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1. Introduction. Many questions in transcendence theory may be sum-
med up in this “meta-question”: Suppose that U is a variety defined over
a number field K and G(F, FO ,F(")) = 0 is an algebraic system of
differential equations defined over U (the functions defining G are in K (U)).
Suppose that F' := (Fy,...,F,) is a local solution of the system. Let g €
U(K); what can we say about Trdegqy (K (F'(q)))? Apart from the fact that
this transcendence degree is bounded from above by Trdeg ) (K (U)(F)),
we cannot say much about this question in general.

Siegel-Shidlovskii theory gives us a very powerful and satisfactory answer
when we restrict our attention to systems of linear differential equations
over the projective line and nonsingular over the multiplicative group Gy,.
Let us recall the main result of the theory (in a simplified version; cf. for
instance [Lal):

Let

ay )
(1.1.1) <7 —AY with A€ My (Q(2))
be a linear system of differential equations. Suppose F' = (fi(z2),..., fn(2))
is a solution of with the following properties:

(a) the functions f1(2), ..., fn(2) are algebraically independent over C(z);
(b) each fi(z) has a Taylor expansion f;(z) = > 22 a;;2’ /4! with
a;j € Q, and foreachi, H(ajo: - :a;:1) < G
(H(-) being the exponential height).
Then, for every ¢ € Q*, we have Trdegg(Q(f1(q),---,fn(q))) = n. Recall

that functions with property (b) above are called E-functions.
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It is well known that the criterion above (and its extension to num-
ber fields) has many important consequences; in particular, the Hermite—
Lindemann Theorem is a special case of it (take f;(z) = e®*). Many nontriv-
ial transcendence properties of special values of hypergeometric and Bessel
functions can be deduced from it.

Of course, if one could generalize Siegel-Shidlovskii theory to arbitrary
varieties, the general “meta-question” above would have a satisfactory an-
swer in the linear case. As a consequence of the main results of [Ga], we may
deduce the following:

1.1. THEOREM. Let X/q be a smooth projective curve and D C X be a
reduced divisor. Denote by X the affine curve X \ D. Let (E,V) be a fiber
bundle with connection over X having meromorphic singularities in D. Let
fc : X°(C) — E(C) be a Zariski dense horizontal section of finite order of
growth p. Then

rk(E) + 2
rk(E)

(The theorem above is not explicitly stated in [Gal, but it can obtained
as a particular case of Theorem there.) If we apply to the symmetric
power of F with the induced connection and the induced section, we obtain:

1.2. COROLLARY. Under the hypotheses of Theorem[1.1] we have
Card(f(X°(Q)) N E(@)) < p.

Thus, if the order of growth of f is p, then there are at most p rational
points on the image of f (for a p-adic version of Theorem see Theorem
4.6 of the recent thesis [He]). Examples show that if f is a horizontal section
of a vector bundle over an affine curve which has order of growth p and
takes less than p rational values at rational points, we cannot say anything
about the algebraic independence of its values at other algebraic points. In
this paper we show that when the number of rational values of the section is
the same as the order of growth, we can say more (for a similar observation
in the context of the Schneider-Lang Theorem, see [Be(, §4]).

In order to explain the main theorem of this paper, we need to explain
the definition of F-sections of arithmetic type of a vector bundle over a
curve. These are a generalization, over arbitrary curves, of the concept of E-
functions over the affine line developed by Shidlovskii (cf. for instance [La]).
The precise definition of E-section of arithmetic type requires the introduc-
tion of some notation so we refer to §6 for it. Here we give just the idea of
the definition. Let X° be a smooth affine curve defined over Q, and V be a
vector bundle defined over it. We fix pq,...,ps € X°(Q) and a local trivial-
ization of V' near them (in particular this trivialization is defined over Q).

Card(f(X°(Q)) N E(Q)) <
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Suppose we have an analytic section f : X°(C) — E(C). It is said to be an
E-section of arithmetic type with respect to {p1,...,ps} if:

e The order of growth of f is s.
e Using the trivialization fixed above, locally around each of the p;’s,

we may write f = (fl,pj(z)a o 7fm,pj(z)) with
fi7pj(2) = E aijﬁ and a5 € Z[l/]\[]7 Njaij c7.
j=0 )

Notice that the number s of points involved and the order of growth p are re-
lated. E-sections of arithmetic type are a good generalization of E-functions
over arbitrary curves. Nevertheless it is important to notice that while the lo-
cal behavior and the growth behavior of an E-function are summarized in its
definition as a power series, the local and global properties of E-sections are
defined separately via formal geometry and Nevanlinna theory. In [Be0] the
author proves a generalization of the Schneider—Lang criterion just imposing
a local (at the point at infinity) Gevrey condition which is very similar to
our definition of E-sections of arithmetic type. With this definition in mind
we can state our main theorem (here, for simplicity, we state it just over Q;
for the general statement see :

1.3. THEOREM. Let X/q be a smooth projective curve. Let D be a re-
duced effective divisor on X and (E,V) be a fiber bundle of rank m > 1 with
connection with meromorphic singularities on D. Let p1,...,ps € X(Q) be
rational points, D' :== D —{p1,...,ps} and X°:= X\ D'. Let f : X°(C) —
E(C) be an analytic horizontal section with respect to the connection which
is an E-section of arithmetic type with respect to the points pj. Suppose that
the image of f is Zariski dense in E. Let g € X°(Q) \ {p1,...,ps}. Then

Trdegg(Q(f(q))) = m.

Observe that if X0 = P!, D = 0+ oo, and we have only one point p = 0,
we find the classical theorem by Siegel and Shidlovskii. The requirement
that the image is Zariski dense is equivalent to the requirement that the
entries of f are algebraically independent over Q(X).

Even in the case when X = P! but D is arbitrary, Theoremis stronger
than the classical theorem by Siegel and Shidlovskii. Indeed, we do not
require that the solution is an E-function, so in particular an entire function,
but it may have several essential singularities on D (as in [Bel], [Ga] and
[He] in the Schneider-Lang context).

This paper is organized as follows. In §2 we prove a zero lemma over an
arbitrary curve, which replaces the classical Shidlovskii Lemma; the state-
ment is formally similar to the Shidlovskii Lemma, but the proof clarifies the
classical proof and uses some tools from algebraic geometry: vector bundles,
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Hilbert schemes, etc. In §3 we explain the tools from Nevanlinna theory
which are needed; we use a version of Nevanlinna theory (developed in [Gal)
which allows one to prove powerful lemmas of Schwarz’s type over (a special
kind of) Riemann surfaces. In §4 and §5 we develop the notion of E-sections
of arithmetic type and we explain their main properties. Finally, in §6 we
state and prove the main theorem of the paper.

1.1. Two applications. We can give two applications of the main the-
orem.

First application: Connections with isomorphic monodromy. The first
application concerns nonisomorphic connections with the same monodromy.
Let X be a curve and (Ep, V1) and (E2, Va) two integrable connections of
rank n over it. Let p; : m(X) — GL, be the monodromy representation
associated to (E;, V;). Suppose that p; is equivalent to ps; thus the trivial
representation is a subrepresentation of p; ®py ; consequently, we get a global
horizontal section of £ ® E3. Provided that it has the right order of growth,
this section is a typical section to which we can apply the criterion.

We may guarantee the right order of growth by the classical Gronwall
Lemma. In particular it guarantees that if we have a connection on a projec-
tive curve with poles of order at most two, then a horizontal section defined
on the complement of the poles of the connection will define an E-section of
arithmetic type (cf. Definition with respect to any rational point where
the section takes an algebraic value.

From this we can obtain the following: Let X be a smooth projective
curve over Q. Let D be a reduced effective divisor over X. Denote by X°
the affine curve X \ D. Let (E1,V1) and (E2,Va) be two fiber bundles
with connections having poles of order at most two on D. Suppose that
the corresponding representations p; : m1(X°) — GLy are isomorphic. Let
p € X°(Q). We can find an analytic isomorphism ¢ : E; — FE5 over X°
which restricts to the identity over p.

1.4. THEOREM. Let V be an analytic neighborhood of p, and let ¢ €
V N X°(Q) be different from p. Let F be a horizontal section of (E,V7)
defined over V. Then Trdegg(Q(¢(F(q)))) = Trdeggx)(Q(¢))-

The proof is a direct application of Theorem Observe that, since, a
priori, F'(q) is not a rational point of E, one should apply over the field
of definition of it and use Remark [5.2{c).

A nontrivial way to construct examples where we can apply Theorem
is the following: Let B be a reduced divisor in A(b. Let X be a smooth
projective curve defined over Q. Let D be a reduced divisor over X. Over
X x A! consider the divisors H; = DxA! and Hy = X xB and H = H,+ H>.
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Suppose that (E, V) is a fiber bundle with integrable connection over X x A!
with poles on H and which are of order at most two on Hj.

Then, for every z € AY(Q) \ B, the restriction (E,, V) of (E,V) to
X x {z} is a vector bundle with integrable connection having poles of order
at most two on D.

By construction, for every couple 21,75 € A'(Q), the vector bundles
(Ez,, V) have conjugate monodromy. Thus the theorem applies in this
case.

An explicit example. Let a,b,c € Q, and for every x € QQ consider the
linear system of differential equations

v, ay (1 f(a (a—b)x +1' -z —a? N 1 (1 ¢ v
dz 22 \0 b z 1 1 z—1 \0 1

Then, up to conjugation, for every couple zp, x1 € Q the linear systems V,,
and V, have the same monodromy.

To see this, fix local coordinates (z,y) over P! x Al. Denote by w the
matrix of differential forms

1 1 1 1 ¢ 1 /1 1
W= <22-A(y)+Z‘B(y)+Z_1‘<O 1>)dz+y~<0 1>dy

with A(y) and B(y) unknown matrices to be determined. The system of
differential equations

E:VY)=w-Y
defines a fiber bundle with integrable connection if and only if
dw =w Aw.

Thus £ is integrable if and only if A(y) and B(y) are solutions of the linear
differential system

15.) W) _ Wk (D]

dy y
A Dbasis of solutions of the system (1.5.1)) is

{((1) logo(y)); (8 (1)>; (—lolg(y) —10§Q(y)>; (8 —lolg(y))}.

Choose Vg to be (y =1)

ay 1 [a O 1 /10 1 1 ¢
caer (2 - . Y.
Vo dz <z2 <o b>+z (1 1>+z—1 (0 1>>

Thus if we put z = log(y), the conclusion follows.
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Second application: Connections and coverings of curves. Let X be a
smooth projective curve defined over Q, and (F1,V1) and (FE3,Va) two
vector bundles with meromorphic connections over X. Suppose that the
poles of V1 and Vo are both contained in a fixed divisor D. Denote by X°
the affine curve X \ D. Suppose that we can find a point p € X(Q) and
analytic horizontal sections f; and fo of (E1, V1) and (E2, V) respectively
over X° which are F-sections of arithmetic type with respect to p.

We can apply the main theorem to both f;’s and of course, if f; ® fo is
Zariski dense in Iy ® Fo, we can apply the main theorem to it too.

A small generalization of this argument may obtained by applying the
full force of Theorem Suppose that g1 : Y — X and g2 : ¥ — X are
finite coverings of degree d with g, ' (p) = g5 *(p) = {p1,...,pa} (and p not
contained in the branch loci of g;’s). Then ¢f(f1) ® g5(f2) is an E-section
of arithmetic type with respect to p1,...,pq which is a horizontal section of
95 (E1) ® g5(F2) (with the induced connection). Thus Theorem applies
to it: Let ¢ € Y(Q) be such that g;(q) € X°\ {p}. Then, if the image of
91(f1)®g3(f2) is Zariski dense, Trdegg (g7 (f1) ® g5(f2)(q)) = rk(E1) -1k E3).

For instance: let F'(x), G1(x) and Ga(x) be polynomials of degree d with
coefficients in Z, with no common zeros, and F'(x) with d distinct roots
defined over Q. Let Jy(z) be the Bessel function (|Lal p. 76]). Then for
every rational number ¢ such that F(t)G1(t)G2(t) # 0 the numbers

“(am)*lan) = Han)(an)

are algebraically independent.

1.5. REMARK. The algebraic independence of the values of the func-
tions above can be deduced from the classical Siegel-Shidlovskii theorem.
Nevertheless we proposed it as an explicit example of the principle above.

2. Connections and the Zero Lemma. In this section we will prove a
theorem which is a generalization to every curve of the classical Shidlovskii
Zero Lemma. The statement of the classical lemma may be found for in-
stance in [Lal, VII.3], and a generalization of it in [Be2].

We will start by fixing some notations and recalling some standard facts:

e X will be a smooth projective curve defined over the field of complex
numbers. We will denote by R the field C(X).

o If D = ) ., n;P; is a divisor on X, we denote by |D| the divisor
Yo,min{l,|n;|} P If Dy =Y, ny Py and Dy = ), no P, are two effective
divisors on X, we denote by l.c.m.(D1, D) the divisor ) maxp{n1 n, na s} P;.

e We fix an effective divisor D such that if we denote by Tx the tangent
bundle of X, then T'x (D) is generated by its global section. Denote by H the
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line bundle Ox (D) and by s € H°(X, D) a section such that div(s) = D.
If F'is a coherent sheaf on X and z an integer, we will denote by F(z) the
sheaf FF @ H®*; in particular Ox (z) = Ox(zD).

e The standard derivation d : Ox — Q}( induces, for every point P €
X (C), a singular connection V' : Ox(P) — Ox(P) ® 2% (P). Thus, for
every divisor S, the line bundle O(S) is equipped with a canonical connection
VS 0(S) = O(S) @ 2%(|S|). In particular, the line bundle H := Ox (D)
is canonically equipped with a singular connection V¥ : H — H ® (Z}( (D)
because H = Ox (D).

e IfV, : F;, - F,® 2%(D;) (i = 1,2) are fiber bundles on X with
connections having singularities on the divisors D; respectively, then the
tensor product F) ® Fb is naturally equipped with a singular connection
VLQ T Fi®F > F®Fh® .Q%{(ICHI(Dl, DQ))

e Fix a point Q € X(C), which may be in the support of D. Let O be
a global section of T'x (D) which does not vanish at Q). We fix a section
s' € H(X, H) such that s'(Q) # 0.

e We will denote by D the (noncommutative) ring R[0J)].

e Denote by XQ the completion of X around @ and if E, L, f, Z etc. is
a vector bundle, a coherent sheaf, a section, a scheme, etc. defined over X,
we denote by Fq, Lo, fo, Zg etc. its restriction to XQ.

e Similarly, if F, L, f, Z etc. is a vector bundle, a coherent sheaf, a
section, a scheme, etc. defined over X, we denote by Er, Lg, fr, Zr etc.
its restriction to the generic point of X.

We fix a vector bundle (£, V¥) on X of rank m with a singular connec-
tion
VP E = Ew 0k (D).
Then:

e For every integer x, the vector bundle E(x) is equipped with a singular
connection V?® : E(z) — E(z) ® 24 (D).
e The derivation 0 and the connection V* induce a derivation
V§: E(z) —» E(x + 2).
e The restriction of (E(z), V*) to the generic point of X is a D-module
which we will denote (Eg, V¥).
e If F' is a vector bundle on X and G — F' is a subsheaf, we will say

that G is a subbundle if the quotient F'/G is without torsion. In this case G,
F and F/G are locally free.

2.1. DEFINITION. Suppose that (F, V) is a vector bundle equipped with
a (possibly singular) connection, and G — F' is a subbundle. We will say
that G is a subbundle with connection of F if the image of G via V is
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contained in G ® 2% (D) (where D is the divisor involved in the definition
of the connection on F).

2.2. LEMMA. Let G — E(x) be a subbundle. The following properties
are equivalent:

(a) G is a subbundle with connection.

(b) The R-vector space Gg is a D-submodule of E(x)r, namely V(GR)
is contained in (G ® 2% (D))g C (E(z) @ 2% (D))g.

(c) The image of the R-vector space Gg under the map V% is contained
m G(Q)R - E(a; + 2)R'

The proof is left to the reader.

Let P € H(X,E(z)); denote P = Py and P;1 == V5T*(P;). By con-
struction, P; is an element of H%(X, E(x+2i)). Fix a positive integer r < m.
The sections P; := P; ® (s')%20=) are elements of H(X, E(x + 2r)). Let
G C E(z+2r) be the vector subbundle generated by the P;. From the lemma
above we deduce

2.3. LEMMA. Suppose that the P; are linearly dependent as elements of
E(xz+2r)r. Then G is a subbundle with connection of E(x + 2r).

Fix a global section P € HO(X, E(z)), suppose that P, ..., P, with
some ¢ <r—1, are linearly independent over R and suppose that Py, . .., 13“_1
are linearly dependent. In this case, a simple local computation implies that
By, ..., P, are also linearly dependent. Denote by G the vector subbundle
of E(x + 2r) generated by the P;’s. It is a subbundle with connection, and
every subbundle with connection containing P ® (s')®?" contains G. This
motivates the following definition:

2.4. DEFINITION. Given a global section P € E(x), we will call the
subbundle G < E(x + 2r) constructed above the minimal subbundle with
connection generated by P.

In particular we remark that if Py, ..., Py,_; are linearly independent
over R, then G = E(z + 2m).
Let EY be the dual of E and let f be a horizontal section of E) (the dual

of Eq), that is, vFa (f) = 0. The natural evaluation map (-,-) : B(z)QFEY —
Ox(x) induces a linear map

ev: H'(X,E(z)) » H'(Xq,Ox,(x)), P (P, f).
We will denote by F; the sections ev(P;) € H(Xo, Oxq (7 +27)).
The main theorem of this section is the following Zero Lemma:

2.5. THEOREM. Suppose that the above hypotheses hold, and that f &
HO(XQ,KQ) for every proper algebraic subbundle K — EY. Then there
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exists a constant C, depending only on E, f and the fized connections, but
independent of P, such that

ordg(Fp) < z1k(G) + C.
Observe that ordg(Fy) = ordg((P, f)).

2.6. REMARK. (a) The condition on f means that f is not algebraically
degenerate: once we fix an algebraic trivialization of Er, the coordinates of
f are linearly independent over F'.

(b) One should compare this theorem (and its proof) with the statement
(and proof) of the classical Shidlovskii Lemma. More precisely, the crucial
point of the proof is the existence of a lower bound for the degrees of all
subbundles of E which are generically stable under the connection V¥; see
Proposition below which should be compared with [Lal Lemma 2.4,
p. 85]. For a different approach to the Shidlovskii Lemma based on Fuchs
relations see [Be2l §2].

In order to prove Theorem [2.5], we need to generalize to higher rank the
notion of the order of vanishing of a section:

Let V be a vector bundle on Xk and f € H%(Xg,Vp) be a nonzero
section. If we fix a trivialization of Vi, we may write f as (fi,..., fr) where
r is the rank of V' and f; are power series in one variable.

2.7. DEFINITION. The order of wvanishing of f at () is the integer
min; ordg(fi).

One easily sees that the order of vanishing of f is independent of the
choice of the trivialization.
The theorem will be a consequence of the following lemma:

2.8. LEMMA. There is a constant C' depending only on the vector bundle
E with connection and f with the following property: Let F be a wvector
bundle with connection and o : EV — F be a surjective morphism of vector

bundles with connections. Let [f] := a(f) € HY(Xq, Fq). Then
orde([f]) < C.

Recall the following standard properties of vector bundles (cf. for in-
stance [Se]):

(a) (Cramer rule) If G is a vector bundle of rank r then there is a
canonical isomorphism

det(G) @ G¥ ~ NG

(b) There is a constant C' depending only on E such that if G — FE(x)
is a subbundle of rank r, then deg(G) < rz + C.

Let us show how the lemma implies the theorem.
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Proof of Theorem[2.5. First of all we claim that ordg(F;) > ordg(Fo)—i.
Indeed, by definition

F,=(P® (8/)2(r_i),f> = (P, f)® (8/)2(r—i);

thus, since s’ does not vanish at @, ordg(F;) = ordg((P;, f)). Suppose that e
is a local generator of H®*2 and z is a local coordinate around Q. Then we
may suppose that (P;, f) = z%- e for some positive integer a. The evaluation
map

ev: E(x +2i)® BY — Ox(z + 2i)

is a morphism of vector bundles with connection; thus, we may find an
analytic function h in a neighborhood of @) such that

az""'he + 2°Vy(e) = Vo(PBi, f) = (V5T P, f) + (B, Vo f) = (Piy1, f)-

The claim follows by induction on i.

Denote by r the rank of G. The inclusion G — E(x + 2r) gives rise
to a surjection o : EV — GY(x + 2r). Denote by [f] the image of f in
HY(Xq,GY(x + 2r)).

We may suppose that 150, . 7157"—1 are linearly independent elements of
Gpr, so Py APy A--- A P,_y is a nonzero global section of A\" G. Since, by
property (b) above, there is a constant C; depending only on E such that
deg(A\" G) < ar + C, we have ordg(Py A Py A--- A P_y) < ar + Cy. By
Lemma above, there is a constant Cy such that ordg([f]) < Cs. The
isomorphism given by the Cramer rule (a) gives rise to the equality

(PoAPLA AP )@[f] =D (D) (Py A~ AP, A+ NPrq) ® F;
thus
C14Cytrz > ordg((PyAPLA- - -AP,_1)®[f]) > inf ordg(F;) > ordg(Fp)—-

The conclusion of the theorem follows.

2.9. REMARK. Observe that the constant C of the theorem is the sum
of two terms: the first is purely geometrical, it is essentially related to the
measure of the stability of F; the second term is analytical and it is related
to the structure of the specific solution of the differential equation.

Proof of Lemma|2.8 We start with a proposition:

2.10. PROPOSITION. Let V be a vector bundle with singular connection
on X. Then there exists a constant C with the following property: Let L be
a line bundle with singular connection on X with a surjection o : V — L
(of vector bundles with singular connections). Then

deg(L) < C.
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Let us show how Proposition [2.10] implies Lemma [2.8f We apply Propo-
sition to V.= A"EY to find a constant, depending only on E, such
that, for every subbundle G of F with connection, we have

deg(GY) < C.

This implies that the degrees of subbundles of E with connection are
uniformly upper and lower bounded. Consequently, by the theory of the
Hilbert scheme, we can find a projective variety Hilbg, a vector bundle T'
on X x Hilbg and a surjection v : prj(E) — T (where pry : X x Hilbp — X
is the first projection) such that, for every vector bundle V' with connection
which is a quotient of E, there is a point ¢ € Hilbg such that the surjection
E — V is the restriction of v to X x {¢}. For every ¢ € Hilbg denote by T,
the vector bundle T'|x (43 on X.

Let Hilbg 0 be the completion of X x Hilbg around the Cartier divisor
{Q} x Hilbg. The section f defines an element of HO(HileQ7 Tq); thus, for
every ¢ € Hilbg, a global section [fy] of the localization (Tj)¢g of T} at Q.
Consequently, we find a function

ordg : Hilbg(C) = Z, ¢ — ordg([fy])-

The local expression of the function ordg([f,]) shows that it is upper semi-
continuous for the Zariski topology, and since Hilbg is compact, the conclu-
sion follows.

Proof of Proposition[2.10, We begin by fixing some notation. Denote by
m the rank of V. We fix a point p on X which is not a singular point of the
connection. Denote by k, the completion of R with respect to the valuation
induced by p. We also fix an algebraic trivialization of V' near p. Since the
connection is nonsingular around p, the space of horizontal sections of the
module V}, with connection has dimension m. Thus the space of algebraic
horizontal sections of V;?V is finite-dimensional over C of dimension less than
or equal to m.

Every line bundle with singular connection and which is a quotient of
V' defines a section g, up to a scalar, of V;,v which is horizontal. Thus, g
belongs to a finite-dimensional C-vector space, say W. The line bundles L
which are quotients of V are in bijection with points of P™~!(R) and thus
with algebraic maps ¢, : X — P™~1 (modulo the action of PGL(m)).

Fix a basis g1, ..., g, of W over C. Each g; corresponds to a line bundle L;
which is a quotient of V. To every line bundle with connection and which is a
quotient of V', we can associate an element g of W, thus a linear combination
of the g;’s. The lemma below shows that the degree of every such bundle
is bounded by the maximum of the degrees of the L;’s; thus the conclusion
follows.
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2.11. LEMMA. Let L; — O% (i = 1,2) be subbundles of rank one.
Consider the map

+: 0% 0% - 0%, (v,y) —»xz+y.
Let M be the image of L1 & Lo via +. Then deg(M) > mindeg(L;).

The proof of the lemma is elementary once one observes that there is a
surjection L1 & Lo — M.

3. Nevanlinna theory and order of growth of sections. In this
section we will recall the main definitions and theorems relating to the order
of growth of analytic maps. Most of these things are classical (cf. for instance
[GK]), but the approach we take here is a little different. One can find details
and possible generalizations in [Gal.

Let X be a smooth projective curve over C, and D a reduced effective
divisor on it. Let d be the degree of D. We denote by U the affine curve
X\ |D|. If p € U then z —p will be a local coordinate near it. We define the
operator d°¢ to be ﬁ(@ — 0); consequently, dd® = ﬁ@g.

3.1. THEOREM. Let p € U. Then, up to an additive scalar, there exists
a unique function g, : X — [—o00,+00| with the following properties:

(a) gp satisfies the differential equation

1
ddg, = 0p — 86D’

dp (resp. dp) being the Dirac operator at p (resp. on D).

(b) gp is a C* function on U\ {p}.

(c) There is an open neighborhood V' of p and a harmonic function v,
on V' such that

gplv = log |z — p|? + vp.

This theorem has already been proved in |Gal in a more general situation.
We give here a sketch of proof in this case for the reader’s convenience.

Proof. Fix a (Kéhler) metric w on X. Let Ag be the associated Laplace
operator. The operator T := §, — (1/d)dp is orthogonal to the constants.
Thus thereis a (1, 1) current o on X such that Az(a) = T'. Since T is smooth
on X \ {p,|D|}, the form « is also smooth there. The operator L := - Aw
induces an isomorphism between D9 (X) and DIV (X) (D) (X) being
the space of (7,7) currents). Thus there is a function g, such that L(g,) = a.
Since, for a suitable constant ¢, we have dd°(g) = cL(Ag(g)), points (a) and
(b) are easily deduced. Point (c) is similar.

The functions g, are exhaustion functions in the sense of [GK]:
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3.2. LEMMA. For every constant C, g;l((C, o0]) is a nonempty neigh-
borhood of D in X.

Proof. Fix a metric || - || on Ox (D). Let I be the canonical section of
Ox (D). By the Poincaré-Lelong equation, the function g, + (1/d) log ||I||?
is smooth near D. The conclusion follows.

We will call such a g, an exhausting function for U and p. Observe that
an argument similar to the one above gives

3.3. PROPOSITION. Let p and q points on U. Let g, and g, be evhausting
functions for U and p and q respectively. Then there is a constant C),, and
an open neighborhood V' of D such that for every z € V,

lgp(2) — 94(2)| < Cpg-

If p € U, we fix a function g, as in the theorem above. For every positive
real number r, we consider the following two closed subsets of U:

B(r)p :={2€U:gp(z) <log(r)}, S(r)p,:={z€U:gy(z)=log(r)}.

The function g, is strictly related to the Green function on B(r). We first
recall the definition:

3.4. DEFINITION. Let V be a regular region on a Riemann surface M
and let p € V. A Green function for V and p is a function gy.,(2) on V
such that:

(a) gv.p(2)|sv = 0 continuously;

(b) dd°gyvp =0 on U\ {p};

(¢) near p, we have gy, = —log |z —p|?+¢, with ¢ continuous around p.

One extends gy, to all of V' by defining gy, = 0 outside the closure of V.
We easily deduce from the definitions that ddgy., 40, = pav., where pgy.p
is a positive measure of total mass one and supported on 0V. Moreover the
following is true:

3.5. PROPOSITION. The Green function, if it exists, is unique.

The following gives the relation between the function g, and the Green
functions on B(r),:

3.6. PROPOSITION. Let r be a positive real number. The function

g, = log(r) — gplB(r)

is the Green function for B(r), and p. Consequently, for every p and q
in U there is a constant C, depending on p and q, such that, for every r
sufficiently large,

9,(q) — log(r)| < C.
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The proof follows from the definitions.

By the Stokes theorem, one can easily verify that, in this case, pg(,),, is
the positive measure dg,| S(r)-

Let Z be a projective variety and L be an ample line bundle on it
equipped with a positive metric. Denote by ¢1(L) its first Chern form.

Let v : U — Z be an analytic map. We define the associated height
function by

[ dt ‘ "o
)= | ew) = [g @)
0 B(t), U
The order of growth of ~y is defined to be

log T.
i sup 28 (")
r—oo  log(r)
More generally, if M is an hermitian line bundle on U, we define
T
dt
(M U)r) == | a)=\gy-cr(M).
0 B(t) U
Some remarks are in order (for the proofs, see for instance [Gal):
e The order of growth is independent of the choice of the ample line
bundle L and the metric on it, and of the choice of the point p.

e If ~ is the inclusion in X, or more generally if v is an algebraic map
(cf. [GK]), then there is a constant C' such that

Ty(r)
log(r)

e The Stokes and Poincaré—Lelong formulas give rise to the first main
theorem: Let Y € H°(U, M) be a global section. We define the counting

function of Y: if div(Y) = > n,z (the sum may be infinite), and for sim-
plicity p & div(Y'), then

Ny (r) = S 9p * Odiv(y) = Z nzg,(2).
X g5 (2)<log(r)
The First Main Theorem (FMT) holds:
Ny (r) = | log|[Y|]? usey, = (M, U)(r) + log [Y|*(p).
S(T)p

The term — SS(T)p log [|Y']|? g (ry, is often denoted by my (r) and called the

(3.7.1)

proximity function of Y.

Let £ — X be an hermitian vector bundle and p : P := Proj(O® EY) —
X be the associated compactification. Let M be the tautological line bundle
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of P; since F is hermitian, M is naturally equipped with the relative Fubini—
Study metric. The surjection O & EY — EY defines an inclusion P(E) < P
(the divisor at infinity) and the image is a global section of M. It is well
known that if M is a sufficiently ample line bundle on X then M ® p*(M)
is a very ample line bundle on P.

Let f : U — FE be an analytic section of E. It canonically defines an
analytic map fp: U — P. By definition, the order of growth of fp is

lim sup 28 SEM @ (M), X)(r).
r—soo log(T)
Observe that by (3.7.1)) the order of growth of fp is independent of M.

3.7. DEFINITION. We define the order of growth of the section f to be
the mumber T (f3(M), U)(r)
p = limsup .
r—00 log(T‘)

3.8. LEMMA. Suppose that f is a section of order strictly less than p.
Then there is a constant C such that

S log || f[l ts(ry, < CrP.
S(T)P

Proof. Observe that fp does not intersect P(E), and if ¢ € P(E), then
IP(E)|*(q) = W. Thus, by FMT, there is a constant C' such that

1
(), U)r) = 5§ loa(1+ IS1) s, + C.
S(r)p

The conclusion easily follows.

We will show that, given a section with finite order of growth, and two
points, we can estimate the size of a related section at one point if we know
that the section vanishes to a high order at the other point.

Fix two points p and ¢ in U.

Suppose that F is an algebraic vector bundle over X. Fix an ample
line bundle H on X. We suppose that £ and H are equipped with smooth
metrics. For every positive integer z, denote by E(x) the vector bundle
E ® H®®, Denote by EV the dual of E.

Fix an analytic section f € H°(U, E) having order of growth p. For every
P ¢ H°(X,EY(z)) denote by F the analytic section (f, P) € HO(U, H®®).

We will show that one can bound the size of F' at ¢ in terms of the sup
norm of P, the order of vanishing of F' at p and the order of growth of f.

3.9. THEOREM. There exists a constant c1 depending only on H, a
constant co depending only on f, and a constant cs depending only on p
and q, for which the following holds: for every x > 0 and every section
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P e HYX,EY(z)), if A, B and b are positive constants such that
logsup{||P||} < B, ordy(F)> Az —b,
then A o
g 1F(0) < B — ~ toga) + (ca + ca)o + o).

Observe that the constant ¢; depends only on H.

Proof. By the Stokes formula, for every real number r,

(3.10.1) \log || F| - dd°g; = | dd°log | F|| - ;.
U U
By the definition of Green function, the left hand side of (3.10.1]) is

| log||F| sy, —log | Fll(q).
S(r)q
The Cauchy-Schwarz inequality implies that | F|| < ||P|| - || f]; thus
| logllFllpsey, < | logllPllpsey, + | log £l s,
S(r)q S(r)q S(r)q
The hypotheses and Lemma imply that SS(T)q log || F|| s
above by

1), 18 bounded

B + cor?

where ¢ depends only on f. The fact that ord,, (F') > Az — b, Proposition
B:6] and the Poincaré-Lelong formula imply that the right hand side of
(3.10.1)) is surely greater than

(Az — b)(log(r) + ¢3) — x(H,U)(r),
where c3 depends only on p; and ps. Since H is algebraic, with a metric
smooth at infinity, the last term of this sum is surely lower bounded by

—z - c1 log(r), for a suitable ¢; depending only on H. The conclusion follows
by taking r = z1/7.

4. Order of growth at finite places. In this section we will recall the
definitions and principal properties of LG-germs. This notion is defined in
[Ga] and developed there in a greater generality, and here we just recall it
(and explain in the special situation we need) for the reader’s convenience.
The notion of LG the germ is similar to the notion of E-function developed
by Siegel, Shidlovskii and others. When we are dealing with LG-germs, we
can estimate the order of growth of sections at all finite places at the same
time. It is our opinion that the notions of LG-germs and of the order of
growth of sections (or more generally of analytic maps) are two concepts
which may be in contrast; and from this contrast we may deduce nontrivial
results.



Connections on curves and transcendence 115

We fix some notations:

e K is a number field and O its ring of integers.
e We will denote by Mg, the set of finite places of K.

o If v € Mjg,, we denote by K, the completion of K with respect to v
and by O, its ring of integers; we normalize the norm of K, by the condition
plle = p~! (where p is the associated prime number). If M is an Ox-module,
we denote by M, the K,-vector space M ® K, and by Mo, the O,-module
M ROg O,.

e We fix a smooth projective curve X over K and an ample line bundle
Hy over it.

e We fix a vector bundle Ex of rank m over Xg. Denote by E}/( the dual
of EK.
e Let X — Spec(Ok) be a regular projective model of Xx. We may

suppose that Hg (resp. Fx) extends to a line bundle H (resp. to a vector
bundle E) over X. We will denote by EV the dual of E.

e For every integer z, denote by G, the Ox-module H*(X, E @ H®%).

o If px € Xk(K) is a rational point, we may extend it to a section
p : Spec(Ok) — X. Denote by X the completion of Xk near px and by X
the completion of X near p.

e Denote by Hj, E, etc. (resp. Hp i, Ep i etc.) the restriction of H, E
etc. to &), (resp. of Hg, Ex etc. to Xp).

e Extending the base K if necessary, we may suppose that /'f’p is isomor-
phic to Spf (O k[Z]); we fix such an isomorphism.

e Since X is an affine formal scheme, we may identify every coherent
sheaf on it With the corresponding module of global sections. The O [Z]-
modules H), and F, are isomorphic to the trivial modules of the correspond-
ing rank; we fix such isomorphisms.

e For every positive integer i, denote by .i’; (resp. XIZ)) the ¢th infinitesi-
mal neighborhood of p (resp. px) in X (resp. Xx). Similarly we denote by
H,;, E,; etc. the restriction of H, E etc. to Q?;j.

o Let px € Xi(K) and p : Spec(OK) — X the corresponding section.
The sheaf of Kéahler differentials “QX JOx is locally free in a neighborhood
of p, indeed the morphism X — Spec(Of) is smooth near p. Denote by
T,X the restriction to p of the dual of that sheaf. For every place v € Mgy,
and couple of integers x and i, the O,-module H(p, H®* @ (T,X)®?), is
equipped with the norm induced by the integral structure.

Let px € Xg(K) and p : Spec(Ok) — & the corresponding section.
Let f € HY(X,, E) ). Since we fixed an isomorphism of Ey with 0%, the

P
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section f can be written as m power series,

f= (Z ai(l)Zi7---,Zai(m)Zi)
i=1 i=1
with a;(j) € K.

4.1. DEFINITION. Let a be a nonnegative real number. We will say that
f is an LG-germ of type « if the following holds:

(a) For every place v € My and every j = 1,...,m, the power series
>, ai(j)Z" have positive radii of convergence.

(b) There is a finite set S of places such that if v ¢ S there is a constant
C, such that, for every j =1,...,m,

. Ci
lai(Dllo < ms -
12115

(c) Tlogs Co < o0
Following the proofs of [Gal §3], one may prove that:

e The notion of LG-germ of type a does not depend on the chosen
isomorphisms; thus the notion depends only on the germ of section. However,
the constants C, may depend on the choices.

e If I is equipped with a connection which is nonsingular at p, then a
formal horizontal section is an LG-germ of type 1.

e If moreover, for almost all v € Mp, the connection has vanishing
p-curvature, then the formal horizontal section is an LG-germ of type zero.

The last two statements are proved in [Bol, §3.4] (cf. also [A1] or [Boml]).
Fix s points p1 k,...,psk in Xg(K). Denote by p; : Spec(Og) — X
the corresponding sections. Suppose that for every point p; x we have an

LG-germ f; € HO(ij,szYjK) of type a. If we take a suitable blow up
of X, we may suppose that the p;’s extend to sections p; : Spec(Og) — X

which do not intersect. For every j, the section f; induces an Og-linear map

A~

(. fj): Gz — HO(ij,HI%’_xK), and by composition a map
<7f> = (('7f1>7 SRR <7f8>) 1 Gy — @HO(XP]'?H;?;?EK)'
j=1

Denote by res; : P, HO(ij,HI?;ﬁ() — @ HO(XIZ;j’HI(?;:Zi) ® K the re-

striction map, by (-, f); the map obtained by composing (-, f) with the res;
and by G’ the kernel of (-, f);.
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The snake lemma applied to the exact sequence

s S
0= @ Hy, 15 & (1, 2)°7) » DI, )

Jj=1 Jj=1
S
0/ i Rz
Jj=1

induces a canonical inclusion

S
GL/G — D HO(pj, H®" @ (T, X)* ) @ K.
j=1

For every v € Mgy, both (G%/GH), and @, HO(pj, H®* @ (T, X)® "),
are equipped with norms, induced by the integral structure. Observe that
naturally the former has the sup norm. Thus we may compute the norm
17|l of the operator ..

When f is an LG-germ, one can bound the norms at all finite places of
the v%’s.

4.2. THEOREM. With the notations as above, suppose that f is an LG-
germ of type o.. Then there exists a constant C' such that

> loglville < [K : Qlailog(i) + C(i + ).
vEM§gn

Proof. We first remark the following general statement: Let k be a
normed field and ¢ : Vk1 — V,f be a linear map between finite-dimensional
normed vector spaces over k. Let V* C V}! be the set of elements of norm
less than or equal to one. Suppose that there exists a constant A € k* such
that p(Av) C V2 for every v € V1. Then ||| < 1/| 4]

For every j € {1,...,s}, let pr; : @; H(pj, H** ® (T,,X)®7") —
HO(p;, H®* @ (T},,X)®~") be the projection. Fix one of the p;. Let v & S.
The restriction of ij to Spec(O,) is isomorphic to Spf(O,[Z]) (via an iso-
morphism fixed as above).

Suppose that P € (G%)o,. Since we fixed an isomorphism of E,; with the
trivial vector bundle of rank m, the restriction of P to (é\?p ) is represented
by (g1, -.,9m) with g; € O,[Z]. By definition (P, f;) = ZS 1 9s Y pae(s )ZE
= hj(Z). Since P € (Gi)o,, we have h;(Z) = 3272, hyZ" and pr;o~i(P)
= h;. Since f; is an LG-germ of type o, we have

it
eIl <1
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The norm on @; H'(pj, H®* ® (T,;X)®~") is the sup of the norms on
each factor, so for every v ¢ S we have

2 i < 1.
cy U -
The conclusion follows from the remark at the beginning of this proof,
the Stirling formula and the standard Cauchy inequality at places in S.

5. E-sections of arithmetic type. In this section we will introduce
the concept of F-sections of arithmetic type of a vector bundle over an
affine curve. These are analytic sections of an algebraic vector bundle whose
order of growth is the inverse of the type of their formal development at a
fixed algebraic point. The main examples of E-sections of arithmetic type
are the E-functions of the theory of Siegel-Shidlovskii or the more recent
“arithmetic series of order s” introduced by André [AI].

We fix the same notations as in the previous section. Moreover we denote
by My the set of complex embeddings of K. If ¢ € M, we will denote by &
the conjugate embedding. A subset S C M, is said to be reqular if o € S
implies that o € S.

Let Xx be a smooth projective curve over a number field K. Fix s points
PLE - Pe i € XK (K).

For every o € M, we will denote by X,, E,, H, etc. the restriction of
X, E, H etc. to C via 0.

Let Ex be a vector bundle over X g of rank m.

5.1. DEFINITION. Let Sk C My be a nonempty regular subset of cardi-
nality a, and a a nonnegative real number. An E-section f of arithmetic type
of ¥ with respect to Sk, a and the points p1 g, . .., ps i is the following data:

(a) for every j = 1,...,s, a germ of section f; € Ej . which is an
LG-germ of type «;

(b) for every o € Sk, an affine open subset U, of X, containing p;, =
o(p;) and an analytic section f, € H°(U,, E,) such that:

(b.1) for every j, the germ of f, at p; . is o(f;);

(b.2) the section f, has finite order of growth p, and ap, =as/[K :Q]
(in particular, if & = 0, then it suffices that the order of growth
is finite).

5.2. REMARK. (a) An E-function in the sense of Siegel-Shidlovskii is an
FE-section of arithmetic type; in this case, we have only one point, Sg = My
and the « involved is one.

(b) An “arithmetic Gevrey series of order s < 0”7 in the sense of André
[A] is an FE-section of arithmetic type; again we only have one point,
Sk = My, and the « involved is —s.
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(c) If L/K is a finite extension and f € E, i is an E-section of type «
over K, then f € F, 1, is an E-section of arithmetic type: take as Sz, the set
of 7 such that 7/o for o € Sk.

(d) Notice that, on the projective line, the main differences between E-
functions and E-sections of arithmetic type are: (1) E-sections of arithmetic
type may have order of growth not one; (2) (more important) FE-sections
of arithmetic type may have more than one essential singularity, whereas
FE-functions are always entire functions.

(e) An interesting example of E-section of arithmetic type (and our main
theorem will concern that example) is given by a horizontal section of a
fiber bundle with a meromorphic connection having order of growth p and
assuming rational values at p nonsingular rational points; at each of the
rational points the section will be an LG-germ of type 1. In the introduction
we gave some way to construct some of these examples. Unfortunately we
do not know examples which do not come from some covering construction
and with more than one rational value at a rational point.

(f) When K = Q, by Corollary the order of growth cannot be less
than s. It is not difficult to find a similar lower bound for arbitrary number
fields (because Theorem 1.1 of [Gal holds in general).

In this section we show that, given an FE-section of arithmetic type, it
is possible to construct sections with high order of vanishing and bounded
sup norm.

First of all we have to fix integral structures (we refer to [BGS| for
precise definitions and properties). As in the previous section, we suppose
that X — Spec(Og) is a regular projective model of Xy, and Ef extends
to a vector bundle E over X. We also suppose that H is a relatively ample
line bundle on X'. For every place o € M., we suppose that E, and H, are
equipped with smooth metrics (and the metric on H is sufficiently positive).
We also fix metrics on X,. Thus, for every integer x, the vector bundle
EY(z) is an hermitian vector bundle over X.

For every integer x, the Ox-module H°(X, EV(z)) is equipped with a
structure of hermitian O -module: for every o € My, H*(X,, EV(x),) is
equipped with the L? metric (notice that the L? norm and the sup norm are
comparable by for instance [Bol, §4.1]). As in the previous section, we will
denote this module by G, .

Fix an FE-section f of arithmetic type with respect to the points
P1,Ky---3yPs,K-

With the notations of the previous section, for every positive integer i, we
obtain a natural O-linear map G, — €, H° (X]ij , Hgf) ® K. Again denote
by G its kernel. Put ¢ := deg(Hy). We want to prove that, under these
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conditions, for every e € (0,1) there is a nonvanishing section of bounded
z—m(l €)
norm in Gg°* .

5.3. THEOREM. Suppose that the above hypotheses hold. Fiz € € (0,1).
Then we can find a constant c1, depending only on €, a and the points p;,
but independent of the vector bundle E, and a constant co, for which the fol-
lowing holds: for every sufficiently large positive integer x there is a nonzero

section P € Giém(lie) such that

sup log||P|ls < cizlog(x) + cox.
€M
Before we start the proof, we need to recall some classical tools from
Arakelov geometry (cf. for instance [BGS]).

e If M is an hermitian line bundle over Spec(Og) we will define its
Arakelov degree by

deg(M) :=log Card(M/s - Ox) — > log||s|s-
cEMoo
for any s € M \ {0}. This quantity is well defined because of the product
formula.

o If £ is an arbitrary hermitian vector bundle over Spec(Ok) then the
line bundle A™** E is canonically equipped with an hermitian metric; con-
sequently, we can define the hermitian line bundle A™** E. We then define
deg(E) := deg(A\"™(E)).

e Suppose that E7 is an hermitian Og-module and Lq,..., Ls are her-
mitian line bundles over Ok. Let ¢ : E1 — € ; L; ® K be an injective linear
map. For every place v € M (finite or infinite) we denote by ||¢||, the norm
of . One easily finds that if ¢ is nonzero, then

deg(E1) < rk(E1)(Supdeg + Y log |l )
vEME

e There exists a constant x(K) depending only on K such that the

following holds: Suppose that E is an hermitian Og-module with d/eTg(E)
> A. Then there exists a nonzero element x € E such that

A
b < —— 4 log(rk(E K
s el < — s Tog(1k(E)) + X(K)

(cf. [BGS, Thm. 5.2.4 and below]).
o If z is sufficiently large, we may suppose that deg(G,) > 0.

Proof of Theorem[5.3 As in the previous section, for every integer i, we
have an injective map
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S
(5.3.1) Yt GLIGH - @D HO (p, H®" @ (T, X)) @ K.
j=1
Note that since the G%’s are submodules of G, they are naturally hermitian
Og-modules. From the properties listed above we find that we can find a
constant A depending only on p and H such that
deg(GE) = deg(GL) — xk(GL/GE) (Al +1) + Y log|ill )
vEMK

Since f is an E-section of arithmetic type, by Theorem there are con-
stants c3 and « such that

S togllnil < K : Qlailog(i) + esi + ).
vEMpn
Let S be the set of infinite places involved in the definition of E-section of
arithmetic type. By the classical Cauchy inequality there is a constant C
such that if ¢ is an infinite place not contained in S, then

log [, ls < Ol +1).

In order to estimate the norm at places of S we need a refinement of Theorem
5.9

Let 0 € S. Let j € {1,...,s}. We equip the line bundle Oy, (p;) with
the following metric: Let I, be the canonical section of Oy, (p;). We define
I, 1/(2) = exp(4gp, (2)). By adjunction, this defines a norm on 7}, X,. Let
s € (Gi)o; then fo(s)[]; H;],i is a holomorphic section F of (H®x(—2j ip;))o-
To compute the norm of 7., at places in Sk we have to compare [|F||(p;),

for every 7, with |[|s]|cc-
By the Stokes formula we find, for every real number r,

| log | F|| - dd°gy = | dd°log || F| - gp-
Us Us
By Proposition for r > 0, we may suppose that if g, (2) > r then
Ip;, (2) = gp; (2)(1 + €(z)) with [e(z)| < €, where € is a fixed constant. Thus,
by the property of the Green functions (cf. §3), the definition of the norm

on O(p;), the Cauchy-Schwarz inequality and the Poincaré-Lelong formula
we find

log|lslles + | log||foll d°gp — is(1 — €) log(r) — log | F'|(p)
S(r)
> —z(H,Uy)(r).
Thus, we can find constants C and ¢ > 0, depending only on H, and a
constant A\, depending on f, such that, as soon as r > 0,

log |72l < —is(1 — €) log(r) + 2Clog(r) + Apr T 1+,
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For each i we put r = @F:Q/(as(1+6) and we deduce that there are
constants Cy, Cy and €1, with C7 depending only on « and H, and € as
small as we want, in particular independent of F, ¢ and x, such that

> log [Villw < #C log(i) + erilog(i) + Ca(i + x).
’UGMK

Observe that rk(G%/Git!) < s, so we can find constants C;, with Cy
depending only on H, s and «, such that, summing all together, we obtain

zem(l—e)
deg(GE™ Ny > 0ga? - 04( S wlog(i) + exilog(i) + Cali + g:)).
=1

Thus, since we can take €; very small compared to m?, there are constants
Cg and C7, with Cg independent of F, and C7 depending on m, f and H,
such that

z<m(l—e)

deg(Gy® ) > —(Cema?log(z) + Cra?).
By the Riemann-Roch theorem, rk(G;) is about ema. By the filtration
(5.3.1]), the rank of Gigm(l_e) is greater than emx. Consequently, there is a

nonzero section P of Gigm(l_e) such that
mCyg
sup log||P|, <

O'GMOO me

xlog(z) + C.

The conclusion follows, since Cg depends only on the p;, H and is indepen-
dent of F.

Fix s rational points pi g, ..., ps k of Xk (K) and a fiber bundle (E, V)
with a meromorphic connection as above. Fix an E-section f of arithmetic
type with respect to these points which is horizontal for the connection.
Theorem gives rise to an integral global section P. We may take deriva-
tives of P with respect to the connection and we obtain other sections with
the same properties:

First of all we have to ensure that the derivative of an integral section
is again an integral section. We may extend the connection V : EV(z)x —
EV(z)k ® Q}((DK) to an integral connection

V:iE() = EQuwx/o(D+V)

where V' is a vertical divisor. We also fix an integral element 0 € Ty /0, (D)
which, generically, does not vanish at the p;’s. By construction, if P €
HO(X,EY(x)), then Vy(P) € HY(X,EV(V)(z + 2)); in particular, Vy(P)
is a section over the model X'. For every point pj x, the order of vanish-
ing of (Vo(P), f;) at pj i is one less than the order of vanishing of (P, f;)
at pjx. Moreover a straightforward application of the classical Cauchy—
Schwarz inequality implies that, for every complex embedding o, the linear
map (Vg)s : EV(z)s — (EY(z 4 2)), has bounded norm. Thus we proved:
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5.4. PROPOSITION. There is a constant A depending only on (E,V) and
O such that the following holds: if P € HY(X,EV(x)) is an integral section
such that sup, log || P, < C and ordy, ((P, f;)) > C1 for every j then:

(i) Vao(P) is a section of EV(V)(z + 2) over X such that
suplog [|Va(P)lls < €'+ 4;

(ii) ordy, ((Va(P), fj)) = C1 — 1 for every j.

6. Proof of the main theorem. In this section we will show how
to generalize the Siegel-Shidlovskil theory to an arbitrary curve and to a
connection with arbitrary meromorphic singularities and E-sections of arith-
metic type over an arbitrary set of points.

6.1. THEOREM. Let Xk be a smooth projective curve defined over the
number field K. Let Dg be an effective divisor on Xk and (Ex,Vi) be a
vector bundle of rank m > 1 with connection with meromorphic singularities
on Dg. Let p1k,...,ps,k € X(K) be rational points. Let f be a Zariski
dense horizontal section which is an E-section of arithmetic type with respect
to the pjk’s, some o and some regular subset S C My,. Let 0 € Sk.
Suppose that ¢ € X (K)\{D,p1,...,ps}. Then

Trdeg (K (f5(0(q)))) = m.

6.2. REMARK. (a) By “f is a horizontal section” we mean that all the
local sections fi, ..., fs (or, equivalently, all the sections f,, 0 € Si) of E,
involved in the definition of E-section f of arithmetic type, are formal (an-
alytic) horizontal for the connection V.

(b) f being Zariski dense means that the image of none of the formal
local sections o(f1),...,0(fs) is included in a proper Zariski closed subset
of E,. This is equivalent to requiring that the image of the section f, is
Zariski dense.

(c) If we apply the theorem to P! with s = 1 and we suppose that the
horizontal section is an E-function, we find the classical theorem of Siegel
and Shidlovskii (cf. [Lal).

Before we give the proof of the theorem we will produce a metrical cri-
terion which implies that the coordinates of an element of a complex vector
space are algebraically independent. This criterion is a version in metric
language of a classical trick by Siegel.

A criterion for transcendence. As before, K will be a number field and
Og will be its ring of integers. We fix an embedding ¢ : K — C. Let E be an
hermitian Og-module of rank m. If V' is an hermitian Og-module, denote
by Vi the K-vector space V®o, K and by V¢ the C-vector space V®C (C is
an Ox-module via o). We describe here a criterion which implies that the
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coordinates of an element f € Eg satisfying it are algebraically independent
over K.

For every integer n, we denote by E,, the hermitian Ox-module Sym" (FE)
and by m,, its rank.

Let f € E¢. Denote by f,, the image of f®" in (E,)c. For every n denote
by V,, the smallest K-subspace containing f,, and by 7, its dimension.

6.3. DEFINITION. We will say that f is algebraically independent over
K if V,, = E,, for every positive integer n.

6.4. REMARK. If we fix a basis of EFx, then f is algebraically inde-
pendent over K if its coordinates are transcendental numbers algebraically
independent over Q.

We fix an hermitian line bundle H over Spec(Og). If M is an hermitian
Ogk-module, for every integer x we denote by M (z) the hermitian vector
bundle F @ H®®. For P; € EV(z) we denote by F; the vector (P;, f) € HE”.

The criterion we want to prove is the following:

6.5. PROPOSITION. Let f € Ec be as above. Suppose that we can find
positive constants c; for which the following holds: For every n we can find
xo(n) such that for all x > xo(n) there exist sections P'(x),..., Py (x) €
E,(z) and constants b; = b;j(n) such that:

e The P'(z) are linearly independent.

o suDyenr, 10g | PP(x)]| < crarlog(a) + bra.

e Denoting (Pl'(z), ) € HE® by F{'(z), we have

sup log | F7'(x)|| < e10log(z) — cmnz log(z) + by
O’GMoo

Then f is algebraically independent over K.
First of all we observe the following trivial fact:

e Suppose that V; and V5 are vector spaces and dim(V2) < dim(V;).

Then
dim(Sym"(V3))

n00 dim(Sym™ (V1))
The proof is trivial and left to the reader.

=0.

6.6. LEMMA. The vector f is algebraically independent over K if and
only if there is a constant ¢ > 0 such that for every n,
dim(V;,)
dim(E,) —
Proof. If f is algebraically independent over K then, by definition we
may take ¢ = 1.
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Conversely, suppose that f is not algebraically independent over K; then
there is an n and a nontrivial subspace V,, C FE,, containing f,,. Thus for every

=

integer m, fpm € Sym™(V,,) € Epn. Consequently, there is a subsequence
Ny, such that

The conclusion follows.
Proposition will be a consequence of Lemma, above and the fol-
lowing proposition applied to f,, € (E,)c:

6.7. PROPOSITION. Let E be an hermitian O -module and f € Ec as
above. Suppose that we can find constants c; and b; for which the following
holds: For every x sufficiently large, there exist Pi,..., Py, € EV(x) such
that:

o Pi,..., P, are linearly independent.
® sup, ¢y log||Pillc < cizlog(x) + biz.
® sup, ey log || Fillo < c1zlog(x) — comalog(x) + box.

Then there are constants C; depending only on the ¢;’s such that
r1 > Cim+ Cs.

Proof. Denote by Vi < FEp the minimal K-subspace containing f.
Let V := Vg N E; then r; = 1k(V). For every positive integer =, denote
by P; the image of P; in VV(x). Observe that there are constants d; such

that d/eE(VV( )) = di + dax. We can find r; elements among the R which
are linearly independent; we may suppose that they are Pi,.. Pr1 The
isomorphism of the Cramer rule, which is an isometry, gives rise to the
equality

(PLA---AP)® f = Z Y(PLA---APA---AP) @ F.

Since Py A --- A Py, is an integral section of VV(z), we have

log [Py A--- APy llo > di + dox — ([K : Q] — 1)(riciz log(x) + bix).
Thus we find
di + dox — ([K : Q] — 1)(ric1zlog(x) + biz) + ds

< (r1 — ez log(z) + crzlog(x) — megz log(x) + csxlog(x) + bex + dy,

where the constants b;, ¢; and d; are independent of x. We divide everything
by zlog(x) and let = tend to infinity to obtain

rici[K : Q] — meg + c3 > 0.

The conclusion follows.
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Proof of the theorem. We fix models X of X, D of Dg and (E,V) of
(Ex, Vi) as in the previous sections. We also fix a positive metric on the
ample line H := O(D). Let ¢ be the degree of Hg; adding some points to D
if necessary we may suppose that ¢ is much greater than s. We eventually
fix an integral derivation 9 € HO(X, (w3 /OK)V(D)) which does not vanish
at the points p; and ¢; notice that this can be done once we suppose that
¢ much greater compared to s. Finally, we fix a section s’ € H°(X, H) not
vanishing at p; i or gq.

In order to apply it suffices to replace F by one of its symmetric
products, f by its symmetric power, and construct sections satisfying the
hypothesis of Proposition Thus we need m linearly independent sections
of EV(x), satisfying the hypotheses of

By Theorem for every x > 0 we may construct P; € H*(X, EV(x))
such that, denoting by I} € P H°(X,, o, O(x)) the section (Py, f, ) ;, for
every j we have ord,, (F1) > x$m(1—¢) and sup,, log || P1 ||, < azlog(x)+ciz.

Let P, := Vy(P;—1). Applying Proposition we then construct m
integral sections Py, ..., Py, such that sup, log|| Pi||s < azlog(z) + cox and
ord,(F;) > zim(1 — €) —m (where again F; = (P, fp, »)j)-

Since we suppose that ¢ > s and x > 0, we may apply the Zero Lemma
to deduce that P,..., P, are linearly independent over K(Xg). As in
the previous sections, we denote by P; the sections P; @ (s')%2(m=%)_ Ob-
serve that P; € HO(X, EV(x + 2m + V)) for some fixed vertical divisor V.
Consequently, there is a constant c3 such that

deg(Py A -+ A Pp) = mcx + c3.
By the Cramer rule,

(151/\~--/\]5m)®f:Z(—l)i(ﬁ’l/\---/\Zéi/\-n/\Pm)@Fi;

thus, for every j, ord,, (PLA---APp) > r$m(1 —e€) —m; consequently, there
are constants €; and ¢4 such that

ordq(Pl ARRRWA lf’m) < cxer + cq.

Fix ¢, €1 and ¢4 as above and denote by c(x) the function ce;x + cy.
For P € H°(X,EY(z)) with = > 0 as above, we construct a sequence
Py = PR(s)® and P;11 := Va(P,)®(s") @) =20+ with 0 < 2i < ¢(x)—1.
Observe that P1,..., P, are global sections in H(X, EY (c(x) + z + V).

6.8. LEMMA. With the notations as above, there are constants a; inde-
pendent of E (in particular independent of m) and constants b; for which
the following holds: For every x > 0 there exist m indices {1 < --- < b,
with £y, < c(x) such that:
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(a) Py A--- A Py, is an integral section not vanishing at g;
(b) sup, log [P, lr < arrlog(z) + bi;

(c) ordy, (Fy,) > agw(m — 1) — by for every j.

The lemma implies the theorem: indeed, by Theorem [3.9} the Py, satisfy
the hypotheses of Proposition [6.7

Proof of Lemma The only thing we have to prove is (a); indeed, (b)
and (c) are consequences of Proposition

Let v be the order of vanishing of P A --- A Pm at ¢q. We know that
v < ¢(z). By induction we see that if hy < - -+ < hy,, then

VoPuy Ao APy)= > Py A---APy)
§51<--<Sm
with s; < Ay, +1 and the functions ts vanishing at g. Consequently, denoting
by Vg'(-) the operator Vyo---oVy(-) (v times), we find that

0£VYE(PLAAP)lg= Y. as(Ps A~ AP,
§1<<8m
with s,, < ¢(x). Thus there exist ¢1 < -+ < £, < m + cx + a such that

(ﬁel AREE /\Fzm)‘q ?é 0

The conclusion follows.

Acknowledgments. We would like to thank D. Bertrand and the ref-
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