s exponents. It
is interesting to rewrite in terms of Schmidt—Summerer’s exponents.
By Propositions [8.6] and [7.2] it becomes simply

1'%}
d—1’
which is one of the statements of Corollary But we already have an
intermediate variant of this inequality! It is

gp—i—l < gp
d—p—1—"d-p’
one of the statements of Corollary Rewriting the corresponding state-
ments of Corollary with A and T defined by , in terms of the
intermediate Diophantine exponents gives Theorem

As we see, describing the splitting of Dyson’s and Apfelbeck’s inequal-
ities in terms of Schmidt—Summerer’s exponents given by Corollary is
much more elegant than in terms of Diophantine exponents. Another at-
traction is its universality for all values of n, m whose sum is equal to d.
Moreover, Corollary [5.5] holds actually for arbitrary lattices and paths, while
Theorem is bound to the specific choice of those.

Let us now translate Theorems into the language of Schmidt—
Summerer’s exponents. We recall that, as noticed in Remark

—-1<¥; <¥; <0.

(9.1) Vi<

(9.2)
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Theorem turns into

THEOREM 9.1. Suppose that the space of integer solutions of (1.1) is
not a one-dimensional lattice. Then

oy +al "L g, 2
(9.3) ¥y < n+n?
vy -
m — n¥q
Similarly, Theorem [4.3] turns into
THEOREM 9.2. We have
d—2)¥ — -
I
(9.4) 7, < (n—1) 4+ n¥ n
(d—2)¥717 if@lgm_n
(m — 1) —n¥q 2n

As we see, this point of view relieves us of singling out the case m = 1.
In the next section we prove Theorems [9.1] and

10. Proofs of Theorems and Let A and ¥ be as in ([7.1]) and
(7.2). The following observation is crucial to proving Theorems and

LEMMA 10.1. Suppose that s, s’ € Ry satisfy the conditions

(10.1) M (B(s))B(s) € M (B(s)B(s),
(10.2) A (B(s")) = X2 (B(s)).
Then
1(s) +d- 1?1(8)——1/11/(8) if 8 <s and(s') # -1,
n + n(s')
(103 als) < S
Gi(s) +d- R TEE i >
m — nii(s’)

Proof. If s = &, then by (10.2) we have v1(s) = 12(s), which implies
(10.3]). So, we may suppose that s # s'.
We recall that

— — T d | < P8 | < 7ms/n}
B(s) {z (21,...,2¢)T €R ’ lgzis)in\zj\ < e’ lrgllaug}%m] <e .

Thus, means that
(104) M(Bls))e® < MBEN, ABls)e ™™ < X (B(s)e ™"

Applying the first inequality of (10.4) for s’ < s and the second for s’ > s,
we get in each case
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(10.5) M (B(s)) < M (B(s)).

The inequalities ((10.4)) cannot both be strict, for this would conflict with
the definition of the first minimum. Thus, in view of ((10.5)), it follows from

that for s < s we have

(10.6)  M(B(s))e” = M(B(s)e”,  M(B(s)e ™™ < M(B(s'))e ™/,
and for s’ > s we have

(10.7)  M(B(s))e® < M(B(s)e™,  M(B(s)e /™ = Ay(B(s'))e ™/™.

There are some non-zero lattice points on the boundaries of both A1 (B(s))B(s)
and A1 (B(s"))B(s’), while there are no such points in their interiors. But the
first m components of each point of A are integers (see (7.1))), so both sides
of the equality in should be equal to a positive integer. As for the
equality in ([10.7)), its sides should both be less than 1, since Ay (B(s)) < 1
by Minkowski’s convex body theorem. Thus,

A (B(s))e® = A (B(s)e® > 1 if s < s,
AL(B()e ™™ = A\ (B(s')e ™ /" <1 if ¢ > s,
or equivalently,
s(1+1(s)) =8 (1+1(s)) >0 if s’ < s,
s(1(s) —m/n) = &' (Y1(s') —m/n) <0 if s’ > s.
Furthermore, it is clear that
B(s) {e,m(s/s)/”l’)’(s) if & < s,
e* 7*B(s) if s > s.
Hence, in view of , it follows that
Ao (B(5))e ™™ < Xg(B(s'))e ™' /" = A (B(s'))e™™'/"if ¢ < s,
Xa(B(s))e® < Xa(B(s)e* = A (B(s))e” if s > s,
or in other words,
s(o(s) —m/n) < s'(P1(s') —m/n) if s’ <s,
s(1+1ha(s)) < s'(1+1(8)) if s’ > s.

Now, dividing the corresponding inequality in ((10.9)) by the corresponding
equality in ([10.8)) (naturally excluding the case 11 (s") = —1), we get (10.3]). m

(10.8)

(10.9)

For each z = (21,...,24)T € R? and each s > 0 let us set
_ =8 . — ,ms/n )
us(z) =e [max, |z;|] and wv4(z)=e max |2

Then
B(s) = {z € R? | ps(z) < 1, vs(z) < 1}.
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The parallelepiped A;(B(s))B(s) contains no non-zero points of A in its
interior and contains at least one pair of such points on its boundary. Choose
any of these points and denote it by v,. Obviously, the maximum of the
quantities ps(vs), vs(vs) equals A1 (B(s)).

COROLLARY 10.2. For each s > 0 such that
(10.10) ps(vs) = vs(vs) = M (B(s)),
there are s',s" > 0 such that

s(L+1u(s)) <5 <5 <" <s(1 = (n/m)ii(s))

and
21(s) + a2 i () 2 -1,
(10.11) Wy(s) < Pt
21 (s) + g —s) wll(,s).
m — ny(s")

Proof. Let us show that the relation us(vs) = A1(B(s)) implies the
existence of an s’ < s satisfying the conditions of Lemma Denote
A=A (B(s)). Let

P, ={z € R | ps(z) < \, vs(z) < vA}
be the minimal (with respect to inclusion) parallelepiped containing no non-
zero points of A in its interior. The existence of such a parallelepiped follows

from Minkowski’s convex body theorem. It also implies that 1 < v < A=/,

Then
AB(s) C P, = )\’B(s'),

where N = \w™/? s’ = s — (n/d)Inv. For N, s' we have
N>)X  s+lna<s <s.

On the other hand, P, contains non-collinear points of A on its boundary,

so A\1(B(s")) = X2(B(s")) = N. Thus, s, s satisty and ([10.2).

Now let us consider the relation vg(vs) = A1(B(s)). By Minkowski’s
convex body theorem there is a g with 1 < g < A~%™ such that the
parallelepiped

Q, = {z € RY| ps(z) < p, vs(z) < N}

contains no non-zero points of A in its interior, but contains non-collinear
points of A on its boundary. Then

AB(s) C Q, = \"B(s"),
where N = \u™/4, " = s + (n/d) In pu. For X', 5" we have
N> s<s"<s—(n/m)n\

Moreover, s, s also satisfy (10.1]), (10.2)), since A1 (B(s")) = X2(B(s")) = \".
It remains to apply Lemma [10.1] =
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Having Corollary it is now easy to prove Theorem

First, let us notice that if the system has a non-zero integer solution,
then it has two linearly independent integer solutions, so in this case ¥; =
¥, = —1, ¥y = —2, which implies (9.3)).

Next, suppose that the system has no non-zero integer solutions.
Then there are infinitely many local minima of ;(s), each of them satisfies
, and the sequence of these local minima tends to oco. Moreover, s’
and s” from Corollary tend to oo as s tends to oo. Indeed, since
has no non-zero integer solutions, we have

65(14‘1[}1(3)) — 68)\1(8(8)) = )\1(6786(8)) — 0 as s — OO,
SO
(10.12) s(14+11(s)) > 00 ass— oo.

In particular, it follows from ([10.12)) that 11(s) is eventually greater than
—1 (it can actually be shown that 11 (s) > —1 starting from the second local
minimum point of 1 (s)). Therefore,

P1(s") — ¥i(s)
n+ni(s)
P1(s”) — ¥a(s)

m —niy(s")
where the liminf and the limsup are taken over the set of local minima
of 11(s). Since 11(s) is never positive, both denominators in are
eventually positive. Therefore, implies ((9.3)).

COROLLARY 10.3. Suppose that the system (1.1) has no non-zero integer
solutions. Then for each s > 0 there is an s’ > 0 such that s(1 + 91(s)) <
s < s(1 = (n/m)1(s)) and

2liminf ¢ (s) + dlim sup
(10.13) W9 <liminf ¥s(s) <
2lim inf 41 (s) + dlim sup

= 2Wnl) g (o)

(10.14) Dy (s) < (n—1) +mnip1(s') o
| e men

(m —1) —nyu(s) ! - 2n

Proof. Assume that ps(vs) = A1(B(s)). Then the same argument as in
the proof of Corollary shows that there is an s’, such that s(141(s)) <
s’ < s and

) — i)

10.1 'Z <2
(10.15) 2(5) < 200 (9) + d L
unless ¥ (s') = —1. By Corollary we have

d—1
d—2

(10.16) Wn(s) < r(s) < %%(s).
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If ¢1(s") = —1, then (10.16)) implies (10.14). Suppose that 1(s") # —1.

Then, taking into account that

d m—n
- >0 i i ">
2 n+m/11(s’)_0 if and only if 1 (s’) > T
we conclude from ((10.15)) and ((10.16|) that
201 (s i (1) 2 75
(1017 PEE) @) men
(m—1) —ny(s) N =on

Assume now that vg(vs) = A1(B(s)). Then the same argument as in
the proof of Corollary shows that there is an s” such that s < s” <
(1 — (n/m)y1(s)) and

P1(s") — 1 (s)
10.1 v. <2 d———".
( 0 8) 2(8) - 1/}1(8) + m — nwl(Sﬂ)
Taking into account that

d

m—n

2———————— >0 ifand onlyif ;(s") < ,
m — ny(s") 2n
we conclude from and that
(d—2)Y1(s") ) o M —Tn
f > ,
(10.19) y(s) < { (W= 1) +nta(s”) o) = =5,
241 (s") if v (s") < T
Since 11 (s’) and 1 (s”) are negative, we have
/ (d —2)11(s") , Wm—n
2n(s) < (n—1) 4+ n(s) if 91 () 2 on
" (d - 2)¢1(3”) . ” m-—n
P S G (e TS T

Therefore, (10.17) and (10.19) imply the desired statement. =

Deriving Theorem [9.2] from Corollary [I0.3] is even easier than deriving
Theorem [9.1] from Corollary

If the system has a non-zero integer solution, then ¥ = —1 < o,
and follows from . Suppose now that has no non-zero integer
solutions. Then it follows from that s’ from Corollary tends
to 0o as s tends to oco. Hence, taking limsup of both sides in , we

get (9.4).
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