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A quantitative aspect of non-unique factorizations:
the Narkiewicz constants III
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1. Introduction. Let K be an algebraic number field, O its ring of
integers and G its ideal class group. For a non-zero element a € Ok let Z(a)
denote the set of all (essentially distinct) factorizations of a into irreducible
elements. Then O is factorial (in other words, |Z(a)| = 1 for all non-zero
a € Ok) if and only if |G| = 1. Suppose that |G| > 2 and let & € N. In the
1960s P. Rémond and W. Narkiewicz initiated the study of the asymptotic
behavior of counting functions associated with non-unique factorizations
(for an overview and historical references see [17, 4]). Among others, the
function

Fi(x) = {aOk : a € Og \ {0}, (Ok:a0k) < z and |Z(a)| < k}|

was considered. It counts the number of principal ideals aQOf where 0 #
a € Ok has at most k distinct factorizations and whose norm is bounded
by x. In [15] it was proved that Fj(x) behaves for x — oo asymptotically
like

1-1/161(

z(log x) log log 2)N+().

This result was refined and extended in several ways: the asymptotics
were sharpened in [10], the function field case was handled in [9], Chebotarev
formations in [6] and non-principal orders in global fields in [5]. For more
recent development see [4, Section 9.3] and [211, 14], 13, 11}, 12]. In [16, 18],
W. Narkiewicz and J. Sliwa showed that the exponents Nj(-) depend only
on the class group G, and they gave a combinatorial description of Ni(G)
(see Definition below). This description was used by W. D. Gao for a
first detailed investigation of Ni(G) in [I]. In two recent papers [2] and [3],
the investigation of N;(G) has been continued with new methods from com-
binatorial number theory. Before going into details we briefly outline how
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these studies are embedded into the more general study of the arithmetic
of O K-

Suppose that G = Cy,, & --- @& C),, with 1 <ny| .-+ |n,. Since |G| > 2,
Ok is not factorial. The non-uniqueness of factorizations in O is described
by a variety of arithmetical invariants—such as sets of lengths or the cate-
nary degree—and they depend only on the class group G (the same is true
not only for rings of integers but more generally for Krull monoids with finite
class group where every class contains a prime divisor). Thus the goal is to
determine their precise values in terms of the group invariants ni,...,n,, or
to describe them in terms of classical combinatorial invariants, such as the
Davenport constant or the Erdés—Ginzburg—Ziv constant. Roughly speak-
ing, a good understanding of these combinatorial invariants is restricted to
groups of rank at most two, and thus no more can be expected for the more
sophisticated arithmetical invariants.

Back to the Narkiewicz constants: A straightforward example shows that
Ni(G) > ni+---+n, (see inequality ), and in 1982 W. Narkiewicz and
J. Sliwa conjectured that equality holds. Since on the other hand the Dav-
enport constant D(G) is a lower bound for Ni(G) (see inequality (2.1)), the
Narkiewicz—Sliwa conjecture, if true, would provide an upper bound for the
Davenport constant which is substantially stronger than all bounds known
so far. Thus it is not surprising that up to now this conjecture has been val-
idated only for a few classes of groups including cyclic groups, elementary
2-groups and elementary 3-groups ([4, Theorem 6.2.8]).

In this paper we shall determine Ny (G) for groups of rank two and obtain
several related results. Our main results will be presented in the next section
(see Theorems [2.3H2.6)).

2. Notations and the main results. We denote by N the set of posi-
tive integers, by P C N the set of prime numbers, and we write Ny = NU{0}.
For real numbers a,b € R, we write [a,b] = {z € Z : a < x < b}. By a
monoid, we always mean a commutative semigroup with identity which sat-
isfies the cancelation law (that is, if a, b, c are elements of the monoid with
ab = ac, then b = ¢ follows).

Let H be a monoid and a,b € H. We denote by A(H) the set of atoms
(irreducible elements) of H and by H* the set of invertible elements of H.
The monoid H is said to be reduced if H* = {1}. Let Hyoq = H/H* =
{aH* : a € H} be the associated reduced monoid.

A monoid F is called free (with basis P C F) if every a € F has a unique
representation of the form

a= H p»(@  with vp(a) € Ny and vy(a) = 0 for almost all p € P.
peEP
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We set F' = F(P) and call
jalp =lal = vp(a)

peEP

the length of a. The monoid Z(H) = F(A(H,eq)) is the factorization monoid
of H and 7: Z(H) — H,eq denotes the natural homomorphism given by
mapping a factorization to the element it factorizes. Then the set Z(a) =
7 Y (aH*) C Z(H) is called the set of factorizations of a, and we say that a
has unique factorization if |Z(a)| = 1. The set L(a) = {|z] : z € Z(a)} C Ny
is called the set of lengths of a.

All abelian groups will be written additively. For n € N, let C,, denote
a cyclic group with n elements. Let G be an abelian group and Gy C G a
subset. Then (Go) C G is the subgroup generated by Gy, G§ = Go \ {0},
and —Go = {—g : g € Go}. A family (e;);c; of non-zero elements of G is
said to be independent if

Zmiei =0 implies m;e; =0 for all ¢ € I, where m; € Z.

el
If I=[1,r] and (ey,...,e,) is independent, then we simply say that ey, ..., e,
are independent elements of G. The tuple (e;);es is called a basis if (e;)icr
is independent and ({¢; : i € I[}) = G. If 1 < |G| < oo, then we have

T

G=2Cp ®---®Cp., and we set d*(G):Z(m—l)a

i=1
where r = r(G) € N is the rank of G, n1,...,n, € N are integers with
1 <ny|--|n, and n, = exp(G) is the exponent of G. If |G| = 1, then

r(G) =0, exp(G) = 1, and d*(G) = 0.

The arithmetic of Krull monoids is studied by using two classes of aux-
iliary monoids: block monoids (in other words, monoids of zero-sum se-
quences) and type monoids (see [4, Sections 3.4 and 3.5]). We need both
concepts for our investigations.

Monoid of zero-sum sequences. Let GG be a finite additively written
abelian group.
The elements of the free monoid F(Gy) are called sequences over Gy. Let

S = H g""9 . where vg(S) € Ny for all g € Gy
9€Go and vy (S) = 0 for almost all g € Gy,

be a sequence over Gy. We call v, (S) the multiplicity of g in S, and we say
that S contains g if v4(S) > 0. A sequence S is called a subsequence of S
if S118 in F(G) (equivalently, vq4(S1) < vq(S) for all g € G). If a sequence
S € F(Gyp) is written in the form S = g; - - - g;, we tacitly assume that [ € Ny
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and ¢g1,...,q; € G. For a sequence

S:gl- H g EJT"G())
g€Go

we call [S| =1= 3% 5 vg(S) € Ny the length of S, supp(S) = {g € Go :
vg(S) > 0} C Gy the support of S, o(S) = Zi-:l 9i = X gec, Vo(S)g € G the
sum of S, and X(S) = {3 ;c;9i: 0 # I C [1,1]} the set of subsums of S. For
geG,weset g+S=(g9+9g1) - (9+a) € F(G).

The sequence S is called

a zero-sum sequence if o(S) = 0,

short (in G) if 1 < |S| < exp(G),

zero-sum free if there is no non-empty zero-sum subsequence,

a minimal zero-sum sequence if S is a non-empty zero-sum sequence
and every subsequence S of S with 1 < |S’| < |S]| is zero-sum free.

We denote by B(Gy) = {S € F(Gyp) : o(S) = 0} the monoid of zero-sum
sequences over Go, by A(Gp) the set of all minimal zero-sum sequences over
Gy (this is the set of atoms of the monoid B(Gyp)), and by

D(Go) = sup{|U| : U € A(Gp)} € NU {oo}

the Davenport constant of Gy. Every map of abelian groups ¢: G — H
extends to a homomorphism ¢: F(G) — F(H) by setting ¢(S) =
©(g1) -+~ p(gr). If ¢ is a homomorphism, then ¢(5) is a zero-sum sequence
if and only if o(5) € Ker(y).

For many zero-sum problems, the ordering of the elements of a sequence
is not important. But when we count the number of subsequences with a
given property or consider the so-called unique factorization, we need to
grant a sequence an ordering or label. There are two popular ways to label
a sequence: one is to introduce the index set as done by Narkiewicz in 1979
([16]), and the other uses the concept of type as we do in a recent paper [2]. In
the present paper we shall use the concept of type which was first introduced
by Halter-Koch in 1992 ([6]).

Monoid of zero-sum types. Elements of the free monoid F (G x N)
are called types over Gg. Clearly, they are sequences over Gg X N, but we
think of them as labeled sequences over Gy where each element of Gy carries
a positive integer label. Let a: F(Go x N) — F(Gyp) denote the unique
homomorphism satisfying

a((g,n)) =g forall (g,n) € Go x N,

and let 7 = coax: F(GogxN) — G.Foratype T € F(GoxN), a(T) € F(Gp)
is the associated (unlabeled) sequence. We say that T' is a zero-sum type
(resp. short, zero-sum free or a minimal zero-sum type) if the associated
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sequence has the relevant property, and we set X(T') = Y (a(T")). We denote
by

T(Go) = {T € F(Go xN) : &(T) = 0} = a1 (B(Gy)) C F(Go x N)

the monoid of zero-sum types over Gy (briefly, the type monoid over Gjy).
Type monoids were introduced by F. Halter-Koch in [§] and applied suc-
cessfully in the analytic theory of so-called type-dependent factorization
properties (see [4, Section 9.1], and [6] 7] for some early papers).

Every map of abelian groups ¢: G — H extends to a unique homomor-
phism ¢: F(Go x N) — F(H x N) satisfying ¢((g,n)) = (¢(g),n) for all
(g,m) € Go x N. We denote by ¥ = po a: F(Go x N) — F(H) the unique
homomorphism satisfying ¢((g,n)) = ¢(g) for all (g,n) € Go x N.

Let 7: F(Go) = F(Gp x N) be defined by

vg(S)

= [[ 11 (9.%) € F(GoxN).

geGp k=1

For S € F(Gy), we call 7(S) the type associated with S. The map B =
alr(y): T(Go) — B(Go) is a transfer homomorphism (see [4, Proposition
3.5.5]), and hence in particular L(B) = L(7(B)) for all B € B(G®). Let T
and T” be two squarefree zero-sum types with a(7) = a(T”). Then there is
a bijection from Z(T') to Z(T"), and hence |Z(T')| = |Z(T")|. In particular,
|Z(T)| = |Z(7(ax(T)))|. Let T = (g1,0a1) - (g1,a1) € F(G x N) be a type.
For every g € G, define (9,0) + T = (g + g1,a1) -+ (g + g1, @)

The greatest common divisor of sequences S, S € F(Gp), denoted by
ged(S,S97), is defined to be the greatest common subsequence of S and S’
(i.e. it is always taken in the monoid F(Gy)). The sequences S and S’ are
called coprime if ged(S,S’) = 1. Similarly, the greatest common divisor of
types T, T" € F(Gy x N), denoted by ged(T,T"), is defined to be the greatest
common subtype of T and 7" (i.e. it is always taken in F(Gy x N)). The
types T and T" are called coprime if ged(T,T") = 1.

Narkiewicz constants. We start with the definition of the Narkiewicz
constants (see [4, Definition 6.2.1]). Theorem 9.3.2 in [4] provides an asymp-
totic formula for the Fj(z) function—the Narkiewicz constants occur as ex-
ponents of the loglog x term—in the framework of obstructed quasi-forma-

tions (this setting includes non-principal orders in holomorphy rings in global
fields).

DEFINITION 2.1. A type T' € F(G xN) is called squarefree if vy ,(T) < 1
for all (g,n) € GXN. For every k € N, the Narkiewicz constant of G is defined
by

Nk (G) = sup{|T|: T € T(G*) squarefree, |Z(T)| < k} € Ny U {o0}.
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If U € A(G*®), then 7(U) has unique factorization, and hence
(2.1) D(G) < N1(G).

Let G=Cp, &---®Cy, with1 <ng|---|n, and let (e1,...,e,) be a basis
of G with ord(e;) = n; for all i € [1,7]. Observe that

if B= ﬁe?i, then 7(B) = ﬁ ﬁ(ei, k)
i=1

i=1 k=1
has unique factorization, and hence

In [18], W. Narkiewicz and J. Sliwa conjectured that N;(G) equals the above
lower bound for all finite abelian groups.
We need some other definitions:

DEFINITION 2.2. Let G be a finite abelian group and g € G. We denote
by

e s(G) the smallest integer [ € N such that every sequence S € F(G) of
length |S| > [ has a zero-sum subsequence T' of length |T'| = exp(G);
the invariant s(G) is called the Erdds—Ginzburg-Ziv constant of G;

e 7(G) the smallest integer [ € N such that every sequence S € F(G) of
length |S| > [ has a short zero-sum subsequence (equivalently, S has
a short minimal zero-sum subsequence);

e 7);(G) the smallest integer | € N such that every sequence S € F(G*)
of length |S| > [ and with sum o(S) = ¢ has two different short
minimal zero-sum subsequences 77 and T3 such that 1 # ged(71,T3).
We set

n*(G) = max{n;(G) : h € G}.
Now we can state our main results:
THEOREM 2.3. Let G = Cy, ® Cp, with 1 < ny|ng. Then
Nl(G) =ni + no9.

THEOREM 2.4. Let G = Cp, © Cp, where p is a prime, and let T €
F(G* x N) be a squarefree type of length |T| = 2p. If T does not have two
minimal zero-sum subtypes which are not coprime, then there exists a basis

(e1,e2) of G such that

D
=€ H a;e1 + 62
i=1

where Y a; =0 (mod p).
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THEOREM 2.5. Let G = C,®C,,, where p is a prime. Let S € F(G®* xN)
be a squarefree type of length |S| = 3p. If S does not have two short minimal
zero-sum subtypes which are not coprime, then there exists a basis (e1,e2)
of G and a1, az € [1,p — 1] such that a(S) = eleb(arer + azes)P.

THEOREM 2.6. Let G = C), ® C,,, where n is a positive integer. Then
n*(G) =3n+ 1.

3. Preliminaries. In this section we first gather some known results
needed in this paper, and then we employ group algebra as a tool to derive
a result on subsequence sums (see Theorem , which will be crucial in
the proof of Theorem and might be of independent interest.

LeEMMA 3.1 ([4, Theorem 5.8.3]). Let G = Cy, & Cp, with 1 < ny|ns.
Then

s(G)=2n1+2n2—3, n(G)=2n1+n2—-2, D(G)=mn;+ns—1
LEMMA 3.2 ([4, Proposition 5.7.7]). Let G = Cp, @ C)p, where p is a

prime. Suppose S € F(G) is a sequence with |S| > 3p — 2. Then S has a
zero-sum subsequence T € F(G) of length |T'| € {p, 2p}.

LEMMA 3.3 ([2, Lemma 2.2]). Let G be an abelian group with |G| > 1
and T € T(G®) be a squarefree zero-sum type. Then the following statements
are equivalent:

(a) [2(T)| = 1.
(b) If U,V € T(G) with U|T and V |T, then ged(U, V) has sum zero.
LEMMA 3.4 (]2, Lemma 3.9]). Let G be a finite abelian group with

|G| > 1, and let T = U, ---U, € T(G®) be a squarefree type with r € N
and Uy, ..., U, € A(T(G*)).
(1) If[Z(T)| =1, then [[;_, |Ui| <|G].
(2) LetSi,...,St € F(GxN) be such that Sy - -+ Sy is a zero-sum subtype
of T. If |Z(T)| = 1, then 7(a(S1)---a(St)) has unique factorization.
(3) If T does not have two short minimal zero-sum subtypes which are
not coprime and |T'| < 2exp(G) + 1, then |Z(T)| = 1.
LEMMA 3.5 ([3, Theorem 1.2]). N;(C, @ C},) = 2p, where p is a prime.
We need the following well known result:

LEMMA 3.6. If S is a minimal zero-sum sequence over C, of length
|S| = n, then S = g™ for some g € Cy,.

LEMMA 3.7 (|2, Theorem 3.14(a)]). Let G = Cpyp @ Cppypy with n,m > 2.
Ifn*(Crn®Cr) =3m+1 and n*(C,, ®Cy,) = 3n+1 then n*(Cpp @ Cran) =
3mn + 1.
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LeMMA 3.8 ([3, Lemma 4.4]). Let G = Cy,p ® Chp,p with 1 < ny|ng and
p being a prime. Suppose that Ni(Cp, ® Cy,) = n1 + ng for ny > 1, and
suppose that n*(Cp & Cp) = 3p+ 1. Then Ni(G) = nip + nap.

REMARK 3.9. If ny = 1 then Ni(Cy, & Cp,) = N1(Cp,) = na has been
proved by Narkiewicz [16] (see also [4, Theorem 6.2.8] or [2, Theorem 5.1}).
In [3], Lemma is stated only for n; > 1, but the proof given there works
also for n1 = 1.

Let F be a field, and let G be a finite abelian group. The group algebra
F[G] of G over F is a free F-module with basis {X9 : g € G} (built with a
symbol X ), where multiplication is defined by

(gze; agX9> (gZE;ngg> - g%;(% ahbg—h>Xg-

Let p be a prime. From now on, let F' = F), be the finite field of p
elements. Let G be a finite abelian p-group. For any non-empty sequence
S=g1-...- g € F(G), we define

1
m(s) = -x9) =] -x9%% e K[a),
i=1 geG
Hs={geG:(1-X9)I(S)=0¢€ F,[G]}.
Then Hg is a subgroup of G.

LEMMA 3.10. Let p be a prime, G be a finite abelian p-group, and let
S e F(G*).

1) If|S] > D(G) then II(S) = 0 € F,[G].

2) If |S|=D(G) — 1 and II(S) # 0 then G* C X(S).

3) If Hs = G and II(S) # 0 then G* C X(S).

4) If |S| = D(G) — 2 and II1(S) # 0 then there exists h € G such that
G*\ X(S) C h+ Hs.

Proof. Let

A~ SN SN

I(S) =) agX?.
geG
(1) See [19] or [4, Proposition 5.5.8].
(2) See [4, Proposition 5.5.8].

(3) If Hs = G then for any h € G we have (1 — X") > ogec 4g X =
deG(ag — ag—p)X9 = 0. It follows that ag = a_y, for every h € G. Thus
a=ag ) eqy# 0. This implies that G* C X(S).

(4) We only need to prove that for any hy, hy € G*\ X(S), hy —he € Hg.
If hy — hy € Hg, then (1 — XM ~h2)I1(S) # 0 and |(hy — h2)S| = D(G) — 1.
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By (3), G* C > (h1 — h2)S. So there exists a subsequence T'| S such that
hi = (h1 — ha) + o(T). It follows that he = o(T') € X(S), a contradiction. m

Let p be a prime, and let G = C, & C,,. Let S € F(G) and let A C G.
Define

e S4 to be the maximal subsequence of S such that supp(S4) C A;
e A\(S) =max{|Sy|: H is a subgroup of G of order p};
e A(S)=|{H : H is a subgroup of G of order p and Sy # 1}|.

LEMMA 3.11 ([20, Theorem 1]). Let G = C, & Cp, and S € F(G*) with
p<|S|<2p—2. If\(S) <p—1and A(S) <2p—1—|S|, then II(S) #0 €
BlGl.

THEOREM 3.12. Let p be a prime, G = C, & C),, and let S € F(G*) with
|S| = 2p—2. If \(S) < p—1 then there exists g € G such that G\{g} C X(95).

Proof. Let
S = ai - - a2p—2-
Assume to the contrary that G*\ {g} Z X(S) for every g € G. It follows
that
G* Z X(S).

Let A(S) =t with 1 <t < p+ 1. By renumbering if necessary we assume

that
ai,...,at

are in distinct cyclic subgroups of G.

Let So = S(a1---a;)~t. Then A(Sp) < A(S) < p—1and A(Sy) <t =
2p—2—1Sy| < 2p—1—|Sp|. By Lemma [T, (1 = X9) # 0. Let Sy be
the maximal subsequence of S such that Sp [S1 and [] g (1 — X9) # 0.

If |S1| = 2p — 2, then G* C X(S1) C X(S) by Lemma [3.10] a contradic-
tion.

If |S1| < 2p — 4, then there exist a;,a; with 1 < i < j <t such that
(1= X*)[Iys, (1= X9) = (1= X%)[],s, (1 = X9) = 0. Therefore, G =
(a;,aj) € Hg, C G. Hence, Hg, = G. It follows from Lemma that
G* C ¥(S51) C X(S), again a contradiction. Therefore,

‘51’ = 2p - 3.

By renumbering if necessary we can assume that S = Sia;. Since
DG)—2=2p—-3,G* ¢ X(5) and a1 € Hg,, it follows from Lemma
that there exists hy € G such that G* \ X (S1) C hy + (a1).

Let S) = S(az,...,a:)". Then A\(S) < A(S) <p—1and A(S}) <t=
2p—2—|S)|+1=2p—1—|5)|. By Lemma [y, (1 —X9) #0.
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Let S| be the maximal subsequence of S such that Sj|S] and
H9|51(1 — X9) # 0. In a similar way to above we deduce that |S7| =2p — 3
and there exists hg € G such that G*\ X (S1) C ha + (a;) for some ¢ € [2,¢].

Since 1 # i we have |hy + (a1) Nha + {a;)| = 1. Let hy + {(a1) N ha + (a;)
= {g}. Then

(3.1) G*\ X(S) € h1+ {a1) Nhy + {ai) = {g}-
Since [],5(1 — X9) = 0, we have 0 € X(S). This together with gives
G\{g} € X(5). =

4. Proofs of the main results. In this section we first generalize
the concept of unique factorization to any squarefree type (not necessarily
zero-sum).

DEFINITION 4.1. Let G be an abelian group with |G| > 1 and T €
F(G* x N) be a squarefree type. We say T has unique factorization if there
is only one way to write T in the form T' = Uy --- U,U’, where Uy,...,U,
are all minimal zero-sum types and U’ is zero-sum free.

We have the following result similar to Lemma [3.3]

LEMMA 4.2. Let G be an abelian group with |G| > 1 and T € F(G* x N)
be a squarefree type. Then the following statements are equivalent:

(a) T has unique factorization.
(b) If U,V € T(GQ) with U|T and V |T, then ged(U, V) has sum zero.

LEMMA 4.3. Let G be a finite abelian group and let T € F(G*®* x N) be a
squarefree type of length |T| = N1(G). If T has unique factorization then T
18 Zero-sum.

Proof. If o(a(T)) # 0, there exists a squarefree type 71 € T(G*®) such
that 71 = Tw, where w € G*xNand a(w) = —o(a(T)). Since |T7| > N1 (G),
T7 have two distinct factorizations:

ThWh=712,X1-Xy=21-2,;Y1---Y,

where Z;, X;,Y), are all minimal zero-sum types, X; # Y; for all i € [1,u]
and j € [1,v], and u,v > 2. So X;--- X, = Y7 ---Y,. It follows that there
exist X; and Y; with w { X;, w {1 Y; such that ged(X;,Y;) # 1, contradicting
Lemma .

We also need the following easy result.

LEMMA 4.4. Let G = Cp, with n # 4, and let T € F(G* x N) be a
squarefree type of length |T| = n. If T has unique factorization then there
exists g € G such that a(T) = g".
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Proof. By Lemma we know that 7" € T(G®). If T' is a minimal
zero-sum type then the result follows from Lemma Otherwise n > 5
and T'= X1 --- X, with u > 2 and all X; being minimal zero-sum subtypes
of length not less than two. It follows that |Xi|---|X,| > n, contradicting
Lemma 3.4 =

Proof of Theorem We distinguish two cases:

CASE 1: Ma(T)) > p. There exists a subtype 77| T" of length |T1| = p
such that a(77) is a zero-sum sequence over some subgroup H of G with
H = (). Since T has unique factorization, by Lemma there exists
e1 € G* such that a(Ty) = €}. Now 7} is a minimal zero-sum subtype of T
of length |T7| = p. From Lemma we infer that 77} ! is also a minimal
zero-sum type of T. We can assume that

P
a(T) =¢€) H(aie1 + bies)
i=1
for some basis (e, e2) of G.

If by - - - by is @ minimal zero-sum sequence over C), then by = --- = b, by
Lemmal3.6] Let €}, = bies. Then (eq, €}) is also a basis of G and c(T) has the
desired form with the basis (e1, e5). So, we may assume that by - - - b, is not
minimal zero-sum. Then there is a subset I C [1,p] such that >, ;b; = 0
and 1 < |I| < p. Since TT; ! is a minimal zero-sum type, we have Y oicr i #
0 € C,. Therefore,

) e [ [(aier + biea)
i€l
is a zero-sum subsequence of a(T') and p — >, a; € [1,p — 1]. So we can
find two zero-sum subtypes W7 and Ws of T such that a(W7) = a(Ws) =
efl’*zz'el aq H
tradiction.

ser(aier+biea) and a(ged(W1, Wa)) = ey is not zero-sum, a con-

CASE 2: AM(a(T')) <p—1. Let T> be a minimal zero-sum subtype of 7.
It follows from A(a(7T)) < p — 1 that |supp(a(T3))| > 2. Let a,b € G* x N
be such that ab|Ty and a(a) # a(b). Since |a(T(ab)™1)| = 2p — 2, from
Ma(T(ab)™!)) < p — 1 and Theorem —a(a) € X(a(T(ab)™h)) or
—a(b) € X(a(T(ab)™t)). Without loss of generality, we can assume that
—afa) € X(a(T(ab)™1)). It follows that there exists a minimal zero-sum
subtype T3 such that a |73 and bt T3, a contradiction. m

Proof of Theorem Clearly a subtype of S does not have two short
minimal zero-sum subtypes which are not coprime. Since |S| = 3p > 3p — 2,
by Lemma (3.2} S has a zero-sum subtype T' € T(G®) of length |T'| € {p, 2p}.
We distinguish two cases.
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CASE 2: S has a zero-sum subtype T' € T(G®) of length |T'| = 2p. Since
T does not have two short minimal zero-sum subtypes which are not coprime,
by Theorem T = T1Ts, where T1,T5 are minimal zero-sum subtypes of
length p.

Choose =,y € G* x N with x| T} and y|T5. Since |[Sz~ 1y~ = 3p — 2,
by Lemma Sz~ly~! has a zero-sum subtype 7" € T(G®) of length
1T"| € {p, 2p}.

If |T'| = 2p, then again by Theorem [2.4] we know that 7" = T|T} with
T{,T; minimal zero-sum subtypes of length p. So ThT>T7T4| S, yielding a
contradiction.

If |T"| = p, then ged(T1,T") = ged(Ta,T') = 1. Thus S = TyTLT".
Since T1To, Th'T' and ToT" are zero-sum subtypes of length 2p, by using
Theorem [2.4| repeatedly, we infer that there exists a basis (e1, e2) of G such
that a(S) = eleh [TV (aie1 + bie2)P. Now in a similar way to the proof of
Theorem We deduce that a1 = --- =ap and by = --- = b,

CASE 2: S does not have a zero-sum subtype of length 2p. Let T1,...,T,
be all zero-sum subtypes of S of length p. We show next that

(4.1) ged(Ty,...,T,) = 1.

Assume to the contrary that x|ged(Th,...,T;) for some x € G* x N.
Consider Sz~!. Since |Sz~!| = 3p — 1, by Lemma we deduce Sz~! has
a zero-sum subtype 7" € T(G*) of length |T"| € {p,2p}. Since S does not
have a zero-sum subtype of length 2p, we get |T’| = p. But T” is different
from all of T1,...,T,, a contradiction since T7,...,7, are all the zero-sum
subtypes of S of length p. This proves that ged(Ty,...,T,) = 1. It follows
that

r > 2.

Clearly |Z(Th)| = --- = |Z(T})| = 1. Since S does not have a zero-sum
subtype of length 2p, we infer that |gcd(T;,T})| # 1 for all i,j € [1,r].
Therefore,

ged(T;, Tj) is a nonempty zero-sum type
for all 4,5 € [1,r]. This together with » > 2 shows that no 7; is a minimal
zero-sum type. Hence,
p > 5.

It p = 5, then T; = XWX for each i € [1,r], where |X\V| = 2,
|X2(i)| = 3, and X{i),Xg) are both minimal zero-sum types. From 1'
we know that there exist ¢, j € [1,7] such that Xfi) # Xfl) and Xéj) # X{2 .
So Xfl)Xl(i)Xél)Xéj) is a zero-sum type of T' of length 10 = 2 x 5, a contra-
diction.
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Let p = 7. If there exists T; = X; X9 such that | X1| = 2, | X2| = 5, where
X1, X9 are minimal zero-sum types, then from (4.1)) we know that there
exists Tj = X1 X3 such that ged(Tj, X2) = 1, where X3 is a zero-sum type.
Let W = X1 X,X3; then |Z(W)| = 1 by Lemma [3.4] But |X1||X2||X35| =
50 > 49, contradicting Lemma

Otherwise, for every i, T; = sz)Xéz), where ]X1(2)| =3, ]X2(2)| =4, XY)
is a minimal zero-sum type and Xz(z) is a zero-sum type. If XZ(Z) is a minimal
zero-sum type for each ¢ € [1,7], then similarly to the case of p = 5 we
infer that there exist i, j € [1,r]| such that XY) # Xfl) and Xéj) # X£2). So
Xfl)Xfl)XQmXéj) is a zero-sum type of T" of length 14 = 2.7, a contradiction.

So Xéi) = Y1Y; for some i € [1,r]|, where |Yi| = |Y2| = 2, and both Y}
and Y5 are minimal zero-sum types. Without loss of generality, we assume
that ¢ = 1. From (4.1) we know that there exists some ¢ € [1,r] such that
X}Z) # Xl(l). If there is j € [2,7] such that XQ(J) is a minimal zero-sum type,
then X%l)Yl YgXl(Z)Xz(J) is a zero-sum type of length 14 = 2-7, a contradiction.
Therefore, for every j € [2,r], XQ(J ) is a product of two minimal zero-sum
types each of length two. Again from (4.1)) we know that there exists j €
[2,7] such that T; has a minimal zero-sum subtype Z with |Z| = 2 and
ged(Z,T1) = 1. So 1X"7Z = XWv1¥, X" Z has unique factorization by
Lemma But \X}l)] |Y1| Y2 ]X1(2)| |Z| = 72 > 49, a contradiction. Hence
we can assume that

p > 11.

SUBCASE 2.1: There exists ¢ € [1, 7] such that T; has a minimal zero-sum
subtype X; with |X;| > (p+1)/2. From (4.1) we know that there exists
some j € [1,r]\ {¢} such that ged(T}, X1) = 1. It follows that |ged (7}, Tj)| <
(p—1)/2. Let T; = Ay--- A Xy --- X, and T = Ay --- AYq -+ Y, where
Ay, Ay Xy, .., X, Y, .0 Y, are different minimal zero-sum subtypes
of S. Let

T=A A4 X, - X, Y1 Y,

Clearly |T'| < 2p. Since T does not have two short minimal zero-sum sub-
types which are not coprime, by Lemma [3.4]3) we infer that |Z(T)| = 1.
Since p > 11 and 2 < |Aj| + -+ + |4 < (p—1)/2, it follows from Lemma
3.4(1) that
PP AL A X Xl Y (Y
> ([Aaf 4+ [AD(Xa] + -+ [ Xu (Y] + -+ V)
= (i AN~ (Ar] 4+ |AD) > 20— 27 > 7

a contradiction.
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SUBCASE 2.2: For every i € [1,r] and every minimal zero-sum subtype
X of T;, we have | X| < (p — 1)/2. Since |T1| = p and p is an odd prime, we
infer that 77 contains a minimal zero-sum subtype X; of length |X;| > 3.
From (4.1)) we know that there exists some i € [2,r] such that ged(T;, X1)
= 1. It follows that |ged(T1,T;)| < p—3. Let T} = Ay --- A X7 --- X, and
T, =A1--- AY,--- Y, where Ay, ..., Ay, X1, ..., Xy, Yq,...,Y, are different
minimal zero-sum subtypes of S. Let
T=A A Xy X, Y1 Y.
Clearly |T'| < 2p. Since T does not have two short minimal zero-sum sub-
types which are not coprime, by Lemma [3.4(3) we infer that |Z(T)| = 1. By
Lemma [3.4]1),
P> Au] - A X - 1 X 3] [
> A [ A [Xa] Xl X (Y] 4+ Yal)
= [Axf- - [A | X[ Xa] - [ Xl ([ X ] + - 4 [Xu])

-1 p=5
L.L-3>p2 if | X1|+ -+ |Xy| =3 and p > 11,

2
—1 p—3
Q-Z’T-”T-sz? i [X1]+ -+ | Xu| > 3 and p > 11,

yielding a contradiction. m

Proof of Theorem [2.6] By Lemma it suffices to show that the
theorem is true for n = p a prime. This follows from Theorem .

Proof of Theorem Since N1(C1 @ C,) = N1(C,) = n for every
integer n and N (C, & C),) = 2p for every prime number p, the result follows
from Theorem [2.6] and Lemma [3.8] by induction. m

3.
>

Acknowledgements. We would like to thank the referee for his/her
very useful suggestions. This work has been supported by the PCSIRT
Project of the Ministry of Science and Technology, and the National Sci-
ence Foundation of China.

References

[1] W. Gao, On a combinatorial problem connected with factorizations, Colloq. Math.
72 (1997), 251-268.

[2] W. Gao, A. Geroldinger, and Q. Wang, A quantitative aspect of non-unique factor-
izations: the Narkiewicz constants, Int. J. Number Theory 7 (2011), 1463-1502.

[3] W. Gao, Y. Li, and J. Peng, A quantitative aspect of non-unique factorizations: the
Narkiewicz constants II, Colloq. Math. 124 (2011), 205-218.

[4] A. Geroldinger and F. Halter-Koch, Non-Unique Factorizations. Algebraic, Combi-
natorial and Analytic Theory, Pure Appl. Math. 278, Chapman & Hall/CRC, 2006.


http://dx.doi.org/10.1142/S1793042111004721
http://dx.doi.org/10.4064/cm124-2-5

Non-unique factorizations 285

[6] A. Geroldinger, F. Halter-Koch, and J. Kaczorowski, Non-unique factorizations in
orders of global fields, J. Reine Angew. Math. 459 (1995), 89-118.

[6] F. Halter-Koch, Chebotarev formations and quantitative aspects of non-unique fac-
torizations, Acta Arith. 62 (1992), 173-206.

[7] F.Halter-Koch, Relative types and their arithmetical applications, Pure Math. Appl.
Ser. A 3 (1992), 81-92.

[8] F. Halter-Koch, Typenhalbgruppen und Faktorisierungsprobleme, Results Math. 22
(1992), 545-5509.

[9] F. Halter-Koch and W. Miiller, Quantitative aspects of non-unique factorization:
A general theory with applications to algebraic function fields, J. Reine Angew.
Math. 421 (1991), 159-188.

[10] J. Kaczorowski, Some remarks on factorization in algebraic number fields, Acta
Arith. 43 (1983), 53-68.

[11]] J. Kaczorowski, Irreducible algebraic integers in short intervals, Math. Ann. 345
(2009), 297-305.

[12]| J. Kaczorowski, A note on algebraic integers with prescribed factorization properties
in short intervals, Funct. Approx. Comment. Math. 40 (2009), 151-154.

[13]] J. Kaczorowski, On the distribution of irreducible algebraic integers, Monatsh. Math.
156 (2009), 47-71.

[14] J. Kaczorowski, G. Molteni, and A. Perelli, Unique factorization results for semi-
groups of L-functions, Math. Ann. 341 (2008), 517-527.

[15] W. Narkiewicz, Numbers with unique factorizations in an algebraic number field,
Acta Arith. 21 (1972), 313-322.

[16] W. Narkiewicz, Finite abelian groups and factorization problems, Colloq. Math. 42
(1979), 319-330.

[17] W. Narkiewicz, Elementary and Analytic Theory of Algebraic Numbers, 3rd ed.,
Springer, 2004.

[18] W. Narkiewicz and J. Sliwa, Finite abelian groups and factorization problems II,
Colloq. Math. 46 (1982), 115-122.

[19]] J. E. Olson, A combinatorial problem on finite Abelian groups I, J. Number Theory
1 (1969), 8-10.

[20] C. Peng, Addition theorems in elementary Abelian groups I, J. Number Theory 27
(1987), 46-57.

[21]] M. Radziejewski, Oscillations of error terms associated with certain arithmetical
functions, Monatsh. Math. 144 (2005), 113-130.

Weidong Gao, Qinghai Zhong Jiangtao Peng

Center for Combinatorics College of Science

Nankai University Civil Aviation University of China

Tianjin 300071, P.R. China Tianjin 300300, P.R. China

E-mail: wdgao_1963@yahoo.com.cn E-mail: jtpeng1982@Qyahoo.com.cn

zhongqginghai@yahoo.com.cn

Received on 6.8.2012
and in revised form on 19.1.2013 (7157)


http://dx.doi.org/10.1007/s00208-009-0354-4
http://dx.doi.org/10.7169/facm/1238418805
http://dx.doi.org/10.1007/s00605-008-0559-8
http://dx.doi.org/10.1007/s00208-007-0197-9
http://dx.doi.org/10.1016/0022-314X(69)90021-3
http://dx.doi.org/10.1016/0022-314X(87)90050-3
http://dx.doi.org/10.1007/s00605-003-0147-x




	1 Introduction
	2 Notations and the main results
	3 Preliminaries
	4 Proofs of the main results
	References

