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Number of solutions in a box of a linear
homogeneous equation in an Abelian group

by

MACIEJ ZAKARCZEMNY (Warszawa)

1. Introduction. K. Cwalina and T. Schoen [I] have recently proved
the following conjecture of A. Schinzel [3]: the number of solutions of the
congruence ajxy + -+ + axxr = 0 (mod n) in the box 0 < xz; < b;, where
b; are positive integers, is at least 21" Hle(bi + 1). Using a completely
different method we shall prove the following more general statement, also
conjectured by Schinzel ([3, p. 364]).

THEOREM 1.1. For every finite Abelian group I', for all ay,...,ar € T,
and for all positive integers by, ..., by the number of solutions of the equation
Zle a;x; = 0 in monnegative integers x; < b; is at least

k
(1.1) 21 =PI Tk + 1),
i=1
where D(I") is the Davenport constant of I' (see Definition [2.1] below).

2. Lemmas and definitions. Let I' be a finite Abelian group, with
multiplicative notation.

DEFINITION 2.1. Define the Davenport constant D(I) to be the smallest
positive integer n such that, for any sequence g1, ..., g, of group elements,
there exist indices

1<y <<y <n for which gil'--"gitzl-

For a group with multiplicative notation, Theorem has the form: for
every finite Abelian group I, for all a1,...,ar € I, and for all positive
integers by, ..., b the number of solutions of the equation Hle a;’* =11in
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nonnegative integers x; < b; is at least
k
(2.1) 2! =PI T (b + D).
i=1
By the definition of the Davenport constant, we may find g1, ..., g9p(r)-1 € I’
such that any product of a nonempty subsequence of this sequence is not
equal to 1 in I'. As the number of solutions of the equation Hzpz(lp)fl gt =1,
where x; = 0 or z; = 1, is equal to 1 = 21-P() HiDz(lp)_l(l + 1), we obtain:
REMARK 2.2. In Theorem 21-D(I) {5 the best possible coefficient
independent of a;, b; and depending only on I

LEMMA 2.3. For n > 1 we have the following identity in Q[x] and in
Q[

n
(2.2) Ltz+a?+-fa”=> 2" (14 ad)(1+z)"
j=0
Proof. We proceed by induction on n. For n = 1 we have
1
S 142 (1+a) T =204+ DA +a) +2 (14 2) =1 4a
j=0
and the assertion is true.
Assume it is true for degrees less than n, where n > 1. Then

1
1+x+x2+---+az”:5((1+x)(1+:c+-~-+x"‘1)+(1+:c”))

n—1
_ %(<1 +a)y 27T (1 2y (1 2) T (1 x"))
j=0

n—1
. . . 1
=YY A+ )42+ S (L")
i=0

n
=> P 1+ al) (14 2)" . .
j=0
DEFINITION 2.4. For an element )
a number n € Q we write

ZNggtn iff Ny >n.
gel’

ger Ngg of the group ring Q[I'] and

LEMMA 2.5. Theorem [1.1] in multiplicative notation is equivalent to the
statement: for every finite Abelian group I, for all a1,...,ax € I', and for
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all positive integers by, ..., by we have
k k
(2:3) [ +ai+-tap) =2 PO T+ ),
i=1 =1

where D(I) is the Davenport constant of I

a’t =11in

Proof. Indeed, the number of solutions of the equation HZ 1 a;

nonnegative integers x; < b; is equal to N1, where

k

H(l +a; + Z

i=1 gerl’

We have
k
> 1=D(I) H
i=1
if and only if (2.3 holds. =

LEMMA 2.6. Let I' be a finite Abelian group. For all ay,...,a, € I we
have

(2.4) (I+a1)-...-(1+ay) = 2P 9k,

Proof. For the completeness of exposition we provide Olson’s proof [2].
We proceed by induction on k. For k < D(I") — 1 we have

(1—l—a1)-...-(1~|—ak)§1221—D(F).2k

and the assertion is true.

Assume it is true for the number of factors less than k, where k& >
D(I')— 1. Hence k > D(I'). By the definition of the Davenport constant we
may assume, without loss of generality, that

ap-...-a; =1 forsome 1l <t<D(I).

By the inductive assumption

t k

H(l + ai—l) H (1 +a/7,) t 21—D(F) . 2k—1’

1=2

1=t+1
k
[+ @) = 21720 9k,
=2
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Hence
k k k
H(l +a;) = H(l +a;) + a1 H(l + a;)
=1 =2 =2
k t k
:H(l—l—ai)jtal-...-atH(1+a;1) H (14 ai)
1=2 1=2 i=t+1
k t k
=[[a+a)+]Ja+a7") ] @ +a)
=2 =2 i=t+1

= 9l=D(I)  gh=1 | 9l=D(I') . gk=1 _ 91=D(I') .ok

3. Proof of Theorem [1.1. By Lemma [2.5]it suffices to prove:

THEOREM 3.1. For every finite Abelian group I', for all ay,...,ar € I,
and for all positive integers by, ..., b, we have
k k
[T +ai+--+ak) = 2""PO (b + 1)
i=1 =1

where D(I') is the Davenport constant of I.

Proof. We use the identity (2.2 @ to get
k

P(al,...,ak):H(l—i—ai—i-' HZQJ bi~ 1+a)(1+ai)bi7]

i=1 i=1j=0
Hence for a certain s we obtain
P(ay,...,a) = Z viPi(ay, ... a),
1<i<s
where v; are positive rational numbers and each P;(ay,...,ax) has the form
(I+c) oo (I +em),

where ¢q,...,¢cy, € T

For P;(a1,...,a;) we use Lemma [2.6] to get

Pi(a,...,a;) = 2" POp,...1), 1<i<s.

Note that we use P, P; in two different domains at the same time, in Q[I]
and in Q[x].
It follows that P(ay,...,a;) = 2" PUIP(1,...,1). Thus
k k

[T +ai+--+ab) = 2=PO (b + 1). w

i=1 =1
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