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1. Introduction and result. In what follows, [t] is the integer part of
t and € > 0 is an arbitrary small real number which does not need to be the
same at each occurrence.

In contrast to the long-sum case, there are few articles dealing with short
sums of multiplicative functions in the literature. By “short sums” we mean
sums of the shape

(1) > fn)

r<n<lz+y

where 10 < y < x are large real numbers with y = o(x) as x — oo. In partic-
ular, a result analogous to the well-known Halasz theorem for the short-sum
case would be of great importance in some problems of number theory. How-
ever, this question still remains open and even the weaker case of functions
satisfying the Wirsing conditions is still unsolved.

The usual tools from analytic number theory used for sums over long
intervals may not work for sums of the type or may provide results weaker
than expected. For instance, using Srinivasan’s multidimensional exponent
pairs, Varbanec [I1] showed that

S () = s+ 00 4 y12),
r<n<z+y C(Q)

whilst using elementary means the authors in [2] proved that the main term
292196 may be improved to 2/ log z. Here and below, pa(n) = 1 whenever
n is squarefree and 0 otherwise.

In [I], we proved that if f is a [0, 1]-valued multiplicative function satis-
fying f(p) = 1 for all primes p, then, for all £ > 0, we have

Z f(n) _ ny + O($1/15+ay2/3)

r<nlz+y
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uniformly for 2 < y < /2, where

o el

p

)

Recently, Kapoor [9] extended this estimate to a larger class of complex-
valued multiplicative functions f such that

1f(p) =1 < A/p’ and |f(p¥)| <A

for some A > 0 and § > 4/5.

The aim of this work is both to generalize Varbanec’s estimate and to
extend the above results. To this end, let £k > 2 be an integer, A > 0
and £ > 0 be real numbers, and define the class S(k; A,¢) to be the set of
complex-valued multiplicative functions f satisfying

(3) [f(0%) = f* DI < A/pY i1 <a<k,
(4) |(f *p)(n)] < cepn®  if nis k-full,

for some constant c., > 0 depending at most on € and k and where f xg
is the usual Dirichlet convolution product of the two arithmetic functions f
and g. Recall that an integer n = p{* - - - pt" is said to be k-full if e; > k for
all 7. If e; < k for all 4, then n is k-free and uy is the characteristic function
of the set of k-free numbers.

Before stating our main result, note that if g = f x p is the Eratosthenes
transform of f, then by and we readily get

(5) o(n)] < AMp=1 i n is k-free,
n
g - | cepn® if n is k-full.

We are now in a position to state our main theorem.

THEOREM 1.1. Let k > 2 be an integer, A > 0 and € > 0 be real numbers
and let f € S(k; A, ). Then uniformly for 4% <y < x we have

1 2(e=1)

ST F0) = yMy + Oppo a (2350 4 yo T T 4y TG o)

z<nlzr+y
where My is defined in .

This article is organized as follows. Section [2| supplies some recent re-
sults from the theory of counting integer points lying very near certain
smooth curves. This theory has essentially been developed by Huxley—Sargos
[6, [7, 8] and Filaseta—Trifonov [2, 3] in order to investigate distribution prob-
lems in number theory. Section [3| is devoted to the proof of some cru-
cial lemmas needed in the proof of the main result, which is postponed



Multiplicative functions over short segments 3

to Section Ml Finally, several applications of Theorem will be given in
Section [Bl

2. Integer points near smooth curves. We summarize in the next
lemma the main tools picked up from the work of Huxley—Sargos [8, Théo-
réme 2| and Filaseta—Trifonov |3 Theorem 7]. In this section, N is a large
positive integer, § is a small positive real number and R(f, NV, ) is the num-
ber of integers n € [N,2N] such that || f(n)|| < d, where as usual ||z|| is the
distance between the real number = and its nearest integer.

LEMMA 2.1.

(i) Let s > 3 be an integer, § € (0,1/4) and ¢ € C®[N,2N] such
that there exist As_1,As > 0 such that, for all x € [N,2N], we
have

P @) = Ao PP @)= Ay and Aoy = N
Then

2
R(p, N, 8) < NASCTD L N(6Ag_1) 07 4 NS

(6 Xe1)TT 4+ 1.

(ii) Let r > 2 be an integer, § > 0 and x > 1 such that 4 < N < 2/
Then there exists a constant ¢, > 0 depending only on r such that if
N™=1§ < ¢,, then

T ST =3 r—1/3
R(.’E/TI, ,N, 6) <L x?2r+1 —f—[L‘Gr-‘rSéN .
LEMMA 2.2. Let k > 2 be an integer, A >0, e >0, f € S(k;A,e) and
let g = f x u. For any real number z > 1, we have
Z ’g(n)‘ <<57k7A 21/k+€ and Z M <<€,k,A Z*1+1/k+5.
n<z n>z n

Proof. Writing uniquely n = ab with a k-free, b k-full and (a,b) = 1 and
using , we get

w(a)
D lgml< > AT PRIOIRS z%Zé >

n<z a<z b<z/a a<z = b<z/a
a k-free b k-full b k-full
1
< Zl/k+2z—: § Lk A Zl/k+2z—:'
qltl/k )
a<z

The second inequality follows at once by partial summation. We leave the
details to the reader. m
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3. Fundamental lemmas

LEMMA 3.1. Let v > 2 be a fixed integer. Uniformly for x > 1 and
0 <y <z we have

1
Z ([ZE ty} - [ﬁ]) < (xﬁ +ya T 4yt log(ex).
(2y)Y/r<n<(2z)1/" " "

Proof. » Case 0 <y < 4". For any integer m < x + 4", we have

22r+1 2 1
7(m) < exp (U"")

1 1
> m2r+1 <<7" @€ 2r+1

log 2
so that
T4y T
> (B-Ez)- ¥ oo
(2y)1/T<n§(2x)1/T r<m<x+y n"|m
(2y)V/"<n<(22)1/T
< Y rm) < 2T
r<m<x+47

» Case 47 < y < z'/®7). Let ¢, > 0 be the constant appearing in
Lemma [2.1[ii) and write

> (=D

(29)V/7<n<(2a)

(2 ey s O((EED

(Qy)l/r<n§c;1xl/(2r) c;11.1/(27‘)<ngxl/r x1/7'<ns(2x)1/r

(x - - 2 ()

(4y)1/"'<n§c;1x1/(2r) C;lxl/(%“) <n§x1/r ml/r<n§(2:c)

+0(y'")
=21+ X+ T3+ 0(y*").

> For X3, we easily see that [z/n"] = 0 and [(z + y)/n"] = 1 if 2¥/7 <
n < (z 4 )Y and 0 otherwise, so that

Sy = > 1< (@+y)"" 2" 41 <y ™ 11 <y,
:El/T<nS(:L'+y)1/T
> Since y < /(3 we may apply Lemma (ii) to X9, which yields
2y K max R(z/n",N,y/N")log(ex)

C;lzl/(Qr)<N§zl/r

_1 _1 —~1/3
max (2271 + 25 ByN /%) log(ex)
c;lxl/(2r)<N§$1/r

1
< (mﬁ + yz” @D ) log(ex).
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> The sum Y; is estimated using Lemma - i) with s = 2r. This gives
(r— 2)(27‘ 1)
21 < max (xT(2T+1)N2r+1 —+ (xy) 2r2 —r+1N 2r2 —pr41
(4y)1/7‘<N<C—1$1/(2T)

2r2 _4r41

+ N('r 1)(2r— l)y(r 1)( 2r 1) _i_N(y:L' l)ﬁ) log(ex)

1 2r41 1
< (x2’r+1 + xT 2(27‘2—r+1)y2r2_T+1

1 1 1 11
+ xT2r 2(T—1)(27‘—1)y(r—1)(27‘—1) + (yx_?) 27‘71) log(ex)
and we check that every secondary term is absorbed by the first one since
y < /@),
» Case x'/(?) < y < . We split the sum into the following subsums
T4y T
2 |
(2y)t/r<n<(2x)t/r
T4y T
-( ¥ o+ ¥ w2 O)EY-F)

(Aytr<n<esly  erly<n<zl/r al/r<n<(2z)1/7

+0(y'")
=21+2s+ 23+ O(yl/r)

where we assume by convention that Xy = 0 whenever y > cpat/T.

> As above, we have Y5 < y/7.

> Lemma (ii ) applied to 22 yields

Xy K (x Z T + 5 y2/3) log(ex)
and since = < y%" we get
PR (azﬁ + yx_m) log(ex).
> As above, we apply Lemma- i) with s = 2r to the sum X', which gives

1 (r— 1)(2T 3) 2r—2

21 < (xr(2r+1)y2r+1 +x2r —r+1y 2r2 —p41 _|_y2r 1 +ﬂf 27" 1y2r 1) log(ex)

and the inequality < y?" implies that

27 _ 1
Y L yrilogr < yx 0t log(ex).
The proof is complete. m

LEMMA 3.2. Let k > 2 be a fized integer and € > 0 be a small real
number. Uniformly for X > 1 and 0 <Y < X we have

()

b k-full IS U 2(k—1)
<<k€Xs{X2k+1 + Y X 6(dk- 1)(2k 1) +Y T k(3k— 1)}
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Proof. Let S be the sum on the left-hand side. One may uniquely write
every k-full integer b as

k k
b=]Jaf" " =a}"""d; where d;=][a" (Ge{1.....k})

i=1 =1

1#£]

with ag---ay squarefree and (ag,a,,) = 1 for all 2 < ¢ < m < k. Since
b > Y, there exists an integer j € {1,...,k} such that a; > Y2/ (k(Bk-1)),
The contribution S; of these integers to S satisfies

s< Y XY
v RE=T) <aj§(2x)7k+}—1 meZ;j djlm
where d; is defined above and

X X—I—Y]
T=(—2 27
’ (a?ﬂl af“fl

We infer that

X+Y X
Sj <o X° Z <[ k+j—1] - [ k+j—1D
L a a

Yik(Blgfl) <a;<(2X)FFi—T ! !
and hence
k k X+Y X
seyswxy Y ([FE]-[2S)
i=1 i=1 4 4

2 1
Y k(B8k—1) <aj§(2)() k+j—1
We now split the inner sum into
> + > ;
— T 1 i 1
YFGF-T) <q;<(2Y)FH—1  (2Y)FFi—T <a;<(2X) ki1

estimating the first one trivially leads to
2(k—1)

S e X°( Tk + Yl_m)

st xR

e T <o) ’
Lemma [3.1| applied to X with r =k +j —1 > 2 yields
k 1 _ 1 1
Th Lhoe Z (X772 T 4 Y X S0F-DER2-D + Y R1) log(eX)
j=1

1
e (X770 4 Y X s@0@D 4 YUK 4y 57) log(eX),

where
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concluding the proof since Y1/* + Yﬁ < 9X T if 0 <Y <1 and
2(k—1

_ 2(k—=1)
YUk L y#T < 2y "EGE1 whenever Y > 1. =

4. Proof of Theorem Using the Mdbius inversion formula and
interchanging the order of summations we get

> 1= 3 ([ -15])

r<nlz+y d<z+y

(2 ¥ o[- [2)

d<2y 2y<d<z+y
=21+ 2.

> By Lemma the series Y ;5; g(d)d™! is absolutely convergent and
we get

Z*W( > law) +0(y 3 200)

n<2y n>2y
= ny + Ok,e(yl/k+€)'
> Using we get, as in the proof of Lemma

=< Y w55 - 3]

2y<d<2z
Aw(@) T+y)/a x/a
<Y 2 (R 1)
a<2z 2y/a<b<2z/a
a k-free b k-full

copm 2 ()

a
a2z 2y/a<b<2z/a

b k-full
5 px(a) (z+y)/a z/a
<o (e o )me oy (|
a<lz r<a<2z 2y/a<b<l2z/a
b k-full
= 2o + Yoo

When x < a < 2z, we have 2z/a < 2 so that 1 is the unique value taken by
b in the inner sum of Y99 and hence

- 5= B

r<a<l2z r<a<l2z

For Y51, we apply Lemma to the inner sum with X = z/a and Y = y/a,
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which gives

a
Xy K $SEZ Mkcg)

alzx
2(k—1)

1
T\ 2k+1 _ 1 14 1 Y 171@(31@71)
X - + yx S@R-DEE-1) g 6(dk-1)(2k-1) 4 [ Z
a a

3 (5t —_—— 1 2(k=1)
<z €(l~2k+1 + yx SEE-DEE-D) 4 g k(3k71))

as required. m

5. Applications. Let k > 2 be a fixed integer.

> Define the multiplicative function
Mm) =31
dk|n

Hence 7%) (p®) = 1 + [o/k] and thus

o) = (5] - |2 € o

> Let B be the number of k-full divisors. We have
1 fl<a<k
ay = )
") = {a—kz+2 if a >k
so that B x p is the characteristic function of the set of k-full numbers.
> Let 4 be the greatest k-free divisor. Then
pe ifl <a<k,

(p") = { k1

P if a >k,

so that
—p! ifa=1,
(o 1d ™2 4p2) (p*) = 4 0 if 2 < o <k,
—pF=e2(p—1)2 ifa>k.
> Let M} be the maximal k-full divisor, so that
Mk(pa):{la ?f1§a<k:,
p® ifa>k.
This implies that
0 ifl <a<k,
(M ') =qp =1 ifa=k,
p~ Y —plT ifa>k.
> Let a be the number of non-isomorphic abelian groups. It is well-known
(see [1I0] for instance) that a(p®) = P(«) where P is the unrestricted par-
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tition function. Hence (a * p)(p) = P(1) — 1 = 0 and, for any a > 2, we
have

0 < (axp)(p®) = Pla) - Pla—1) < P(a) = a(p®)
where the first inequality is given by [5]. We infer that

(@x)m) _ an) oo

0< 0

where the limit comes from [I0, Proposition 2.

> Let 7(¢) be the number of exponential divisors. We have 7(¢) (p®) = 7(a)
and hence (79 x u)(p) = 7(1) — 1 = 0 and, for any a > 2, we have

(7% ()| = I7(@) = (@ =D < a+1=7(p").

> Let u(®) be the analog of the Mébius function for the exponential divi-
sors. Then u(®)(p®) = p(a), and therefore as above we obtain

0 if =1,
(1) % ) (p™)] = {

pla) —pla—1) ifa>2.
Putting all this together and using Theorem [1.1|, we get the following
asymptotic formulae.

COROLLARY 5.1. Let k > 2 be a fixed integer and € > 0 be a small real
number. Define

1 _ 1 _ 2(k=1)
Rk — Rk(x, y) = x2k+1 4 yx 6(4k—1)(2k—1) yl E(Bk—1)

Then uniformly for all 4 <y < x we have

Z M(e)(n)_yH<1+iu(a)_ﬂ(a_1)> +05(R2$a),

s<n<uty P =2 v

S =[] (1 TR ) 0t
s<n<a+y P =2

> a(m) =y ]]¢0) + O (Raa®),
r<n<z+y =2
y
=2 4+ O, (Rpxt),
2, peln) = g+ OelRaa)

St B () = y¢k) + Ok (Rya®),

z<n<z+ty

1
Z Br(n) = y];[ (1 + pk_l(p—l)> + Oc k(Rypa®),

z<nlzr+y
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1 1 1
) =y]] <1_k+2k—1> + Oc 1(Rgf),
rz<n<z+y Mk (n) p p p (p + 1)
p(n)k(n) ( 1 p-1 .
Z 7221/1_[ 1_72_k7 +Ogyk(Rk5L‘ )
cencnety . p*  pFp+1)
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