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On some number-theoretic sums introduced by Jacobsthal
by

HELGE TVERBERG (Bergen)

1. Introduction. In 1957 E. Jacobsthal [3] defined and studied two
types of number-theoretic functions, defined on Z by

fapm (k) = [(a+b+k)/m] = [(a+k)/m]| = |(b+k)/m| + |k/m]
and on NU {0} by

K
Fa,b;m(K) = Z fa,b;m(k)'
k=0

Here {a,b} C Z, m € N, and |z] is the largest integer at most equal to z,
for any real . Here a and b can be restricted to [0, m — 1] since fq pym:m =
fatmpm = fap:m- Also, since f, p.m = fpa;m, One has at most (mzrl) differ-
ent f’s and F’s for a given m. From now on we restrict the pair (a,b) as
mentioned and we also write just f and F' whenever the values of a and b
are assumed to be given.

In [3], Jacobsthal proved the inequality

(1.1) F>0.

Later L. Carlitz [I] and R. C. Grimson [2] studied f and F' more closely
and also gave alternative proofs of . In this paper we first give a very
simple proof of , and generalize the f’s (and, correspondingly, the F’s)
to functions defined by [ + 1 parameters aq,...,a;; m. Then we state three
new theorems: Theorem gives the analogue of for the case [ = 3,
while Theorems and [4.3] give upper bounds for the generalization of F
in the cases [ = 2, 3. All three theorems are sharp.

2. Proof of (1.1) in the case [ = 2. Since 1 —1—-1+1 =0, f is
clearly periodic with period m. In order to see that m is also a period for F',
we make use of the classical identity ZZL;OI (x + k)/m| = z, valid for any
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integer z. Applying it to a+b, a, b, and 0, we find that F'(m —1) = 0, which
again, by the periodicity of f, yields that of F. It therefore suffices to prove
for F|[0,m — 1].

Assume this is false, so that F(K) < 0 for some K € [0,m — 1]. Then
f(k) < 0 for some k € [0, K], and furthermore, since F(m—1) =0, f(k') > 0
for some £’ in [K 41, m—1]. But now, since |[(a+b+k)/m|—|(b+k)/m| >0
while f(k) < 0, we have |[(a + k)/m| > 0. Similarly, as [(a + b+ k')/m| —
|(b+k')/m| <1, while f(k") > 0, we obtain |(a + k")/m| < 0. This gives
the contradiction k < k" and |(a + k')/m| < |(a + k)/m].

3. The new sums. There is a natural way to generalize Jacobsthal’s
sums: Let m and [ be in N. Let furthermore S be a multiset of [ integers
ai,...,a (ie. for some i # j, a; = a; is allowed). Then one can define fg.p,
and Fg,, on {0} UN by

Fsm®) = S (=0T (k43 as) m],

TC[1,] ieT
K
Fson(K) = > fsim(k).
k=0

Bounds on F' are interesting only if [ > 1, so we assume from now on
that [ > 1. For [ = 2 we have Jacobsthal’s sums. For [ > 2, we observe that
f and F are still periodic with period m, and that we may assume the a;’s
to be in [0, m — 1]; the arguments from the case [ = 2 are easily modified.

4. Theorems

THEOREM 4.1. If | =3, then F' > —2|m/2].
THEOREM 4.2. If | =2, then F' < |m/2].
THEOREM 4.3. If | =3, then F' < |m/3].

As the proofs are elementary and relatively simple we omit them. It
would be interesting to see corresponding results for higher values of [, and
whether the work by Grimson and Carlitz can be generalized to our general
sums.
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